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Preface to the Classics Edition

This book provides a comprehensive treatment of the theory of matrix
polynomials. By a “matrix polynomial” we mean a polynomial in a com-
plex variable with matrix coefficients. Basic matrix theory can be viewed
as the study of the special case of polynomials of first degree, /A — A,
where A is a general n x n complex matrix and / is the n x n identity
matrix. The theory developed here is a natural extension of this case to
polynomials of higher degree, as developed by the authors thirty years ago.
It has applications in many areas, including differential equations, systems
theory, the Wiener—Hopf technique, mechanics and vibrations, and numer-
ical analysis. The methods employed are accessible to undergraduates
with a command of matrix theory and complex analysis. Consequently,
the book is accessible to a wide audience of engineers, scientists, mathe-
maticians, and students working in the areas mentioned, and it is to this
audience that the book is addressed.

Recent intensive interest in matrix polynomials, and particularly in those
of second degree (the guadratic matrix polynomials), persuades us that a
second edition is appropriate at this time. The first edition has been out of
print for several years. We are grateful to Academic Press for that earlier
life, and we thank SIAM for the decision to include this second edition
in their Classics series. Although there have been significant advances
in some quarters, this book remains (after almost thirty years) the only
systematic development of the theory of matrix polynomials. The com-
prehensive spectral theory, beginning with standard pairs and triples—and
leading to Jordan pairs and triples—originated in this work. In particular,

XV



xvi PREFACE TO THE CLASSICS EDITION

the development of factorization theory and the theory for self-adjoint sys-
tems, including Jordan forms and their associated sign characteristics, are
developed here in a wide-ranging analysis including algebraic and analytic
lines of attack.

In the first part of the book it is assumed, for convenience, that polyno-
mials are monic. However, polynomials with singular leading coefficients
are studied in the second part. Part three contains analysis of self-adjoint
matrix polynomials, and part four contains useful supplementary chapters
in linear algebra.

The first edition stimulated further research in several directions. In par-
ticular, there are several publications of the authors and their collaborators
which are strongly connected with matrix polynomials and may give the
reader a different perspective on particular problem areas. In particular,
connections with systems theory and the analysis of more general matrix-
valued functions stimulated the authors’ research and led to the volume
[4], which is now in its second (SIAM) edition.

Concerning more recent developments involving the authors, a self-
contained account of the non-self-adjoint theory appears as Chapter 14
of [6], and broad generalizations of the theory to polynomials acting on
spaces of infinite dimension are developed in [9]. There is a strong con-
nection between the quadratic equation and “algebraic Riccati equations,”
and this has been investigated in depth in [5].

The fundamental idea of linearization has been studied and its applica-
bility extended in several recent papers, of which we mention [8]. Simi-
larly, the study of the numerical range of matrix polynomials began with
Section 10.6 of the present work and has been further developed in [7] and
subsequent papers. Likewise, the notion of the pseudospectrum has been
developed in the context of matrix polynomials (see [1], for example).

In Chapter 10 of [2] there is another approach to problems of factoriza-
tion and interpolation for matrix polynomials. Also, the appendix to [2]
contains a useful description of Jordan pairs and triples for analytic matrix
functions. Self-adjoint matrix polynomials are given special treatment in
the context of indefinite linear algebra as Chapter 12 of [3].

It is a pleasure to reiterate our thanks to many colleagues for comments
and assistance in the preparation of the first edition—and also to the sev-
eral sources of research funding over the years. Similarly, the continuing
support and encouragement from our “home” institutions is very much ap-
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preciated, namely, Tel Aviv University and the Nathan and Lilly Silver
Family Foundation (for IG), the University of Calgary (for PL), and the
College of William and Mary (for LR).

Finally, our special thanks to SIAM and their staff for admitting this

volume to their Classics series and for their friendly and helpful assistance
in producing this edition.
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Preface

This book provides a comprehensive treatment of the theory of matrix
polynomials. By a matrix polynomial (sometimes known as a /-matrix) is
understood a polynomial of a complex variable with matrix coefficients.
Basic matrix theory (including the Jordan form, etc.) may be viewed as a
theory of matrix polynomials /4 — A4 of first degree. The theory developed
here is a natural extension to polynomials of higher degrees, and forms an
important new part of linear algebra for which the main concepts and results
have been arrived at during the past five years. The material has important
applications in differential equations, boundary value problems, the Wiener-
Hopf technique, system theory, analysis of vibrations, network theory,
filtering of multiple time series, numerical analysis, and other arcas. The
mathematical tools employed are accessible even for undergraduate students
who have studied matrix theory and complex analysis. Consequently, the
book will be useful to a wide audience of engineers, scientists, mathema-
ticians, and students working in the fields mentioned, and it is to this audience
that the work is addressed.

Collaboration among the authors on problems concerning matrix poly-
nomials started in early 1976. We came to the subject with quite different
backgrounds in operator theory and in applied mathematics, but had in
common a desire to understand matrix polynomials better from the point
of view of spectral theory. After bringing together our points of view,
expertise, and tools, the solution to some problems for monic polynomials
could be seen already by the summer of 1976. Then the theory evolved
rapidly to include deeper analysis, more general (not monic) problems on
the one hand, and more highly structured (self-adjoint) problems on the
other. This work, enjoyable and exciting, was initially carried out at Tel-Aviv
University, Israel, and the University of Calgary, Canada.

Xix
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Very soon after active collaboration began, colleagues in Amsterdam, The
Netherlands, and Haifa, Israel, were attracted to the subject and began
to make substantial contributions. We have in mind H. Bart and M. A.
Kaashoek of the Free University, Amsterdam, and L. Lerer of the Technion,
Haifa. It 1s a pleasure to acknowledge their active participation in the
development of the work we present and to express our gratitude for thought-
provoking discussions. This three-way international traffic of ideas and per-
sonalities has been a fruitful and gratifying experience for the authors.

The past four years have shown that, indeed, a theory has evolved with
its own structure and applications. The need to present a connected treatment
of this material provided the motivation for writing this monograph. How-
ever, the material that we present could not be described as closed, or com-
plete. There is related material in the literature which we have not included,
and there are still many open questions to be answered.

Many colleagues have given us the benefit of discussion, criticism, or
access to unpublished papers. It is a pleasure to express our appreciation for
such assistance from E. Bohl, K. Clancey, N. Cohen, M. Cowen, P. Dewilde,
R. G. Douglas, H. Dym, C. Foias, P. Fuhrmann, S. Goldberg, B. Gramsch,
J. W. Helton, T. Kailath, R. E. Kalman, B. Lawruk, D. C. Lay, J. D. Pincus,
A. Ran, B. Rowley, P. Van Dooren, F. Van Schagen, J. Willems, and H. K.
Wimmer.

The authors acknowledge financial support for some or all of them from
the Natural Sciences and Engineering Research Council of Canada, and the
National Science Foundation of the United States. We are also very grateful
to our home departments at Tel-Aviv University, the Weizmann Institute,
and the University of Calgary for understanding and support. In particular,
the second author is grateful for the award of a Killam Resident Fellowship
at the University of Calgary. At different times the authors have made
extended visits to the Free University, Amsterdam, the State University of
New York at Stony Brook, and the University of Miinster. These have been
important in the development of our work, and the support of these institu-
tions is cordially acknowledged.

Several members of the secretarial staff of the Department of Mathe-
matics and Statistics of the University of Calgary have worked diligently
and skillfully on the preparation of drafts and the final typescript. The
authors much appreciate their efforts, especially those of Liisa Torrence,
whose contributions far exceeded the call of duty.
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. 13, line 12 down: insert “polynomial” at the end of the line
. 17, line 4 down: replace C" by C"¢

. 18, line 5 up: replace z;_ by ;1

. 22: Replace d by din many places: line 8 (once), line 9 (2 x), line 20 (6 x),

line 23 (5 x), line 24 (once).

. 22, line 3 up: polynomial

. 31, line 3 up: (1.40) (instead of (1.15))

. 59, line 13 down: CJ instead of C

. 59, line 15 down: C% instead of C

. 59, line 17 down: Cy5 instead of the first T’

. 70, line 4 up: z;_; instead of x;_;

. 71, line 6 down: (2.11) (instead of (2.6))

. 75, the bottom line: interchange right brace and ~*

. 81, line 7 down: replace S; by 5;

. 87, line 6 down: delete “real”

. 87, line 1 down: insert at the beginning of the line “is invertible,”
. 108, line 1 up: replace PY.PT'P by PT'PY

. 117, line 11 down: replace “support” by “supporting”
. 117, (4.1): replace §. by [,

. 117, lines 16, 17 down: replace MT by Mr (2 times)
. 117, line 8 up: replace §. by [

. 118, bottom line: replace §. by [}

. 119, line 14 down: delete |
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. 120, line 16 up: replace X7 with X7}

. 124, line 9 down: replace ¢ by [},

. 132, line 4 up: replace L with T'

. 133, line 17 up: observation

. 144, line 10 up: replace B_;_,,—1 by B_;_ 41

. 145, line 7 down: replace “[36e]” by “[36a], I. Gohberg, L. Lerer, and L.

Rodman, On factorization, indices, and completely decomposable ma-
trix polynomials, Tech. Report 80-47, Department of Mathematical Sci-
ences, Tel Aviv University, 1980”.

. 148, line 5 down: replace + by +

. 149, line 8 down: replace comma with period.

. 155, line 14 down: replace @ by +

. 156, line 12 up: insert “at most” before “countable”

. 158, line 13 down: replace Sy by S

. 165, line 4 down: replace N (110) by N

. 170, line 3 down: replace “from” by “for”

. 174, line 23 down: replace 1 in the subscript by ¢ (2 times)

. 174, line 24 down: replace C™*~% by C"

. 177, line 3 up: insert “k; determined by” after “multiplicities”
. 178, line 8 down: replace “defined” by “determined”

. 178, line 15 down: replace “defined” by “determined”

. 185, line line 7 up: replace A; by 4, X.

. 187, line 3 down: delete “the”.

. 188, (7.4): replace T{ > by T 2

. 189, line 7 up: replace “(7.5) and (7.6)” by “(7.6) and (7.7)”

. 191, (7.14): replace ¢ by £ — 1 everywhere in the formula

. 196, end of line 1: replace [ = 0 by i = 0.

. 206, line 4 up: “col” should be in roman

. 217, line 13 down: insert “and N. Cohen, Spectral analysis of regular ma-

trix polynomials, Integral Equations and Operator Theory 6, 161-183,
(1983)” after “[14]”

. 228, line 18 up: A instead of «
. 235, line 2 up: M instead of

. 241, displayed formula in the bottom line: replace J everywhere in the formula

by T’

. 247, line 5 up: replace [X;, T;] with (X;, T;)



ERRATA xxiii

. 249, line 2 down: replace F,_op with F;_5 ,

. 257, line 4 down: replace S~ with S—1.

. 264, line 10 up: replace “It” by “If”.

. 271, line 3 down: replace Vj; by Vf;

. 271, line 4 down: replace < by <

. 271,(10.42): replace mq, by k1, and j=ki +1,...,kp
. 271, line 12 down: replace period by comma

. 271, line 15 up: replace my by ki;replacem + 1,...,mg, by k1 + 1,..., kp
. 274, line 14 up: replace J. by J,

. 274, line 8 up: replace X by “X and Y

. 274, (10.50): replace 5 =0by 5 =1

. 287, line 16 down: replace “eigenvalues” by “eigenvalue”

307, (13.11): replace ( [, L™ (A)dX) " [ AL™'(A)d
by fp, ALTNN)AA ([, LM NdN)

. 308, line 19 up: replace “Theorem 4.2” by “Theorem 4.11”

. 327, line 10 down: (S1.27)

. 328, line 17 down: (51.30)

. 363, line 2 down: replace (M, N) < 1 with (M, N) < /2

. 363, line 10 up: replace N in the superscript with n

T T T T vt Tt v o e o o

. 368, line 3 up: replace k in the subscript with n

. 371, the bottom line: replace Im P(T;T") with Ker P(T';T)

. 372, line 9 up: replace T with 77

. 373, the top line: replace “. As” with “, and”

. 384, lines 9, 11 down: replace k; in the superscript with k; (2 times)
. 386, line 5 down: delete “orthonormal”

. 391, line 4 down: replace U with V
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Introduction

This is probably the first book to contain a comprehensive theory of
matrix polynomials. Although the importance of matrix polynomials is quite
clear, books on linear algebra and matrix theory generally present only a
modest treatment, if any. The important treatise of Gantmacher [22], for
example, gives the subject some emphasis, but mainly as a device for develop-
ing the Jordan structure of a square matrix. The authors are aware of only
two earlier works devoted primarily to matrix polynomials, both of which are
strongly motivated by the theory of vibrating systems: one by Frazer,
Duncan, and Collar in 1938 [19], and the other by one of the present authors
in 1966 [52b].

By a matrix polynomial, sometimes known as a A-matrix, we understand
a matrix-valued function of a complex variable of the form L(1) = Y_, 4; A,
where Ay, Ay, ..., A, are n x n matrices of complex numbers. For the time
being, we suppose that 4, = I, the identity matrix, in which case L(4) is said
to be monic. Generally, the student first meets with matrix polynomials when
studying systems of ordinary differential equations (of order [ > 1) with
constant coefficients, i.c., a system of the form

1 d i
i;)Ai(a> u(t) = 0.
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Looking for solutions of the form u(t) = x,e*, with x,, A, independent of ¢,
immediately leads to the eigenvalue-eigenvector problem for a matrix
polynomial: L(44)x, = O.

More generally, the function

* t
u(t) == {E xO + et '+‘ ka—l + xk}elot

is a solution of the differential equation if and only if the set of vectors
Xo» X1, - - - X, With X # 0, satisfies the relations

i1
y Fum(zo)xj_p:o, i=0,1,...,k

p=0

Such a set of vectors xq, X1, ..., X, is called a Jordan chain of length k + 1
associated with eigenvalue 4, and eigenvector x,.

It is this information on eigenvalues with associated multiplicities and
Jordan chains which werefer to as the spectral data for the matrix polynomial,
and is first to be organized in a concise and systematic way. The spectral
theory we are to develop must include as a special case the classical theory for
polynomials of first degree (when we may write L(A) = IA — A). Another
familiar special case which will be included is that of scalar polynomials,
when the A; are simply complex numbers and, consequently, the analysis
of a single (scalar) constant coefficient ordinary differential equation of
order /.

Now, what we understand by spectral theory must contain a complete and
explicit description of the polynomial itself in terms of the spectral data. When
L(4) = IA — A, thisis obtained when a Jordanform J for A is known together
with a transforming matrix X for which 4 = XJX !, for we then have
L(A) = X(IA — J)X ~ 1. Furthermore, X can be interpreted explicitly in terms
of the eigenvector structure of A (or of IA — A in our terminology). The full
generalization of this to matrix polynomials L(4) of degree [ is presented here
and is, surprisingly, of very recent origin.

The generalization referred to includes a Jordan matrix J of size In which
contains all the information about the eigenvalues of L(4) and their multi-
plicities. In addition, we organize complete information about Jordan chains
in a single n x In matrix X. This is done by associating with a typical kK x k
Jordan block of J with eigenvalue 4, k columns of X in the corresponding
(consecutive) positions which consist of the vectors in an associated Jordan
chain of length k. When [ = 1, J and X reduce precisely to the classical case
mentionedabove. Therepresentation of thecoefficientsof L(4)is then obtained
in terms of this pair of matrices, which we call a Jordan pair for L(A). In fact, if
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we define the In x [n matrix

X

XJ
o=1 . |

XJ.I_I

then Q is necessarily nonsingular and the coefficient matrices of L(A) are
given by

[A4g A, -+ A_,]=—XJOQ L

Such arepresentation for the polynomial coefficients gives a solution of the
inverse problem: to determine a matrix polynomial in terms of its spectral
data. It also suggests further problems. Given only partial spectral data, when
can it be extended to complete spectral data for some monic matrix poly-
nomial? Problems of this kind are soluble by the methods we develop.

There is, of course, a close connection between the systems of eigenvectors
for L(A) (the right eigenvectors) and those of the transposed polynomial
L") = ) i_, ATA(the left eigenvectors). In fact, complete information about
the left Jordan chains can be obtained from the In x n matrix Y defined in
terms of a Jordan pair by

X 0

XJ :
Sly=|"|

: 0

XJi-t I

The three matrices X, J, Y are then described as a Jordan triple.
A representation theorem can now be formulated for the inverse of a
monic matrix polynomial. We have

L™Y(A) = XA — J)"1Y.

Results of this kind admit compact closed form solutions of the correspond-
ing differential equations with either initial or two-point boundary con-
ditions.

It is important to note that the role of a Jordan pair X, J can, for many
aspects of the theory, be played by any pair, say V, T related to X, J by
similarity as follows:

V=XS"", T =SJS".
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Any such pair V, T is called a standard pair for L(A). In particular, if C, is the
companion matrix for L(4) defined by

0 I o --- 0
: I - :

C. = : . :

1 0 0 I ’
—do —A; o = A

then J is also a Jordan form for C; and there is an invertible S for which
C, = SJS™'. But more can be said. If U isthe n x Inmatrix[I 0 --- 0],
and Q is the invertible matrix introduced above, then

U=X0"!, C,=0J0 "

Thus U, C, is a standard pair. This particular standard pair admits the
formulation of several important results in terms of either spectral data
or the coefficients of L. Thus, the theory is not limited by the difficulties
associated with the calculation of Jordan normal forms, for example.

A standard triple V, T, W is obtained by adjoining to a standard pair V, T
the (unique) In x n matrix W for which

|4 0

VT :
W=|"|

: 0

4/ I

The next main feature of the theory is the application of the spectral
analysis to factorization problems. In terms of the motivation via differential
equations, such results can be seen as replacing an Ith-order system by a
composition of two lower-order systems, with natural advantages in the
analysis of solutions. However, factorizations arise naturally in several other
situations. For example, the notion of decoupling in systems theory requires
such a factorization, as also the design of filters for multiple time series,and the
study of Toeplitz matrices and Wiener-Hopf equations.

An essential part of the present theory of factorization involves a geo-
metrical characterization of right divisors. To introduce this, consider any
standard pair V, T of L(4). Let . be an invariant subspace of T, let V,,, Ty
denote the restrictions of ¥V and T to ., and define a linear transformation
Q¥ -»C*(1 <k<Il-1)by

Vo
O = Yo T °

BoTo !
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Then % is said to be a supporting subspace (with respect to T) if Q, is invertible.
It is found that to each such supporting subspace corresponds a monic right
divisor of degree k and, conversely, each monic right divisor has an associated
supporting subspace. Furthermore, when % is a supporting subspace with
respect to T, the pair V;, T, is a standard pair for the associated right divisor.

This characterization allows one to write down explicit formulas for a
right divisor and the corresponding quotient. Thus, if the coefficients of the
monic right divisor of degree k are By, By, ..., B,_,, then

[BO 31 et Bk-l] = _VOT,(‘)kaI'

To obtain the coefficients of the corresponding monic quotient of degree
| — k, we introduce the third component W of the standard tiple V, T, W and
any projector P which acts along the supporting subspace &, 1.e., Ker P = .&.
Then define a linear transformation R,_,: €"'® — Im P by

R,_,=[PW PTPW ... PT'"*1pw].
This operator is found to be invertible and, if Cy, C,, ..., C,_,_, are the
coefficients of the quotient, then
Co
HEEL
Crk-1

Several applications concern the existence of divisors which have spectrum
localized in the complex plane in some way (in a half-plane, or the unit circle,
for example). For such cases the geometrical approach admits the trans-
formation of the problem to the construction of invariant subspaces with
associated properties. This interpretation of the problem gives new insights
into the theory of factorization and admits a comprehensive treatment of
questions concerning existence, perturbations, stability, and explicit repre-
sentations, for example. In addition, extensions of the theory to the study of
systems of matrix polynomials provide a useful geometrical approach to least
common multiples and greatest common divisors.

The spectral theory developed here is also extended to include matrix
polynomials for which the leading coefficient is not necessarily the identity
matrix, more exactly, the case in which det L(4) # 0. In this case it is necessary
to include the possibility of a point of spectrum at infinity, and this needs
careful treatment. It is easily seen that if det L(4,) # 0, and we define u =
A+ Ay, then M(u) = u'L™'(Ao)L(u~") is monic. Such a transformation is
basic, but it is still necessary to analyze the effect of this transformation on the
original problem.
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Several important problems give rise to self-adjoint polynomials, i.e., in
which all coefficients 4y, 44, ..., A, are hermitian matrices. The prototype
problem of this kind is that of damped vibrations, when [ = 2 and A4, is
positive definite. The more familiar special cases which a theory for the self-
adjoint case must include are L(1) = I1 — A with 4* = A and the case of a
scalar polynomial with real coefficients. The general theory developed
leads to the introduction of a new invariant fora self-adjoint polynomial called
the sign characteristic.

For self-adjoint matrix polynomialsit isnatural to seek the corresponding
symmetry in a Jordan triple. What is going to be the simplest relationship
between X and Y in a Jordan triple X, J, Y ? It turns out that knowledge of the
sign characteristic is vital in providing an answer to this question. Also, when
a factorization involves a real eigenvalue common to both divisor and
quotient, then the sign characteristic plays an important part.

The account given to this point serves to clarify the intent of the theory
presented and to describe, in broad terms, the class of problems to which it is
applied. This is the content of the spectral theory of matrix polynomials, as
understood by the authors. Now we would like to mention some related
developments which have influenced the authors’ thinking.

In the mathematical literature many papers have appeared in the last
three decades on operator polynomials and on more general operator-valued
functions. Much of this work is concerned with operators acting on infinite-
dimensional spaces and it is, perhaps, surprising that the complete theory
for the finite-dimensional case has been overlooked. It should also be
mentioned, however, that a number of important results discussed in this
book are valid, and were first discovered, in the more general case.

On reflection, the authors find that four particular developments in
operator theory have provided them with ideas and stimulus. The first is the
early work of Keldysh [49a], which motivated, and made attractive, the study
of spectral theory for operator polynomials; see also [32b]. Then the work of
Krein and Langer [51] led to an appreciation of the importance of monic
divisors for spectral theory and the role of the methods of indefinite scalar
product spaces. Third, the theory of characteristic functions developed by
Brodskiiand Livsic [9] gave a clue for the characterization of right divisors by
supporting subspaces. Finally, the work of Marcus and Mereutsa [ 62a] was
very helpful in the attack on problems concerning greatest common divisors
and least common multiples. In each case, the underlying vector spaces are
infinite dimensional, so that the emphasis and objectives may be rather
different from those which appear in the theory developed here.

In parallel with the operator theoretic approach, a large body of work on
systems theory was evolving, mainly in the engineering literature. The
authors learned about this more recently and although it has had its effect
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on us, the theory presented here is largely independent of systems theory.
Even so, several formulas and notions have striking similarities and we know
the connection to be very strong. The most obvious manifestation of this is the
observation that,fromthe systems theory point of view, we study here systems
for which the transfer function is the inverse of a matrix polynomial. However,
this is the tip of the iceberg, and a more complete account of these connections
would take us too far afield.

Another influential topic for the authors is the study of Toeplitz matrices
and Wiener-Hopf equations. Although we do not pursue the connections in
this book, they are strong. In particular, the spectral theory approach admits
the calculation of the “partial indices”; a concept of central importance in
that theory.

Finally, a short description of the contents of the book is presented. There
are 19 chapters which are grouped into four parts. In Part I, consisting of six
chapters, the spectral theory for monic matrix polynomials is developed
beginning with the basic ideas of linearization and Jordan chains. We then go
ontorepresentation theoremsfora monic polynomial and itsinverse, followed
by analysis of divisibility problems. These sections are illustrated by applica-
tions to differential and difference equations. The last three chapters are
concerned with special varieties of factorization, perturbation and stability of
divisors, and extension problems.

Part II consists of three chapters and is devoted to more general problems
in which the “monic” condition is relaxed. The necessary extensions to the
spectral theory are made and applied to differential and difference equations.
Problems concerning least common multiples and greatest common divisors
are then discussed in this context.

Further concepts are needed for the analysis of self-adjoint polynomials,
which is presented in the four chapters of Part I11. After developing the addi-
tional spectral theory required, including the introduction of the sign
characteristic, some factorization problems are discussed. The last chapter
provides illustrations of the theory of Part IIlin the case of matrix polynomials
of second degree arising in the study of damped vibrating systems.

Finally, Part IV consists of six supplementary chapters added to make this
work more self-contained. It contains topics not easily found elsewhere, or for
which it is useful to have at hand a self-contained development of concepts
and terminology.






Part 1

Monic Matrix Polynomials

Introduction. 1If Ay, Ay, ..., A;are n x n complex matrices and A4, # 0, the
zero matrix, then the matrix-valued function defined on the complex numbers
by L(1) = Zﬁzo A; Al is called a matrix polynomial of degree |. When A, = I,
the identity matrix, the matrix polynomial is said to be monic.

In Part I of this book our objective is the development of a spectral theory
for monic matrix polynomials. In particular, this will admit representation of
such a polynomial in terms of the spectraldata, and also the characterization
of divisors, when they exist, in terms of spectral data.

This theory is then put to use in studies of perturbation problems and the
inverse problem of admissible extensions to incomplete spectral data. Applica-
tions to the solution of differential and difference equations are included.

We begin our analysis with monic polynomials for two reasons. First,
matrix polynomials frequently occur in analysis and applications which are
already in this form. Second, the study of monic polynomials allows one to see
more clearly the main features of the spectral theory.






Chapter 1

Linearization and Standard Pairs

The fundamental notions in the spectral theory of matrix polynomials
are “linearization” and “Jordan chains.” We start this chapter with the
detailed analysis of linearization and its applications to differential and
difference equations. The definition of a Jordan chain will be seen to be a
naturalextension of thenotion of achain of generalized eigenvectors associated
with a Jordan block of a matrix.

One of the objectives here is to analyze the connection between lineariza-
tion and Jordan chains.

1.1. Linearization

Let L(A) = IA' + Y'Z4 A;A7 be a monic n x n matrix polynomial of
degree I, where the 4; are n x n matrices with complex entries. Consider the
following differential equation with constant coefficients:

d'x ' dix
ET+ zoAjW=f(t)’ —0 <t < oo, (1.1)

J

where f(t) is a given n-dimensional vector function and x = x(t) is an n-dimen-
sional vector function to be found. Let us study the transformation of the

11
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matrix polynomial L(4), analogous to the linearization of the differential
equation (1.1). By the linearization of (1.1) we mean the reduction to a
first-order equation, using the substitution

X = x’ X = —_, “ e X;_ = .
0 1 dt -1 d[
in which case the equation takes the form
dx;—,

d[ +Al_1xl_1+"'+A1X1+A0x0=f.
Note that we increased the dimension of the space containing the unknown
function, which is now an In-dimensional vector

Xo
X1

Xi-1

The corresponding transformation in the case of monic matrix poly-
nomials resolves the following problem: Find a linear matrix polynomial
IA — A which is “equivalent” to a given monic matrix polynomial L(4).
It is clear that there is no such linearization if attention is confined ton x n
matrices (the size of L(4) itself). To make the equivalence of L(1) to a linear
polynomial IA — A possible, we have to extend the size of our matrices, and
choose A and B as matrices of size (n + p) x (n + p), where p >0 is some
integer. In this case, instead of L(1) we consider the matrix polynomial

L(A) O
0 I

of size (n + p) x (n + p), where I is the p x p unit matrix. So we are led to
the following definition.

A linear matrix polynomial IA — A4 of size (n + p) x (n + p) is called a
linearization of the monic matrix polynomial L(4) if

L(}) 0]

o 1 (1.2)

- A~ [
where ~ means equivalence of matrix polynomials. Recall (see also Section
S1.6) that matrix polynomials M (1) and M ,(4) of size m x m are called
equivalent if

M, (4) = EQYM,(HF(4)

for some m x m matrix polynomials E(A) and F(A) with constant nonzero
determinants. Admitting a small abuse of language we shall also call matrix 4
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from (1.2) a linearization of L(4). Comparing determinants on both sides of
(1.2) we conclude that det(IA — A) is a polynomial of degree nl, where [ is the
degree of L(A). So the size of a linearization 4 of L(A) is necessarily nl.

As an illustration of the notion of linearization, consider the linearizations
of a scalar polynomial (n = 1). Let L(1) =[], (A — 4,)* be a scalar
polynomial having different zeros 4, ..., 4, with multiplicities a;, ..., %,
respectively. To construct a linearization of L(4), let J; (i = 1, ..., k) be the
Jordan block of size «; with eigenvalue 4;, and consider the linear polynomial
Al — J of size Y ¥_ | a;, where J = diag[J ]} ;. Then

L(}) 0]

Al —J ~
ity

because both have the same elementary divisors.
The following theorem describes a linearization of a monic matrix
in terms of its coeflicients.

Theorem 1.1. For a monic matrix polynomial of size n x n, L(A) =
I+ Y4248 A A, define the nl x nl matrix

0 I 0 0
0 0 I 0
C, = : :
I
—A, —A, —
Then
L(A) O]
1A — ~ .
o, [ o)
Proof. Define nl x nl matrix polynomials E(A) and F(4) as follows:
[ 1 0 .- 0 o]
-AM I --- 0 0
Fy=| 1o i
o o --- I 0
| 0 0 - —AI T]
(B_,() Bio(h) B
. 0 - 0
EQX) = 0 -1 o,
| 0 —1 0
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where Bo(4) = I and B, , (A) = AB(A) + A,_,_,forr=0,1,...,1 — 2 1tis
immediately seen that det F(1) = 1and det E(1) = + 1. Direct multiplication
on both sides shows that

L(Y) 0

EQ)@AI - Cy) = [ 0 I

]F(i), (1.3)

and Theorem 1.1 follows. [

The matrix C, from the Theorem 1.1 will be called the (first) companion
matrix of L(4), and will play an important role in the sequel. From the defini-
tion of C, it is clear that

det(IA — C,) = det L(A).

In particular, the eigenvalues of L(A), ie., zeros of the scalar polynomial
det (1), and the eigenvalues of IA — C, are the same. In fact, we can say
more: since

L(A) 0

IAN—-C; ~ ,

-5

it follows that the elementary divisors {(and therefore also the partial multi-
plicities in every eigenvalue) of IA — C, and L(A) are the same.

Let us prove here also the following important formula.

Proposition 1.2. For every A € € which is not an eigenvalue of L(1), the
following equality holds:

(LA)~ ' =P,(IA— Cy) 'Ry, (1.4)
where
P,=[1 0 --- 0]
is an n x nl matrix and
0
R, = (1) (1.5)
1

is an nl x n matrix.

Proof. Consider the equality (1.3) used in the proof of Theorem 1.1. We
have

[(L(/l))_ !

" (1’] — FO)(IA — C,)~ E(W) . (16)
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It is easy to see that the first n columns of the matrix (E(A))~ ! have the form
(1.5). Now, multiplying the equality (1.6) on the left by P, and on the right by
P} and using the relation

PlF(/l)z[I o .- O]:Pb
we obtain the desired formula (1.4). 0O

The formula (1.4) will be referred to as a resolvent form of the monic matrix
polynomial L(4). We shall study the resolvent form in Chapter 2 more
thoroughly. The following proposition gives another useful linearization of a
monic matrix polynomial.

Proposition 1.3. The matrix

O 0 “"AO

I —A
C2= . !

0 - I —A,_,

is a linearization of a matrix polynomial L(A) = IA' + Y24 A; /.

The proof is left to the reader as an exercise.

The matrix C, from Proposition 1.3 will be called the second companion
matrix of L(4).

The following result follows directly from the definition of a linearization
and Theorem S1.12.

Proposition 1.4. Any two linearizations of a monic matrix polynomial
L(4) are similar. Conversely, if a matrix T is a linearization of L(A) and matrix S
is similar to T, then S is also a linearization of L(A).

1.2. Application to Differential and Difference Equations

In this section we shall use the companion matrix C, to solve the homo-
geneous and nonhomogeneous differential and difference equations con-
nected with the monic matrix polynomial L(A) = IA' + Y ‘4 A;A7 of size
n X n.

We start with the differential equation

d dx ‘'l dix
L)) = 22 Rt
< dt)x(l) a7+ LA = 0, (1.7)
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where f(t) is a given piecewise continuous n-dimensional vector function on
te(—o0, 00). A general solution x(t) of (1.7) can be represented as a sum
Xo(t) + x;(t), where x((¢) is a general solution of the homogeneous equation

d
L(E)x =0, (1.8)

and x,(t) is some particular solution of the nonhomogeneous equation (1.7).
The solutions of the homogeneous equation (1.8) form a linear space, which
we denote by & (L), and we have

dim (L) = nl. (1.9)

In other words, the general solution of (1.8) depends on nl independent
complex variables. This statement follows at once from Theorem S1.6,
bearing in mind that det L(4) is a scalar polynomial of degree nl.

We now give a formula for the general solution of (1.7).

In the proof of Theorem 1.5 and elsewhere we shall employ, when con-
venient, the notation col(Z;)?_,, to denote the block column matrix

Z,
Zm+1

z

p

Theorem 1.5. Thegeneral solution of equation (1.7) is given by the formula

t
x(t) = Pie''xy + P, Je"‘s’C‘le(s) ds, (1.10)
0
where
0
P,=[I 0 0l Ri=|;]
1

and xq € C" is arbitrary. In particular, the general solution of the homogeneous
equation (1.8) is given by the formula

x(t) = Pe'“'x,. (1.11)
Proof. Let us first prove (1.11). We shall need the following simple

observation:

[0 -+ 0 1 0 -+ 0]  withIin the (k + 1)th
P1Ck= placefork =0,...,1 — 1
[‘—AO _Al A _Al—l] f0r k - l. (112)
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The verification of (1.12) we leave to the reader. Using these results, it is not
hard to check that

x(t) = P,e'Cix,
is a solution of (1.8) for any x, € €". Indeed,

dix(t)

= PiCleCxg,  i=0,1..1

So using (1.12),

d
L(a)x(l) = Plclle'Cle + (AI_IPICII*I 4o+ AOPl)etCIXO

=[-4, —A; - =41,
+(@0 - 0 A4 ]+ 4[4 O -+ 0])e“'xo=0.

We show now that (1.11) gives all the solutions of the homogeneous
equations (1.8). In view of (1.9) it is sufficient to prove that if

P,eCixy = 0, (1.13)

then x, = 0. Indeed, taking derivatives of the left-hand side of (1.13) we see
that

P,Cie“ixo =0  forevery i=0,1,....

In particular, [col(P,C})'Z8]e'“'x, = 0. But (1.12) implies that col(P,C)!Z3
= I (identity matrix of size nl x nl); so the equality e'“'x, = 0 follows. Since
'“* is nonsingular, x, = 0.

To complete the proof of Theorem 1.5 it remains to prove that

t
x(t) = P, Je"’S)C*le(s) ds (1.14)
0
is a solution of the nonhomogeneous equation (1.7). Using the familiar sub-
stitution xq = x, x; = dx;_/dt,i = 1,..., | — 1, we reduce the system (1.7)
to the form
X .
i CX + g(1), (1.15)
where
0
Xo .
X = and g(t) = O
X1—1

S
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The formula

t
X(t) = fe“_s’c’g(s) ds
0

gives a solution of (1.15), as one can check by direct verification. Multiplying
the last formula by P, on the left and bearing in mind that

9(t) = R, f(0),
we find that (1.14) gives a solution of (1.7). O

We pass now to the difference equation
Xjpr + A= Xje-1 + -+ Aoxj=y;,  j=0,1L.... (L.16)

where (y,, ¥y, - - -) IS a given sequence of vectors on n-dimensional space and
(Xo5 X1, - . -) I @ sequence to be found.

We regard the set of all sequences (x,, X, . . .), X,, € C" as acomplex linear
space where the sum, and multiplication by a complex number, are defined in
the natural way, i.e., coordinatewise. We claim that a general solution x =
(X0, Xy, - - -) can be represented in the following form (a complete analog of the
case of differential equations)

x = x4 x),

where x'! s a fixed particular solution of (1.16) and x'©’ is a general solution of
the homogeneous equation

xj+1+Al_1xj+,_.1 ++A0x1=0, j:0, 1, (117)

Indeed, if x'! is the fixed solution of (1.16) and x is any solution, then the
difference x® = x — x*) satisfies the homogeneous equation (1.17). Con-
versely, for every solution x'? of (1.17), the sum x = x© + x*)isa solution of
(1.16).

Let us focus first on the homogeneous equation (1.17). Clearly, its set of
solutions #(L) is a linear space. Further, dim P (L) = nl. Indeed, we can
choose xg, ..., X, arbitrarily, and then compute x,, x,, 1, . . . sequentially
using the relation

-1

Y AXj—y
=0

Thus, the general iolution of (1.17) depends on nl independent complex
variables, i.e., dim (L) = nl.
It is not hard to give a formula for the general solution of (1.17); namely,

xi=P1CiIZO, l:(), 1,..., (1.18)

1
Xj+1 = —
K
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where C, and P, areasin Theorem 1.5 and z, € €™ isan arbitrary vector. The
proof of this formula is by substitution and using (1.12). As for differential
equations, one proves that (1.18) gives all the solutions of (1.17).

More generally, the following result holds.

Theorem 1.6. Thegeneral solution of the nonhomogeneous equation (1.16)
is given by the formula:
i—1
x; = P,Cizo + P, Y C{7* 'Ryy,, i=0,1,..., (1.19)

k=0
where R, is as in Theorem 1.5.

Proof. We have only to check that
i—1
x =0, xV =P, Z Ci ¥ Ry, i=12..., (1.20)
k=0

is a particular solution of (1.16). Thus,

XtV 4+ A x o + + Agx?
itl-1 i+1-2
= Pl( Z CﬁﬂAkﬂRU’k) + APy Z C11+l~2“kR1)’k
k=0 k=0

i—1
+ s+ A0P1 Z Ciliklelyk.
k=0

Put together the summands containing y,, then the summands containing y,,
and so on, to obtain the following expression (here C4 for j < 0 will be
considered as zero):

(P,Ci*"" 'R, + A P,CITT72R + - 4 AoP,Cy 'Ry,
+ (P,C{"'" 2Ry + A P,C{"' 3R + -+ + Ao P,C?R))y,
+ -+ (PyCy 'Ry + A P,CY7 2R, + -+ + A PLCT 'RY)y;
+ (P,C'"2R, + A;_,P,C\ 3R, +--- + AoPiCT2R))y;isq

+ -+ PLCOR Y41 (1.21)
From (1.12) it follows that
Plcll + 141..1P1(:’1_x + s + AOPIC(I) - 0. (1.22)
and
0 for k=0,...,1—2
R, = B 1.2
PiCiR, {1 for k=1-1. (1.23)

Equalities (1.22)and (1.23) ensurethat expression (1.21) is just y;. So (1.20) isa
particular solution of the nonhomogeneous equation (1.16). [
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1.3. The Inverse Problem for Linearization

Consider the following problem: Let T be a matrix of size m x m; when
is T a linearization of some monic matrix polynomial L(4) of degree [ and
sizen x n?

Clearly, a necessary condition for existence of such an L(A) is that m = nl.
But this is not all. We can discover the additional necessary condition if we
examine dim Ker L(4) for different A. Evidently, dim Ker L(1) < n for any
A€ €. On the other hand, since IA — T is similar to

L) O
o If

dim Ker(IA — T) = dim Ker L(A), Lel.

we have

Thus, the additional necessary condition is that
dim Ker(IA — T) <n forall AeC.

As the following result shows, both necessary conditions are also sufficient.

Theorem 1.7. Them x mmatrix T is a linearization of some monic matrix
polynomial of degree | and size n x n if and only if the two following conditions
hold:

(1) m=nl,
(2) max;.sdim Ker(JA — T) < n.

The second condition means that for every eigenvalue A, of IA — T, the
number of elementary divisors of /A — T which correspond to A, does not
exceed n.

For the scalar case (n = 1), Theorem 1.7 looks as follows:

Corollary 1.8. The m x m matrix T is a linearization of a monic scalar
polynomial of degree m if and only if

max dim Ker(IA — T) < 1.
ied

This condition is equivalent to the following: There exist complex numbers
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Gp— 1> Ay—25 - - - » Ag Such that T is similar to a matrix of the form
0 1 0 0
0 0 1 0
0 0 o - 1
—do —ay —az; - Q-

In this case, the matrix T is also said to be nonderogatory.

Proof of Theorem 1.7. The necessity of both conditions was explained
above. Let us prove their sufficiency. Suppose that T is given, satisfying both
conditions (1) and (2). Consider IA — T and its Smith form D(A):

IA — T = E(A)D(A)F(A),

where (E(4))*! and (F(A))*! are matrix polynomials (see Section S1.1). It is
sufficient to prove that

In(l—l) 0
D(/l)~[ o L z)] (1.24)

for some monic matrix polynomial L(A) of degree I. Let

_ Inl—k 0
D(2) = [ 0 diag[dj(i)]§=1:|,

where d(A) are the nonconstant invariant polynomials of D(A), and, as usual,
d; 1(4) is divisible by d,(4). Note that D(1) does not contain zeros on its main
diagonal because det D(4) = det(IA — T) # 0.
The condition (2) ensures that k < n. Indeed, if A, is a zero of d,(4), then
dim Ker D(4,) = k,

and, in view of (2), we have k < n. Now represent

| Hna-1 0
D(4) = [ 0 diag[ﬁj(l)];’:l]’

where () =---=d, (M =1 and d, ., A) =dA) for j=1,...,k
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Observe that (since m is the degree of det(IA — T) = det D(A))

i=1

where [; is the degree of c%(i). If all the degrees [; are equal, then (iiiag[dj(/l)];-'=1
is a monic polynomial of degree | = m/n, and (1.24) is trivial. Suppose not all
the degrees /; are equal. Then [, < [ and [, > [. Now there is a j such that
li-y <ljand [;_; <I; + (I, = I) <. So there is a monic scalar poly-
nominal~s(/1) of degree [, — [ such that d,(4)s(4) divides d{(4) and d;_,(4)
divides d,(A)s(2). Then let g(A) be a polynomial for which d,(4)s(1)q(4) =
—d,(4), and observe that the degree of d,(4)q(4) is [.

Now perform the following sequence of elementary transformations on
the matrix D(4) = diag[di(A)]}-,:

(a) Add s times the first column to the last column.

(b) Add g times the first row to the last row.

(c) Interchange the first and last columns.

(d) Rowkgoestorowk + 1 fork =1,2,...,j — 2and row j — 1 goes
to row one.

(e) Permute the first j — 1 columns as the rows are permuted in (d).

The resulting matrix, which is equivalent to D(4), may be written in the
form D’ + D" where

D' = diag{d,,....d;_y,dys.d;.....d,_ . dq}

and D" has all its elements zero except that in position (j — 1, n) which is d,.
Now consider the leading (n — 1) x (n — 1) partition of D":

D, = diag{d,, ..., d,_,,dys,d;, ..., d, ).

Since the degree of d, q is [, the determinant of D, has degree (n — 1)I. Further-
more, by the choice of s, D, is in the Smith canonical form. This enables us
to apply the argument to D, already developed for D. After a finite number
of repetitions of this argument it is found that D is equivalent to an upper
triangular matrix polynomial B whose diagonal elements all have degree .
It is easily seen that such a matrix B is equivalent to a monic matrix poly-
nominal, say L(A). As required in (1.24) we now have

In(l—l) 0 ln(l‘l) 0
Dw”[ 0 5(,1)]~[ 0 L(/I)J’

and the theorem is proved. [
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1.4. Jordan Chains and Solutions of Differential Equations

Consider a monic n x n matrix polynomial L(4) = IA' + Y 2§ 4,4/ and
the associated homogeneous differential equation

d
L(d—t>u(t) =0. (1.25)

Here u(t) is an n-dimensional vector-valued function to be found. We already
have a formula (namely, (1.11)) for the general solution of (1.25), but now we
shallexpress it through elementary vector-valued functions of the real variable
t. Itturnsout that such anexpressionis closely related to the spectral properties
of L(A).

It is well known that in the scalar case (n = 1) the solutions of (1.25) are
linear combinations of the simple solutions of the form

ut) = te*',  j=0,...,5s—1,

where A4, 1s a complex number and s = s(4,) is a positive integer. I't turns out
that 1, must be a root of the scalar polynomial L(4),and s is just the multi-
plicity of A, as a root of L(A).

We now wish to generalize this remark for monic matrix polynomials.
So let us seek for a solution of (1.25) in the form

u(t) = p(t)e*, (1.26)

where p(t) is an n-dimensional vector-valued polynomial in ¢, and 4, is a
complex number. It will be convenient for our purposes to write therepresenta-
tion (1.26) as follows:

i k=1 :
u(t) = (F Xo + &= Xy + -+ xk>e‘°’ (1.27)
with x; € €" and x,, # 0.

Proposition 1.9. The vector function u(t) given by (1.27) is a solution of
equation (1.25) if and only if the following equalities hold:

1
y o LP(Go)xi, =0, i=0,...,k (1.28)

p=0
Here and elsewhere in this work L'P)(1) denotes the pth derivative of L(4)
with respect to A.

Proof. Let u(t) be given by (1.27). Computation shows that

d tk—l
(E — /101)“([) = (m Xog + -+ xk_l)e’l"'.
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More generally,
d j k=i k=i=1 .
(E - i"1> "= ((k TR oy T R x"")e B
forj=0,...,k and
d J
(d—t—iol>u(t)=0 for j=k+1,k+2,.... (1.30)

Write also the Taylor series for L(4):
1 1
L(A) = L(20) + 17 L'(20)(A — 4o) + -+~ + T L%20) (A = Ao)"
Then, replacing here 4 by d/dt, we obtain:
d 1 d
L(E)x(t) = L(Apu(t) + T L'(4) (E - /101>u(t) + -

+ L pogy) 4 lu(t) (1.31)
e e ) '

Now substitution of (1.29) and (1.30) in the formula (1.31) leads to Propo-
sition 1.9. O

The sequence of n-dimensional vectors xg, Xy, ..., Xx (xo # 0) for which
equalities (1.28) hold is called a Jordan chain of length k + 1 for L(A) cor-
responding to the complex number 4,. Its leading vector x, (#0) is an
eigenvector, and the subsequent vectors x,, ..., X, are sometimes known as
generalized eigenvectors. A number A, for which a Jordan chain exists is called
an eigenvalue of L(4), and the set

o(L) = {Ay € €| A, is an eigenvalue of L(A)}

is the spectrum of L(A).

This definition of a Jordan chain is a generalization of the well-known
notion of a Jordan chain for a square matrix 4. Indeed, let x4, x,, ..., X, be
the Jordan chain of A4, ie.,

Axy = Agxy, Axy = AoXy + Xo, S Axy = Aoxp + X1

Then these equalities mean exactly that x,, x,, . .., x, is a Jordan chain of the
matrix polynomial IA — A in the above sense. We stress that for a matrix
polynomial of degree greater than one, the vectors in its Jordan chains need
not be linearly independent, in contrast to the linear matrix polynomials of
type IA — A (withsquare matrix A). Indeed, the zero vector is admissible as a
generalized eigenvector. Examples 1.2 and 1.4 below provide such a matrix
polynomial.
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Note that from the definition of a Jordan chain x,, x, ..., x, it follows
that L(A¢)xo = 0, i.e., xo € Ker L(4¢). Hence A, is an eigenvalue of L(4) if and
only if Ker L(4¢) # {0}.

We shall sometimes use the evident fact that the solutions of the linear
system

L(Ao) 0 0
L'(Z) L(Ao) SR
1

: : e =0
iL‘“’(A) Lt L D(1g) -+ L(Ap) x
a! = 1)! 0 oL

form the set of all Jordan chains x, X4, ..., x, of L(4) with lengths not ex-
ceeding o + 1 corresponding to A, (after we drop the first zero vectors
Xg=---=x; =0).

Consider now some examples to illustrate the notion of a Jordan chain.

22—
La = [0 /12]

Since det L(A) = A%, there exists one eigenvalue of L(4), namely, A, = 0. Every nonzero
vector in €2 is an eigenvector of L(1). Let us compute the Jordan chains which begin with
an eigenvector x, = [}0!]e €*\{0}. For the first generalized eigenvector x; = [{!!]e

C?* we have the following equation:

ExampLE 1.1. Let

L'0)xy + L(O)x, = 0,

0 —11]]x0, _o.

0  0]|xo2
So x, exists if and only if x4, = 0, and in this case x,; can be taken completely arbitrary.
For the second generalized eigenvector x, = [;2!] we have

which amounts to

IL"(0)xo + L'(0)x; + L(O)x, = 0,

T R P B

or xo; = X;,. If this equality is satisfied, the vector x, can be arbitrary. Analogous
consideration of the third generalized eigenvector x; = [{?!] gives

~*32

o S+ o)) -o

which amounts to
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which is contradictory, because it implies that x,, = 0; but as we have seen before,
X, = Xo;, and therefore x,, # 0 (since x, # 0).

Summarizing the investigation of this example, we obtain the following: the length
ofaJordan chain x, x4, ..., x,_; of L(1) cannot exceed 3 (i.e., k < 3). All Jordan chains
can be described as follows:

(1) Jordanchains of length 1 are x, = [}9!], where x¢,, X, € € are not both zero;
(2) Jordan chains of length 2 are x, = [*§'], x,, where x,; # 0and x, is arbitrary;
(3) Jordan chains of length 3 are x, = [§'], x; = [3!], x,, where x4, # 0, and

Xy1, X, are arbitrary. [
The next example is somewhat more complicated.

ExampPLE 1.2. Let

2 2 3
LG = [l A-DA*+1) AA- 1)]'
AHA — 1)? B - 1)?
Compute the determinant: det L(1) = 17(1 — 1)3. Thus, there exist only two eigenvalues
of L(A): A, =0 and A, = 1. Since L(0) = L(1) = 0, every nonzero two-dimensional
vector is an eigenvector of L(1) corresponding to the eigenvalue zero, as well as an eigen-
vector of L(A) corresponding to the eigenvalue 1, = 1.

Let us find the Jordan chains of L(1) correspondingto 4; = 0.Since L'(0) = 0,every
pair of vectors x,, x, € € with x, # 0 forms a Jordan chain of L(4) corresponding to
A, = 0. An analysis shows that this chain cannot be prolonged unless the first coordinate
of x, is zero. If this is the case, then one can construct the following Jordan chain of

length 5:
|: 0 ]’ [_XOZ:I’ [_XIZjI, |:X31:|7 [:X41]’ (132)
Xo02 X12 X22 X32 X42

where Xg,, X12, X22, X317, X32, X1, X4, are arbitrary complex numbers and x,, # O.
The Jordan chain (1.32) is of maximal length.

Consider now the eigenvalue A, = 1. It turns out that the Jordan chains of length 2
corresponding to 4, are of the following form:

[ o } ["“] (1.33)
—2x01] X12

where xy; # 0,and x,,, x,, arearbitrary complex numbers. These Jordan chains cannot
prolonged.
Using Proposition 1.9, we can find solutions of the system of differential equations:

R A S ¢

2y - e R T A | P01 B
dt 44 43 e dS_ 44 VE u,(t)

- - + N _ R _
dr* de3  dt? dt’ de* + de3
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For instance, the solution corresponding to the Jordan chain (1.32) is
I t?
— = Xo2 — 5 X12 + [X31 + X4

[lll(t)]__ 6 2
u ()] | 3 I

—Xo2 t— X123+ =X + X3, + X
24 02 6 12 2 22 32 42

and the solution corresponding to the Jordan chain (1.33) is

[Ul(t):l _ [ (txoy + xqy)e' ]
u,(t) (=2txo, + xp2)¢']|

These examples show that the structure of Jordan chains for matrix
polynomials can be quite complicated. To understand this structure better, it
is useful to define canonical systems, which may be regarded as basic Jordan
chains in the set of all Jordan chains corresponding to a fixed eigenvalue, and
they play a role analogous to a basis in a finite-dimensional linear space. This
will be done in Section 1.6.

A convenient way of writing a Jordan chain is given by the following
proposition.

Proposition 1.10. The vectors xq, ..., X, form a Jordan chain of the
matrix polynomial L(1) = Y \_4 A;A/ + I corresponding to A, if and only if
xo # 0 and

A0X0+A1X0J0++A1_1X0J:)“1 +X0JIO=O, (134)
where
Xo=1[xo -+ X-1]

isann x k matrix, and J , is the Jordan block of size k x k with A, on the main
diagonal.

Proof. By Proposition 1.9, x, ..., X,_; is a Jordan chain of L(4) if and
only if the vector function

k—1 tp
uo(t) = < Y ? Xk—p—1>el°t

p=0 .

d
But then also

d i (d d
0 <dt /101) L(dt>u0(t) L(dt)u’(t)’ j=L2%... k-1,

satisfies the equation
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where
d J k—j—1 tP A
— | — _ ot
uft) = (dt 101) uo(t) = ( p;o P! xk—j—p—l)e .

Consider the n x k matrix

U@) = [ue— (1) -+ Uq(t)]-
From the definition of U(t) it follows that

i
k=1D1"
U(t) = X, . : oo,
) t
0 i

k—1

1

—_—

Using the definition of a function of a matrix (see Section S1.9), it is easy to see
that

Ut) = X, (1.35)

Now write

d
L(E) U@) =0,

and substitute here formula (1.35) to obtain [Ay Xy + 4:XoJo + -+ +
A1 XoJ5 T + XoJole’™ = 0. Since e’ is nonsingular, (1.34) follows.

Reversing the arguments above, we obtain that the converse is also true:
formula (1.34) implies that [x,, ..., X,_;] is a Jordan chain of L(1) cor-
responding to 4,. I

Observe that in this section, as well as in the next two sections, monicity of
the matrix polynomial L(1) is not essential (and it is not used in the proofs).
In fact, Propositions 1.9 and 1.10 hold for a matrix polynomial of the type
Yoo A;jA, where A; are m x n rectangular matrices (in formula (1.34) the
summand X ,J} should be replaced in this case by 4, X,J}).

We conclude this section with a remark concerning the notion of a left
Jordan chain of a matrix polynomial L(4). The n-dimensional row vectors
Yos- - -, Y form a left Jordan chain of L(4) corresponding to the eigenvalue 4,
if the equalities

|
Z _'yi—pL(p)(lO) =0,
p=0 p:
hold for i = 0, 1, ..., k. The analysis of left Jordan chains is completely
similar to that of usual Jordan chains, since y,, . . ., y, is a left Jordan chain of
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L(A)if and only if the transposed vectors yg, . . ., ya form a usual Jordan chain
for the transposed polynomial (L(1))T, corresponding to the same eigenvalue.
Thus, we shall deal mostly with the usual Jordan chains, while the left Jordan
chains will appear only occasionally.

1.5. Root Polynomials

In order to construct a canonical system of Jordan chains of a monic
matrix polynomial L(4) corresponding to a given eigenvalue 44, and for other
purposes too, it is convenient to describe the Jordan chains in terms of root
polynomials, which we now define.

Given an n x n matrix polynomial L(4) (not necessarily monic), an
n-dimensional vector polynomial ¢(4), such that ¢(4,) # 0 and L(4¢)@(40)
= 0, 1s called a root polynomial of L(1) corresponding to 4,. The order of 4, as
azero of L(1)¢p(A) is called the order of the root polynomial ¢(4). Develop the
root polynomial in powers of 1 — 4,:

o) = Y (A = AoYo;,
=0

J
and it follows that the vectors @g, @4, ..., @,_; (Where k is the order of (1))
form a Jordan chain of L(1) corresponding to 4,. To see that, write

S |l & ;
L(De(4) = LZO il L9(A0) (A — /10)’] Lzo(l - io)’%]

and equate to zero the coefficients of (1 — Ap) for j=0, ..., k — 1, in this
product. The converse is also true: if ¢q, @, ..., ¢,_; is a Jordan chain of
L(2) corresponding to Ay, then the vector polynomial of type

k-1

o) = ) (A = AYo; + (4 — A)Y(),

j=0
where Y/(A) is some vector polynomial, is a root polynomial of L(A) of order k
corresponding to the same 4.

The notion of a root polynomial makes it easy to prove the following

proposition, which will be frequently used in what follows.

Proposition1.11. Let L(A)be ann x nmatrix polynomial (not necessarily
monic) and let A(A) and B(A) be n x n matrix polynomials such that A(A,) and
B(Ay) are nonsingular for some Ao € C. Then y,, ..., y, is a Jordan chain of the
matrix polynomial A(A)L(A)B(A) corresponding to A, if and only if the vectors

L1
z; = _;0 B Goy—i  J=0,..k (1.36)

form a Jordan chain of L(A) corresponding to 4.
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Proof. Suppose that z,, ..., z, given by (1.36) form a Jordan chain of
L(A) corresponding to 4,. Then

k

@A) = Y (A = L)z

Jj=0

is aroot polynomial of L(A) and L(A)@(4) = (A — 1) 10,(A) for some vector
polynomial 6,(4). From (1.36) it follows that

¢(4) = B(HY(4),
where Y(4) = Y*_o (4 — 4o)y;. So
[AMLABAIY(A) = AR [LA)@A)] = (4 = A0) T 1A(D)0,(A),

so (1) is a root polynomial of A(1)L(A)B(4) of order not less than k + 1, and,
consequently, y,, ..., ¥ is a Jordan chain of A(4)L(4)B(1) corresponding to
AO .

Conversely, let y,, ..., y, be a Jordan chain of A(4)L(A)B(A) correspond-
ing to 4. Then

ALABAWA) = (A — A0)*T10,()
for some vector polynomial 6,(4) (here Y(1) = Y *_o (A — 4o)y;). So
LA)pA) = (A — 20) "1 AT (D)) (1.37)

Since A(A,) is nonsingular, the right-hand part in (1.37) is a vector polynomial
for which A = A, is a zero of multiplicity not less than k + 1. Thus ¢(4) is a
root polynomial of L(A) of order not less than k + 1, and z,, ..., 2, is a
Jordan chain of L(1) (corresponding to 1,). 0O

In particular, it follows from Proposition 1.11 that the matrix poly-
nomials L(A) and A(A)L(A) (where A(A) is square and det A(4,) # 0) havethe
same set of Jordan chains corresponding to A,.

In many cases, Proposition 1.11 allows us to reduce the proofs of results
concerning Jordan chains for monic matrix polynomials to the diagonal
matrix

L) = diagl(A — Ao ..., (A — Ag)™], (1.38)

by using the local Smith form (see Theorem S1.10). Here we rely on the fact
that det L(A) # O for a monic matrix polynomial L(4) (so Theorem S1.10 is
applicable).

As a demonstration of this reduction method, we shall prove the next
result. It also helps to clarify the construction of a canonical set of Jordan
chains given in the next section.
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We shallsay that an eigenvector x, of a monic matrix polynomial L(4) cor-
responding to the eigenvalue A, is of rank k if the maximal order of a root
polynomial ¢(A) with @(4,) = x, is k. This notion can be applied to nonmonic
matrix polynomials as well.

Theorem 1.12. Let L(A) be a monic matrix polynomial, and let A, be an
eigenvalue. Denote by &, < €" (k = 1, 2, ...) the maximal linear subspace in
C"withthe property that allits nonzero elements are eigenvectors of L(A) of rank
k corresponding to A,. Then

(i) there exists a finite set {k,, ..., k,} = {1,2,...} such that Z; # {0}
ifand only ifke {ky, ..., k,};
(i1) the subspace Ker L(Ay) < €" is decomposed into a direct sum:

Ker L(4o) = Xy, + -+ + X3 (1.39)

(i) ifx = )P, x;eKer L(Ay), where x; € X , thenthe rank of x is equal
to min{k;|x; # 0}.

Proof. Let
L(A) = E;(A)D;(A)F ;,(4),
where
D, (4) = diag[(A — o)1=y, 0<kKk < <k,

is the local Smith form of L(4) and E, (4) and F (4) are matrix polynomials
invertible at A = A, (Theorem S1.10). By Proposition 1.11, y, is an eigenvector
of L(A)if and only if z, = F, (4¢)y, is an eigenvector of D, (4) and their ranks
coincide. So it is sufficient to prove Theorem 1.12 for D, (4).

Denote by e; the ith coordinate vector in €". Then it is easy to see that
;,0,...,0(x; — 1 times zero) is a Jordan chain of D, (1), provided «; > 1.
Sotherank of the eigenvector e;is greater than orequal to k;.Infact, this rank
isexactly k;, because if there were a root polynomial p(4) = Y 9_o (4 — A0)e;
with ¢, = e; of order greater than k;, then

(D1 (D) (o) = O, (1.40)

which is contradictory (the ith entry in the left-hand side is different from
zero). It follows that &', is spanned by the eigenvectors e; such that k; = k (if
such exist). So (i) and (ii) become evident. To prove (iii), assume that there
exists a root polynomial ¢(4) with ¢(4) = x and of order greater than
min{k;|x; # 0} ; then we obtain again the contradictory equality (1.15). [

The proof of Theorem 1.12 shows that the integersk, .. ., k, coincide with
the nonzero partial multiplicities of L(4) at 4, (see Section S1.5).
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1.6. Canonical Set of Jordan Chains

We construct now a canonical set of Jordan chains of a given monic
matrix polynomial L(4). Since det L(4) is a scalar polynomial not identically
zero, it has only a finite number of roots. It follows that the number of
different eigenvalues of L(4) is finite and does not exceed the degree nl of
det L(1), where [ is the degree of L(A).

Let 4, be a fixed eigenvalue of L(A). In the construction of a canonical set
of Jordan chains given below, all the root polynomials correspond to the
eigenvalue A, of the matrix polynomial L(A). First we remark that the order of
any root polynomial does not exceed the multiplicity of A, as a zero of det L(4).
Indeed, using the Smith form of L(4) and Proposition 1.11, it is sufficient to
prove this statement for a diagonal matrix polynomial; but then it is easily
checked. Let now ¢,(4) = > 515" (A — 40’9, ; be a root polynomial with the
largest order k. It follows from the preceding remark that the orders of the
root polynomials are bounded above (by the multiplicity of 4, as a zero of
det L(4)), so such a ¢, (4) exists. Further, let ¢,(4) = Y 525" (4 — 4o)Y¢,;bea
root polynomial with the largest order among all the root polynomials whose
eigenvector is not a scalar multiple of ¢,o. (In particular, k, < k;.) If
@A), ..., @s_(4) are already chosen,

ki—1

@A) = ZO(,I — Aoy oy, i=1,...,s =1,
i=
let () = Y 525" (A — Ap) s, be a root polynomial with the largest order «;
among all the root polynomials whose eigenvector is not in the span of the
eigenvactors @y, .. ., P51, o Wecontinue this process until the set Ker L(4,)
of all the eigenvectors of L(A) corresponding to 4, is exhausted. Thus, r root
polynomials

ki—1

0iA) = A - Ao)qu’ij, i=1,...,r
=0

J

are constructed, where r = dim(Ker L(4,)). In this case the Jordan chains

@105+ P1,k,-1> P205++5P2,x,-15 Dros s Pr o, —1

are said to form a canonical set of Jordan chains of L(4) corresponding to 4,,.
Note that the canonical set is not unique; for instance, we can replace ¢,(1) by
@2(A) + Y525" (A — A9Ye,; in the above construction to obtain another
canonical set of Jordan chains. As we shall see later, the numbers k.4, ..., k,
are uniquely defined (i.e., do not depend on the choice of the canonical set).
In fact, x,, ..., k, are the nonzero partial multiplicities of L(A) at 4, (see
Section S1.5).
Let us illustrate the notion of a canonical set by examples.
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ExampPLE 1.3. Let
L(A) = (A — Ap)", AEC

be a scalar matrix polynomial, where p is a positive integer. The sole eigenvalue of L(4)
is Ao. From the definition of a Jordan chain it is seen that the sequence 1,0, ...,0(p — 1
zeros) forms a Jordan chain of L(4) corresponding to A, (in this case the vectors in a
Jordan chain are one-dimensional, i.e., are complex numbers). This single Jordan chain
forms also a canonical set. Indeed, we have only to check that there is no Jordan chain of
L(4) of length greater than p. If such a chain y,, ..., y, were to exist, then, in particular,

1
- LP(Ag)yo + -+ + L(A0)y, = 0.
p!

But LY(,) = 0forj=0,...,p — 1; L'”(1y) = p! and y # 0, so this equality is con-
tradictory (cf. the proof of Theorem 1.12). [

The scalar polynomial
L(1) = (4 — Ap)Pa(h), a(ly) #0 (1.41)

has the same Jordan chains, and, consequently, the same canonical set of
Jordan chains, as the polynomial (1 — A,)”? (see the remark following after
Proposition 1.11). Since any scalar polynomial can be represented in the form
(1.41), we have obtained a description of Jordan chains for scalar poly-
nomials, which is quite trivial. However, in view of the local Smith form for
matrix polynomials (see Section S1.5), this description plays an important
role in the theory.

ExaMPLE 1.4. Let

207 2 309
L(A):[“’l DA +1) A4 1)]

A4 — 1) A3 — 1)

be the matrix polynomial from Example 1.2. This polynomial has only two eigenvalues:
Ao = 0 and A, = 1. Let us construct a canonical set of Jordan chains for the eigenvalue
Ao = 0. We have seen in Example 1.2 that the order of an eigenvector [$:°]is 2if ¢, # 0

and 5if @,y = 0, ¢, # 0. So, using formula (1.32) we pick the following canonical set of
Jordan chains for A, = 0:

B S S A

Another canonical set of Jordan chains would be, for instance, the following one:

I P e A H A E P A

—_

—
—
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Analogous considerations for the eigenvalue 1, = 1 gives rise, for instance, to the
following canonical set of Jordan chains:

—1 1
Pro = [ 2], @ =0; ®i0 = [O:I O

We shall study now some important properties of a canonical set of
Jordan chains.

Proposition1.13. Let L(A) be a monic matrix polynomial. Then the lengths
Kiy. .., K,, of the Jordan chains in a canonical set of Jordan chains of L(1)
corresponding to A, are exactly the nonzero partial multiplicities of L(4) at A,,.

For the definition of partial multiplicities we refer to Section S1.5.
Proof. Weuse the local Smith form for L(4):
L(2) = E,; (D, (A)F;,(4), (1.42)
where E; (4), F;(A) are matrix polynomials which are nonsingular at 4,,
D, (2) = diag[(A — 49)"Ti=,

and 0 < v; < --- < v, are the partial multiplicities of L(4) at ,. A canonical
system of Jordan chains of D, (4) (which is defined in the same way as for
monic matrix polynomials) is easily constructed: if, for instance, 0 =
vy ==, <V, then

e, 0,...,0, €-1,0,...,0, cee e ,0,...,0

io®
is the canonical system, wheree; = (0,...,1,0,..., 0)T with 1 in the jth place,
and the length of the chaine;,0,...,0is v; (j = ig, io + 1,..., n). It follows
immediately that Proposition 1.13 holds for D, (4).

On the other hand, observe that the system

Vios oo s Wi = 1> i=1...,r,

isa canonical set of Jordan chains of L(4) corresponding to 4, if and only if the
system

(Pi05""qpi,xg—l’ izl,...,r
is a canonical system of Jordan chains of D, (1) corresponding to 44, where
i1 .
@ij= Y S FQOW: jom  J=0 k=1, i=1..,r
m=0 M:

Indeed, this follows from Proposition 1.11 and the definition of a canonical
set of Jordan chains, taking into consideration that ¢, = F; (AcWio,
i=1,...,r,and therefore ,, ..., ¥,o are linearly independent if and only if
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@10>---» Oy are linearly independent. In particular, the lengths of Jordan
chains in a canonical set corresponding to 4, for L(4) and D, (1) are the same,
and Proposition 1.13 follows. [

Corollary 1.14.  The sum Y ;_, k; of the lengths of Jordan chains in a canon-
ical set corresponding to an eigenvalue A, of a monic matrix polynomial L(A)
coincides with the multiplicity of Aq as a zero of det L(A).

The next proposition shows that a canonical system plays the role of a
basis in the set of all Jordan chains of L(4) corresponding to a given eigenvalue
Ao-

Let u be the length of the longest possible Jordan chain of L(4) cor-
responding to 44. It will be convenient to introduce into consideration the
subspace A" < €™ consisting of all sequences (yq, ..., y,—;) of n-dimen-
sional vectors such that

L(4o) 0 T 0 Yo
L'(40) L(40) e 0 |l n
. s . =0. (143)
1 n— 1 (n—2) e )
m L' l)(/10) (i — 2)! L (40) L(Ao) || Vu-1

We have already mentioned that 4" consists of Jordan chains for L(4) cor-
responding to A,, after we drop first zero vectors (if any) in the sequence

(yOa ey y,,_l)euV.
Proposition 1.15. Let

(pio""’(pi,/li—17 i=1,...,S (1.44)

be a set of Jordan chains of a monic matrix polynomial L(1) corresponding to A,.
Then the following conditions are equivalent:

(1) the set (1.44) is canonical,;
(1) the eigenvectors @®,q,..., Pso are linearly independent and
Y-y w = o, the multiplicity of Ao as a zero of det L(4);
(iii) the set of sequences

yij = (0,...,0, 0i0, ..., 0;)), Jj=0,...,;;,—1, i=1,...,5 (145)

where the number of zero vectors preceding o in y;;is p — (j + 1), forma basis
in A

Proof. Again, we shall use the reduction to a local Smith form. For
brevity, write L for the matrix appearing on the left of (1.43). Similarly,
A, B will denote the corresponding matrices formed from matrix polynomials
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A(A), B(4) at Ay, respectively. First let us make the following observation: let
A(A) and B(4) be matrix polynomials nonsingular at A = 4,. Denote by
A < €™ the subspace defined by formula (1.43) where L(4) is replaced by
L(A) = A(A)L(A)B(A). Then

N = BN. (1.46)
(Note that according to Proposition 1.11 the length of the longest Jordan
chaincorrespondingto A, of L(4)and L(4)isthesame u.) Indeed, (1.46)follows
from the following formula (here L is the matrix on the left of (1.43) with
LP(4,) replaced by LP(1,),p =0, ..., u — 1):

L= ALB,
which can be verified by direct computation. Now the reduction to the case
where

L(2) = diag[(4 — 29)"Ti=1, vy =- 29,20 (1.47)

follows from the local Smith form (1.42) of L(4)and formula (1.46).

Thus it remains to prove Proposition 1.15 for L(4) given by (1.47). The
part (i) = (ii) follows from the definition of a canonical set and Corollary 1.14.

Let us prove (ii) = (iii). Let the chains (1.44) be given such that ¢, ..., @4
are linearly independent and Zle u; = o. From the linear independence of
P10> - - -» Pso 1t follows that the vectors

yij:(07---907(pi0’--"§0ij), j:()""’,u'i—l’ i:I,...,S (1.48)

are linearly independent in .#". On the other hand, it is easy to see that

dim & = ) v, (1.49)
j=1
which coincides with the multiplicity of 4, as a zero of L(4), i.e., with ¢ =
Zle u;. It follows that the sequences (1.48) form a basis in .4, and (iii) is
proved.

It remains to prove that (iii) = (i). Without loss of generality we can sup-
pose that y; are arranged in the nonincreasing order: p; > --- > . Sup-
pose that v, > v,,; = --- = v, = 0 (where v, are taken from (1.47)). Then
necessarily s = rand y; = v;fori = 1, ..., s. Indeed, s = r follows from the
fact that the dimension of the subspace spanned by all the vectors of the form
0, ..., 0, x)T, which belong to .#; is just r. Further, from Theorem 1.12 it
follows that the dimension of the subspace spanned by all the vectors of the
form (0, ..., xq, ..., x;_ )T, which belong to A4 is just

Jj—1
p=1

p>j
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where | 4| denotes the number of elements in a finite set A. On the other hand,
from (iii) it follows that this dimension is

ji—-1
Yi-lHklw=p+ X p-lHklm=rp}, Jj=1...,n (L51)
p=j p=1

Comparing (1.50) and (1.51), we obtain eventually that g; = v;. Now (i)
follows from the definition of a canonical set of Jordan chains. [

The following Proposition will be useful sometimes in order to check that
a certain set of Jordan chains is in fact a canonical one.

Proposition 1.16. Let

(piO""’(pi,/.li-l’ l: 1,...,5 (152)
be a set of Jordan chains of L(A) corresponding to A, such that the eigenvectors
P1os - - -» V;0 are linearly independent. Then

Yw <o, (1.53)
i=1

where o isthe multiplicity of Ay as a zero of det L(A). The equality in(1.53) holds
if and only if the set (1.52) is canonical.

The proof of Proposition 1.16 uses the same ideas as the proof of Pro-
position 1.15 and is left for the reader.

1.7. Jordan Chains and the Singular Part of the Laurent
Expansion

Let L(A) be a monic matrix polynomial, and let 4, € o(L). Consider the
singular part of the Laurent expansion of L~ 1(4) in a neighborhood of 4,:

SP(L™'A) = (A — o) 'K, + (A — o) " Ky + -+ (A — 49) 'K,

(1.54)
and define mn x mn matrices S,,(m =1, ..., v):
K, 0 0
K, K, - 0
Sm=1{ : SRR B (1.55)
Km—l Km—2 Kl 0
Kn Kns K, K,
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It is convenient to introduce the following notation: Given n X n matrices
Ay, Ay, ..., A,, we shall denote by A(4,,..., 4,) the block triangular
np X np matrix

A4, 0 - 0 0
A, A, - 0 0
Ay Apy o A, O
A, A,_, A, A,

For example, S,, = A(K,, K,, ..., K,,).

For an eigenvector x € Ker L(4,)\{0}, the rank of x (denoted rank x) is
the maximal length of a Jordan chain of L(4) corresponding to 4, with an
eigenvector Xx.

Proposition 1.17. Under the notation introduced above,
Ker L(4y) = {xe C"|col(0,...,0,x)eIm S} (1.56)
and for every x € Ker L(A,),
rank x = max{r|col(0,...,0,x)eIm S,_,,}. (1.57)

If xeKer L(A)\{0}, rank x =r and S,_,,1 cOl(y(, Vss--es Vyopr1) =
col(0, ..., 0, x), then the vectors

X = X, x; =Kyyypi1 + Ksyyop + -+ Kyori2bs .o, (158)
Xr—1 =Kryv—r+1 +Kr+1yv—r+"'+Kvyl '

form a Jordan chain of L(A) corresponding to .

Proof. Use the local Smith form of L(4) in a neighborhood of A, (see
Section S1.5):

L(X) = E(A)D(A)F(4), (1.59)
where D(A) = diag[(A — A¢)*', ..., (A — Ap)*"], and E(A), F(A) are matrix
polynomials such that E(4,) and F(4,) are nonsingular (we shall not use in
this proof the property that det F(1) = const # 0). Using (1.58) we shall
reduce the proof of Proposition 1.17 to the simple case L(4) = D(4), when it
can be checked easily.

Let
SPD™'(A) = (A — Ao) "Ly + (A — Ag) "Ly + -+ (A — A9) " 'L,.
It is easy to check that
Sm = A(FO’FI’-“’Fm—I)'A(LI’ LZa---’Lm)'A(EO’Ela ---aEm—l),
m=1...,v,
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where
~ 1 . ~ 1 .
Fi==(F 0000, E=5E D00,  j=01,....
Jj! J!

Let now

c0l(0,0,...,x)elm S, = Im[A(F,, F,,...,F,_))-A(L, L, ..., L)],
SO

col(0,0,...,x) = A(Fy, Fy, ..., F,_))-A(L,, Ly, ..., L)col(zy, ..., z,)

for some n-dimensional vectors z;, .. ., z,. Multiplying this equality from the
left by A(Fo,Fy,...,F,_;), where F;= (1/j)FY(4,), we obtain that
col(0,...,0, Fox)eIm A(Ly, L,, ..., L,). Applying Proposition 1.17 for
D(A) it then follows that F,x e Ker D(4,), or x € Ker L(4,). We have proved
inclusion o in (1.56). Reversing the line of argument, we obtain the opposite
inclusion also, so (1.56) is proved. By an analogous argument one proves
(1.57), taking into account that the rank of an eigenvector x of L(4) is equal to
the rank of the eigenvector F,x of D(4) (see Proposition 1.11).

It remains to prove that the vectors (1.58) form a Jordan chain of L(4)

corresponding to 4,. By the definition of x,, ..., x,_, we have
[ K 0 0] [ 0]
: 0
K, K, 0 ¥ ]
. yV, .
. «'2 — Xo
Kv—r—l Kv—r Kl .
. X1
: yv—-r+1 :
Kv Kv—l I<rd . ’
i |1

Multiplying this equality on the left by A(Aq, Ay, ..., 4,-,), where 4; =
(1/iHLY(A,), we obtain (in view of the equality L(1)-L™'(A4) = I) that
A4y, ..., A,_y)col(,...,0,xq,...,x,_,) = 0. This equality means, by
definition, that x,, ..., x,_; is a Jordan chain of L(1) corresponding to A,.

a

It is clear that Jordan chains of L(1) do not determine the singular part
SP(L~'(A,)) uniquely. For instance, the monic matrix polynomials L(A) and
AL(A) have the same Jordan chains for every nonzero eigenvalue, but different
singular parts. One can show that the knowledge of Jordan chains of L(4) at 4,
isequivalent to the knowledge ofthe subspace Im S,, where S, isgiven by (1.55).
However, as we shall see later (Corollary 2.5) by using left Jordan chains as
well as the usual Jordan chains, one can recover the singular part entirely,
provided it is known how to match Jordan chains with their left counterparts.
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1.8. Definition of a Jordan Pair of a Monic Polynomial

Let L(A) = IA' + ) [2§ A;A’ be a monic matrix polynomial. In this sec-
tion, we shall describe spectral properties of L(4) in terms of the Jordan pairs
which provide a link between linearizations and Jordan chains of L(4).

Recall that det L(4)is a scalar polynomial of degree nl; so it has exactly nl
zeros (counting multiplicities). Let us denote by 4, .. ., 4,, the different zeros
of det L(4), and let a; be the multiplicity of 4;,i = 1, ..., r. So Z,f:l o; = nl.
Clearly,the points A, ..., 4,, form thespectrum of L(A):6(L) = {A, ..., 4,}.

Now for every 4; choose a canonical set of Jordan chains of L(4) cor-
responding to 4;:

o8N, ..., (pjf’us_.-,_l, ji=1...,s. (1.60)

According to Proposition 1.15 the equality Y 52, 4§’ = o; holds. It is con-
venient for us to write this canonical form in terms of pairs of matrices
(X;, J;), where

Xi =[P w1 050 08 4015 00 0, s L) 1]
is a matrix of size n x (3., p’) = n x a; (we just write down the vectors
from the Jordan chains (1.60) one after the other to make the columns of X;);
and J; is block-diagonal

Jit 0
J; = . = diag[J;;I5 1, (1.61)
0 Ji,s.-

where J;; is the Jordan block of size pu{ x u$ with eigenvalue 4;.

The pair (X;, J;) constructed above will be called a Jordan pair of L(4)
corresponding to A;. Clearly, it is not uniquely defined, because the canonical
set of Jordan chains is not uniquely defined. We mention the following impor-
tant property of the Jordan pair corresponding to A;:

AoXi+A1XiJi+“‘+Al_1XiJli~l+XiJ£=0, (162)

which follows from Proposition 1.10.

Now we are able to give the key definition of a Jordan pair. A pair of
matrices (X, J), where X isn x nland J isan nl x nl Jordan matrix is called
aJordan pair for the monic matrix polynomial L(A) if the structure of X and J
is as follows:

X=[X, ,..., X.], J =diag[J, ,..., J.], (1.63)
where (X;, J;), i = 1,...,r,is a Jordan pair of L(4) corresponding to 4.
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In the sequel, a block-row matrix
[z, - 2,
will often be written in the form row(Z,)’_ ;. For example, the matrix X from
(1.63) will be written as row(X,;)i_ .
ForaJordan pair (X, J) of L(4) an equality analogous to (1.62) holds also:
Ao X + A XJ + -+ A XJ" 1+ XJ = 0. (1.64)
Let us illustrate the notion of a Jordan pair by a simple example.

ExAMPLE 1.5.  Let
L) = [ A V247 - A]
V222 + 4 A3
Compute
det L(1) = 22(1 — 1)*(A + 1)*;

soo(L) = {0, 1, —1}.
Let us compute the Jordan pairs (X, J,), (X, J,),and (X _,, J_,) corresponding to
the eigenvalues 0, 1, and — 1, respectively.
Note that L(0) = 0; so there exists a set of two linearly independent eigenvectors
0, o corresponding to A, = 0. For instance, we can take

01, P2
1 0
0 = (0 — . 1.65
Py [0]7 %) [1] ( )

In view of Proposition 1.15, the set (1.65) is canonical. So

v _[ro J_oo
7o 1) " 1o o

is a Jordan pair of L(4) corresponding to the eigenvalue zero.
Considernowtheeigenvalue 1.

1 2 -1
= ~ Vv :
V2+1 1
and the corresponding eigenvector is
@i = [_ﬁ i 1]~
1

To find the first generalized eigenvector ¢!}, let us solve the equation

L'(Deld + L(DeYY = 0,

— /y _
[ 3 2\/2—1][—\/f+1]+[ 1 v21 l}pglgzo. (1.66)

2/2+ 1 3 J2+1

or
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This equation has many solutions (we can expect this fact in advance, since if ¢! is a
solution of (1.66), so is @'Y} + ae'Yy, for any « € €). As the first generalized eigenvector
¢''), we can take any solution of (1.66); let us take

o [\/2 - z]
P11 = 0 .

—J2+1 J2-2
Xlz[ v + \/ ]7 Jl

So,

1 0

Il
[
—_— =
—

Consider now the eigenvalue — 1. Since

-1 /241
L(—l)=[ ]
J2-1 -1

as an eigenvector we can take
- [\/2 + 1]
P10 = 1 .

The first generalized eigenvector ¢! is defined from the equation
L'(=Dts" + L(=Dgli" = 0,

and a computation shows that we can take
B} 2+2
oY = [\/ 0 jl
So the Jordan pair of L(1) corresponding to the eigenvalue —1 is

J2+1 J2+2 -1 1
X = , J.= .
1 0 0 —1
Finally, we write down a Jordan pair (X, J) for L(4):

Xz[l 0 —/2+1 J2-2 J2+1 ﬁ+2]’

0 1 1 0 1 0

One can now check equality (1.64) for Example 1.5 by direct computation. [

Consider now the scalar case, i.e., n = 1. In this case the Jordan pair is
especially simple and, in fact, does not give any additional information apart
from the multiplicity of an eigenvalue.
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Proposition 1.18. Let L(A) be a monic scalar polynomial, and A, be an
eigenvalue of L(A) of multiplicity v. Then

Ao 1 0
Ao .

X/Iu=[1 o --- 0], Jlo——_ . |

0 Ao

is a Jordan pair of L(A) corresponding to A,. Here X, is 1 x v and J, is the
v x v Jordan block.

Proof. Let L(A) = (A — 4y)" - L{(4), where L,(4) is a scalar polynomial
not divisible by A — A,. It is clear that 1,0,...,0 (v — 1 zeros) is a Jordan
chain of L(A) corresponding to 4,. By Proposition 1.15, this single Jordan
chain forms a canonical set of Jordan chains corresponding to 4,. Now
Proposition 1.18 follows from the definition of a Jordan pair. [

In general, the columns of the matrix X from a Jordan pair (X, J) of the
monic matrix polynomial L(A) are not linearly independent (because of the
obvious reason that the number of columns in X is nl, which is greater than
the dimension n of each column of X if the degree [ exceeds one). It turns out
that the condition [ = 1 is necessary and sufficient for the columns of X to be
linearly independent.

Theorem 1.19. Let L(A) be a monic matrix polynomial with Jordan pair
(X, J). Thenthe columns of X are linearly independent if and only if the degree |
of L(4) is equal to 1.

Proof. Suppose L(A) = IA — Aisofdegree 1,and let (X, J)beits Jordan
pair. From the definition of a Jordan pair, it is clear that the columns of X
form a Jordan basis for 4, and therefore they are linearly independent.

Conversely, if the degree of L(4) exceeds 1, then the columns of X cannot
be linearly independent, as we have seen above. [

1.9. Properties of a Jordan Pair

The following theorem describes the crucial property of a Jordan pair.

Theorem 1.20. Let (X, J) be a Jordan pair of a monic matrix polynomial
L) = 1A' + Y24 A;A. Then the matrix of size nl x nl
X
. XJ
col(XJHiZ8 = )
X J" -1

is nonsingular.
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Proof. Let C, bethe first companion matrix for L(4) (asin Theorem 1.1).
Then the equality

C, - col(XJ)Z§ = col(XJ)zh-J (1.67)

holds. Indeed, the equality in all but the lastblock row in (1.67) is evident ; the
equality in the last block row follows from (1.64). Equality (1.67) shows that
the columns of col(XJ))!Z} form Jordan chains for the matrix polynomial
12 — C,.

Let us show that these Jordan chains of IA — C, form a canonical set for
every eigenvalue A, of IA — C,. First note that in view of Theorem 1.1,
o(L(%)) = o(IA — C,), and the multiplicity of every eigenvalue 4, is the same,
when A, is regarded as an eigenvalue of L(A) or of IA — C,. Thus, the number
of vectors in the columns of col(XJ)!Z} corresponding to some A, €
o(IA — C,) coincides with the multiplicity of A, as a zero of det(/A — C,).
Let x4, ..., x, be the eigenvectors of L(4) corresponding to 4, and which
appear as columns in the matrix X ; then col(Ax,)!Z3, . .., col(A] x,)!Z 8 will
be the corresponding columns in col(XJ):Z§. By Proposition 1.15, in order
to prove that col(XJ')!ZJ forms a canonical set of Jordan chains of IA — C,
corresponding to A, we have only to check that the vectors

col(Ahx)izsed™, j=1,...k

are linearly independent. But this is evident, since by the construction of a
Jordan pair it is clear that the vectors x,, ..., X,, are linearly independent.

So col(XJ)!Z § forms a canonical set of Jordan chainsfor IA — C,and by
Theorem 1.19, the nonsingularity of col(XJ%)!Z} follows. [

Corollary 1.21. If (X, J) is a Jordan pair of a monic matrix polynomial
L(A), and C, is its companion matrix, then J is similar to C,.

Proof. Use (1.67) bearing in mind that, according to Theorem 1.20,
col(XJ)!Z! is invertible. [

Theorem 1.20 allows us to prove the following important property of
Jordan pairs.

Theorem1.22. Let (X, J)and (X, J,) be Jordan pairs of the monic matrix
polynomial L(A). Then they are similar, i.e.,

X =X,S, J=5"1,85, (1.68)
where
S = [col(X,J)IZ8]7 ! col(XJH)IZE. (1.69)

We already know that (when J is kept fixed) the matrix X from a Jordan
pair (X, J)is not defined uniquely, because a canonical set of Jordan chains is
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not defined uniquely. The matrix J itself is not unique either, but, as Corollary
1.21 indicates, J is similar to C,. It follows that J and J, from Theorem 1.22 are
also similar, and therefore one of them can be obtained from the second by a
permutation of its Jordan blocks.

Proof. Applying (1.67) for (X, J) and (X, J,), we have
C,-col(XJ)IZ8 = col(X(J )28 Iy,
C, - col(XJ)iZ§ = col(XJ)iZg- J.
Substituting C; from the second equality in the first one, it is found that
col(XJHZh - JLcol(X TN 28T~ col(X,J4)iZ8 = col(X,J3)iZs - J,.

Straightforward calculation shows that for S given by (1.69), the equalities
(1.68) hold true. [

Theorem 1.22 shows that a Jordan pair of a monic matrix polynomial is
essentially unique (up to similarity). It turns out that the properties described
in equality (1.64) and Theorem 1.20 are characteristic for the Jordan pair, as
the following result shows.

Theorem 1.23. Let (X, J) be a pair of matrices, where X is of sizen x nl
and J is a Jordan matrix of size nl x nl. Then (X, J) is a Jordan pair of the
monic matrix polynomial L(A) = I* + Y _4 A; A if and only if the two follow-
ing conditions hold:

(1) col(XJH:Z4 is a nonsingular nl x nl matrix;
(i) AgX + A, XJ + -+ A, XJ'"1 4 XJ' = 0.

Proof. In view of (1.64) and Theorem 1.20, conditions (i) and (ii) are
necessary. Let us prove their sufficiency.

LetJo = diag[Jgy, - - ., Jor] be the part of J corresponding to some eigen-
value A, with Jordan blocks Jgq, ..., Jox- Let Xo = [Xo1,---» Xox] be the
part of X corresponding to J, and partitioned into blocks Xy, ..., X
according to the partition of J, = diag[J,,, ..., Jo] into Jordan blocks
Jot1s - - -» Jok- Then the equalities

Ao Xoi + A XoiJoi + -+ A- 1 XoiJoi ' + XoiJoi =0

hold fori = 1, 2,..., k. According to Proposition 1.10, the columns of X,
i=1,...,k forma Jordan chain of L(4) corresponding to 4.

Let us check that the eigenvectors f, ..., f, of the blocks X, -, Xok»
respectively, are linearly independent. Suppose not; then

k

Yo fi=0,

i=1
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where the «; € € are not all zero. Then also Y ¥, a4y fi=0forj=1,...,
I — 1, and therefore the columns of the matrix

COI()%) fla vy /1{) .ﬁc)_[);(l)

are linearly dependent. But this contradicts (i) since col(4} f;),Z is the left-
most column in the part col(X o;J3;)'2§ of col(XJ9)}Zg.

In order to prove that the Jordan chains Xy, ..., X, represent a canon-
ical set of Jordan chains corresponding to 4,, we have to prove only (in view
of Proposition 1.15) that ) ¥_, po; = o, where n x p, is the size of X; and o
is the multiplicity of A, as a zero of det L(A). This can be done using Prop-
osition 1.16. Indeed, let 4,, ..., A, be all the different eigenvalues of L(4), and
let u,,i=1,...,k,, be the sizes of Jordan blocks of J corresponding to 4,,

p=1,...,q If g,is the multiplicity of 1, as a zero of det L(4), then

kP

Yty < 0, p=1...,qg (1.70)

i=1
by Proposition 1.16. On the other hand, Y%_, 6, =>4_, ke, p, = nl, so
that in (1.70) we have equalities for every p = 1, ..., g. Again, by Proposition
1.16, we deduce that the system X, ..., X, of Jordan chains corresponding

to Ao (Where A, is an arbitrary eigenvalue) is canonical. [

1.10. Standard Pairs of a Monic Matrix Polynomial

Theorem 1.23 suggests that the spectral properties of a monic matrix
polynomial L(4) = I + ) iZ§ A; A can be expressed in terms of the pair of
matrices (X, J) such that (i) and (ii) of Theorem 1.23 hold. The requirement
that J is Jordan is not essential, since we can replace the pair (X, J) by
(XS, S~1JS) for any invertible nl x nlmatrix S and still maintain conditions
(1) and (i1). Hence, if J is not in Jordan form, by suitable choice of S the matrix
S~1JS can be put into Jordan form. This remark leads us to the following
important definition.

A pair of matrices (X, T), where X isn x nland T is nl x nl, is called a
standard pair for L(A) if the following conditions are satisfied:

(i) col(XT%:Z} is nonsingular;
(i) Y20 AXT + XT' =0.

It follows from Theorem 1.20 and formula (1.64), that every Jordan pair
is standard. Moreover, Theorem 1.23 implies that any standard pair (X, T),
where T is a Jordan matrix, is in fact a Jordan pair.

An important example of a standard pair appears naturally from a linear-
ization of L(A), as the following theorem shows (cf. Theorem 1.1).
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Theorem 1.24. Let P, =[1 0 --- 0] and let
0 I 0

0 o I -- 0

Co=| 1 e

0 o o -- 1
—Ao — 4, e = A

be the companion matrix of L(1). Then (P, C,) is a standard pair of L(A).
Proof. Direct computation shows that
PCi=[0 --- 0 I 0 --- 0], i=0,...,1—-1
with I in the (i + 1)th place, and
P.C,=[-A, —A, - —A]
So
col(P,C})iZo = I,

and condition (i) is trivially satisfied. Further,

-1 1-1
Y AP Ci+ P, Ci= Y A0 - 0 I 0 --- 0]
i=0

i=0
+[—40 —4, -+ —A4]1=0

and (ii) follows also. [

ExampLE 1.6. For the matrix L(4) from Example 1.5 the pair (P, C,) looks as

follows:
[0 0 1 0 0 0}
00 01 0 0
100000 00 00 1 0
Pl: 5 C]: D
010000 00 00 O 1
00 01 0 -2
00-10-/2 0

Observe the following important formula for a standard pair (X, T) of
L(A):

C,-col(XTHZE = col(XTHIZY- T. (1.71)

So T issimilar to C;. The following result shows in particular that this trans-
formation applies to X also, in an appropriate sense.
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Theorem 1.25. Any two standard pairs (X, T) and (X', T") of L(4) are
similar, i.e., there exists an invertible nl x nl matrix S such that

X = XS, T =S 'TS. (1.72)

The matrix S is defined uniquely by (X, T) and (X', T') and is given by the
formula

S = [col(XTHZL17 - col( X' THZE (1.73)

Conversely, if for a given standard pair (X, T) a new pair of matrices (X', T') is
defined by (1.72) (with some invertible matrix S), then (X', T") is also a standard
pair for L(A).

Proof. The second assertion is immediate: If (i) and (ii) are satisfied for
some pair (X, T) (X and T of sizes n x nl and nl x nl, respectively), then (i)
and (ii) are satisfied for any pair similar to (X, T).

To prove the first statement, write

C,-col(XTHZ3 = col(XTHZ4- T
C,-col(X'THIZ8 = col(X'T"):Z4- T,
and comparison of these equalities gives
=S7ITS

with S given by (1.73).
From the definition of the inverse matrix it follows that

X [eol(XTHZg1"' =[0I 0 --- 0]
SO
XS = X -[col(XTH 2™t -col(X'T)Z) = X',

and (1.72) follows with S given by (1.73). Uniqueness of S follows now from
the relation

col(X'THiZd = col(XTHiZS-S. O

Until now we have considered polynomials whose coefficients are matrices
with complex entries. Sometimes, however, it is more convenient to accept the
point of view of linear operators acting in a finite dimensional complex space.
In this way we are led to the consideration of operator polynomials L(1) =
IA' + Y24 A;4, where A;: €" — €" is a linear transformation (or operator).
Clearly, there exists a close connection between the matricial and operator
points of view: a matrix polynomial can be considered as an operator poly-
nomial, when its coefficients are regarded as linear transformations generated
by the matricial coefficients in a fixed basis (usually the standard orthonormal
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(1,0,...,0% (0, 1,...,0)7, ..., (0,...,0, )T). Conversely, every operator
polynomial gives rise to a matrix polynomial, when its coefficients are written
as a matrix representation in a fixed (usually standard orthogonal) basis.

So in fact every definition and statement concerning matrix polynomials
can be given an operator polynomial form and vice versa. In applying this rule
we suppose that the powers (€")' are considered as Euclidean spaces with the
usual scalar product:

1
[(xl’ AR xl)’ ()’1, AR} yl)] = '—zl(Xi’ yi)’

where x;, y; € €". For example, a pair of linear transformations (X, T), where
X:¢"— ¢", T: ¢" - ¢ is astandard pair for the operator polynomial L(A)
if col(X T%):Z} is an invertible linear transformation and

-1

Y AXT + XT' = 0.

i=0

Theorem 1.25 in the framework of operator polynomials will sound as

follows: Any two standard pairs (X, T) and (X', T) of the operator poly-
nomial L(A) are similar, i.e., there exists an invertible linear transformation
S: " - ¢"suchthat X’ = XSand T' = S~ TS. In the sequel we shall often
give the definitions and statements for matrix polynomials only, bearing in
mind that it is a trivial exercise to carry out these definitions and statements
for the operator polynomial approach.

Comments

A good source for the theory of linearization of analytic operator func-
tions, for the history, and for further references is [28]. Further developments
appear in [7, 66a, 66b]. The contents of Section 1.3 (solution of the inverse
problem for linearization) originated in [3a].

The notion of a Jordan chain is basic. For polynomials of type I1 — A4,
where A is a square matrix, this notion is well known from linear algebra (see,
for instance, [22]). One of the earliest systematic uses of these chains of gener-
alized eigenvectors is by Keldysh [49a, 49b], hence the name Keldysh chains
often found in the literature. Keldysh analysis is in the context of infinite-
dimensional spaces. Detailed exposition of his results can be found in [32b,
Chapter V]. Further development of the theory of chains in the infinite-
dimensional case for analytic and meromorphic functions appears in [60,
24, 38]; see also [S]. Proposition 1.17 appears in [24].

The last three sections are taken from the authors’ papers [34a, 34b].
Properties of standard pairs (in the context of operator polynomials) are used
in [76a] to study certain problems in partial differential equations.



Chapter 2

Representation of Monic Matrix
Polynomials

In Chapter 1, a language and formalism have been developed for the full
description of eigenvalues, eigenvectors, and Jordan chains of matrix poly-
nomials. In thischapter, triples of matrices will be introduced which determine
completelyall thespectralinformation about a matrix polynomial. It will then
be shown how these triples can be used to solve the inverse problem, namely,
given the spectral data to determine the coefficient matrices of the polynomial.
Results of this (and a related) kind are given by the representation theorems.
They will lead to important applications to constant coefficient differential
and difference equations. In essence, these applications yield closed form
solutions to boundary and initial value problems in terms of the spectral
properties of an underlying matrix polynomial.

2.1. Standard and Jordan Triples

Let L(A) = IA' + Y24 A;A’ be a monic matrix polynomial with standard
pair (X, T). By definition (Section 1.10) of such a pair a third matrix Y of size

50
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nl x n can be defined by

X 7o
XT :
Y = -l 2.1
e @D
X7t I

Then (X, T, Y)iscalled a standard triple for L(A). If T = Jis a Jordan matrix
(so that the standard pair (X, T') is Jordan), the triple (X, T, Y) will be called
Jordan.

From Theorem 1.25 and the definition of a standard triple it follows
immediately that two standard triples (X, T, Y) and (X', T, Y’) are similar,
1., for some nl x nl invertible matrix S the relations

X = XS, T =S'TS, Y =81y 2.2)

hold. The converse statement is also true: if (X, T, Y) is a standard triple of
L(A),and (X', T', Y')is a triple of matrices, with sizes of X', T’,and Y’ equal to
n x nl,nl x nl,and nl x n,respectively, such that (2.2) holds, then (X', T", Y’)
is a standard triple for L(A). This property is very useful since it allows us to
reduce the proofs to cases in which the standard triple is chosen to be especially
simple. For example, one may choose the triple (based on the companion
matrix C,)

X=[ 0 -0, T=C, Y= 0 (2.3)

1

In the next sections we shall develop representations of L(A) via its
standard triples, as well as some explicit formulas (in terms of the spectral
triple of L(4)) for solution of initial and boundary value problems for differ-
ential equations with constant coefficients. Here we shall establish some simple
but useful properties of standard triples.

First recall the second companion matrix C, of L(4) defined by

00 -~ 0 —A,
I 0 -+ 0 —4,

C,=10 I -~ 0 —4, | (2.4)
00 - I —A_,

The following equality is verified by direct multiplication:

C2 = BCIB_ l,
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where
A, A, Ay 1
A, ‘ 1 0
B=| : S (2.5)
Ay 1
I 0 0

is an invertible nl x nl matrix. In particular, C, is, like C,, a linearization of
L(A) (refer to Proposition 1.3).

Define now an nl x nl invertible matrix R from the equality R = (BQ) !
with B defined by (2.5) and Q = col(X T)!Z} or, what is equivalent,

RBQ =1 (2.6)

We shall refer to this as the biorthogonality condition for R and Q.
We now have

C,=BC,B"'=BQTQ 'B"' = R"!TR,
whence
RC, = TR. 2.7)

Now represent R as a block row [R; --- R;], where R;is an nl x n
matrix. First observe that R, = Y, with Y defined by (2.1). Indeed,

I
0

R, =0 'B 1| |, (2.8)
0

where the matrix B~ ! has the following form (as can be checked directly):

0 .- 0 B,
: : B,
B! = S : (2.9)
0 B, . .
B, B, o By

with B, = I and By, ..., B,_, defined recursively by

B,y =—(A_B, + A B, + - + A,_By), r=0,...,1 -2
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Substituting (2.9) in (2.8) yields

Ry =07 I=Y

I
by definition. Further, (2.7) gives (taking into account the structure of C,)
R,=T"'Y for i=1,...,1
and
YAy + TYA, + -+ T'"'YA_, + T'Y =0. (2.10)

We have, in particular, that for any standard triple (X, T, Y) the nl x nl
matrix row (T'Y)!Z} is invertible.
Note the following useful equalities:
X
XT
i [Y TY ... T"'Y]=B1, (2.11)
X'Iﬂ.lf 1
and B! is given by (2.9). In particular,

0 for i=0,...,1-2

I for i=1-1. (212)

XTiY={

We summarize the main information observed above, in the following
statement:

Proposition 2.1. If (X, T, Y) is a standard triple of L(1), then:

@) row (T'Y),Zb =[Y TY --- T''Y]is an nl x nl nonsingular
matrix,

(i) X is uniquely defined by T and Y: X =[0 --- 0 I]-[row
(T7Y)iZe] ™",

(i) YAg+ TYA, + -+ T 'YA,_, + T'Y = 0.

Proof. Parts (i) and (iii) were proved above. Part (ii) is just equalities
(2.12) written in a different form. [

For the purpose of further reference we define the notion of a left standard
pair, which is dual to the notion of the standard pair. A pair of matrices (7, Y),
where T is nl x nland Y is nl x n,is called a left standard pair for the monic
matrix polynomial L(4) if conditions (i) and (iii) of Proposition 2.1 hold. An
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equivalent definition is (7, Y) is a left standard pair of L(A) if (X, T, Y)is a
standard triple of L(4), where X is defined by (ii) of Proposition 2.1. Note that
(T, Y)is a left standard pair for L(A) iff (YT, TT) is a (usual) standard pair for
LT(A), so every statement on standard pairs has its dual statement for the left
standard pairs. For this reason we shall use left standard pairs only occasional-
ly and omit proofs of the dual statements, once the proof of the original state-
ment for a standard pair is supplied.

We remark here that the notion of the second companion matrix C,
allows us to define another simple standard triple (X, Ty, Y,), which is in a
certain sense dual to (2.3), as

Xo=[0 --- 0 1], T, = C,, o=1.| (2.13)
0
It is easy to check that the triple (X, Ty, Y,) is similar to (2.3):
Xo=[ 0 --- 0]B7", C, = BC,B™*, Y, = Bcol(; D}, .

So (X, Ty, Yy) itself is also a standard triple for L(A).

If the triple (X, J, Y) is Jordan (i.e., J is a Jordan matrix), then, as we
already know, the columns of X, when decomposed into blocks consistently
with the decomposition of J into Jordan blocks, form Jordan chains for
L(A). A dual meaning can be associated with the rows of Y, by using Pro-
position 2.1. Indeed, it follows from Proposition 2.1 that the matrix
col(YT(JTY):Z4 is nonsingular and

ATYT+ ATYTIT + o AR YU 4 YTUTY = 0,

So (Y™, JT) is a standard pair for the transposed matrix polynomial LT(A).
Let J = diag[J,];-, be the representation of J as a direct sum of its Jordan

blocks J,, ..., J,, of sizes a4, ..., a,,, respectively, and for p =1,2,...,m,
let
0 0 1
1 0
K,=
01
1 0 0

be a matrix of size o, x a,. It is easy to check that

K,JIK, =J,.
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Therefore, by Theorem 1.22, (Y'K, J) is a Jordan pair for LT(A), where
K = diag[K,]7- . So the columns of Y 'K, partitioned consistently with the
partition J = diag[J,]7- ,, form Jordan chains for L*(4). In other words, the
rows of Y, partitioned consistently with the partition of J into its Jordan
blocks and taken in each block in the reverse order form left Jordan chains for
L(A).

More generally, the following result holds. We denote by L*(4) (not to be
confused with (L(4))*) the matrix polynomial whose coefficients are adjoint
to those of L(A): if L(A) = Y _ o A;A, then L*(A) = Y \_, A4

Theorem 2.2. If (X, T, Y)is a standard triple for L(1), then (YT, TT, XT)
is a standard triple for LT(A) and (Y*, T* X*) is a standard triple for L*(1).

This theorem can be proved using, for instance, Theorem 1.23 and the
definitions of standard pair and standard triple. The detailed proof is left to
the reader.

We illustrate the constructions and results given in this section by an
example.

ExampLE 2.1. Let

A3 2 -2
””=[¢ﬂz+1 2 }

A Jordan pair (X, J) was already constructed in Example 1.5:

- 10 -2+1 J2-2 241 J2+2
“lo 1 1 0 I o I

i

Let us now construct Y insucha way that (X, J, Y)isaJordan triple of L(4). Computation
shows that

[1 0 - 2+1 V22 241 242
v 01 1 0 1 0
: 00-/2+1 -1 -J2-1 1
XJ | =
00 1 1 1 1
XJ? - P =
00-J2+1 -2 J2+1 -2
0 0 1 2 1 -2
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and
1 0J2 0 0 I
01 0 -2 —1 0
00 L22+3 242 0
X 4 4 4
- 1 -2-1 -2
Xif o=y o ! ~V2-1 P
XJ? 4 4 4 4
1 2/2-3 —y2+2
00 —- Vet 0
4 4 4
00 ! 21 =2+
| 4 4 4 4]

S .
—1 0
J2+2 0

X 1°'0 4
y=|xJs| |o|]=|=v2=-1 1
XJ2 I 4 4

-J2+2

4
-J2+1 1
| 4 4 ]

It is easy to check that

-J/2-11 /242 2411\ (=242
(P (5 (e () ()

are left Jordan chains (moreover, a canonical set of left Jordan chains) of L(A) cor-
responding to the eigenvalue A, = 1(resp. 1, = —1),i.e., theequalities

vl
4 a4

~J2-11, J2+2
(“Z’ N,Z>L(1) N <"“T’ 0>L<1> =0

hold, and similarly for 4, = —1. [

>L(1) =0,
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We conclude this section with a remark concerning products of type
XT'Y, where (X, T, Y)is a standard triple of a monic matrix polynomial L(A)
of degree I, and i is a nonnegative integer. It follows from the similarity of all
standard triples to each other that X T'Y does not depend on the choice of the
triple. (In fact, we already know (from the definition of Y) that XT'Y = 0 for
i=0,...,1—2, and XT'"'Y = 1) Consequently, there exist formulas
which express X T'Y directly in terms of the coefficients A; of L(A). Such
formulas are given in the next proposition.

Proposition 2.3. Let L(1) = IA' + Y '2 A; ¥ be a monic matrix poly-
nomial with standard triple (X, T, Y). Then for any nonnegative integer p,

p k q
XT'*?Y = ¥ [Z y H(—A,_i)}(—AHk_p—l)+(—A1-,,1>,
k=1 lg=1 i1+ +ig=k j=1
i;>0

where, by definition, A; = 0 for i < 0.

Proof. It is sufficient to prove Proposition 2.3 for the case that X =

[/ 0 --- 0], T =C, (the companion matrix),
0
Y=1|-|
0
I

Observe (see also the proof of Theorem 2.4 below) that
o - O]Cl1 =[-4, -4, - -4l

so Proposition 2.3 is proved for p = 0(in whichcase thesum ) £_, disappears).
For the general case use induction on p to prove that the fth block entry in
the matrix [/ 0 --- 0]C'*” is equal to

4 k q
Z |:Z Z H(—Alvij)jl(-Aﬂ+kﬂp’1)+(_A/3—p41)’
k=1 Lg=1 i1+ +ig=k j=1

i;j>0

B=1,...,1

For a more detailed proof see Theorem 2.2 of [30a].

2.2. Representations of a Monic Matrix Polynomial

The notion of a standard triple introduced in the preceding section is the
main tool in the following representation theorem.
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Theorem24. Let L(A) = IA' + Y24 A; A’ be a monic matrix polynomial
of degree | with standard triple (X, T, Y). Then L(1) admits the following
representations.

(1) right canonical form:
L) =IN = XT'(V, + VA + -+ VAT, (2.14)
where V; are nl x n matrices such that
Vi -+ V= [col(XT)iZo] s
(2) left canonical form:
L(A) = A1 — (W, + AW, + --- + AT W)TYY, (2.15)
where W, are n x nl matrices such that
col(Wyle, = [row(T'Y)IZ817
(3) resolvent form:
(LAY ' = X(UIA—-T)"Y, Ae C\a(L). (2.16)

Note that only X and T appear in the right canonical form of L(A), while
in the left canonical form only T and Y appear. The names “right” and “left”
are chosen to stress the fact that the pair (X, T) (resp. (T, Y)) represents right
(resp. left) spectral data of L(4).

Proof. Observe that all three forms (2.14), (2.15), (2.16) are independent
of the choice of the standard triple (X, T, Y). Let us check this for (2.14), for
example. We have to prove that if (X, T, Y) and (X', T', Y’') are standard
triples of L(4), then

XT'V, - V]=X(T)V, --- Vi, (2.17)
where
Vi -+ VI=[eol(XTHZ51 L [Vy -+ Vil =[col(X'T")iZo] "
But these standard triples are similar:
X = XS, T =S'TS, Y =8"1'Y.
Therefore

[Vi -+ Vil = [eol(X'TH28 " = [col(XTH28] !
=S W

and (2.17) follows.
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Thus, it suffices to check (2.14) and (2.16) only for the special standard
triple
X=0 0 --- 0], T =C,, Y = col(6,D)}- 4,

and for checking (2.15) we shall choose the dual standard triple defined by
(2.13). Then (2.16) is just Proposition 1.2; to prove (2.14) observe that

tro - 0]C11=[—A0 Ay o —A]
and
[V -+ Vl=Tleoll 0 - 01CDIz6]" =1,
SO
[1 0o .- O]Cll[Vl Vz Vz]z[—Ao _Al —At—1]>

and (2.14) becomes evident. To prove (2.15), note that by direct computation
one easily checks that for the standard triple (2.13)

Chcol(d;D)ioy = col(d; ;-1 Di=y, j=0,...,1—1

and
C§ col(d;I)i=; = col(—A;)!Z8.
So
row(C, col(8;I)i= )2 =1

and

W, ~ o
[row(C} col(8;, D)l iZ6] 7 'T'Y = | | T'Y = _‘f‘l :

W — A,

so (2.15) follows. [

We obtain the next result on the singular part of the Laurent expansion
(refer to Section 1.7) as an immediate consequence of the resolvent form (2.16).
But first let us make some observations concerning left Jordan chains. A
canonical set of left Jordan chains is defined by matrix Y of a Jordan triple
(X, J, Y)provided X is defined by a canonical set of usual Jordan chains. The
lengths of left Jordan chains in a canonical set corresponding to A, coincide
with the partial multiplicities of L(A) at 44, and consequently, coincide with
the lengths of the usual Jordan chains in a canonical set (see Proposition 1.13).
To verify this fact, let

L(A) = E()D(L)F(A)
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be the Smith form of L(4) (see Section S1.1); passing to the transposed matrix,
we obtain that D(A)is also the Smith form for LT(1). Hence the partial
multiplicities of L(4) and L”(4) at every eigenvalue 1, are the same.

Corollary 2.5. Let L(1) be a monic matrix polynomial and A, € a(L).
Then for every canonical set ¢f, ¢,..., 09 1 (j=1,...,a) of Jordan
chains of L(A) corresponding to A, there exists a canonical set z§, z9, ...,
ﬁfj’_ (j=1,...,0a) of left Jordan chains of L(1) corresponding to A, such that
ri—k
SP(L™Y(Ay)) = Z Z (A — Ag)7k Z Oy, - 2V, (2.18)
j=1k=1

Note that ¢ are n-dimensional column vectors and z{ are n-dimensional

rows. So the product ¢Y_, _, - z” makes sense and is an n x n matrix.

Proof. Let(X, J, Y)beaJordan triplefor L(4) such that the part X, of X
corresponding to the eigenvalue A, consists of the given canonical set
o, ..., 09_ (j=1,..., ). Let J, be the part of J with eigenvalue 4,, and
let Y, be the corresponding part of Y. Formula (2.16) shows that

(L)™' = Xo(A = Jo) 'Yy + -+,

where dots denote a matrix function which is analytic in a neighborhood of 4,,.
So

SP(L™"(40)) = SP(Xo(Al — Jo)™ ' Yo)i=1,- (2.19)

A straightforward computation of the right-hand side of (2.19) leads to
formula (2.18), where z{f), ..., z¥_,,forj = 1, ..., «, are the rows of ¥, taken
in the reverse order in each part of Y, corresponding to a Jordan block in J .
But we have already seen that these vectors form left Jordan chains of L(4)
corresponding to A,. It is easily seen (for instance, using the fact that

[Y JY ... J'"'Y]is a nonsingular matrix; Proposition 2.1) that the
rows z§), ...,z are linearly independent, and therefore the left Jordan
chains z”’ ...,z‘,’l',’_l, forj=1,...,a form a canonical set (cf. Proposition
1.16). O

The right canonical form (2.14) allows us to answer the following question:
given n x nl and nl x nl matrices X and T, respectively, when is (X, T) a
standard pair of some monic matrix polynomial of degree [? This happens if
and only if col(X T%)!Z} is nonsingular and in this case the desired monic
matrix polynomial is unique and given by (2.14). There is a similar question:
when does a pair (T, Y) of matrices T and Y of sizes nl x nl and nl x n,
respectively, form a left standard pair for some monic matrix polynomial of
degree [? The answer is similar: when row(T'Y);Z} is nonsingular, for then
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the desired matrix polynomial is unique and given by (2.15). The reader can
easily supply proofs for these facts.

We state as a theorem the solution of a similar problem for the resolvent
form of L(A).

Theorem 2.6. Let L(1) be a monic matrix polynomial of degree | and assume
there exist matrices Q, T, R of sizes n x nl, nl x nl, nl x n, respectively, such
that

L™ Y1) = QA — T)" 'R, A¢o(T) (2.20)
Then (Q, T, R) is a standard triple for L.

Proof. Note thatfor||sufficientlylarge, L~ (1) can be developed into a
power series

L' AN)=A""T+A"Z + 271722, + -

for some matrices Z,, Z,, ... . It is easily seen from this development that if I
is a circle in the complex plane having o(L) in its interior, then

1 . 0 if i=0,1....,1—2
’2755%“ (A)‘”"{I if i=1I1-1.

But we may also choose I' large enough so that (see Section S1.8)
1 . .
—_ﬁ/l‘(bl—T)"ldl=T’, i=012,....
27 Jr

Thus, it follows from (2.20) that

. 1 A e At
col(QT)!Z4[R TR --- T”‘R]z—,f : © LT () dA
2mi Jr | oy 20-2
A A
0 0 I
= | 2.21
0 1 (2.21)
I *

and, in particular, both col(QT*);} and row(T'R)!Z} are nonsingular.
Then we observe that fori =0,...,1 — 1,

— 1 i -1 _L i _ _y
O—ﬁﬁiL(DL (i)di_zm_ SErAL(A)Q(” T)"1R di

= (4,0 + A,QT + --- + QTHT'R,
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and, since [R TR --- T'"!'R] is nonsingular, we obtain 4,0 + --- +

A;_1QT'"' 4+ QT' = 0. This is sufficient to show that, if S = col(QT?)!Z},
then

Q=[ 0 --- 0]S, T=S8'S, R=8§"

ie.,, Q, T, R is a standard triple of L(4). [

ExaMPLE 2.2. For the matrix polynomial

A3 24 - /1]

L= [ﬁﬁ +i 2

described in Examples 1.5 and 2.1, the representations (2.14)—(2.16) look as follows, using
the Jordan triple (X, J, Y) described in Example 2.1:

(a) right canonical form:

o1 o241 V222 J2+1 J2+72]
L) = 12° —

01 1 0 1 0o |
0000 0 Offft of |2 0 0 1
0000 0 offfo 1 0 -2 -1 0

2+3
0013 0o ofllloo ‘1‘2‘/2; ﬁ:% 0

4 4 4 4
12/2-3 -J2+2
- 0 S =0
0000-1 3 0 7 i
1 J/2-1 -J2+1 1
— 0 0 - T . S
0000 o-tfj{o 0] |- T | |y i

(b) left canonical form: we have to compute first

[y Jy J*y] .
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It is convenient to use the biorthogonality condition (2.6), RBQ = I, where

X
R=[Y JY J*Y], o0Q=]|xJ]|
XJ?
(as given in Example 2.1) and
A, A,
B=l4, I 0
I 0 0
So it is found that
[ 0 -1 0 0 0 0 ]
0 0 0 0 0

1 —1 -1 ~1
0 V2-1 =22+3 2+1 2/2+3
0 —2+1 J2-2 241 242
1 1 0 1 0

0

1

- 0

(Y JY J?Y]"'=BQ= 5
1

0

and the left canonical form of L(4) is

L(,l):,PI——{O_I 0000
1 00000

0o 2 1 —1 -1 1
+[ N ]/1

V200 21 -2/2+3 /241 2/2+3
+[1 0 —V/2+1 J2-2 /2+1 \/2+2J12}

0 1 1 0 1 0
[0 M o 1]
0 —1 0
13 V2 0
YLl
-
4 4\
—\/§+2
-1 3| YT o
4
_ —ﬁ+1 1
i | 4
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(c) resolvent form:

" /A /ﬁ //'_ /_
L)t = 10 —y241 J2-2 /241 J2+2
10 1 1 0 1 0
A T T 0 1]
A -1 0
242
A-1 = Al
! 4
-2-1 1| O
A—1 Y 2
4 4
-J/24+2
A+1 —1 ”4’1 0
~J2+1 1
A+ 1 N -
| 1 L 4 4]

We have already observed in Section 1.7 and Corollary 2.5 that properties
of the rational function L™ '(4) are closely related to the Jordan structure of
L(2). We now study this connection further by using the resolvent form of
L(4). Consider first the case when all the elementary divisors of L(A) are linear.
Write the resolvent form for L(4) taking a Jordan triple (X, J, Y)

L)™' = X(I4 - J)"'Y.

Since the elementary divisors of L(4) are linear, J is a diagonal matrix J =
diag[A, --- 4,], and therefore (IA — J)~! = diag[(A — A)" '] ,. So

L)™' = X - diag[(A — A) 'L, - Y. (2.22)

Clearly the rational matrix function L(1)~ ! has a simple pole at every point in
a(L). Let now Apea(L), and let 4;, ..., 4; be the eigenvalues from (2.22)

112

which are equal to 1,. Then the singular part of L(1)~ ! at A, is just
Xo Yo/(A = o),

where X, (Yy) is n x k (k x n) submatrix of X (Y) consisting of the eigen-
vectors (left eigenvectors) corresponding to 4.

Moreover, denoting by X (Y;) the ith column (row) from X (Y), we have
the following representation:

nl Xi Yz

Lyt =),

—_— 2.23
P (223
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In general (when nonlinear elementary divisors of L(4) exist) it is not true
that the eigenvalues of L(4) are simple poles of L(A)~!. We can infer from
Proposition 1.17 that the order of A, € (L) as a pole of L™ !(1) coincides with
the maximal size of a Jordan block of J corresponding to 4.

Next we note that the resolvent form (2.16) can be generalized as follows:

AL V= XTYIA—-T) 'Y, r=1,...,1
ML) ' = XTUA-T)"'Y + L (2.24)
To verify these equalities, write
AT = XA~ T) Y

according to (2.16), and use the following development of (IA — T)™ ! into a
power series, valid for | 4| large enough (|A| > || T|):

A =T) ' =AM 4 AT 4 AT 4 (2.25)

Theseries Y /2, A~'T*~ ! converges absolutely for | 1| > | T'||,and multiplying
it by IA — T, it is easily seen that (2.25) holds. So for [A| > | T

FILO) = XA £ AT 4+ ATITE 4 )Y
XTI )Y
+ lr_1X(lglI 4+ AT + .- + /}'*("I)TrAZ)Y’

The last summand is zeroforr = 1, ..., land Iforr = | + 1 (since XT'Y = 0
fori=0,...,1 —2and XT'"'Y = I by the definition of Y), and the first
summand is apparently X T~ }(1] — T)~ 'Y, so (2.24) follows.
The same argument shows also that for » > [ + 1 the equality
r—2
ATULA) P =XT YA — 1)y 'Y + Y ¥ PTXTY
i=1—1
holds.
Another consequence of the resolvent form is the following formula (as
before, (X, 7, Y) stands for a standard triple of a monic matrix polynomial
L(4)):

1 -
i J;_f(i)L (1) dA = Xf(T)Y, (2.26)

where I is a contour such that ¢(L) is inside I', and f(1) is a function which is
analytic inside and in a neighborhood of I'. (Taking I to be a union of small
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circles around each eigenvalue of L(1), we can assume that f (1) is analyticina
neighborhood of ¢(L).) The proof of (2.26) is immediate:

1 _ 1 -
i Lf(i)L ') di = i Lf(,l)X(AI —T)"'Ydi

=X- L.ff(l)(l]— Ty 'dAY = Xf(T)Y
2ni Jr

by the definition of f(T) (see Section S1.8).
We conclude this section with the observation that the resolvent form
(2.16) also admits another representation for L(4) itself.

Proposition 2.7. Let (X, T, Y) be a standard triple for the monic matrix
polynomial L(A). Then the functions E(A), F(A) defined by

E(A) = L(A)XUA - T)™ 1, F(A) = (A - T)"'YL(A)
aren x In, In x n matrix polynomials whose degrees do not exceed | — 1, and
L(x) = E(A)(IA — T)F(A).
Proof. 1t follows from (2.24) that
LA™ Al - A7) = XA — T)™ ' row(TY)iZ8.
Since the rightmost matrix is nonsingular, it follows that
EA)=LAXUTA-T)" =0 M - A "UJ[row(TY)iz§]?

and the statement concerning E(4) is proved. The corresponding statement
for F(A) is proved similarly.

Now form the product E(1)(IA — T)F(A)and the conclusion follows from
(2.16). O

2.3. Resolvent Form and Linear Systems Theory

The notion of a resolvent form for a monic matrix polynomial is closely
related to the notion of a transfer function for a time-invariant linear system,
which we shall now define.

Consider the system of linear differential equations

dx

i Ax + Bu, y=Cx, x(0)=0 (2.27)
where 4, B, C are constant matrices and x, y, u are vectors (depending on t),
which represent the state variable, the output variable, and the control
variable, respectively. Of course, the sizes of all vectors and matrices are such
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that equalities in (2.27) make sense. We should like to find the behavior of the
output y as a function of the control vector u. Applying the Laplace trans-
form

2(s) = f e %'z(t) dt
0

(we denote by Z the Laplace image of a vector function z), we obtain from

(2.27)

sx(s) = AX + Bui, y = Cx,

or
$ = Cs — A" 'Bi.

The rational matrix function F(s) = C(Is — A)™'B is called the transfer
function of the linear system (2.27). Conversely, the linear system (2.27) is
called a realization of the rational matrix valued function F(s). Clearly, the
realizationisnotunique;forinstance,onecanalwaysmakethesize of 4 bigger:
if F(s) = C(Is — A)~ !B, then also

e ofe-[1 1)

The realization (2.27) is called minimal if A has the minimal possible size. All
minimal realizations are similar, i.e., if 4, B, C and A', B’, C' are minimal
realizations of the same rational matrix function F(s), then 4 = S™14'S,
B = S !B, C = C'S for some invertible matrix S. This fact is well known in
linear system theory and can be found, as well as other relevant information,
in books devoted to linear system theory; see, for instance [80, Chapter 4].

In particular, in view of the resolvent representation, the inverse L~ }(A) of
a monic matrix polynomial L(1) can be considered as a transfer function

L™ = QUi —T)"'R,

where (Q, T, R) is a standard triple of L(4). The corresponding realization is
(2.27)with A = T, B = R, C = Q. Theorem 2.6 ensures that this realization
of L™!(4) is unique up to similarity, provided the dimension of the state
variable is kept equal to nl, i.e., if (A', B, C’) is another triple of matrices such
that the size of A" is nl and

L '(}) = C(A — A)"'B,

then there exists an invertible matrix S such that C' = QS, A’ = S™'TS,
B’ = S™!R. Moreover, the proof of Theorem 2.6 shows (see in particular
(2.21)), that the realization of L™ !(1) via a standard triple is also minimal.
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We now investigate when a transfer function F(1) = Q(I1 — T)™ 'Risthe
inverse of a monic matrix polynomial. When this is the case, we shall say that
the triple (Q, T, R) is a polynomial triple.

Theorem2.8. A triple (Q, T, R)is polynomial if and only if for some integer
[ the following conditions hold:

. 0 for i=0,...,1-2
TR = T 2.2
0 {1 for i=1-1, (2.28)
and
QR QTR --- QT™ 'R
TR T?R --. TR
rank Q: Q : Q : = nl (2.29)
QTm-lR QTmR QTZM—ZR

for all sufficiently large integers m.

Proof. Assume F(1) = Q(IA — T)™ 'R is the inverse of a monic matrix
polynomial L(4) of degree l. Let (Q,, Ty, Ry) be a standard triplefor L(4); then
clearly

QTR = Q,TiR,, i=0,1,.... (2.30)

Now equalities (2.28) follow from the conditions (2.12) which are satisfied by
the standard triple (Q,, Ty, Ry). Equality (2.29) holds for every m > [ in
view of (2.30). Indeed,

OR QTR --- QT™ 'R
TR T°R --- T"R . .
¢ : ¢ : 0 : = col(Qo To)/=o' - Tow(To Ro)iy,
QTm—lR QTmR QTZm—2R

(2.31)

and since rank col(Q, ThH)""y! = rank col(THR,)""y' = nl for m > I, rank
Z,, < nl, where Z,, is the mn x mn matrix in the left-hand side of (2.31). On
the other hand, the matrices col(Q, T5):Z$ and row(T§ R,)iZ § arenonsingular,
so (2.31) implies rank Z, = nl. Clearly,rank Z,, > rank Z,form > [,soinfact
rank Z,, = nl (m > [) as claimed.

Assume now (2.28) and (2.29) hold; then

0 01
col(QT) 24 - row(T'R)\ 2} = 6 1 e . (232)
I *
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In particular, the size v of T is greater or equal to nl. If v = nl, then (2.32)
implies nonsingularity of col(QT?)L §. Consequently, there exists a monic
matrix polynomial of degree I with standard triple (Q, T, R), so (Q, T, R)
is a polynomial triple. (Note that in this argument (2.29) was not used.)

Assume v > nl. We shall reduce the proof to the case when v = nl. To this
end we shall appeal to some well-known notions and results in realization
theory for linear systems, which will be stated here without proofs.

Let W(4) be arational matrix function. For a given A, € € define the local
degree 0(W; 4¢) (cf. [3c, Chapter 1V]),

W_, Weger -+ W.,
0 _ W_

6(W; Ay) = rank| . W e 2,
0 0 - W

q

where W(4) = Y% _, (4 — Ao)/W; is the Laurent expansion of W(4) in a
neighborhood of A, . Define also (W ; co) = (W ; 0), where W(1) = W™ 1).
Evidently, 6(W; 4,) is nonzero only for finitely many complex numbers 4.
Put

SWy= Y 8(W;A).

ie€uf{w)}

The number d(W) is called the McMillan degree of W(4) (see [3c, 80]). For
rational functions W(4) which are analytic at infinity, the following equality
holds (see [81] and [3c, Section 4.2]):

‘[)1 D2 Dm
(W) = rank| .° > mrh, (2.33)
Dm Dm+1 D2m-1

where D; are the coefficients of the Taylor series for W (4) at infinity, W(1) =
Y%2oD;A7, and m is a sufficiently large integer. In our case F(1) =
QA — T)™ 'R, where (Q, T, R) satisfies (2.28) and (2.29). In particular,
equalities (2.29) and (2.33) ensure that 6(F) = nl.

By a well-known result in realization theory (see, for instance, [15a,
Theorem 4.4] or [ 14, Section4.4]), thereexistsa triple of matrices (Q,, Ty, Ro)
with sizesn x nl,nl x nl,nl x n,respectively, such that Q,(IA — Ty) " 'R, =
QUA — T)™ 'R Now use (2.32) for (Qy, Ty, R,) in place of (Q, T, R) to prove
that (Q,, Ty, R,) is in fact a standard triple of some monic matrix polynomial
of degree . 0O
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2.4. Initial Value Problems and Two-Point Boundary Value
Problems

In this section we shall obtain explicit formulas for the solutions of the
initial value problem and a boundary value problem associated with the
differential equation

L(%)x(r) _dx(0) N lilA _ dfx('t) C 0. telab] (234

e = dd

where L(A) = 1A' + Y'}2{ A;4/is a monic matrix polynomial, /() is a known
vector function on t € [a, b] (which will be supposed piecewise continuous),
and x(t) is a vector function to be found. The results will be described in terms
of a standard triple (X, T, Y) of L(4).

The next result is deduced easily from Theorem 1.5 using the fact that all
standard triples of L(4) are similar to each other.

Theorem 2.9. The general solution of equation (2.34) is given by the
formula

t
x(t) = Xe'Te + X Je“'s’TYf(s) ds, te[a, b], (2.35)

where (X, T, Y) is a standard triple of L(A), and c € €™ is arbitrary.
In particular, the general solution of the homogeneous equation

d
= = 2.36
L( dt)x(t) 0 (2.36)
is given by the formula
x(t) = Xe'le, ce "

Consider now the initial value problem: find a function x(t) such that
(2.34) holds and

xNa)=x;, i=0,...,1—1, (2.37)
where x; are known vectors.

Theorem 2.10. For every given set of vectors X, ..., X;_ there exists a
unique solution x(t) of the initial value problem (2.34), (2.37). It is given by the
Sformula (2.35) with

Al A2 R Al—l I XO

A o AR X
=[Y TY ... T'! 2 : - : ! 2.38
c=[ Y] A, 1 o . oll : (2.38)

I 0 0 ctt 0 xl71



2.4. INITIAL AND TWO-POINT BOUNDARY VALUE PROBLEMS 71

Proof. Let us verify that x(t) given by (2.35) and (2.38) is indeed a solu-
tion of the initial value problem. In view of Theorem 2.9 we have only to
verify the equalities x(a) = x;,i = 0, ..., — 1. Differentiating (2.35) it is
seen that

x(a) X
’ XT
@ AT (2.39)
x('—.“(a) XT." !

Then substitute for ¢ from (2.38) and the result follows from the biortho-
gonality condition (2.6).

To prove the uniqueness of the solution of the initial value problem, it is
sufficient to check that the vector ¢ from (2.35) is uniquely determined by
xa),i=0,...,1 — 1. But this follows from (2.39) and the invertibility of
col(XTHiZy. O

Theorems 2.9 and 2.10 show that the matrix function

XeTt=9y for t>s
0 for t<s

G(t,s) = {

is the Green’s function for the initial value problem. Recall that the Green’s
function is characterized by the following property:

x(t) = flG(t, 5)f(s) ds

is the solution of (2.34) such that x*(a@) = 0fori=0,...,1 — 1.

W e pass now to two-point boundary value problems. It will be convenient
forustoassumethat T = J isa Jordan matrix (although this restriction is not
essential).

To facilitate this analysis we begin with the construction of what might be
called the pre-Green’s function. First, let J, and J, be Jordan matrices with
the property that J = diag[J,, J,] is a Jordan matrix associated with the
monic matrix polynomial L(A) = Y_, A;4' (4, = I). Such a direct-sum
decomposition of J will be called an admissible splitting. Thus, each ele-
mentary divisor of L(4) is associated with either a block of J, or J,, but not
withboth.LetJ, bep x pandJ,beq x g,sothatp + g = In.Thenthereare
blocks X,, X, of X and Y, ¥, of Y compatible with the partition of J. With
these understandings we have

Lemma 2.11. The matrix-valued function defined on [a, b] x [a, b] by

— X, ey, if a<t<rt

2.40
X, ey, if t<t<b (240)

Go(t,7) = {
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satisfies the following conditions:

(a) Differentiating with respect to t, L(d/dt)G, = 0, for (t, t) € [a, b] x
[a, b], as long as t # .
(b) Differentiating with respect to t,

0 for r=0,1,...,1 =2

r) al()] =
GO lt=t+ GO |t=r— {I for r=1-—1.

(¢) The function
b
u(t) = J Go(t, 1) f(1) dt

is a solution of L(d/dt)u = f.
Proof. (a) We have

d - (
L{%\G. =
(Z A,XZJ’Z)eJZ"“’YZ, t<t<b

r=0

1
Y A,XIJ’l>e"“—”Y1, a<t<rt
r=0
!

Proposition 1.10 implies that the summation applied to each elementary
divisor associated with J, or J, is zero, and it follows that L(d/dt)G, = 0
if t # 7.

(b) We have

GO li=c+ = G li=e- = X, 05 Y, + X\JVY, = XJ'Y,

and the conclusion follows from (2.12).
(c) This part is proved by verification. For brevity we treat the case
[ = 2. The same technique applies more generally. Write

b t
ut) = — X, e’ f e 1Y, f(r) dt + X, e’ Je"ﬂYzf(r) dr.
t a

Differentiating and using the fact that X,Y; + X, Y, = XY = 0, we obtain

b ‘
u(t) = =X, J, et J e Y, f(r)dt + X,J,e fe"”Yzf(r) dr.
t

a

Differentiate once more and use XY = 0, XJY = I to obtain

b t
u®(t) = - X, Jie f e”7Y, f(r) dt + X, 3" ff?*’”Yzf(T) dt + f(1).
t a
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Then, since Y 7o 4, X,;J; = 0for i = 2, we obtain

d 2
L<_)u= S A = £ O
dt r=0

We now seek to modify G, in order to produce a Green'’s function G which
will retain properties (a), (b), and (c) of the lemma but will, in addition, satisfy
two-point boundary conditions. To formulate general conditions of this kind,
let §. denote the In-vector determined by §,. = col(y(c), y'*'(c), ..., y! " P(c))
where y(t), t € [a, b], is an (I — 1)-times continuously differentiable n-dimen-
sional vector function, and c €[a, b]. Then let M, N be In x In constant
matrices, and consider homogeneous boundary conditions of the form

Mj, + NJ, = 0.

Our boundary value problem now has the form

d
L(E)u = f, Mi, + Ni, = 0, (2.41)
for the case in which the homogeneous problem
d
L(E)u =0, Mia, + N, =0 (2.42)

has only the trivial solution.
The necessary and sufficient condition for the latter property is easy to
find.

Lemma 2.12. The homogeneous problem (2.42) has only the trivial
solution if and only if

det(MQe’ + NQe'*) # 0, (2.43)
where Q = col(XJ)!Z;.

Proof. We have seen that every solution of L(d/dt)u = O is expressible
in the form u(t) = Xe’'c for some c € €,,, so the boundary condition implies

Mi, + Nii, = (MQe’ + NQe’*)c = 0.

Since this equation is to have only the trivial solution, the [n x [n matrix
MQe’® + NQe’® is nonsingular. [

Theorem 2.13. If the homogeneous problem (2.42) has only the trivial
solution,thenthere is a unique In x nmatrix K(t) independent of t and depend-
ing analytically on 7, in [a, b], for which the function

G(t, 1) = Go(t, 7) + Xe"'K(z) (2.44)
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satisfies conditions (a) and (b) of Lemma 2.11 (applied to G) as well as

G(a, 1) G(b, 1)
) v m| €@ LN TGO
G Y(u, 1) G (b, 1)
In this case, the unique solution of (2.41) is given by
b
u(t) = f G(t, 1) f (1) dr. (2.45)

Proof. It is easily seen that G inherits conditions (a) and (b) from G, for
any K(t). For condition (d) observe that V(G) = 0 if and onlyif V(Xe''K(t))
= — V(Gy). This may be written

(MQe’* + NQe’™K(1) = —V(G,), (2.46)

where Q = col(XJ))!Z}. We have seen that our assumption on the homo-
geneous problem implies that the matrix on the left is nonsingular, so that a
unique K is obtained. The analytic dependence of K on 7 (through V(G,)) is
clear.

Finally, with u defined by (2.45) we have the boundary conditions satisfied
for u in view of (d), and

b b
L<%)u = L(%){J; Go(t, 1) f(x) dt + Xe” J;K(r)f(r) dr}.

The first integral reduces to f by virtue of condition (c) in Lemma 2.11, and
L(d/dt)Xe’ = (Y} -o A, XJ")e" is zero because of Theorem 1.23. This
completes the proof. 0O

We remark that there is an admissible splitting of J implicit in the use of
G, in (2.44). The representation of the solution in the form (2.45) is valid for
any admissible splitting.

As an important special case of the foregoing analysis we consider second-
order problems:

d
L(E)” =Ag+ AuY + I = f

with the boundary conditions u(a) = u(b) = 0. These boundary conditions
are obtained by defining the 2n x 2n matrices

10 00
wefoofwefr
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where the blocks are all n x n. Insisting that the homogeneous problem have
only the trivial solution then implies that the matrix

Xe'® 0 Xe's
Ja Jb _ -
MQe’ + NQe'* = [ 0 ] + [Xe,,,] [Xe,,,] (2.47)

appearing in (2.43) is nonsingular.
In this case we have

X, ) X, )
V(Gy) = —M ha-9y 4 N 10-0y.
(Go) [XlJl]e 1t [Xsz]e 2

_ _Xle‘ll(ait)Yl
- [ X,y
and the solution of (2.46) is
XeJa -1 )(lell(a—r)y1
K(z) = [Xe”’] [—Xzeh”’"’Yz , (2.48)

yielding a more explicit representation of the Green’s function in (2.44).

The condition on a, b, and the Jordan chains of L(4), which is necessary
and sufficientfor the existence of a unique solution to our two-point boundary
value problem is, therefore, that the matrix (2.47) be nonsingular.

2.5. Complete Pairs and Second-Order Differential Equations

If L(A) = IA*> + A, A + A, and there exist matrices S, T such that L(1) =
(IA — T)(IA — S), then IA — S is said to be a (monic) right divisor of L. More
general divisibility questions will be considered in subsequent chapters but,
for the present discussion, we need the easily verified proposal: I1 — S is a
right divisor of L if and only if

L(S) =S+ A,S + A, = 0.

In general, L(A) may have many distinct right divisors but pairs of divisors
of the following kind are particularly significant: right divisors IA — S,
IL — S, for L(1) = IA*> + A;4 + A, are said to form a complete pair if
S, — S, is invertible.

Lemma2.14. IfIA — S,, 1A — S, form a complete pair for L(A), then
L(A) = (S, — SpUA = S3)(S, — S)7'UA = Sy)
and

L™ ={U2=S)™ ' = UL =S} ™S, = S~
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Proof. By definition of right divisors, there exist matrices Ty, T, such that
L) = (A — T4 — S,) = (A = T4 — Sy).

Consequently, T; + S, = T, + S, and T;S, = T,S,. It follows from these
two relations, and the invertibility of S, — S, that we may write T, =
(S; — S$1)S,(S, — S;) 1, and the first conclusion follows immediately. Now it
is easily verified that

(A =S)™ = UA=5)"" = =(A=S)7'(S, = SPUL =571

If we take advantage of this relation, the second conclusion of the lemma now
follows from the first. [

The importance of the lemma is twofold: It shows that a complete pair
gives a complete factorization of L(4) and that o(L) = ¢(S,) U a(S,). Indeed,
the first part of the proof of Theorem 2.16 will show that S;, S, determine a
Jordan pair for L.

We shall see that complete pairs can also be useful in the solution of
differential equations, but first let us observe a useful sufficient condition
ensuring that a pair of right divisors is complete.

Theorem 2.15. Let IA — S,, IA — S, be right divisors of L(A) such that
a(Sy) N a(S,) = . Then IA — Sy, IA — S, form a complete pair.
Proof. Observe first that
L)[UA=S) ' —UA—-S)"']=58,—8,. (2.49)

Indeed, since L(A)(IA — S,)~ ! is a monic linear polynomial for i = 1, 2, the
left-hand side of (2.49) is a constant matrix, i.e.,does not depend on A. Further,
for large | A| we have

JA—=8S) ' =111+ S, A7 24+ 82473+, i=1,2;
SO
lim {A*[(JA - S)) "' —(UA-S) ']} =8, - S,.
A= a0
Since lim,_, .{A"2L(1)} = I, equality (2.49) follows.
Assume now that (S; — S,)x = Oforsome x € €". Equality (2.49) implies
that for 1 ¢ o(L),
(IA—=S) 'x=(UL-S,) x. ' (2.50)

Since a(S,) N a(S,) = &, equality (2.50) defines a vector function E(4) which
is analytic in the whole complex plane:

UA—5S)"'x, Ael\o(S,)

E® = {(m —S)7x,  Ae@\a(S,).
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-0 E(4) = 0. By Liouville’s theorem, E(4) is identically zero. Then
x = (A — S)E) = 0,1ie,Ker(S; — S,) = {0} and S; — S, is nonsingular.
O

But lim,

Theorem 2.16. Let S,, S, be a complete pair of solutions of L(S) = 0,
where L(1) = IA> + A,A + A,. Then
(a) Every solution of L(d/dt)u = 0 has the form

u(t) = e¥cy + €%c,

for some ¢y, c, € C".
(b) If, in addition, e5*®~* — 510~ s nonsingular, then the two-point
boundary value problem

d
L($>u = f, u(a) = u(b) = 0, (2.51)
has the unique solution
b b esl(ﬂ—t)
u(t) = f Go(t, D) f(1) dt — [e5107 9, St f [esz(b_r)]Zf(r) dt
(2.52)
where
_ 1 I -1
Z=(5,-Sy) 17 W= I:es,(b—a) esz(ba):l 4
and
St uz, a<t<rt
Golt: 7) = {esﬂ“”Z, 1<t<bh (233)

The interesting feature of this result is that the solutions of the differential
equation are completely described by the solutions S;, S, of the algebraic
problem L(S) = 0.

Proof. Let S;, S, have Jordan forms J,, J,, respectively, and let S, =
X, J, X174 S, = X,J,X5" and write

X =[X, X,], J=diag[J,J,].

We show first that S, S, a complete pair implies that X, J is a Jordan pair for
L(A). We have

X1 [x Xx, 0 _[1r 1][x, o
XJ| |1 XJ X,J0, IS S|l 0 X,f
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So the nonsingularity of the first matrix follows from that of S, — S;. Then
S2 4+ A,;S;4+ Ao =0, for i=1,2, implies X;J? + A, X;J, + 4o X; =0
for each i and hence that XJ2 + 4,XJ 4+ A, X = 0. Hence (by Theorem
1.23) X, J is a Jordan pair for L(4) and, in the terminology of the preceding
section, J, and J, determine an admissible splitting of J.

To prove part (a) of the theorem observe that

-1
X{'c;
-1
X3¢,

u(t) = [e5 €51 [zl] =[X,e'" Xze“'][

2

] = Xe''a,

where a is, in effect, an arbitrary vector of €2". Since X, J is a standard pair, the
result follows from Theorem 2.9.
For part (b) observe first that, as above,

Xe't = [5X, 5'X,]

so that the matrix of (2.47) can be written

Xe'  [efx, X, I I S x| 0

Xet| = SX, S, = Sib-a) S:b-a) 0 eS:X,
and the hypothesis of part (b) implies the nonsingularity of this matrix and
the uniqueness of the solution for part (b).

Thus, according to Theorem 2.13 and remarks thereafter, the unique
solution of (2.51) is given by the formula

u(t) = LbGO(t, ) f(1) dt + J;bXe"[ij,‘:] 1[_X§j:,(:(br_)3:;,2]f(‘r) dt
(2.54)
where
)= 1) T
Y, xJ| |1
and
U N

It remains to show that formulas (2.52) and (2.54) are the same.
First note that ¥; = — X[ 'Z, Y, = X5 'Z. Indeed,

X __Xi‘lZ _ Xl X2 _Xl_l Z-—— 0 Z— 0
XJ|| X;'z | | x,J, X,J,|| X5t s, =S 7 1)
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Furthermore, the function G, of (2.53) can now be identified with the function
G, of (2.55). To check this use the equality X’ 9X; ! = 579 j = 1,2
(cf. Section S1.8). Further,
X, O
Xe'' =X, X,e'] = [5" &%) 1
0 X,

eS1X 0 ]

_ Si(t—a) S2 (1 —b)
= [e e
[ ] [ 0 e X,
So

Xe't Xela] ! Xlejua—r)yl
¢ Xer - X2 eJZ(b_ I)YZ

as Ja -1 Si(a—r1)
B e*1 X, 0 Xe e 7
0 esz‘X2 Xe.lb esz(b—r) s

and in order to prove that formulas (2.52) and (2.54) are the same, we need

only to check that
aS, Ja -1
W e*1 X bSO Xer ,
0 e™2X, || Xe

ot I I _ Xl [ X[ e 0
- esl(b-a) eSZ(b—a) - Xer 0 X2—1e—bsz‘

But this follows from the equalities S; = X,;J;X; ',i=1,2. O

or

2.6. Initial Value Problem for Difference Equations, and the
Generalized Newton Identities

Consider the difference equation
Ao, + Agthy 1 + -+ Ao qtlyy—q + Upyy = f,, r=0,1..., (256)

where L(A) = 1A' + Y24 A;4/ is a monic matrix polynomial with a standard
triple (X, T, Y).

Using Theorem 1.6 and the similarity between any two standard triples
of L(4), we obtain the following result.

Theorem 2.17. Every solution of (2.56) is given by uy, = Xc and for
i=1,2...,

i—-1
;= XTic+ XY T+ Y], (2.57)

k=0
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where c € C" is arbitrary. In particular, the general solution of the homogeneous
problem (with f, = 0,r =0, 1, ...) is given by

u, = XT'c, i=0,1..., ceC™

Corollary 2.18. T he solution of (2.56) which satisfies the prescribed initial
conditions

is unique and given by putting

0
c=[Y TY ... T-'y]| . Y
A_, I - 0 a,
1 0o - 0
in Theorem 2.17.
Proof. Write
Ug Ao
: = ], (2.58)
U a4

where u; is given by (2.57). Since XT'Y = Ofor i = 0,...,[ — 2, we obtain
u;= XTicfori=0,...,1 — 1, and (2.58) becomes

col(XTHIZ) - ¢ = col(a)iZs.

Since col(X T))iZ} is invertible, c € " is uniquely defined and, by the
biorthogonality condition (2.6),

¢ = [col(XT)iZp] ™" -col(a)i=g = [row(T'Y)iZg]B - col(a)izg. O

As an application of Theorem 2.17, we describe here a method of evalua-
tion of the sum o, of the rth powers of the eigenvalues of L(1) (including
multiplicities).

Consider the matrix difference equation connected with the polynomial
L(A) = 1A'+ Yi2h AN

AoUr + AlUr+1 + R Al—lUr+l—1 + Ur+l = O, r = 1, 2,...,
(2.59)
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where {U,}2, is a sequence of n x n matrices U, to be found. In view of
Theorem 2.17 the general solution of (2.59) is given by the following formula:

U =XT"'Z, r=12..., (2.60)

where (X, T) is a part of the standard triple (X, T, Y) of L(4) and Z is an
arbitrary In x n matrix. Clearly, any particular solution of (2.59) is uniquely
defined by the initial values Uy, ..., U,.

We now define matrices Sy, S5, ..., S, by the solution of

Ay A, - 118, l4,
A, . - 0118, :
. o . = — ) 2.61
| 1B 24,-, (261
I 0 M 0 S[ Al—l

and we observe that, in practice, they would most readily be computed re-
cursively beginning with S,. Note that the matrix on the left is nonsingular.
Define {S,},2 ; as the unique solution of (2.59) determined by the initial values
U,=8,i=1,...,1L

Let g, be the sum of the rth powers of the eigenvalues of L (including
multiplicities), and let Tr(A4) of a matrix A denote the trace of 4, i.e., the sum of
the elements on the main diagonal of A, or, what is the same, the sum of all
eigenvalues of 4 (counting multiplicities).

Theorem 2.19. If {S,}2, is defined as above, then
o, = Tr(S,), r=12,.... (2.62)
The equalities (2.62) are known as the generalized Newton identities.
Proof. By Corollary 2.18,
14,

24, ,|
Ay

S,=-XT""'[Y TY ... T'"'Y]

or

Sr = _‘(lrrAO +o 2rr+l—2A142 +rr+l—1Al—1)5 (263)

where I, = XT""1Y.
Now we also have (see Proposition 2.1 (iii))

DAg + T, A, +-+T,, =0, r=12...,
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and this implies that (2.63) can be written
S,=T,,4, +2I,,., A, + -+ 1T, r=12.... (2.64)

To approach the eigenvalues of L we observe that they are also the eigen-
values of the matrix M = QTQ~!. Since Q! = RB, where

R=[Y TY ... T'"'Y]
and B is given by (2.5), we have:
M"'=QT'Q"' = QT'RB

I—‘r+il Iﬂr‘\LZ l—‘r+l Al AZ |
_ Iﬁr+2 lHr+3 l—‘r+l+1 A2 ’
: : oo
rr+l Fr+l+1 l“r+21—1 1 0

Now observe that the eigenvalues of M" are just the rth powers of the eigen-
values of M (this fact can be easily observed by passing to the Jordan form of
M). Hence

g, = Tr(M") = Tr(I', 4y Ay + -+ + T, 4) + -+
+ Tr(C, 1A, + 0 A4) + Tr([, . A)
= Tr([,. 14, + 20,4, + - + T, A)
= Tx(S,)

by (2.64). O

Comments

The systematization of spectral information in the form of Jordan pairs
and triples, leading to the more general standard pairs and triples, originates
with the authors in [34a, 34b], as do the representations of Theorem 2.4. The
resolvent form, however, has a longer history. More restrictive versions appear
in [40, 52a]. As indicated in Section 2.3 it can also be seen as a special case of
the well-known realization theorems of system theory (see [80, Chapter 4]
and [47]). However, our analysis also gives a complete description of the
realization theorem in terms of the spectral data. For resolvent forms of
rational matrix functions see [3c, Chapter 2]. Corollary 2.5 was proved in
[49a]; see also [38, 55].

Factorizations of matrix polynomials as described in Proposition 2.7 are
introduced in [79a].

Our discussion of initial and two-point boundary value problems in
Sections 2.4 and 2.5 is based on the papers [34a, 52¢]. The concept of “com-
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plete pairs” is introduced in [51]. Existence theorems can be found in that
paper as well as Lemma 2.14 and Theorem 2.15. Existence theorems and
numerical methods are considered in [ 54]. The applications of Section 2.6 are
based on [52f].

Extensions of the main results of this chapter to polynomials whose
coefficients are bounded linear operators in a Banach space can be found in
[34c].

Some generalizations of this material for analytic matrix functions appear
in [37d, 70c].



Chapter 3

Multiplication and Divisibility

In Chapter 2 we used the notion of a standard triple to produce repre-
sentation theorems having immediate significance in the solution of differ-
ential and difference equations. It turns out that these representations of
matrix polynomials provide a very natural approach to the study of products
and quotients of such polynomials. These questions are to be studied in this
chapter.

There are many important problems which require a factorization of
matrix- or operator-valued functions in such a way that the factors have
certain spectral properties. Using the spectral approach it is possible to
characterize right divisors by specific invariant subspaces of a linearization,
which are known as supporting subspaces for the right divisors. This is one of
the central ideas of the theory to be developed in this chapter, and admits
explicit formulas for divisors and quotients. These formulas will subsequently
facilitate the study of perturbation and stability of divisors.

If a monic matrix polynomial L(4) = L,(4)L,(4) and L,(4) and L,(A) are
also monic matrix polynomials, then L,(4), L,(A) may be referred to as a right
divisor and left quotient of L(4), respectively (or, equally well, as a right
quotient and left divisor, respectively). It is clear that the spectrum of L must
“split” in some way into the spectra of L, and L,. Our first analysis of pro-
ducts and divisors (presented in this chapter), makes no restriction on the

84
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nature of this splitting. Subsequently (in the next chapter) we consider in more
detail the important special case in which the spectra of L, and L, are disjoint.

3.1. A Multiplication Theorem

The notion of a standard triple for monic matrix polynomials introduced
in the preceding chapter turns out to be a useful and natural tool for the
description of multiplication and division of monic matrix polynomials. In
this section we deal with the multiplication properties. First we compute the
inverse L™ (1) of the product L(1) = L,(A)L,(4) of two monic matrix poly-
nomials L,(4) and L,(4) in terms of their standard triples.

Theorem 3.1. Let L/(A) be a monic operator polynomial with standard
triple (Q;, T;, R)) fori =1, 2, and let L(A) = L,(A)L(A). Then

L' =[0, 0JUA - T)l[o], (3.1)
R,
where
| RO,
r_[o B].

Proof. It is easily verified that

(Ai—T) 1 = IA—Ty ' UL- Tl)”Rle(I_il— T)™! _
0 (A - T,
The product on the right of (3.1) is then found to be
0,4 — T))"'R1Q,(I2 — T) " 'R,.

But, using Theorem 2.4, this is just L} *(A1)L5 }(A), and the theorem follows
immediately. [

Theorem 3.2. If L) are monic matrix polynomials with standard triples
(Q:, T;, R) fori=1,2, then L(X) = L,(A)L,(4) has a standard triple (Q, T, R)
with the representations

B [T R To
0=r0, 0. T—[O T] R—[RZ].

Proof. Combine Theorem 2.6 with Theorem 3.1. [

Note that if both triples (Q;, T;, R,), i = 1, 2, are Jordan, then the triple
(Q, T, R) from Theorem 3.2 is not necessarily Jordan (because of the presence



86 3. MULTIPLICATION AND DIVISIBILITY

of R,Q, in T). But, as we shall see, in some cases it is not hard to write down a
Jordan triple for the product, by using Theorem 3.2.

Consider, for instance, the casewhen o(T;) N o(T,) = . Inthiscaseone
can construct a Jordan triple of the product L(1) = L,(4)L,(4), provided the
triples (Q;, T;, R;) for Ly(4) (i = 1, 2) are also Jordan. Indeed, there exists a
unique solution Z of the equation

~T,Z + ZT, = R,0, (3.2)

(see Section S2.1); so

o -l ]l 7

Hence, the triple

1 Z]1 [T, 0] [-2R I -Z]1[0
(01, 0,2) = [0, 0][0 IHO TZH R, 2]=[0 | ][R] (33)

is similar to the standard triple (Q, T, R) of L(4) constructed in Theorem 3.2,
and therefore it is also a standard triple of L(4). Now (3.3) is Jordan provided
both (Q,, T}, R,) and (Q,, T5, R,) are Jordan.

Recall that equation (3.2) has a solution Z if and only if

T,
[ 01 R;?Z] is similar to [Z;l 792]
(see Theorem S2.1); then the arguments above still apply, and we obtain the
following corollary.

Corollary 3.3.  Let L(A), L,(1) be monic matrix polynomials such that, if
(A = Aoy, i = 1,..., kj,is the set of the elementary divisors of L{4) (j = 1, 2)
corresponding to any eigenvalue of L(A) = L,(A)L,(4), then (A — Ay)*¥,
i=1...,k;,j=1,2,isthe set of the elementary divisors of L(1) corresponding
to Ay. Let (Q;, T;, R;) be a Jordan triple of L(A),i = 1, 2. Then Eq.(3.2) has a
solution Z, and the triple

T, 0] [-ZR,
[QlaQIZ]a[OI TZ:I’[: R2 ]

is a Jordan triple for L(A).

If the structure of the elementary divisors of L(4) is more complicated than
in Corollary 3.3, it is not known in general how to find the Jordan triples for
the product. Another unsolved problem is the following one (see [27, 71a,
76b]): Given theelementary divisors of the factors L, (1) and L,(4) (this means,
given Jordan matrices Ty, T, in the above notation), find the elementary
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divisors of the product L(4) = L,(4)L,(4) (this means, find the Jordan form of

the matrix
T — [Tl R1Q2:|)

In some particular cases the solution of this problem is known. For instance,
the following result holds:

Lemma3.4. Let J,,...,J, be Jordan blocks having the same real eigen-
value and sizes ay > --- = oy, respectively. Let

T = diag[J.Ji- T,
- 0 diaglJ'Tk,

where Ty = (t;)} j=, is a matrix of size o x oo (x = oy + -+ + o). Let
Ppi=ay+---+o (i=1,...,k), and suppose that the k x k submatrix
A= ([Bl_,,j){-fj:l of Tyisinvertible and A = A, A,,where A, is a lower triangular
matrix and A, is an upper triangular matrix. Then the degrees of the elementary
divisorsof IA — T are 20y, . .., 20.

The proof of Lemma 3.4 is quite technical. Nevertheless, since the lemma
will be used later in this book, we give its proof here.

Proof. We shall apply similarity transformations to the matrix T step by
step, and eventually obtain a matrix similar to T for which the elementary
divisors obviously are 2, ..., 2u,. For convenience we shall denote block
triangular matrices of the form

K M
0 N
by triang[ K, M, N].

Without loss of generality suppose that J = diag[J;]%-, is nilpotent, i..,

has only the eigenvalue zero.Leti ¢ {f,, B,, ..., Bi} be aninteger,1 < i < a.
Let U;; bethea x o matrix suchthatallits rows (except for the (i + 1)throw)
are zeros, and its (i + 1)th row is [t;; t;, --- t,] Put S;; = triang[/,

Ui, I]; then S, TS;;' = triang[J, Ty, JT], where the ith row of T}, is zero,
and all other rows (except for the (i + 1)th) of T, are the same as in T;,. Note
also that the submatrix A is the same in T;, and in T,. Applying this trans-
formation consequently for every ie {1, ..., a}\{f;, .., Bi}, Wwe obtain that
T is similar to a matrix of the form T; = triang[J, V, JT], where the ith row
of Vis zero for i¢ { B, ..., B}, and vy 5 =ty 5. p,q=1,...,k where V=
(vi; L=t

' We shall show now that, by applying a similarity transformation to Ty, itis
possible to make v;; =0 for i ¢ {f,..., B} or j¢ {fy,..., B}. Let V; =
col(v;;)i=, be the jth column of V. For fixed j ¢ {f;, ..., B} we have v;; =0
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fori¢ {fy,..., B}, and, since A4 is invertible, there exist complex numbers
04, ..., 0such that

k
V}+ Zaﬂi%i=0‘
i=1

Let S,; = diag[I, I + U,;], where all but the jth column of U ,; are zeros, and
the ith entry in the jth column of U,; is g, if i = B, for some m, and zero
otherwise. Then S;;' Ty S,; = triang[J, V — Z,, JT — Z,] with the following
structure of the matrices Z, and Z,: Z, =[0 --- 0 V; 0 --- 0],
where V; is in the jth place; Z,=[0 --- 0 Z,;-y 0 --- 0], where
Z, j-1 = col(col(=0,,, 003 )s= isana x 1 columnin the(j — 1)th place
inZ,(d,,,, denotes the Kronecker symbol).If j = f3,, + 1 for some m, then we
put Z, = 0. It is easy to see that S{lelSzj can be reduced by a similarity
transformation with a matrix of typediag[ 1, U;;] to theformtriang[J, W, J m,
where the mth column of W, coincides with the mth column of V' — Z, for
m > jand forme {f,,..., B}. Applying this similarity consequently for every
jé{B1--., By} (starting withj = f, — 1 and finishing with j = 1), we obtain
that T; is similar to the matrix T, = triang[J, W,, JT], where the (8;, ;)

entries of W, (i,j = 1, ..., k) form the matrix 4, and all others are zeros.
Thenextstepis to replace the invertible submatrix A in W, by I. We have

A7'A = A,, where Af = (bij)f j=1, bij = 0for i < j, is a lower triangular

matrix; A, = (¢;;)¥ j= 1, ¢;; = 0fori > j, 1s an upper trlangular matrix. Define

the 2o x 2o invertible matrlx Sy = (s{3)7%= as follows: s}, = b;; for i, ] =
L...,k;s@) = 1formé¢ {By,..., Bu); 5‘3’ = 0 otherwise. Then S3 T,5;' =
triang[J + Z3, W, JT], where the (B:, ﬁj) entriesof Wy (i,j = 1, ..., k) form
the upper triangular matrix 4,, and all other entries of Wj are zeros; the
o x o matrix Z; can contain nonzero entries only in the places (f; — 1, 8))
for i > j and such that «; > 1. It is easy to see that ST, S; ' is similar to Ty =
triang[J, W;, JT]. Define the 20 x 2u invertible matrix Ss = (s$)%-, by

the following equalities: sit); = ¢;; for i,j=1,...,k; s =1 for m¢

{B1, ..., B}, where Bi= B, + B;; siP =0 otherwise. Then S, T;S;! =
triang[J, W, JT + Z,], where the ([31, B;) entries of W, form the unit matrix
I, and all other entries are zeros; the o x o matrix Z, can contain nonzero
entries only in the places (f;, f; — 1) for i < j and such that o; > 1. Again, it
is easy to see that S, T3 S; ! is similar to T, = triang[J, W,, JT].

Evidently, the degrees of the elementary divisors of T, are 2ay, ..., 20.
So the same is true for T. [J

In concrete examples it is possible to find the Jordan form of T by con-
sidering the matrix
Tl RIQZ
0 T |

as we shall now show by example.
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ExampLE 3.1. Let
L) [ 2 24 =2
DO IVCY LT B A |

Using the computations in Example 2.2 and Theorem 3.2, we find a linearization T for the
product L(1) = (L,(4))*:

[J YX]
T = 5
0 J
where
[ 0 —/2+1 J2-2 J2+1 J2+2
1o | 0 1 o |
[ 0 1] [0 ]
—1 0 0
HJ/2+2) 0 11
y=| *V_ , J =
K=U2-1) & 0 1
X=/2+2 o0 —1 1
[H=2+ 1) —§ 0 -1

By examining the structure of T we find the partial multiplicities of L(4) at 4, = 1. To this
end we shall compute the 4 x 4 submatrix T;, of T formed by the 3rd, 4th, 9th, and 10th
rows and columns (the partial multiplicities of L(1)at A, = 1 coincide withthedegrees of
the elementary divisors of /A — Y;). We have

1

)
122 -3
OO
1

Ty =

S = =

oS = e B
=

S O O =

0

Since rank(T, — I) = 3, it is clear that the single partial multiplicity of L(1) at 4, = 1
is4. O

3.2. Division Process

In this section we shall describe the division of monic matrix polynomials
in terms of their standard triples.

Westart withsome remarks concerning the division of matrix polynomials
in general.

Let M(1) = Y-, M;¥ and N(4) = Y*_, N;4’ be matrix polynomials of
sizen x n(notnecessarily monic). By the division ofthese matrix polynomials
we understand a representation in the form

M(4) = Q(AN() + R(A), 34)
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where Q(1) (the quotient) and R(A) (the remainder) are n x n matrix poly-
nomials and either the degree of R(A) is less than the degree of N(4) or R(4) is
Zero.

This definition generalizes the division of scalar polynomials, which is
always possible and for which the quotient and remainder are uniquely
defined. However, in the matricial case it is very important to point out two
factors which do not appear in the scalar case:

(1) Because of the noncommutativity, we have to distinguish between
representation (3.4) (which will be referred to as right division) and the
representation

M(4) = N()Q.(4) + Ry() (3.5

for some matrix polynomials Q,(4) and R, (1), where the degree of R(4) is less
than the degree of N(4), or is the zero polynomial. Representation (3.5) will be
referred to as left division. In general, Q(4) # Q,(4) and R(1) # R(4), so we
distinguish between right (Q(4)) and left (Q(4)) quotients and between right
(R(A)) and left (R(A)) remainders.

(2) The division is not always possible. The simplest example of this
situation appears if we take M(1) = M, as a constant nonsingular matrix
and N(A) = N, as a constant nonzero singular matrix. If the division is
possible, then (since the degree of N(4) is 0) the remainders R(4) and R,(4)
must be zeros, and then (3.4) and (3.5) take the forms

Mo = Q(A)NOa Mo = N0Q1(/1), (3.6)

respectively. But in view of the invertibility of M, neither of (3.6) can be
satisfied for any Q(4) or Q,(4), so the division is impossible.

However, in the important case when N(A) (the divisor) is monic, the
situation resembles more the familiar case of scalar polynomials, as the follow-
ing proposition shows.

Proposition 3.5. If the divisor N(A) is monic, then the right (or left) division
is always possible, and the right (or left) quotient and remainder are uniquely
determined.

Proof. We shall prove Proposition 3.5 for right division; forleft division
the proof is similar.

Let us prove the possibility of division, i.e., that there exist Q(4) and R(4)
(deg R(4) < deg N(A)) such that (3.4) holds. We can suppose [ > k; otherwise
take Q(4) = 0 and R(A) = M(A). Let N(1) = 1)* + zlj;é lef, and write

! -k k-1 k-1
Y M = <Z Q,.,v‘) : (1,1" + Y N,.,lf) + Y R (3.7)
j 0

i=0 j=0 i=0 j=
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with indefinite coefficients Q; and R;. Now compare the coefficients of
AL A1 .., A% in both sides:
M, = Qs
Moy =011+ Qi-«Ni—1s

(3.8)
k—1
M, =0, + Z Q-iN;.
i=0
From these equalities we find in successionQ,_,, @, __1, ..., Qp,1.€., we have
found Q(1) = Y}Z% AQ;. To satisfy (3.7), define also
j
RJ=MJ_ZQ11N]_¢I for j:(),...,k_l. (3-9)
q=0

The uniqueness of the quotient and remainder is easy to prove. Suppose
M(2) = QON(A) + R(A) = O()N(A) + R(D),
where the degrees of both R(A) and R(4) do not exceed k — 1. Then
(0(1) = O(AN(A) + R(A) — R(A) = 0.

Since N(~/l') is monic of degree k, it follows that Q(1) — O(4) = 0, and then also
R(A)=R(A)=0. O

An interesting particular case of Proposition 3.5 occurs when the divisor
N(A) is linear: N(1) = IA — X. In this case we have extensions of the re-
mainder theorem:

Corollary 3.6. Let
1
Y M =Q)IA— X)+ R=(IA—- X)Q,(4) + R,.
ji=0

ThenR = Y'_o M;X and R, = Y'_o X'M,.
Proof. Use formulas (3.8) and (3.9). It turns out that
Qii=M_ii +M_ X+ -+ MXTL =11
According to (3.9),

1
R=My+QoX = 5 M;X/,

j=0

For R, the proofis analogous. []
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We go back now to the division of monic matrix polynomials. It follows
from Proposition 3.5 that the division of monic matrix polynomials is always
possible and uniquely determined. We now express the left and right quotients
and remainders in terms of standard triples. This is the first important step
toward the application of the spectral methods of this book to factorization
problems.

Theorem3.7. Let L(4) = IA' + Y 2§ A; ¥ be a monic matrix polynomial
of degree |, and let

L) = I = X, T(W + - + VA

be a monic matrix polynomial of degree k < lin the right canonical form, where

(X, T)) is a standard pair of L(A), and [V, --- V] =[col(X,T))iZ4] %
Then
L(A) = Q(A)L,(A) + R(A), (3.10)
where
!
o) = ZIV< > AiXITil—-j_l)Vk (3.11)
i=j+1
and
k !
R() = Y. ,1f—1< Y A,X T’) (3.12)

where we put A, = I.

Before we start to prove Theorem 3.7, let us write down the following
important corollary. We say that L,(4) is a right divisor of L(4) if

L(4) = Q(A)L,(4),
i.e., the right remainder R(A) is zero.

Corollary3.8. L,(4) is a right divisor of L(1) if and only if, for a standard
pair (X, Ty) of Li(R), the equality

A0X1+A1X1T1+~--+A,_1X1T'1‘1+X1T’1=0 (3.13)
holds.

Proof. If (3.13) holds, then according to (3.12), R(A) = 0 and L,;(A) is a
right divisor of L(4). Conversely, if R(A) = 0, then by (3.12)

(ZAX T') =0 for j=1,...,k

0

Since [V} --- V] is nonsingular, this means that (3.13) holds. [
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Proof of Theorem 3.7. We shall establish first some additional properties
of standard triples for the monic polynomials L(A) and L,(A).
Define

G = X TV, 1 <p <k, a=0,1,2,.... (3.14)
Then foreachi,1 < i < k, we have
Gp+1_,' = kaGki+ Gp,i—l’ p=0, 1, 2,... (3.15)
(and we set G,o = 0,p = 0,1, ...). Indeed, from the definition of V; we deduce
X,
X, T
I=mv, v, - ¥V “.7 (3.16)
X, 177!
Consider the composition with X ;T4 on the left and T,[V;, --- V] on the
right to obtain
Git - Gix
[Gp+1,1 Gp+ l,k] = [Gp,l Gp,k] - B17)
Gk,l e Gk,k

Reversing the order of the factors on the right of (3.16), we see that G;; =
0; j—Ifori=1,2,...,k —landj = 1,2,..., k The conclusion (3.15) then
follows immediately.
Now we shall check the following equalities:
k=j
Vi= Y TVBjsm, Jj=1..k (3.18)

m=0
where B, are the coefficients of L,(4): L,(A) = >%_, B;¥ with B, =1. Since
the matrix col(X, T%)*Z{ is nonsingular, it is sufficient to check that

k—j
XlT"le=X1T"1 Z TTViBjsm, j=1,...,k (3.19)
m=0
fori =0,1,....Indeed, using the matrices G;; and the right canonical form

for L,(A) rewrite the right-hand side of (3.19) as follows (where the first
equality follows from (3.15)):

k—j—1
Gi+k—j,k - Z Gi+m,ka,j+m+1
m=0
k—j—1

Jj
= Gi+k—j,k - Z (Gi+m+1,j+m+l - Gi+m.j+m)

m=0
= Gi+k—j,k - (Gi+(k—j—1)+1,k - Gij) = Gij!
and (3.18) is proved.
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Definealso thefollowing matrix polynomials: L; {(4) = B; + Bj, A + ---
+ B A*74j=0,1,..., k Inparticular, L, o(A) = L;(A)and L, (4) = 1. We
shall need the following property of the polynomials L; i(4):

k-1
Vili(4) = (14 — T1)< T’inLl,jH(/l))- (3.20)
j=0
Indeed, since AL; ;. (4) = L; 4) — B;(j =0,..., k — 1), the right-hand
side of (3.20) equals

k—1 . k—1 ) k )

Y TAVL &) — B) — Y T{ 'Ly j+1(A) = = ). T{ViB; + ViLyo(4).

= ;

j=0 j= Jj=0

Butsince(X, T, V,)isastandard triple of L,(4),in view of (2.10), Zfz o T{V.B;
= 0, and (3.20) follows.

We are now ready to prove that the difference L(41) — R(A) is divisible by
L,(A). Indeed, using (3.18) and then (3.20)

1 k—1
R(/‘L)(Ll(/l))_l = (ZAinTi1> : < T{V;cLl,j+1(/1)) : Ll—l(l)
i=0 =0

J

A X, TyI2 = T) ™ W

M~

i=0

Thus,

L)Ly~ =

i

1
ZAJAJ'XI(IA - Tl)—ll/k
=0

(and here we use the resolvent form of L,(4)). So

l
LAY(L;(A) ™" = RA(LA) ™ = Y A X,(IX = THUL = T) ™ 'V,
i=0
Using the equality 1A' — T = QL5 AT 177 (AU — Ty) (i > 0), we
obtain
i-1
Y APTI-17Py,
=0

p=

1
L)L)~ = RALA) ' = Y AX,
i=1
-1 l )
= YA Y A4X TPy, (321)
p=0 i=p+1
Because of the biorthogonality relations X, T4V, =0 for j=0,..., k — 1, all
the terms in (3.21) with p=1—k + 1,...,p =1 — 1 vanish, and formula

(3.11) follows. [
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In terms of the matrices G,; introduced in the proof of Theorem 3.7, the
condition that the coefficients of the remainder polynomial (3.12) are zeros
(whichmeansthat L,(4)isarightdivisor of L(1))can beconveniently expressed
in matrix form as follows.

Corollary3.9. L,(4) is a right divisor of L(2) if and only if

[Gu G, - le]:_[Ao A1—1]
Go, Go, Gox
% G'11 G.12 G.lk ,
Gl—l,l Gl—l,z Gl-—l‘k

where G, are defined by (3.14).
The dual results for left division are as follows.
Theorem 3.10. Let L(A) be as in Theorem 3.7, and let
Li(A) = A — (W, + -+ + WA HThY,

be a monic matrix polynomial of degree k in its left canonical form (2.15) (so
(T, Y)) is a left standard pair of L{(A) and

col(Wpk_, = [Y; TY, --- Ti7'v]™h.
Then
L(A) = Ly(A)Q1(4) + Ry(4),

where

1=k /1 o

0,() = Zl’( > V"JC'TE"”KA.->

j=0 \i=j+1

and
Rlu) = AT 1<W] Z T’] YlAi>’
j=1 i=0

where A; = I.

Theorem 3.10 can be established either by a parallel line of argument from
the proof of Theorem 3.7, or by applying Theorem 3.7 to the transposed
matrix polynomials LT(4) and LT(4) (evidently the left division

L(A) = Ly()Q(A) + Ry(A)
of L(4) by L,(4) gives rise to the right division
LT(2) = QT(AL{(A) + RI(2)

of the transposed matrix polynomials).
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The following definition is now to be expected: a monic matrix poly-
nomial L,(2) is a left divisor of a monic matrix polynomial L(4) if L(A) =
L,(A4)Q,(A) for some matrix polynomial Q,(1) (which is necessarily monic).

Corollary 3.11. L,(A) is a left divisor of L() if and only if for a left
standard pair (Ty, Yy) of L (1) the equality
1-1
=0

J

holds.

This corollary follows from Theorem 3.10 in the same way as Corollary
3.8 follows from Theorem 3.7.

3.3. Characterization of Divisors and Supporting Subspaces

In this section we begin to study the monic divisors (right and left) for a
monic matrix polynomial L(A) = IA' + YZ{ A;}. The starting points for
our study are Corollaries 3.8 and 3.11. As usual, we shall formulate and prove
our results for right divisors, while the dual results for the left divisors will be
stated without proof. The main result here (Theorem 3.12) provides a geo-
metric characterization of monic right divisors.

A hint for such a characterization is already contained in the multiplica-
tion theorem (Theorem 3.2). Let L(4) = L,(4)L,(4) be a product of two monic
matrix polynomials L,(4) and L,(4), and let (X, T, Y) be a standard triple of
L(2) such that

X =[X, 0], T = [0 T, ], Y = [Yz]’ 3.22)

and (X;, T, Y) (i = 1, 2) is a standard triple for Ly(4) (cf. Theorem 3.2). The
form of T in (3.22) suggests the existence of a T-invariant subspace: namely,
the subspace .# spanned by the first nk unit coordinate vectors in €™ (here [
(resp. k) is the degree of L(1) (resp. L;(4))). This subspace .# can be attached
to the polynomial L, (4), which is considered as a right divisor of L(4), and this
correspondence between subspaces and divisors turns out to be one-to-one.
It is described in the following theorem.

Theorem 3.12. Let L(A) be a monic matrix polynomial of degree | with
standard pair (X, T). Then for every nk-dimensional T-invariant subspace
M = C" such that the restriction col(X | (T | ,))¢=d is invertible, there exists
a unique monic right divisor L,(1) of L(A) of degree k such that its standard pair
is similar to (X | 4, T |_4)-
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Conversely, for every monic right divisior L,(1) of L(A) of degree k with
standard pair (X, T), the subspace

M = Im([col(XTH 28] [ecol(X, TH)ZE]) (3.23)

is T-invariant,dim A = nk, col(X | ,(T | ,))Za is invertible and (X | 4, T |.4)
is similar to (X, Ty).

Here X |, (resp. T'| ,) is considered as a linear transformation .# — "
(resp. # — ). Alternatively, one can think about X| , (resp. T|,) as an
n x nk (resp. nk x nk) matrix, by choosing a basis in .# (and the standard
orthonormal basis in €" for representation of X | ,).

Proof. Let M < ¢" be an nk-dimensional T-invariant subspace such
that col(X | (T |,)") =4 is invertible. Construct the monic matrix polynomial
L,(A) with standard pair (X | ,, T|,,) (cf. (2.14)):

L) = IX = X| (T 1)V + Vad + -+ VAT,

where [V, -+ V] = [col(X| (T ,))z41" 1. Appeal to Corollary 3.8
(bearing in mind the equality

AgX + A XT + -+ A, XT'" ' + XT' =0,

where A; are the coefficients of L(4)) to deduce that L,(4) is a right divisor of
L(A).

Conversely, let L,(4) be a monic right divisor of L(4) of degree k with
standard pair (X, Y;). Then Corollary 3.8 implies

C, col(X,T})i28 = col(X,Ty)iZoTh, (3.24)
where C, is the first companion matrix for L(4). Also
C, col(XTHZ8 = col(XT)Z3T. (3.25)
Eliminating C, from (3.24) and (3.25), we obtain
T[col(X T2~ [col(X , T)i28] = [col(X T2 8]~ *[col(X, T%)i=1T;.
(3.26)

This equality readily implies that the subspace .# given by (3.23) is T-

invariant. Moreover, it is easily seen that the columns of [col(X T?)iZ3] ™!

[col(X ,T}):Z4] are linearly independent; equality (3.26) implies that in the

basis of .# formed by these columns, T'| , is represented by the matrix T;.
Further,

X[eol(XT%)i=g] ™ '[col(X; T1iZ6] = Xi;



98 3. MULTIPLICATION AND DIVISIBILITY

so X| , is represented in the same basis in ./# by the matrix X;. Now it
is clear that (X| ,, T|,) is similar to (X,, T;). Finally, the invertibility of
col(X | (T 4)):Z5 follows from this similarity and the invertibility of
col(X,T)zg. O

Note that the subspace .# defined by (3.23) does not depend on the choice
of the standard pair (X, T;) of L,(4), because

Im col(X, T%)iZ4 = Im col(X,S - (S™'T,S))iZ¢

for any invertible matrix S. Thus, for every monic right divisor L;(4) of L(41) of
degree k we have constructed an nk-dimensional subspace .#, which will be
called the supporting subspace of L;(A). As (3.23) shows, the supporting sub-
space does depend on the standard pair (X, T); but once the standard pair
(X, T) is fixed, the supporting subspace depends only on the divisor L,(4). If
we wish to stress the dependence of .# on (X, T) also (not only on L(4)), we
shall speak in terms of a supporting subspace relative to the standard pair
(X, T).

Note that (for fixed (X, T)) the supporting subspace .# for a monic right
divisor L, (4)is uniquely defined by the property that (X | ,, T'| ,)is a standard
pair of L,(4). This follows from (3.23) if one uses (X |4, T|,) in place of
(X1, Th).

So Theorem 3.12 gives a one-to-one correspondence between the right
monic divisors of L(A) of degree k and T-invariant subspaces .# = €™, such
that dim .# = nk and col(X | (T |.,))%Z¢ is invertible, which are in fact the
supporting subspaces of the right divisors. Thus, Theorem 3.12 provides a
description of the algebraic relation (divisibility of monic polynomials) in a
geometric language of supporting subspaces.

By the property of a standard pair (Theorem 2.4) it follows also that for a
monic right divisor L,(4) with supporting subspace .# the formula

Li(A) = I¥ — X| (T )"Vy + VA + - + KA (3.27)

holds, where [V, --- V] = [col(X |, (T|.))2d]
If the pair (X, T) coincides with the companion standard pair (P, C,)
(see Theorem 1.24) of L(A), Theorem 3.12 can be stated in the following form:

Corollary 3.13. A4 subspace M <= C" is a supporting subspace (relative
to the companion standard pair (P, C,))for some monic divisor L,(A) of L(1) of
degree k if and only if the following conditions hold:

(i) dim # = nk;
(i) A is Cy-invariant;
(iii) the n(l — k)-dimensional subspace of €™ spanned by all nk-dimen-
sional vectors with the first nk coordinates zeros, is a direct complement to M.
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In this case the divisor L,(A) is uniquely defined by the subspace ./ and is given
by 327)with X = Pyand T = C,.

In order to deduce Corollary 3.13 from Theorem 3.12 observe that
col(P,(C,))¢Z¢ has the form [I *], where I is the nk x nk unit matrix.
Therefore condition (iii) is equivalent to the invertibility of

col(P, | 4(C, Im)l)f;é

We point out the following important property of the supporting subspace,
which follows immediately from Theorem 3.12.

Corollary 3.14. Let L,(1) be a monic divisor of L(A) with supporting
subspace M. Then a(L,) = o(J| ,); moreover, the elementary divisors of L (1)
coincide with the elementary divisors of IA — J | 4.

Theorem 3.12 is especially convenient when the standard pair (X, T)
involved is in fact a Jordan pair, because then it is possible to obtain a deeper
insight into the spectral properties of the divisors (when compared to the
spectral properties of the polynomial L(4) itself).

The theorem also shows the importance of the structure of the invariant
subspaces of T for the description of monic divisors. In the following section
we shall illustrate, in a simple example, how to use the description of T-
invariant subspaces to find all right monic divisors of second degree.

In the scalar case (n = 1), which is of course familiar, the analysis based on
Theorem 3.12 leads to the very well-known statement on divisibility of scalar
polynomials, as it should. Indeed, consider the scalar polynomial L(1) =
]—[,f; 1 (A — 4)%; A4, ..., A, are different complex numbers and o; are positive
integers. As we have already seen (Proposition 1.18), a Jordan pair (X, J) of
L(2) can be chosen as follows:

X=[X, - X,], J=diaglJ,...,J,],

where X; =1 0 --- OJ]isal x o;rowand J;isan a; x o; Jordan block
witheigenvalue ;. Every J-invariant subspace .# has the following structure:

M= D - DM,

where .#; < C*isspanned by the first §; coordinate unit vectors,i = 1, ..., p,
and f;is an arbitrary nonnegative integer not exceeding ;. It is easily seen that
each such J-invariant subspace .# is supporting for some monic right
divisor L ,(A) of L(A) of degree B = B, + --- + B,: the pair (X |, J|.4) =
Xy - Xpud J1.u® - DIy 4), where X; ,=[1 0 ... 0]
of size 1 x B; and J; , is the B; x B; Jordan block with eigenvalue 4;, is a
Jordan pair for polynomial [ [P~ (A — 4;)%, and therefore col(X | 4(J| )))’Zd
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is invertible. In this way we also see that the divisor with the supporting
subspace .# is just []7=; (A — 4)". So, as expected from the very begin-
ning, all the divisors of L(4) are of the form [ [/~ (A — 4,)’,, where 0 < 8, < o,
i=1,...,p.

For two divisors of L(4) it may happen that one of themis in turn a divisor
of the other. In terms of supporting subspaces such a relationship means
nothing more than inclusion, as the following corollary shows.

Corollary3.15. Let L,,(A) and L,,(A) be monic right divisors of L(A) then
L,(A) is aright divisor of L,,(A) if and only if for the supporting subspaces M ,
and M , of Ly,(A) and L,,(1), respectively, the relation M, < M, holds.

Proof. Let (X, T) be the standard pair of L(4) relative to which the
supporting subspaces .#, and .#, are defined. Then, by Theorem 3.12,
(X |u,» Tla) G =1,2)is a standard pair of L,,(4). If .#, = .#,, then, by
Theorem 3.12 (when applied to L;,(4) in place of L(4)), L,,(4) is a right
divisor of L,,(4). Suppose now L,,(4) is a right divisor of L,,(4). Then, by
Theorem 3.12, there exists a supporting subspace .#,, < .#, of L,,(4) as a
right divisor of L;,(4), so that (X|,,,, T|4,,) is a standard pair of L;,(4).
But then clearly .#, is a supporting subspace of L,(4) as a divisor of L(4).
Since the supporting subspace is unique, it follows that #, = #,, < 4 ,.

U

It is possible to deduce results analogous to Theorem 3.12 and Corollaries
3.14and 3.15for left divisors of L(A) (by using left standard pairs and Corollary
3.11). However, it will be more convenient for us to obtain the description for
left divisors in terms of the description of quotients in Section 3.5.

3.4. Example

Let
A= 1)? b
L(A) = [ 0 /12(/1_2)], beC.

Clearly, (L) = {0, 1, 2}. As a Jordan pair (X, J) of L(4), we can take

[—b 0 1 1 0—b]

X =
| 10000 1
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So, for instance, [ “4],0and [}] form a canonical set of Jordan chains of L(A)
corresponding to the eigenvalue 4, = 0.

Let us find all the monic right divisors of L(4) of degree 2. According to
Theorem 3.12 this means that we are to find all four-dimensional J-invariant
subspaces .# such that [{]], is invertible. Computation shows that

-b 0 1 1 0-=b

X1 | 1t 0000 1

[XJ]_ 0-b 0 1 1-=2b[
0 1000 2

We shall find first all four-dimensional J-invariant subspaces .# and then
check the invertibility condition. Clearly, # = M#, + #, + M ,, Where M,
is J-invariant and o(J| ,;) = {i},i = 0, 1, 2. Sincedim .#, < 3,dim .#, < 2,
and dim .#, < 1, we obtain the following five possible cases:

Case dim .#, dim .#, dim 4,

(U S O R S
_— N W W
[N S R
—_—_—o = o

Case 1 gives rise to a single J-invariant subspace
‘/ll = {(xh x27 X3, X4, 03 0)T|xj€ C’J = 13 23 35 4}

Choosing a standard basis in .#;, we obtain

-b 0 1 1
X |1t o000
[XJ]'”“‘ 0-b 0 1

0 100

which is nonsingular for allb € €. So . , is a supporting subspace for the right
monic divisor L, (1) of L(A) given by

L) =12% = X | 0?10, (V" + VD), (3.28)

X -1
v = || 3 ] -

where

O = O O

(=B N
|

—_—— O O
|

St = O
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Substituting in (3.28) also

0 0 01
2 _
XLy L) —[0 o 0 0],

we obtain

0 A

La(h) = [AZ -4 _“].

Case 2 also gives rise to a single J-invariant subspace
”%2 = {(xl’ X2, X3, Oa Oa XG)Tlxj € st = 1, 2, 376}

But in this case

0
X' oo
XJ|"™ " 0 —-b
1

(written in the standard basis) is singular, so .#, is not a supporting subspace
for any monic divisor of L(4) of degree 2.
Consider now case 3. Here we have a J-invariant subspace

'ﬂ3 = {(xla 0’ X3, Xq, X5, O)Tlxje $$.1 = 1’ 33 43 5}
and a family of J-invariant subspaces

My@)=Span{(1 0 0 0 0 O),(0 1 a O 0O O,
© 001 0 0OLO 00 0 1 OF 329

where a € € is arbitrary. For .# ; we have

—b 110
b's 1000
[XJ]'“’“: 00 11
0000

which is singular, so there are no monic divisors with supporting subspace .# 3 ;
for the family .#+(a) in the basis which appears in the right-hand side of
(3.29)

-b a 1 0
X |1t 000
[XJ]'“”»*‘“’“ 0 —b 1 1f
0 100
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which is nonsingular for every a € €. The monic divisor L ,,,(4) with the
supporting subspace .# ;(a) is

L@@ = 12% = X |0 ULty - (VY + VIR,

where [VPV] = [col(X| 4y (| ayw))i=0] ', and computation shows
that

1 1 0 0

001 2] o of |o 1
Load) = 122 —
(B = 14 [ ] 1 b0 —a

00 0O
-1 —=b la+b

[ =2A+1 —(a+20)A+b
B 0 A2 ’

A

Case 4. Again, we have a single subspace
%4 = {(xl, Ov X3, X4, Os Xh)T|xj€ Qa] = la 3a 4’ 6}
and a family

Mya)=Span{(l1 0 0 0 0 O)T,(O 1 a 0 0 0,
© 0010 0OLOOO0O0 0 1))

Now
-b 1 1 —b
X| [ 1t oo 1
XJ[" ] 0o 0 1 =2/
000 2

which is nonsingular, and the monic divisor L, (1) with the supporting
subspace .# 4 is

L) =21 — X g U0a))(VE + VD,
where [V{V$] = [col(X |4, - (J|4,))i=0] ", and
22— A bA
L, (}) = .
() [ 0 A 21]
We pass now to the family .#,(a).
—b a 1 —b

XI 1t o0 1
XJ[@ T 0 —b 1 =2b

0 1 0 2
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This matrix is nonsingular if and only ifa # 0. So forevery complex value of a,
except zero, the subspace .# ,(a) is supporting for the monic right divisor
L 4 ,(A) of degree 2. Computation shows that

22 2
12+(—1+@>1—§ ab+27, 25
Lops(d) = a a a a (@%0)
Ma(a) - .
_ 2542 podatb, 20
a a a a

Case 5.
Ms= Ms(, ) =Span{(x 0 B 0 0 0), O 0 0 1 0 0T,
O 0001 0RO O0O0O0O0 DT (3.30)

wherea, f are complex numbers and at least one of them is different from zero.
Then

—ab+p 1 0 —b

X o 00 1
[XJ]M: 0 11 =2bf
0o 00 2

which is invertible if and only if « # 0. So .#, is a supporting subspace
for some monic divisor of degree 2 if and only if o # 0. In fact, for « = 0
we obtain only one subspace .#5 (because then f # 0 and we can use
O 0 1 0 0 OFinplaceof (@ 0 B 0 0 0)T in (3.30)). Suppose
now o # 0;then we can suppose thata = 1 (using(1/)(x 0 f 0 0 0)T
in place of (@ 0 B 0 0 0)" in (3.30)); then with the supporting sub-
space ./ 5(f) is
AP —2A+1 BrA+b-—
L uyp(A) = [ 0 2/312 — 2 ﬁ]'

(Note for reference that

0 1 2 —4b
X|M5(m<Jus(m>2=[o 0 0 4])

According to Theorem 3.12, the monic matrix polynomials L, L 4,4,
Ly, Lyyafa#0), L, form the complete set of right monic divisors of
L(A) of degree 2.

3.5. Description of the Quotient and Left Divisors

In Section 3.3 we have studied the monic right divisors L(4) of a given
monic matrix polynomial L(4). Here we shall obtain a formula for the quotient
L,(A) = L(A)L7 *(A). At the same time we provide a description of the left
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monic divisors L,(4) of L(A) (because each such divisor has the form
L(A)L; *(A) for some right monic divisor L;(A)).

We shall present the description in terms of standard triples, which allow
us to obtain more symmetric (with respect to left and right) statements of the
main results.

Lemma 3.16. Let L(A) be a monic matrix polynomial of degree | with
standard triple (X, T, Y), and let P be a projector in €™. Then the linear
transformation

col(XT "V |ymp: Im P - €™ (3.31)
(where k < 1) is invertible if and only if the linear transformation
(I — P)[row(T' *"'Y)iZ%]: ¢"=% - Ker P (3.32)
is invertible.

Proof. PutA = col(XT'"!)i_,and B = row(T'"'Y)i_ ,. With respect to
the decompositions €" = Im P + Ker P and €™ = €™ @ "'~ 9 write

4= A, Az’ B B, 32.
Ay Ay By B,
Thus, A; are linear transformations with the following domains and ranges:
Ap:ImP - ¢™; A,: Ker P> ¢™;A5;:Im P - ¢"""P; 4,: Ker P - ¢"' 79,
analogously for the B;.

Observe that 4, and B, coincide with the operators (3.31) and (3.32),
respectively. In view of formula (2.11), the product AB has the form

D, 0
AB =
"~ o)
with D, and D, as invertible linear transformations. Recall that 4 and B are
also invertible (by the properties of a standard triple). But then A4, is invertible

if and only if B, is invertible. This may be seen as follows.
Suppose that B, is invertible. Then

I 0 B, B, I 0
B -1 -1 = _p-1 -1
—B,;'B; B, B, B, B, 'B; B,

_[Bi — B,B;'B; B,B;'
B 0 I
is invertible in view of the invertibility of B, and then also B, — B, B; 'B; is

invertible. The special form of AB implies A,B, + A,B, = 0. Hence D, =
AIBI + AzB3 = AlBl - AleBZIB3 = AI(BI - BzBZIB3) and lthllOWS
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that 4, is invertible. A similar argument shows that invertibility of A, implies
invertibility of B,. This proves the lemma. []

We say that P is a supporting projector for the triple (X, T, Y)if Im P is a
nontrivial invariant subspace for T and the linear transformation (3.31) is
invertible for some positive integer k. One checks without difficulty that k is
unique and k < I. We call k the degree of the supporting projector. It follows
from Theorem 3.12 that P is a supporting projector of degree k if and only if
its image is a supporting subspace of some monic divisor of L(4) of degree k.

Let P be a supporting projector for (X, T, Y) of degree k. Define T} : Im P
—» Im Pand X,:Im P - ¢" by

Ty =Ty, X,y = Xy.

The invertibility of (3.31) now implies that col(X,T; })i_,: Im P - €™ is
invertible. Hence there exists a unique linear transformation Y;: €" - Im P
such that the triple (X,, T}, Y;) is a standard triple of some monic matrix
polynomial L,(A) of degree k. The triple (X,, T;, Y;) will be called the right
projection of (X, T, Y) associated with P. It follows from Theorem 3.12 that
the polynomial L,(4) defined by (X, T;, Y;) is a right divisor of L(4), and
every monic right divisor of L(A) is generated by the right projection con-
nected with some supporting projector of (X, T, Y).

By Lemma 3.16 the linear transformation (3.32) is invertible. Define
T,: Ker P —» Ker Pand Y,: €" - Ker P by

T,y=U - P)Ty, Y,x = — P)Yx.

Since Im P is an invariant subspace for T, we have (I — P)T(I — P) =
(I — P)T. This, together with the invertibility of (3.32) implies that

row(T5 1Y) izk: ¢n=0 - Ker P

is invertible. Therefore there exists a unique X,: Ker P — €”" such that the
triple (X,, T, Y,) is a standard triple for some monic matrix polynomial
L,(A) (which is necessarily of degree | — k). The triple (X,, T,, Y,) will be
called the left projection of (X, T, Y) associated with P.

Suppose that P is a supporting projector for (X, T, Y) of degree k, and let
P': ¢" — €™ be another projector such that Im P’ = Im P. Then it follows
immediately from the definition that P’ is also a supporting projector for
(X, T, Y) of degree k. Also the right projections associated with P and P’
coincide. Thus what really matters in the construction of the left projection is
the existence of a nontrivial invariant subspace .# for T such that for some
positive integer k

CONX TNy, My — C™
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1.e., the existence of a supporting subspace (cf. Section 3.3). The preference for
dealing with supporting projectors is due to the fact that it admits a more
symmetric treatment of the division (or rather factorization) problem.

The next theorem shows that the monic polynomial L,(A) defined by the
left projection is just the quotient L(A)L} *(A) where L,(A) is the right divisor
of L(A) defined by the right projection of (X, T, Y) associated with P.

Theorem 3.17. Let L(A) be a monic matrix polynomial with standard triple
(X, T,Y). Let P be a supporting projector of (X, T, Y) of degree k and let
L,(4) (resp. L,(1)) be the monic matrix polynomial of degree k (resp. | — k)
generated by the right (resp. left) projection of (X, T, Y) associated with P.
Then

L(A) = Ly(A)L,(A). (3.33)

Conversely, every factorization (3.33) of L(1) into a product of two monic factors
L,(4) and L,(A) of degrees | — k and k, respectively, is obtained by using some
supporting projector of (X, T, Y) as above.

Proof. Let P': €™ — ¢ be given by
P’y = [col(X; T )= 17" - [eol(X T 1), Ty,
where X| = X |mp; Ty = T|pmp. Then P’ is a projector and Im P’ = Im P.
Also

-k
Ker P' = { YT RTIYX 4] Xgy s Xpmkg e@"}. (3.39)

i=1

 The proof of this based on formulas (2.1).
Define S: €™ — Im P 4 Ker P by

s=| 7
U -PJ

where P’ and I — P are considered as linear transformations from C™ into
Im P’ and Ker P, respectively. One verifies easily that S is invertible. We shall
show that

T, ,X
[X, 0]S=X, ST-= [0‘ 1T Z]S, (3.35)
2

which in view of Theorem 3.1 means that (X, T) is a standard pair for the
product L,(4)L,(4), and since a monic polynomial is uniquely defined by its
standard pair, (3.33) follows.
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Take ye €™. Then P'y e Im Pand col(X, T 1P'y)s_, = col(XT " y)k_,.
In particular X,P'y = Xy. This proves that [X, 0]S = X. The second
equality in (3.35) is equivalent to the equalities

PT =T,P + Y,X,(I — P) (3.36)

and (I — P)T = T,(I — P). The last equality is immediate from the definition
of T, and the fact that Im Pisaninvariant subspacefor T. To prove (3.36), take
ye ¢". The case when yeIm P = Im P’ is trivial. Therefore assume that
y € Ker P’. We then have to demonstrate that P'Ty = Y, X,(I — P)y. Since
yeKer P, there exist xg, ..., X;_,_,;€ €" such that y = Y124 T'"*7'Yx,_,.
Hence

Ty =T *Yxo+ T"7* 'Yx, + -+ TYx;_,_, = T *Yx, + u

with u € Ker P’ and, as a consequence, P'Ty = P'T'~*Yx,. But then it follows
from the definition of P’ that

P'Ty = [row(T% Y)Y ;1 col(0, ..., 0, xo) = YiX,.
On the other hand, putting x = col(x;_;)!Z%,
(I = P)y = — P)row(T'*71Y) 2k x = row(T5 ¥ 1Y,) Tk x
and so Y; X,(I — P)y is also equal to Y,x,. This completes the proof. [

Using Theorem 3.17, it is possible to write down the decomposition
L(4) = L,(A)L,(4), where L,(4) and L,(4) are written in one of the possible
forms: right canonical, left canonical, or resolvent. We give in the next
corollary one such decomposition in which L,(4) is in the left canonical form
and L,(4) is in the right canonical form.

Corollary 3.18. Let L(A) and (X, T, Y) be as in Theorem 3.17. Let L(A)
be a right divisor of degree k of L(A) with the supporting subspace M. Then

LA =[N % —(Z, + -+ Z,_ A ¥ HPT'"*PY]
U2 = Xl T L) Wy + -+ WA,
where
(W - W] = [col(X | (T |.0))Z01™ "
Pis some projector with Ker P =M, the linear transformation [PY PTPY
PT!"k=1PY]: ¢"*=% - Im P is invertible, and
Z,
= (row(PY - PT'P)IZk" 1)~ Im P — ¢!,
Zi_y
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Proof. Let P be the supporting projector for the right divisor L,(A).
Then, by Theorem 3.17, (T, Y,) is a left standard pair for L,(1), where
T,: Ker P - Ker P and Y,: €" - Ker P are defined by T,y = (I — P)Ty,
Y,x = (I — P)Yx. Choose P = I — P; then Y, = PY and T, = PT|,,5.
So Corollary 3.18 will follow from the left standard representation of L,(A) if
we prove that

(PT|yp) = PT!p, i=0,1,2,.... (3.37)

But (3.37) followE from the representation of T relative to the decomposition
¢" = M + Im P:

T — Tl 1 Tl 2
where Ty, = PT|jmp. SO

[T *] .
Ti = . i=01,...,
[0 22

ie, (PT |mp) = PT'|;, 5, which is exactly (3.37). O

Note that Corollary 3.18 does not depend on the choice of the projector P.

Using Corollary 3.18 together with Corollary 3.15, one can deduce results
concerning the decomposition of L(4) into a product of more than two
factors:

L(A) = Lp()Lyp—1(4) -+ - Ly (A),

where L,(1) are monic matrix polynomials.

It turns out that such decompositions are in one-to-one correspondence
with sequences of nested supporting subspaces A, > M, > -+ D M,
where ./ is the supporting subspace of L(4)--- L,(4) as a right divisor of
L(4). We shall not state here results of this type, but refer the reader to
[34a, 34b].

For further reference we shall state the following immediate corollary of
Theorem 3.17 (or Corollary 3.18).

Corollary 3.19. Let L(A) be a monic matrix polynomial with linearization
T and let L,(A) be a monic right divisor with supporting subspace /. Then for
any complementary subspace M' to M, the linear transformation PT |, is a
linearization of L(A)L1 *(1), where P is a projector on ' along . In particular,
o(LL; ") = o(PT | 4).

We conclude this section with a computational example.
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ExampLE 32. Let
A — 1)? bA

L& = [ 0 2G-2)

], be(
be the polynomial from Section 3.4. We shall use the same canonical pair (X, J) as in
Section 4. Consider the family

M) =Span{(1 0 0 0 0 O)",(0O 1 a 0 0 O,
© 0010 0OLOO0O0O0O0 DT}, a#0,

of supporting subspaces and let

2b 2b b + 2b? 2
AZ+<—1+—>A—~ abtab,
a a a a
Lm(m(l):
2 2 2@+ b 2b
——A+- Az—ﬁ»-f)i+—
a a a a

be the family of corresponding right divisors (cf. Section 3.4). We compute the quotients
M A) = L(A) (L 4,A)~ ' = IL — U,. According to Corollary 3.18,

U,=2, P,JP, Y,

where P, is a projector such that Ker P, = .# ,(a),

X |10
Y=1|YJ 0],
XJ? I
and Z, = (P,Y) ':Im P, > ¢2.
Computation shows that
0 -]
0 -1
v — 1 b
-1 —b|
1 b
[ 0 4]

Further, let us take P, the projector with Ker P, = .#,(a) and Im P, = {(0, x,, 0, 0,
xs5,0)T e €®|x,, xse C}. In the matrix representation

[0 0 0 o0 0 0]
01 —1/a 000
oo 0o o000
Fe=1o 0 0 0 0 of
00 0 010
00 0 00 0
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SoP,Y:?* - Im P, is given by the matrix

—1/a —% — bja
1 b

7 :[71,&1 —3 —bla ”:2 b %—i—b/a.
“ 1 b 1 —1/a

Now let us compute P,JP,: Im P, - Im P,. To this end we compute P,Je, and
P,Je,, where e, =0 1 0 0 0 0" and e; =0 0 0 0 1 0)T are basis
vectors in Im 2,

and

P, Je,=P(1 0 0 0 0 0O)T=0,
Pe,=P0 0 0 1 1 0)T=e,,

SO

Finally,

U _2[ b 3 +ba][0 O][—-1/a =5 —=b/a] [1+2b/a b+ 2b*a
E —1/a |[0 1 1 b - —2/a —2bja |

By direct multiplication one checks that indeed

AMA = 1)? ba

0 22(3 = 2) (=L@ O

(A= U Lyyafd) = [

3.6. Divisors and Supporting Subspaces for the Adjoint
Polynomial

Let L(A) = IA' + Y}2} 4,4/ be a monic matrix polynomial of degree |
with a standard triple (X, T, Y). Let

-1
L*(A) = I + 'ZOA;"AJ
=

be the adjoint matrix polynomial. As we already know (see Theorem 2.2)
the triple (Y*, T*, X*) is a standard triple for L*(1).
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On the other hand, if L,(1) is a monic right divisor of L(1), we have
L(A) = Ly(A)L,(A) for some monic matrix polynomial L,(1). So L*(1) =
L¥(A)L%(1), and L%(A) is a right divisor of L*(4). There exists a simple con-
nectionbetween thesupportingsubspace for L, (4)(withrespectto thestandard
pair (X, T) of L(A)) and the supporting subspace of L%¥(4) (with respect to the
standard pair (Y*, T%*)).

Theorem 3.20. If L,(A) (as a right divisor of L(1)) has a supporting sub-
space M (with respect to the standard pair (X, T)), then L%(A) (as a right
divisor of L*()) has supporting subspace .4+ (with respect to the standard pair
(Y*, T%).

Proof. We use the notions and results of Section 3.5. Let P be the sup-
porting projector for the triple (X, T, Y) corresponding to the right divisor
L,, so .# = Im P. We can suppose that P is orthogonal, P = P*; then
Im (I — P) = .#*. By Theorem 3.17 the quotient L,(A) = L(A)L7 (1) is
determined by the left projection (X ,, T,, Y,) of (X, T, Y) associated with P:

T, = — P)T: Ker P - Ker P, Y,=(0 - P)Y:C" - Ker P.

Since W & row(T5 1Y)izk: ¢"0=® - Ker P is invertible (where k is the
degree of L,(4)), so is

W* = col(Y4T¥) ., p: Ker P o €075, (3.38)

Clearly, Ker P is T *-invariant (because of the general property which can be
checked easily: if a subspace N is A-invariant, then N+ is A*-invariant),andin
view of (3.38) and Theorem 3.12 .#* = Ker P is a supporting subspace such
that (Y%, T%)is astandard pair of the divisor M(4) of L*(4) corresponding to
M* (with respect to the standard triple (Y*, T*, X*) of L*(1)). But (Y%, T%)
is also a standard pair for L¥(4), as follows from the definition of a left pro-
jection associated with P. So in fact M(1) = L%(4), and Theorem 3.20 is
obtained. [J

3.7. Decomposition into a Product of Linear Factors

It is well known that a scalar polynomial over the complex numbers can
be decomposed into a product of linear factors in the same field. Is it true also
for monic matrix polynomials? In general, the answer is no, as the following
example shows.

ExampLE 3.3. The polynomial

21
L(l):[o /12]
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has a canonical triple determined by

1 00 0 0
X = , J =
0010

(=)
S O O =
S O = O
S = O O

In order that L have a monic right divisor of degree one it is necessary and sufficient that
J has a two-dimensional invariant subspace on which X is invertible. However, the only
such subspace is 4 = Span(e;, e,) and X is not invertible on A. Hence L has no (non-
trivial) divisors. [

However, in the important case when all the elementary divisors of the
polynomial are linear or, in other words, for which there is a diagonal
canonical matrix J, the answer to the above question is yes, as our next result
shows.

Theorem 3.21. Let L(A) be a monic matrix polynomial having only linear
elementary divisors. Then L(A) can be decomposed into a product of linear
factors:

L(A) =[] IA — By).

1

Proof. Let (X, J) be a Jordan pair for L(4). Then, by hypothesis, J is
diagonal. Since the [n x [n matrix

X
XJ

is nonsingular, the (I — 1)n x [n matrix 4, obtained by omitting the last term,
has full rank. Thus, there exist (I — 1)n linearly independent columns of A,
say columns iy, iy, ..., i, —y),. Since J is diagonal, the unit vectorse; , ...,
€y, in €™ generate an (I — 1)n-dimensional invariant subspace .# of J
and, obviously, 4 will be invertible on .#. Therefore, by Theorem 3.12
L(4) has a monic right divisor L,(1) of degree | — 1 and we may write
L(A) = (IA — By)L,(4).

But we know (again by Theorem 3.12) that the Jordan matrix J, associated
with L;(A) is just a submatrix of J and so L,(A) must also have all linear
elementary divisors. We may now apply the argument repeatedly to obtain
the theorem. [J
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In the case n = 1 there are precisely /! distinct decompositions of the
polynomial into linear factors, provided all the eigenvalues of the polynomial
are distinct. This can be generalized in the following way:

Corollary 3.22. If L(A) (of Theorem 3.20) has all its eigenvalues distinct,
then the number of distinct factorizations into products of linear factors is not
less than [ [526 (nj + 1).

Proof. 1t is sufficient to show that L(A) has no less than n(l — 1) + 1
monic righi divisors of first degree since the result then follows by repeated
application to the quotient polynomial.

If (X, J)isa Jordan pair for L(4), then each right divisor IA — B of L(4) has
the property that the eigenvectors of B are columns of X and the correspond-
ing submatrix of J is a Jordan form for B. To prove the theorem it is sufficient
to find n(I — 1) + 1 nonsingular n x n submatrices of X for, since all eigen-
values of L are distinct, distinct matrices B will be derived on combining these
matrices of eigenvectors with the (necessarily distinct) corresponding sub-
matrices of J.

By Theorem 3.21 there exists one right divisor I — B. Assume, without
loss of generality, that the first n columns of X are linearly independent and
correspond to this divisor. Since every column of X is nonzero (as an eigen-

vector) we can associate with the ith column (i=n+1,...,n)n —1
columnsiy, ..., i,_;,from among the first n columns of X, in such a way that
columns iy, ..., i,_,,i form a nonsingular matrix. For each i fromn + 1to In

we obtain such a matrix and, together with the submatrix of the first n
columnsof X weobtainn(l — 1) + 1 nonsingularn x nsubmatricesof X. [J

Comments

The presentation in this chapter is based on the authors’ papers [34a, 34b].
The results on divisibility and multiplication of matrix polynomials are
essentially of algebraic character, and can be obtained in the same way for
matrix polynomials over an algebraically closed field (not necessarily ¢), and
even for any field if one confines attention to standard triples (excluding
Jordan triples). See also [20]. These results can also be extended for operator
polynomials (see [34c]). Other approaches to divisibility of matrix (and
operator) polynomials via supporting subspaces are found in [46, 56d].
A theorem showing (in the infinite-dimensional case) the connection between
monic divisors and special invariant subspaces of the companion matrix was
obtained earlier in [56d]. Some topological properties of the set of divisors
of a monic matrix polynomial are considered in [70e].
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Additional information concerning the problem of computing partial
multiplicities of the product of two matrix polynomials (this problem was
mentioned in Section 3.1) can be found in [27, 71a, 75, 76b]. Our Section 3.3
incorporates some simplifications of the arguments used in [34a] which are
based on [73]. The notion of a supporting projector (Section 3.5) originated
in [3a]. This idea was further developed in the framework of rational matrix
and operator functions, giving rise to a factorization theory for such functions
(see [4, 3c]).

Theorem 3.20 (which holds also in the case of operator polynomials acting
in infinite dimensional space), as well as Lemma 3.4, is proved in [34f].
Theorem 3.21 is proved by other means in [62b].

Another approach to the theory of monic matrix polynomials, which is
similar to the theory of characteristic operator functions, is developed in [3b].
The main results on representations and divisibility are obtained there.



Chapter 4

Spectral Divisors and Canonical
Factorization

We consider here the important special case of factorization of a monic
matrix polynomial L(A) = L,(A4)L,(4), in which L{(4) and L,(4) are monic
polynomials with disjoint spectra. Divisors with this property will be called
spectral.

Criteria for the existence of spectral divisors as well as explicit formulas
for them are given in terms of contouf integrals. These results are then applied
to the matrix form of Bernoulli’s algorithm for the solution of polynomial
equations, and to a problem of the stability of solutions of differential
equations.

One of the important applications of the results on spectral divisors is to
canonical factorization, which plays a decisive role in inversion of block
Toeplitz matrices. These applications are included in Sections 4.5 and 4.6.
Section 4.7 is devoted to the more general notion of Wiener-Hopf factoriza-
tion for monic matrix polynomials.

4.1. Spectral Divisors

Much of the difficulty in the study of factorization of matrix-valued
functions arises from the need to consider a “splitting” of the spectrum, i.c., the

116
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situation in which L(1) = L,(A)L,(4) and L,, L,, and L all have common
eigenvalues. A relatively simple, but important class of right divisors of
matrix polynomials L(A) consists of those which have no points of spectrum in
common with the quotient they generate. Such divisors are described as
“spectral” and are the subject of this section.

The point A, e € is a regular point of a monic matrix polynomial L if
L(A) is nonsingular. Let I" be a contour in €, consisting of regular points of
L. A monic right divisor L, of L is a I'-spectral right divisor if L = L,L, and
o(L,), o(L,) are inside and outside I', respectively.

Theorem 4.1. If L is a monic matrix polynomial with linearization T and
L, is a [-spectral right divisor of L, then the support subspace of L, with respect
to T is the image of the Riesz projector Ry corresponding to T and T':

_r -t
Rr_.zniiigi T)"1 di. 1)

Proof. Let .4/ bethe T-invariant supporting subspace of L, and let .4/
be some direct complement to .4 in €™ (I is the degree of L(A)). By Corollary
3.19 and the definition of a I'-spectral divisor, o(T| ,,) is inside I' and
o(PT| ;) is outside I', where P is the projector on .#} along .#/ . Write the
matrix 7 with respect to the decomposition €™ = .4y + My

T — Tll T12
(o that Ty, =T|,., T, =U—-P)Tl,. Ty, = PT|,,, where P and

I — P are considered as linear transformations on .# and ./ respectively).
Then

(A =Ty (A= Tyy) ' T(d — Ty) ™!

(M—D*=[ 0 (A — Ty~

], 4.2)

and

1 1 I =
RF—R gg(li—T) d/l—[o 0:|,
andsoIm Ry = .. O

Note that Theorem 4.1 ensures the uniqueness of a I'-spectral right divisor,
if one exists.

We now give necessary and sufficient conditions for the existence of monic
I"-spectral divisors of degree k of a given monic matrix polynomial L of
degree I. One necessary condition is evident: that det L(1) has exactly nk zeros
inside I' (counting multiplicities). Indeed, the equality L = L, L, where
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L,(A) is a monic matrix polynomial of degree k such that ¢(L,) is inside I’
and o(L,) is outside I', leads to the equality

det L = det L, -det L,,

and therefore det L(1) has exactly nk zeros inside I" (counting multiplicities),
which coincide with the zeros of det L,(A). For the scalar case (n = 1) this
necessary condition is also sufficient. The situation is completely different for
the matrix case:

ExampPLE 4.1. Let

A 0
= [0 (* - 1)2]’

and let I' be a contour such that 0 is inside I' and 1 is outside I'. Then det L(1) has
two zeros (both equal to 0) inside I'. Nevertheless, L(4) has no I'-spectral monic right
divisor of degree 1. Indeed,

0 1
1 0
X = 0 0 ’ J= 0
0010 11
1
is a Jordan pair of L(4). The Riesz projector is
1
Ry = : J(IA J) 'di :
r- 2mi r - 0 ’

0

and Im Ry = Span{(1 0 0 0)7,(0 1 0 0)"}. But X|,z, is not invertible, so Ry
isnota supporting subspace. By Theorem 4.1 there is no I'-spectral monic right divisor of
L(A). O

So it is necessary to impose extra conditions in order to obtain a criterion
for the existence of I'-spectral divisors. This is done in the next theorem.

Theorem 4.2. Let L be a monic matrix polynomial and T a contour
consisting of regular points of L having exactly nk eigenvalues of L (counted
according to multiplicities) inside I'. Then L has a I'-spectral right divisor if and
only if the nk x nl matrix

1
Mk,l = 2** 4;
T r

LY - ALY
; : da
/lk_lL_l(/l) Ak-H-zL—l(/{)
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has rank kn. If this condition is satisfied, then the TI'-spectral right divisor
Ly(A) = I2* + Y425 Ly ;M is given by the formula

1
[Lio ++ Liacid= =5 (AL o 277L7 @] My
r

4.3)
where M}, is any right inverse of M, ,.

Proof. Let X, T, Y be astandard triple for L. Define R asin (4.1), and let
My =Im Ry, #, =Im(I —Rp). Then T =T, ® T,, where T; and T, are
the restrictions of T to .# and .# , respectively. In addition, ¢(T;) and o(T>)
are inside and outside I', respectively.

Define X, = X| ,, X, = X| ,,,and Y; = R Y, Y, = (I — Ry)Y. Then,
using the resolvent form of L (Theorem 2.4) write

L™ ') = X(IA=T)"'Y = X,(IA — T)" 'Y, + X,(IA — T,)"'Y,.

Since (I1 — T,)~ ! is analytic inside T, then for i = 0, 1, 2, ... we have

L, JA‘L“(A) dA = L f AX,(IA — T) 'Y, dA
27 Jp 2ni Jr

ol A
= X5 f AIA = T,) 1 day, = X, TiY,, (44)
2ni Jr

where the last equality follows from the fact that ¢(7;) is inside I" (see Section
S1.8). Thus,

XIYI XITIYI AR A XlTll_lyl
M“_ XIZTIYI
LX1T'1_1Y1 XlTl‘iH_ZYl
_ X,
X\ T
= . [Yl T1Y1 TI{IYl]s (4~5)
| X, T

and since the rows of the matrix, row(T"Y;)!ZJ, are also rows of the non-
singular matrix, row(T'Y)!Z{, the former matrix is right invertible, i.e.,
row(T}Y))!Z8 - S = I for some linear transformation S: .# — ¢". Now it is
clear that M, , hasrank kn only if the same s true of the left factor in (4.5), i.e.,
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the left factor is nonsingular. This implies that .# is a supporting subspace for
L, and by Theorem 3.12 L has a right divisor of degree k. Furthermore, X {, T;
determine a standard triple for L,, and by the construction ¢(L,) coincides
with ¢(T;) and the part of g(L) inside I'.

Finally, we write L = L, L,, and by comparing the degrees of det L,
det L, and det L,, we deduce that ¢(L,) is outside I'. Thus, L, is a I'-spectral
right divisor.

For the converse, if L, is a I'-spectral right divisor, then by Theorem 4.1
the subspace .# = Im Ry = €™ is a supporting subspace of L associated with
L, and the left factor in (4.5) is nonsingular. Since the right factor is right
invertible, it follows that M, , has rank kn.

It remains to prove the formula (4.3). Since the supporting subspace for
L,(A) is Im R, we have to prove only that

X -1
XT 1
X, T . :%f[/l"L_l(l) s AMEILTY ] dA- MG
: r
XT Y|, @.6)

(see Theorem 3.12). Note that
M. = [row(T1Y))iZ]"- [eol(X  T1)i=o] ",

where [row(T"Y;)!28]" is some right inverse of row(T% Y;)!Z4. Using this
remark, together with (4.4), the equality (4.6) becomes

XIT’i '(COI(XTi)?;é)-I = [X1T§Y1 X1TI;H-1Y1]
-[row(T} Y1)iZ6]" - ((col(X, TH)iZ9) ™Y,

which is evidently true. [

The result of Theorem 4.2 can also be written in the following form, which
is sometimes more convenient.

Theorem 4.3. Let L be a monic matrix polynomial, and let T" be a contour
consisting of regular points of L. Then L has a I'-spectral right divisor of degree k
if and only if

rank M, , = rank M, , = nk. 4.7)

Proof. Weshallusethe notation introduced in the proof of Theorem 4.2.
Suppose that L has a I'-spectral right divisor of degree k. Then col(X, T9)5Z§
is invertible, and T;, X, are nk x nk and n x nk matrices, respectively. Since
row(T%Y;)!Z§ is right invertible, equality (4.5) ensures that rank M, , = nk.
The same equality (4.5) (applied to M, ;) shows that rank M,,, <
{size of T} = nk. But in any case rank M,,,, > rank M, ;; so in fact
rank M, ., , = nk.
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Suppose now (4.7) holds. By (4.5) and right invertibility of row(T" Y;)Z3
we easily obtain

rank col(X, T)¥Zd = rank col(X ,T%)s_, = nk. (4.8)
Thus, Ker col(X, T})*2¢ = Ker col(X, T})%_,. It follows then that
Ker col(X,T})¥Z4 = Ker col(X, T})’- 4.9)

for every p > k. Indeed, let us prove this assertion by induction on p. For
p = k it has been established already; assume it holds for p = p, — 1,
po >k + 1 and let x e Ker col(X,T:)¥Z4. By the induction hypothesis,

x € Ker col(X, Ti)re7?.
But also
xeKer col(X, T))s_, = Ker[col(X, T\ YL, - Ty 1;

so
T,x € Ker col(X, T})%Z4,

and again by the induction hypothesis,
T,x € Ker col(X, T} )re5! or x € Ker col(X,; T))?2;.
It follows that
x € Ker col(X, Ti)P,,

and (4.9) follows from p = p,.

Applying 49) for p=1-1 and using (4.8), we obtain that rank
col(X, Ti):Zd = nk. But col(X, T)!Z4 is left invertible (as all its columns are
also columns of the nonsingular matrlx col(X T%)iZ}), so its rank coincides
with the number of its columns. Thus, T; is of size nk x nk; in other words,
det L(A) has exactly nk roots inside I' (counting multiplicities). Now we can
apply Theorem 4.2 to deduce the existence of a I"-spectral right monic divisor
of degree k. [

If, as above, I is a contour consisting of regular points of L, then a monic
left divisor L, of L is a ["-spectral left divisor if L = L,L, and the spectra of
L, and L, are inside and outside I', respectively. It is apparent that, in this
case, L, is a I';-spectral right divisor, where the contour I'; contains in its
interior exactly those points of ¢(L) which are outside I'. Similarly, if L, is a
I'-spectral right divisor and L = L, L,, then L, is a I';-spectral left divisor.
Thus, in principle, one may characterize the existence of I'-spectral left
divisors by using the last theorem and a complementary contour I";. We shall
show by example that a I'-spectral divisor may exist from one side but not the
other.
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The next theorem is the dual of Theorem 4.2. It is proved for instance by
applying Theorem 4.2 to the transposed matrix polynomial LT(1) and its
right I"-spectral divisor.

Theorem 4.4. Under the hypotheses of Theorem 4.2 L has a T'-spectral
left divisor if and only if the matrix

| L' - AL
M, = 7[ .
b 2mi r AI_IL_I(A) A’H‘I_ZL-I(}.)

has rank kn. In this case the T-spectral left divisor Ly(A) = IA* + Y528 Ly X/
is given by the formula

Ly

dA

| AL

| = ‘Mik'ﬂf : di, (4.10)
T

L;__k_1 r /’{k+l—1L—1(A)

where M}, is any left inverse of M .
The dual result for Theorem 4.3 is the following:

Theorem 4.5. Let L(4) be a monic matrix polynomial and T" be a contour
consisting of reqular points of L. Then L has a I'-spectral left divisor of degree k
if and only if

rank M, , = rank M, ;. = nk.

Note that the left-hand sides in formulas (4.3) and (4.10) do not depend on
the choice of M} , and M} ,, respectively (which are not unique in general).
We could anticipate this property bearing in mind that a (right) monic divisor
isuniquely determined by its supporting subspace, and fora I'’-spectral divisor
such a supporting subspace is the image of a Riesz projector, which is fixed by
I" and the choice of standard triple for L(4).

Another way to write the conditions of Theorems 4.2 and 4.4 is by using
finite sections of block Toeplitz matrices. For a continuous n x n matrix-
valued function H(A) on T, such that det H(4) # O for every A€, define
D; = (2mi)~ ' [ A7/7'H(A) dA. Itis clear that if I is the unit circle then the D;
are the Fourier coefficients of H(A):

H() = S 4D, (4.11)

(the series in the right-hand side converges uniformly and absolutely to H(4)
under additional requirements; for instance, when H(A) is a rational matrix
function). For a triple of integers « > f > y we shall define T(Hr; a, f, 7) as
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the following block Toeplitz matrix:

Dy Dy, - D,
D D ... D
T(Hp;o po0) = |70 F b
Daz Da—l Dy—ﬁ+a
We mention that T(Hy; «, o, 7) = [D, D,-, --- D,]is a block row,
and
DV
D
T(Hr7 aa Vﬂ 'Y): V:+l
D,

is a block column.

Theorem 4.2'. Let L(A) and T" be as in Theorem 4.2. Then L(A) has
a T-spectral right divisor Ly(A) = I2* + Y %24 L;A’ if and only if rank
T(Lr'; —1, —k, —k — 1 + 1) = kn. In this case the coefficients of L, are
given by the formula

[Lyx-1 Lix-2 -+ Liol= —T(L'; —k—1, -k -1, -k = 1)
(T(LFY; =1, =k, =k — 1+ 1), (4.12)
where (T(LF'; —1, —k. —k — | 4+ 1)'is any right inverse of
T(Lrt'; =1, —k, —k — [ + 1).

Note that the order of the coefficients L, ; in formula (4.12) is opposite to

their order in formula (4.3).

Theorem 4.4'. Let L(A) and T" be as in Theorem 4.4. Then L(A) has
a D-spectral left divisor L,(A) = IA* + Y X245 L,;/ if and only if rank
T(f'; =1, —I, —k — 1 + 1) = kn. In this case the coefficients of L, are
given by the formula
L,

b o @@t -1 -l =k =1+ 1)

Ly -1

“T(Lg'; =k — 1, =k — I, =k — D), (4.13)

where (T(Lf'; —1, —1, —k — | + 1))V is any left inverse of
T(Lgt'; —1, =1, —k — 1 + 1).

Of course, Theorems 4.3 and 4.5 can also be reformulated in terms of the
matrices T(Ly'; o, S8, 7).
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We conclude this section with two examples:

ExAMPLE 4.2. Let

A2 =422 30042 — 3014 + 42]

L() =
@ I:—6/12 B+ 4222 — 430+ 6

Then L has eigenvalues O (with multiplicity three), 1, 2, and —3. Let I" be the circle in
the complex plane with centre at the origin and radius 3. We use a Jordan triple X, J, Y. It
is found that we may choose

010 —7 48
x, =|L 00 Ji=1o o0 1 Y, =|-6 42
o o 1f e ’ e ’
0 0 0 1 -7

and we have

g -7 48
2mi #L (Hdi= XY, = 1 —70

which is invertible. In spite of this, there is no I'-spectral right divisor. This is because
there are, in effect, three eigenvalues of L inside I', and though M, ; of Theorem 4.2 has
full rank, the first hypothesis of the theorem is not satisfied. Note that the columns of X,
are defined by a Jordan chain, and by Theorem 3.12 the linear dependence of the first two
vectors shows that there is no right divisor of degree one. Similar remarks apply to the
search for a I'-spectral left divisor. [

ExampLE 4.3. Letay,a,, as, a, be distinct complex numbers and

(A —a)(d—ay) A—ay ]

L= [ 0 (h— ay)(i - ap)

Let I' be a contour with a, and a, inside I' and a5 and a, outside I'. If we choose
11
X, = R
0 0

v = 1 1 0
1_al—a2 -1 B

where § = (a, — as)(a, — ay)” *(a, — a,) and

X,Y, = [0 Bla; — az)fl:l’ XY, = [l a, Bla; — az)“l:l.

then it is found that

0 0 0 0
Then, since M, , = [X,Y; X, J,Y,]and

M _ XY
o lx )

it is seen that M, , has rank 1 and M, ; has rank 2. Thus there exists a I'-spectral left
divisor but no I'-spectral right divisor. []
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4.2. Linear Divisors and Matrix Equations

Consider the unilateral matrix equation

-1
Y+ ZAij =0, (4.14)
j=0
where A(j = 0,...,1 — 1) are given n x n matrices and Y is an n X n matrix

to be found. Solutions of (4.14) are closely related to the right linear divisors
ofthe monic matrix polynomial L(1) = 1A' + Y {23 A;4. Namely,itiseasy to
verify (by a straightforward computation, or using Corollary 3.6, for instance)
that Y is a solution of (4.14) if and only if /A — Y is a right divisor of L(4).
Therefore, we can apply our results on divisibility of matrix polynomials to
obtain some information on the solutions of (4.14).

First we give the following criterion for existence of linear divisors (we
have observed in Section 3.7 that, in contrast to the scalar case, not every
monic matrix polynomial has a linear divisor).

Theorem 4.6. The monic matrix polynomial L(A) has a right linear
divisor 1A — X if and only if there exists an invariant subspace M of the first
companion matrix C, of L(A) of the form

Proof. Let .# be the supporting subspace of I1 — X relative to the
companion standard pair (P, C,). By Corollary 3.13(iii) we can write

M = Im[col(X )2}

for some n x nmatrices X, = Iand X, ..., X,_,. But C;-invariance of .#
impliesthat X; = X',i = 1,..., 1 — 1. Finally, formula (3.27) shows that the
right divisor of L(A) corresponding to .# is just IA — X,soinfact X, = X. O

In terms of the solutions of Eq. (4.14) and relative to any standard pair
of L(A) (not necessarily the companion pair as in Theorem 4.6) the criterion
of Theorem 4.6 can be formulated as follows.

Corollary 4.7. A matrix Y is a solution of (4.14) if and only if Y has the
form

Y = Xl.,ﬁ' T| 41'(X|.///)_ls

where (X, T) is a standard pair of the monic matrix polynomial L(A) and A
is a T-invariant subspace such that X | , is invertible.
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To prove Corollary 4.7 recall that equation (4.14) is satisfied if and only if
I — Y is a right divisor of L(A), and then apply Theorem 3.12.

A matrix Y such that equality (4.14) holds, will be called a (right) solvent of
L(4). A solvent Sissaid to be a dominant solvent if every eigenvalue of S exceeds
in absolute value every eigenvalue of the quotient L(A)(IA — S)~!. Clearly,
in this case, I1 — S is a spectral divisor of L(A).

The following result provides an algorithm for computation of adominant
solvent, which can be regarded as a generalization of Bernoulli’s method for
computation of the zero of a scalar polynomial with largest absolute value
(see[42]).

Theorem 4.8. Let L(1) = IA' + Zﬁ;é A'4; be a monic matrix polynomial
of degreel. Assume that L(4) has a dominant solvent S, and the transposed matrix

polynomial LT(1) also has a dominant solvent. Let {U,}& | be the solution of the
system

AOUr+A1Ur+l+.'-+A[—1Ur+l—1+Ur+l=()5 r:1,2,... (415)

where {U,}% | is a sequence of n x nmatrices to be found, and is determined by
the initial conditions Uy = -+- = U,_, = 0, U; = I. Then U, .U, ! exists for
largerand U, .U ' > Sasr - .

We shall need the following lemma for the proof of Theorem 4.8.

Lemma 4.9. Let W, and W, be square matrices (not necessarily of the same
size) such that

min{|A||1 € a(W;)} > max{|1||A € a(W,)}. (4.16)
Then W, is nonsingular and
lim W5 - W™ = 0. 4.17)

Proof. Without loss of generality we may assume that W, and W, are in
the Jordan form; write

VV,-=K,'+N1', l=1,2

where K ; is a diagonal matrix, N; is a nilpotent matrix (i.e., such that Ni' = 0
for some positive integer r;), and K; N; = N;K;. Observe that o(K;) = a(W;)
and condition (4.16) ensures that W, (and therefore also K ) are nonsingular.
Further,

IK Y = [nf{Al|Ae s(W)}1™Y  [IK,l = sup{|2|| A€ a(W5)}.

Thus (again by (4.16))
K- 1K™l <y, O0<y<l, m=12,.... (4.18)
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Let r, be so large that N = 0, and put §, = maxo <<, - IIK;*N%Il. Using
the combinatorial identities

L n n+k—1 0 for p>0
—1) -
kgo( ) (p — k)( k ) {1 for p=0,
it is easy to check that

(I + K{'Ny)™ z<—1>k('"+" )Kr"Nﬁ

=y (—U“(”’ k- )K;"Nﬁ.

k=0

So

W= 1Ky + N~ < 1K™ 1T+ KN ™™l

ri—1 k —
< ||K;'"v|-[z (’” ; ]>5l]sul<;'"no‘,rl<m+rl -2y

k=0
(4.19)

The same procedure applied to W74 yields
W3l < IKZ] - 0,7, m™, (4.20)

where r, is such that N7 = 0 and §, = maxo<j<,,-1 | K5 N5]||. Using (4.18)-
(4.20), we obtain

lim [WZ - [W{™| < 6,0,rr,- lim[(m + ry — 2)"'m™y™] = 0. O

m— oo m-— oo

Proof of Theorem 4.8. Let (X, J,Y) be a Jordan triple for L(4). The
existence of a dominant solvent allows us to choose (X, J, Y) in such a way
that the following partition holds:

J, 0 Y,
X =[X, X] J—[O J] Y:[Y,]’

where sup{|i||Aea(J,)} < inf{|A||A€ a(J,)}, and the partitions of X and Y
are consistent with the partition of J. Here J is the part of J corresponding to
the dominant solvent S, so the size of J is n x n. Moreover, X is a non-
singular n x nmatrix (because I4 — S is a spectral divisor of L(4)), and X is
the restriction of X to the supporting subspace corresponding to this divisor
(cf. Theorems 4.1 and 3.12). Since LT(A) has also a dominant solvent, and
(YT, JT, XT)isastandard triple of LT(1), by an analogous argument we obtain
that Y, is also nonsingular.
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Let {U,};2, be the solution of (4.15) determined by the initial con-
ditions U; = --- = U,_; = 0; U, = I. Then it is easy to see that
U, = XJ Y, r=1,2,....
Indeed, we know from the general form (formula (2.57)) of the solution of
(415)that U, = XJ""'Z,r =1, 2, ... for some nl x n matrix Z. The initial
conditions together with the invertibility of col(XJ!)!Z} ensures that in fact
Z =Y.
Now
U, =XJ'Y = X J7 Y, + X, 071,
= [XJ0'X !+ (XJTTDYCIX XY
Write M = X, Y, and E, = X,J;Y,, r = 1,2,..., so that (recall that S =
XX
U=E8""'"+E_ M " YWM=U+E_M'S"Hs M.
Now the fact that S is a dominant solvent, together with Lemma 4.9, implies

that ELM~'S™" — 0 in norm as r — oo (indeed,

IE,M™ISTH < XA M ST and dim [lJ7] 1S77) = 0O

r—>oo

by Lemma 4.9). So for large enough r, U, will be nonsingular. Furthermore,
when this is the case,

U, U '=U+EM'SNSU +E,_ M 'ShH~1
and it is clear, by use of the same lemma, that U, U, ! - Sasr - 0. 0O

The hypothesis in Theorem 4.8 that L”(A) should also have a dominant
solvent may look unnatural, but the following example shows that it is
generally necessary.

ExAMPLE4.4. Let

2-1 0
Lo = [171 /12]’

with eigenvalues 1, — 1,0,0. We construct a right spectral divisor with spectrum {1, —1}.
The following matrices form a canonical triple for L:

1 1.0 0 0 1
= = diag| 1, — 1, , Y =

|
—_ o R

—_ O O O
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and a dominant solvent is defined by

I —1
S=XJ,X{!= .
st =[]

A+1 =1 ][A-1 1
L(A) = N .
1 A-1 0 A+1
However, since the corresponding matrix Y, is singular, Bernoulli’s method breaks down.
With initial values Uy = U; = 0, U, = I it is found that

0 0 10
Us=| | o} Us=|, o} Us=Us Us=Us

Indeed, we have

so that the sequence {U,}2 , oscillates and, (for r > 2) takes only singular values. [

An important case where the hypothesis concerning L7(4) is redundant is
that in which L is self-adjoint (refer to Chapter 10). In this case L(1) = L*(1)
and, if L(1) = Q(A)(IA — S), it follows that LT(A) = Q(1)(IA — S) and, if S
is dominant for L, so is S for L.

4.3. Stable and Exponentially Growing Solutions of Differential
Equations

Let L(A) = 1A' + Y4 A;4 be a monic matrix polynomial, and let

d'x(t L UNG
% + T4 dt(j) 0, tela ©) (4.21)
=

be the corresponding homogeneous differential equation. According to
Theorem 2.9, the general solution of (4.21) is given by the formula

x(t) = Xe'c,

where (X, J)is a Jordan pair of L(1),and c € €". Assume now that L(A) hasno
eigenvalues on the imaginary axis. In this case we can write

J, 0
X =[X, X.] J = >
(X, X.] [0 JZ]

where a(J,) (resp. o(J,)) lies in the open left (resp. right) half-plane. Ac-
cordingly,

x(t) = x,(t) + x,(t), (4.22)

where x,(t) = X,e”'c,, x,(t) = X,e”2c,, and ¢ = [{]. Observe that
lim,_, , ||x;(t)| = 0 and, if ¢, # 0, lim,_, ,, ||x,(t)| = c0. Moreover, x,(t) is
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exponentially growing, i.e., for some real positive numbers y and v (in fact, u
(resp. v) is the real part of an eigenvalue of L(A) with the largest (resp. smallest)
real part among all eigenvalues with positive real parts) such that

lim [le™ "t~ Px,(t)]| = 0
t—= oo

for some positive integer p, but lim,_, ., le” "™ x,(t)|| = oo for every ¢ > 0

(unless ¢, = 0). Equality (4.22) shows that every solution is a sum of a stable
solution (i.e., such that it tends to 0 as t — o0) and an exponentially growing
solution, and such a sum is uniquely determined by x(t).

The following question is of interest: when do initial conditions (i.e.,
vectors xYa), j=0,...,k — 1 for some k) determine a unique stable
solution x(t) of (4.21), i.e., such that in (4.22), x,(t) = 0? It turns out that the
answer is closely related to the existence of a right spectral divisor of L(A).

Theorem 4.10. Let L(A) be a monic matrix polynomial such that o(L) does
not intersect the imaginary axis. Then for every set of k vectors xy(a), ...,
x%~1(a) there exists a unique stable solution x(t) of (4.21) such that xY)(a) =
x§(a),j = 0,...,k — 1, if and only if the matrix polynomial L(A) has a monic
right divisor L(1) of degree k such that (L) lies in the open left half-plane.

Proof. Assume first that L,(4) is a monic right divisor of L(1) of degree k
such that o(L,) lies in the open left half-plane. Then a fundamental result of
the theory of differential equations states that, for every set of k vectors

xo(@), ..., x¥ VY(a) there exists a unique solution x,(t) of the differential
equation L,(d/dt)x,(t) = 0, such that
xP(a) = x§a), j=0,....,k—1. (4.23)

Of course, x,(t) is also a solution of (4.21) and, because o(L,) is in the open
left half-plane,
lim ||x ()| = 0. (4.24)
t—>o0
We show now that x,(t) is the unique solution of L(4) such that (4.23) and
(4.24) are satisfied. Indeed, let X,(t) be another such solution of L(4). Using
decomposition (4.22) we obtain that x,(t) = X e"'c, %,(t) = X ,e"1¢, for
some ¢;, ¢;. Now [x,(t) — %,(t)]¥(a) = O for j = 0, ..., k — 1 implies that
Xy
X, J
U e ey —2y) = 0. (4.25)
X5t
Since (X,,J,)isaJordanpairof L,(4)(see Theorems 3.12and 4.1), the matrix
col(X,J4)¥Z4 is nonsingular, and by (4.25), ¢, = ¢&,, i.e., x,(t) = %,(t).
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Suppose now that for every set of k vectors xq(a), . . ., x5~ (a) there exists

a unique stable solution x(t) such that x¥(a) = x§’a), j =0,..., k — 1.
Write x(t) = X ,e"'c, for some ¢, ; then

col(X [ J)Zde 1, = col(xP(a))sZs. (4.26)

For every right-hand side of (4.26) there exists a unique ¢, such that (4.26)
holds. This means that col(X,J})¢Z¢ is square and nonsingular and the
existence of a right monic divisor L, (1) of degree k with a(L,) in the open left
half-plane follows from Theorem 3.12. [

4.4. Left and Right Spectral Divisors

Example 4.3 indicates that there remains the interesting question of when
a set of kn eigenvalues—and a surrounding contour I'—determine both a
I'-spectral right divisor and a I'-spectral left divisor. Two results in this
direction are presented.

Theorem 4.11. Let L be a monic matrix polynomial and T" a contour
consisting of regular points of L having exactly kn eigenvalues of L (counted
according to multiplicities) inside I'. Then L has both a I'-spectral right divisor
and a T'-spectral left divisor if and only if the nk x nk matrix M,_, defined by

] L™ ') A V)
M=o | s
r Ak_lL_l(/l) AZk—ZL*l(/l)
is nonsingular. If this condition is satisfied, then the I'-spectral right (resp. left)

divisor Ly(A) = IZ* + Y*28 Ly ;A (resp. Ly(A) = 1A* + Y425 L,; &) is given
by the formula:

dA (4.27)

1
(Lo - Ll,k-lj=—2—mfu"rlu) e APTILTY)] A M}
T
Ly, . ARL=1()
resp.| = _M’;é'igif : di).
Ly - LA L)

Proof. Let X, T, Y be a standard triple for L, and define X,, T}, ¥; and
X,,T,,Y,asinthe proof of Theorem 4.2. Then, asin the proof of that theorem,
we obtain

M, = . [y, 1y, --- T{ 'yl (4.28)
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Then nonsingularity of M, , implies the nonsingularity of both factors and,
as in the proof of Theorem 4.2 (Theorem 4.4), we deduce the existence of a
I"-spectral right (left) divisor.

Conversely, the existence of both divisors implies the nonsingularity of
both factors on the right of (4.28) and hence the nonsingularity of M, ,. The
formulasfor the I'-spectral divisors are verified in the same way as in the proof
of Theorem 4.2. [J

In terms of the matrices T(Ly!;x, B,7) introduced in Section 4.1,
Theorem 4.11 can be restated as follows.

Theorem 4.11'. Let L and T be as in Theorem 4.11. Then L has right
and left T-spectral divisors Ly(A) = IA* + Y525 Ly;V and Ly(3) = 1A +
Y523 Lo A, respectively, if and only if det T(L™'; —1, —k, —2k + 1) # 0.
In this case the coefficients of L1(A) and L,(1) are given by the formulas

[Ll,k—l Liy-» -+ Lio] = _T(Lr_lé -k =1 —k—1, =2k)
(T(Lg'; —1, =k, =2k + 1)71,
Lyo
Ly, _ -1. -1
] = —(T(Lr *; =1, =k, =2k + 1))
Ly,

CT(LFY; —k — 1, =2k, —2k).

In the next theorem we relax the explicit assumption that I" contains
exactly the right number of eigenvalues. It turns out that this is implicit in the
assumptions concerning the choice of [ and k.

Theorem 4.12. Let L be a monic matrix polynomial of degree | < 2k, and
let T" be a contour of reqular points of L. If det M, , # 0(M,_, defined by (4.27))
then there exist a I'-spectral right divisor and a T'-spectral left divisor.

Proof. We prove Theorem 4.12 only for the case [ = 2k; in the general
casel < 2k we refer to [36b]. Suppose that I" contains exactly p eigenvalues of
Linitsinterior. As in the preceding proofs, we may then obtain a factorization
of M, , in the form (4.28) where X, = X|,, T, = T|, and .# is the p-
dimensional invariant subspace of L associated with the eigenvalues inside I.
The right and left factors in (4.28) are then linear transformations from €™ to
M and M to €™ respectively. The nonsingularity of M, , therefore implies
p = dim /4 > dim €™ = kn.



4.5. CANONICAL FACTORIZATION 133

With Y;, X,, T,, Y, defined as in Theorem 4.2 and using the biortho-
gonality condition (2.14) we have

XY XTY --- XT:'y
XTY
0= :
XTF1'Yy ... ... XT*?y
X, Y, - X,T5'Y
=M, + .
X, T57'Y, - X,T37%Y,

Thus, the last matrix is invertible, and we can apply the argument used in
the first paragraph to deduce that [n — p > kn. Hence p = kn, and the
theorem follows from Theorem 4.11. [

A closed rectifiable contour Z, lying outside I together with its initerior, is
said to be complementary to I (relative to L) if Z contains in its interior exactly
those spectral points of L(4) which are outside I'. Observe that L has right and
left I"-spectral monic divisors of degree k if and only if L has left and right
Z-spectral monic divigors of degree | — k. This obssrvation allows us to use
Theorem 4.12for = as well asfor I'. As a consequence, we obtain, for example,
the following interesting fact.

Corollary 4.13. Let L and I be as in Theorem 4.12, and suppose | = 2k.
Then M, is nonsingular if and only if ME . is nonsingular, where Z is a contour
complementary to I and My, is defined by (4.27) replacing I by E.

For n = 1 the results of this section can be stated as follows.

Corollary 4.14.  Let p(A) = Y_ a; 4/ be a scalar polynomial with a, # 0
and p(A) # 0 for A€ I'. Then an integer k is the number of zeros of p(A) (counting
multiplicities) inside T if and only if

rank M, , =k for k=12
or
rank M: , |, =1—k for k<Ip2,

where E is a complementary contour to I (relative to p(1)).

4.5. Canonical Factorization

Let I" be a rectifiable simple closed contour in the complex plane €
bounding the domain F*. Denote by F~ the complement of F* U T in
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C U {oo0}. We shall always assume that 0e F* (and oo € F~). The most
important example of such a contour is the unit circle I'y = {/1||/1| = 1}.
Denote by C*(I') (resp. C ~(IN)) the class of all n x n matrix-valued functions
G(A),AeT U F* (resp. Ae " U F~)such that G(A) isanalyticin F* (resp. F 7)
and continuous in F* U T (resp. F~ u ).

A continuous and invertible n x n matrix function H(1) (AeI') is said to
admit a right canonical factorization (relative to I') if

HA) = H,(WH_(A), (1eD) (4.29)

where H¥'(A)e C*(I'), HX (1) e C~(I'). Interchanging the places of H_ (1)
and H _(4) in (4.29), we obtain left canonical factorization of H.

Observe that, by taking transposes in (4.29), a right canonical factoriza-
tion of H(A) determines a left canonical factorization of (H(A))". This simple
fact allows us to deal in the sequel mostly with right canonical factorization,
bearing in mind that analogous results hold also for left factorization.

In contrast, the following simple example shows that the existence of a
canonical factorization from one side does not generally imply the existence of
a canonical factorization from the other side.

AT
H1) = [ 0 '1:"

and let I' = I', be the unit circle. Then

o 11 o
H(A):[—x /1][1“ 1]

is a right canonical factorization of H(4), with

ExaMPLE 4.5. Let

0
H.(4) = [_1 i:l and H_(A) = [All ?:I

On the other hand, H(A) does not admit a left canonical factorization. []

In this section we shall consider canonical factorizations with respect to a
rectifiable simple contour I' of rational matrix functions of the type R(1) =
2= —r Ai¥.

We restrict our presentation to the case that R(4) is monic,i.e., A, = 1. This
assumption is made in order to use the results of Sections 4.1 and 4.4, where
only monic matrix polynomials are considered ; but there is nothing essential
in this assumption and most of the results presented below remain valid with-
out the requirement that A, = I (cf. [36¢, 36d, 73]).
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We introduce some notation. Denote by GL(C") the class of all non-
singular n x n matrices (with complex entries). For a continuous n x n
matrix-valued function H(A): I’ - GL(C") define
D; = 2mi)~* J/l‘j‘lH(/l) dA,
r

and define T(H; o, 8, y) to be the following block Toeplitz matrix:

Dy Dy, - D,
D D -+« D,
T(He; o o) = | 270 F AL (4.30)
Da Da—l D}'—ﬂ+a

We have already used the matrices T(Hp; «, f3, y) in Sections 4.1 and 4.4. For
convenience, we shall omit the subscript I whenever the integration is along
I' and there is no danger of misunderstanding.

The next theorem provides the characterization of right factorization in
terms of some finite sections of the infinite Toeplitz matrix T(-; oo, 0, — o0).

Theorem 4.15. A monic rational matrix function R(A)=)5-L, Ajlj +
IA*: T - GL(C") admits a right canonical factorization if and only if

rank T(RF';r — 1,0, —r —s + 1)
=rank T(RrY;r — 1, =1, —r —s) =rn. (431)

Proof. We first note that the canonical factorization problem can be
reduced to the problem of existence of I'-spectral divisors for monic poly-
nomials. Indeed, let R(4) = Y321, 4;4 + I14° be a monic rational function
and introduce a monic matrix polynomial M(4) = A"R(4). Then a right cano-
nical factorization R(1) = W_(A)W_(A) for R(1) implies readily the existence
of right monic I'-spectral divisor A"W_(4) of degree r for the polynomial M(4).
Conversely, if the polynomial M(A) has a right monic I'-spectral divisor N ;(4)
of degree r and M(A) = N,(A)N(4), then the equality R(1) = N,(4)-
A7"N(A) yields a right canonical factorization of R(4).

Now we can apply the results of Section 4.1 in the investigation of the
canonical factorization. Indeed, it follows from Theorem 4.3 that the poly-
nomial M(4) has a I'-spectral right divisor if and only if the conditions of
Theorem 4.15 are satisfied (here we use the following observation:

TR Y, By)=TM Y0 +rB+ry+r). O

The proof of the following theorem is similar to the proof of Theorem 4.15
(or one can obtain Theorem 4.16 by applying Theorem 4.15 to the transposed
rational function).
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Theorem 4.16. A monic rational function R(A) = Y521 Ajllj + 1A

J=-r
I' - GL(€") admits a left canonical factorization if and only if
rank TIR™Y;r — 1, —s, —r — s+ 1)
=rank TR Y;r =1, —s, —r — 5) = rn. 4.32)

In the particular case n = 1 Theorem 4.15 implies the following char-
acterization of the winding number of a scalar polynomial. The winding
number (with respect to I') of a scalar polynomial p(4) which does not vanish
on I'is defined as the increment of (1/27) [arg p(1)] when Aruns through'ina
positive direction. It follows from the argument principle ([63], Vol. 2,
Chapter 2) that the winding number of p(4) coincides with the number of
zeros of p(A4) inside I" (with multiplicities).

Let us denote by = a closed simple rectifiable contour such that = lies in
F~ together with its interior, and p(1) # 0 for all points A€ F~\{o0} lying
outside =.

Corollary 4.17. Let p(A) = Yo a;’ be a scalar polynomial with
a; # 0and p(1) # 0 for A € I'. An integer r is the winding number of p(A) if and
only if the following condition holds:

rank T(p~!; =1, —r, =l —r + 1)
=rank T(p~'; =1, —r = 1, =l —r) =r.
This condition is equivalent to the following one:
rank T(pz'; —1, —s, =1 — s + 1)
=rank T(pz'; —1, —s — 1, =] —s) = s,
where s =1 — r.

The proof of Corollary 4.17 is based on the easily verified fact that r is the
winding number of p(4) if and only if the rational function A~ "p(1) admits one-
sided canonical factorization (because of commutativity, both canonical
factorizations coincide).

The last assertion of Corollary 4.17 reflects the fact that the contour =
contains in its interior all the zeros of p(1) which are outside I'. So p(4) has
exactly s zeros (counting multiplicities) inside = if and only if it has exactly r
zeros (counting multiplicities) inside T

Now we shall write down explicitly the factors of the canonical factori-
zation. The formulas will involve one-sided inverses for operators of the form
T(H; o, B, y). The superscript I will indicate the appropriate one-sided inverse
of such an operator (refer to Chapter S3). We shall also use the notation
introduced above.

The formulas for the spectral divisors and corresponding quotients
obviously imply formulas for the factorization factors. Indeed, let
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R(A) = 1A + Y321, 4;4: T - GL(C") be a monic rational function, and let
Wo(A) =IX + Y52y WiAand W_(A) =1+ Y-, W,_;A7 be the factors
of the right canonical factorization of R(4): R(4) = W, (A)W_(A). Then the
polynomial A"W_(4) is a right monic I'-spectral divisor of the polynomial

M(A) = A"R(A), and formulas (4.12) and (4.13) apply. It follows that

[Wr_~l ;—2 W()—:I:_T(lela_lv_l,_r_s)
[T(Rf';r — 1,0, —=r — s + 1)]", -(4.33)
col(W;)Zd = —[T(Rz";r — 1, —s, =25 + 1)]'
“T(RZ';r —s — 1, —2s, —29). (4.34)
Let us write down also the formulas for left canonical factorization: let
Av(A) =I2 + Y3525 AfMand A _(A) =1 + Y-, A7_;A77 be the factors of

a left canonical factorization of R(A) = IA* + Y321, A;4: T - GL(C"), i.e.,
R() = A_(A)A.(A). Then

col(A7)iZg = —(T(RFYr — 1, —s, —r — s + 1)

“T(REY; =1, —r — s, —r — 5), (4.35)
(A AL o AGT= —TRs' =1 — 1 —r — )
(T(Rg';r — 1,0, —=r — s + 1)\ (4.36)

Alternative formulas for identifying factors in canonical factorization can
be provided, which do not use formulas (4.12) and (4.13). To this end, we shall
establish the following formula for coefficients of the right monic I'-spectral
divisor N(A) of degree r of a monic matrix polynomial M(A) with degree [:

(N, Noow o Nol=0 0 -+ 01-[T(M~';0, —r, —r = DT\,

4.37)
where NJ =YN;(j=0,1,...,r — 1) and N, = Y,. Here N; are the coef-
ficients of N(1): N(A) = IA" + Z;;(‘, Nj/lj; and Y, is the lower coefficient of
the quotient M(A)N " 1(1): Y, = [M()N~ YM]s=0-

It is c}ear that the matrix function Y (1) = Yo N(A)M ~1(A) is analytic in
F* and Y(0) = I. Then

Qni)~! fﬂ“YON(A)M‘ YA di=1 (4.38)
r
and

Qni)~ ! f/lfYoN(,l)M“(,l) dA=0 for j=0,1,... (439)
r
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Indeed, (4.39) is a consequence of analyticity of the functions
MYyN(AM (1) in F* for j =0, 1,.... Formula (4.38) follows from the
residue theorem, since A, =0 is the unique pole of the function
A7 1Y, N(A)M~'(1) in F*. Combining (4.38) with the first [ equalities from
(4.39), we easily obtain the following relationship:

[Yo YoN,_oy -+ YoNo1-TM:%0, —r,—r—0D=[ 0 --- 0],

which implies (4.37) immediately.
A similar formula can be deduced for the left I'-spectral divisor ®(1) =
D+ Y528 @10 of M(A):
col(@)j);-zo =[TMg*;0, =1, —r — ]! -col(éj,1)5~=0, (4.40)

where &, =®¥,(j=1,2,...,r—1) and & =¥, Here ¥,=
[~ ' (DM(D)];=o-

Formula (4.40) may be helpful if one is looking for the factorization
R(A) = W, (A)W_(4) with factors

Wo) =T+ Y5, WM W_() =Yoo W ,A70.
Then (4.40) implies the following identification of W_(4):
(W, W,y - Wol=0 0 -+ 0]-[T(R:':r,0, —r — s)I

One can use formula (4.39) in an analogous way for left canonical factoriza-
tion.
We conclude this section with a simple example.

EXAMPLE 4.6. Let

rRy=niy| 3! —he2
W=+ 5T » 4]1",

and let I" be the unit circle. In the notation used above, in our case r = s = 1. Let us

compute ranks of the matrices T(Rg'; 0,0, —1)and T(Rf!;0, — 1, —2). A computa-
tion shows that det R(A) = (42 — 4)(1 + $171), s0
1 A+2+410 —1 42471
RN = 5 v n -1 3 -1
P-4+ H] —4-2 A—3-2

and, multiplying numerator and denominator by 4,

1 P +20+4 —A+42
R - 1().) = i~ + + 5 Z+ .
A=A+l -41-2 I —-31-1
Since A, = —3 is the only pole of R ~'(1) inside ', we can compute the integrals

1 A
-,,,_pr ‘DdA =01, -1
2ni Jr



4.6. THEOREMS ON TWO-SIDED CANONICAL FACTORIZATION 139

by the residue theorem. It turns out that

I 132 1 1
— | R'"Wydar =] > 3 w—f“R'lx ="
szr ()¢ [ 0o o am) MR WA=l

O i
Lv_J

—lrrrfl"R“(i)d/l: s
2mi Jr 14
So
& 4R )
-1, 1) —
T(Rr":0,0, —1) [ R 0
13 2 13 1]
15 —3 30 3
-1. _ 0 0 0 0
T(Rg';0, =1, =2) = 44 s o
15 3 15 3
1 0 0

It is easily seen that
rank T(RF';0,0, —1) = rank T(R£';0, —1, —=2) = 2,
so according to Theorem 4.15, R(4) admits right canonical factorization. Also,
rank T(R™';0, —1, —=1) = rank T(R™';0, —1, =2) = 2,

so R(A) admits a left canonical factorization as well. (In fact, we shall see later in Theorem
4.18 that for a trinomial R(A) = IA + Ry, + R_,A7! the necessary and sufficient con-
dition to admit canonical factorizations from both sides is the invertibility of

1
— fi‘lR“‘(/l) dA,
27i Jr

which holds in our example.) It is not difficult to write down canonical factorizations for
R(A) using formulas (4.33) and (4.35):

A—2 0 1+t 2
R() =
] S

is a right canonical factorization of R(4), and

| —3-r 35,1 R 12
R(2) = 1314~1 710 -1 15 ’ : 4
#}» 1+—7'/1 /1+7

is a left canonical factorization of R(1). [

|

R

4.6. Theorems on Two-Sided Canonical Factorization

We apply the results of Section 4.4 to obtain criteria for the simultaneous
existence of left and right canonical factorization of a monic rational function.
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The main criterion is the following'

Theorem 4.18. Let R(A) = Y521, A;4 + 14°: T - GL(C") be a monic
rational function, and let q, = max(r, s). Then R(A) admits a right and a left
canonical factorization if and only if the matrix T(Rf';q — 1,0, —q + 1) is
nonsingular for some q > q,. If this condition is satisfied, then T(RF'; q — 1, 0,
—q + 1) is nonsingular for every q > qq.

The proof of Theorem 4.18 is based on the following two lemmas, which

are of independent interest and provide other criteria for two-sided canonical
factorization.

Lemma 4.19. A monic rational function R(A) = Y51, A;X + 1A%
I' > GL(Z") admits a right and a left canonical factorization if and only if the
matrix T(R™';r — 1,0, —r + 1) is nonsingular and one of the two following
conditions holds:

rank T(RF';r — 1,0, —r — s — 1)
=rank T(RFY;r—1, =1, —r —s)=rn (4.41)
or
rank T(RrY;r— 1, —s, —r — s + 1)
=rank T(RF';r — 1, —s, —r —s) = rn. (4.42)

Proof. As usual, we reduce the proof to the case of the monic matrix
polynomial M(1) = A'R(4). Let (X, T, Z) be a standard triple of M (1), and let
(X4, T, Z,)beits part corresponding to the part of 6(M) lying inside I'. As
it follows from Theorem 4.1, the right (resp. left) monic I'-spectral divisor
N(A) (resp. ®(A)) of degree r exists if and only if the matrix col(X , T% )j=}
(resp.the matrix [Z, T,Z, --- T7'Z.])isnonsingular. We therefore
have to establish the nonsingularity of these two matrices in order to prove
sufficiency of the conditions of the lemma. Suppose T(M~'; —1, —r,
—2r + 1) is nonsingular and, for example, (4.41) holds. The decomposition

T(M7'; =1, —r, =2r + 1) = col(X . T ' 79524
[Z. T.Zo - TV'Z,] (443)
(cf. (4.5)) allows us to claim the right invertibility of col(X , 77, );=§. On the
other hand, equality (4.41) implies that

Ker col(X, T, )7-3 = Ker col(X , T/ )2}

holds for every p > r (this can be shown in the same way asin the proof of
Theorem 4.3). But then

Ker[col(X , T/ );28] = Ker[col(X ; T, )iZ5] = {0},
which means invertibility of col(X T/, );2¢. The invertibility of
(z, 1.z, - T7'Z,]
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follows from (4.43). Conversely, suppose that the linear transformations
col( X, Ti)Zg and [Z, Z,T, --- T77'Z,] are invertible. Then by
(4.43) T(Mr ; —1, —r, —2r + 1) is also invertible, and by Theorems 4.15
and 4.16 conditions (4.41) and (4.42) hold. OO

Given a contour I' = € and a monic matrix polynomial M(4): T -
GL(Z"), a closed rectifiable simple contour Z will be called complementary to
I" (relative to M(A))if Zliesin F ~ together with itsinterior,and M(1) e GL(C")
for all points 1 € F~\{o0} lying outside Z. In the sequel we shall use this
notion for rational matrix functions as well.

In the next lemma = denotes a contour complementary to I' (relative to
R(A)).

Lemma 4.20. For a monic rational function R(A) = IA° + ZJ_A, A; M
' > GL(C") to admit simultaneously a right and a left canomcalfactorzzatzon it
is necessary and sufficient that the following condition holds:

(@) in the case r > s, the matrix Tr = T(Rp';r — 1,0, —r + 1) is non-
singular;

(b) in the caser <s, the matrix Te = T(RZY;r — L,r —s,r —2s + 1)
is nonsingular.

Moreover, in case (a), the nonsingularity of T implies the nonsingularity of Tz,
while, in case (b), the nonsingularity of Tz leads to the nonsingularity of Tr.

Proof. Passing, as usual, to the monic polynomial M(A) = A"R(1) of
degree | = r + s, we have to prove the following: M(4) has a right and a left
monic I'-spectral divisor of degree r if and only if, in the case [ > 2r, the
matrix T(M!; —1, —r, —2r + 1) is nonsingular, or, in the case [ > 2r, the
matrix T(Mz'; —1, —(I — r), —=2(I — r) + 1) is nonsingular.

This is nothing but a reformulation of Theorem 4.12. The last assertion of
Lemma 4.20 can be obtained, for instance, by applying Lemma 4.19. O

Note that in fact we can always realize case (a). Indeed, if r < s, regard
R(1) as ZJ__q A;¥ + 1x with A_,=---=A_,_, =0, where ¢ > s is an
arbitrary integer.

Proof of Theorem 4.18. First suppose s < r, and let ¢ be an arbitrary
integer such that g > r. Consider R(A) as ZJ_ . Aj/lj + IXFwithAd_, =--- =
A_,_; = 0. In view of Lemma 4.20 (in case (a)) existence of a two-sided
canonical factorization of R(4) is equivalent to the nonsingularity of
T(RY:q — 1,0, —q + 1).

Supposenow s > r. Considering R(A) as Z;——s A; M4+ IAwithAd_ = -
= A_,_,; = 0,and applying the part of the theorem a]ready proved (the case
s = r), we obtain that R(1) admits a two-sided canonical factorization iff the
matrix T(Rr';q — 1,0, —q + 1) is invertible for some ¢ > 5. [J
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The following corollary from Theorem 4.18 is also of interest.

Corollary 4.21. Let M(A) = 1A' + Y'Z4 M;): T - GL(C") be a monic
matrix polynomial. Then o(M) N F* = Qif and only if the matrix T(M™1;
q — 1,0, —q + 1) is nonsingular for some integer q > 1.

Proof. Regard M(4) as a monic rational function with r =0, and
note that M(A) admits a two-sided canonical factorization if and only if
aM)nFt=0¢. 0O

4.7. Wiener-Hopf Factorization for Matrix Polynomials

We continue to use notations introduced in Section 4.5. A continuous and
invertible n x n matrix function H(1) (A€ I') is said to admit a right Wiener—
Hopf factorization (relative to I') if the following representation holds:

P 0
Hy = .| * ' H.() (el (4.44)
0o

where H ,(A),(H(A)) ' e C*(");H_(A),(H_(A))"'eC (IN,andk, <--- <
K, are integers (positive, negative, or zeros). These integers are called right
partial indices of H(A). Interchanging the places of H, (A) and H _(A) in (4.44),
we obtain left factorization of H(A). So the left Wiener—Hopf factorization is
defined by

A 0

Hhy =m0 H.() (Ael) (445
0 L

where H'.(A), (H',(A)) " 'e C*(I); H_(X), (H_(A))"'e C"(T),and ; < ---
< k, are integers (in general they are different from k,,..., k,), which
naturally arecalled left partial indices of H(A). For brevity, the words “Wiener—
Hopf” will be suppressed in this section (so “right factorization” is used
instead of “right Wiener—Hopf factorization”).

In the scalar case (n = 1) there exists only one right partial index and only
one left partial index; they coincide (because of the commutativity) and will
be referred to as the index (which coincides with the winding number intro-
duced in Section 4.5) of a scalar function H(A). Note also that the canonical
factorizations considered in Sections 4.5-4.6 are particular cases of (right or
left) factorization; namely, when all the partial indices are zero. As in the case
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of canonical factorization, right factorization of H(A) is equivalent to left
factorization of H'(1). So we shall consider mostly right factorization, bearing
in mind that dual results hold for left factorization.

First we make some general remarks concerning the notion of right
factorization (relative to I'). We shall not prove these remarks here but refer to
[25, Chapter VIII], (where Wiener—-Hopf factorization is called canonical)
for proofs and more detail. The factors H (1) and H_(4) in (4.44) are not
defined uniquely (for example, replacing in (4.44) H,(4) by aH,(4) and
H_(1) by « 'H_(1), «e €\ {0}, we again obtain a right factorization of
H(A)). But theright factorization indices are uniquely determined by H(A),i.¢.,
they do not depend on the choice of H , (1) in (4.44). Not every continuous
and invertible matrix-function on I" admits a right factorization; description
of classes of matrix-functions whose members admit a right factorization, can
be found in [25]. We shall consider here only the case when H(A) is a matrix
polynomial; in such cases H(A) always admits right factorization provided
det H(A) # Oforall AeT.

We illustrate the notion of factorization by an example.

1 A
H(A) =
W=y 1]
and I be the unit circle. Then

H(“:[—? ﬂ[g 2][;1 ?]

is a right factorization of H(1), with

0 1 10
H+(A)=[_1 ).] and H‘(’DZ[A-] 1]'

ExXAaMPLE 4.7. Let

The right partial indices are k; = k, = 1. A left factorization of H(4) is given by
1 A Y[t o
HQA) = ,
o=l 4l 2
where
1 -1
() = ., H.) =L
H_(4) [0 : ] +(A)

The left partialindices are k; = 0, x5 = 2. [

This example shows that in general left and right partial indices are
different. But they are not completely independent. For instance, the sums
Yi_ ik and Y7, k} of all right partial indices k; < --- < k, and all left
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partialindices k', < --- < k;,, respectively, coincide. This fact is easily verified
by taking determinants in (4.44) and (4.45) and observing that ) 7_, k;, as
well as Z}'z 1 ki, coincides with the index of det H(A).

Now we provide formulas for partial indices of matrix polynomials
assuming, for simplicity, that the polynomials are monic.

To begin with, consider the linear case L(A) = IA — A. Let A = diag[4,,
A,] be a block representation where the eigenvalues of 4, are in F* and the
eigenvalues of A, are in F~. Then the equality

I 0 J[M O][I—2'4, 0
Ih— A=
A [0 IA—AZ:I[O 1][ 0 1]

is a right factorization of 1A — A and the partial indices are (0,0, ..., 0, I,
I, ..., 1), where the number of ones is exactly equal to rank A,(= rank
Im [r (1A — A)™' dA). For a matrix polynomial, this result can be generalized
as follows.

Theorem 4.22. Let L(A) be a monic matrix polynomial of degree m with
det L(1) # O for AeI'. Then for the right partial indices k; < kK, < -+ < K,
of L(A) the following equalities hold

kKi={jln+ri_y—r<i—1j=12...,m| i=12...,n),

where
B_., B_, - B_,

r; = rank sz Bf‘ B‘:"’” : B_jz%mfrlf"L‘l(l)di
B_; B_j_y -+ B_j .,

and | Q| denotes the number of elements in the set Q.

The same formulas for ; hold in case I'" is the unit circle and the B; are the
Fourier coefficients of L™!(4):

LW = i ¥B; (1A = 1).

j=—wo

In some special cases one can do without computing the contour integrals,
as the following result shows.

Theorem 4.23. Suppose that all the eigenvalues of L(A) = Y7_o A; X
(A,, = I) are inside T and L(0) = I. Then

Kj=|{i|n+qi—1 “CI;SJ_ 191= 1,2,...,}’1}'
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where
PCY 0 1 0
PC\‘+1 : : :
9 = rank : . C = 0 0 1l
Pcv+i—l —Am _Am—l —-‘,41

v > 0 is the minimal integer for which rank C® = rank C**!, and P is the
projector on the first n coordinates.

In fact, the assumption that L(4) be monic is not essential in Theorems
4.22 and 4.23 and they hold for any matrix polynomial, whose spectrum does
not intersect I'. For the proofs of Theorems 4.22 and 4.23 we refer to [36e]
(see also [35b]).

Comments

The results of Sections 4.1 and 4.4 originated in [34b, 36b]. Theorem 4.2
(without formulas for the divisor) is due to Lopatinskii [58]; however, his
proof is quite different. Formula (4.3) appears for the first time in [36b].
Section 4.2 is based on the paper [52f]. Theorem 4.6 was first proved in [56c],
although historically results like Corollary 4.7 began with the search for
complete sets of linearly independent generalized eigenvectors, as in [S56b].
Sufficient conditions for the existence of a right divisor of degree one found by
methods of nonlinear analysis can be found in [54] as well as references to
earlier works in this direction. Lemma 4.9 is taken from [10] and Theorem
4.10 was suggested by Clancey [13].

Sections 4.5 and 4.6 are based on [36b], where analogous results are
proved in the infinite dimensional case. The problems concerning spectral
factorization for analytic matrix and operator functions have attracted much
attention. Other results are available in [36b, 61a, 61b, 61c]. A generalization
of spectral factorization, when the spectra of divisor and quotient are not
quite separated, appears naturally in some applications ([3c, Chapter 6]).

The canonical factorization is used for inversion of block Toeplitz
matrices (see [ 25, Chapter VIII]). It also plays an important role in the theory
of systems of differential and integral equations (see [3c, 25, 32a, 68]).

Existence of a two-sided canonical factorization is significant in the anal-
ysis of projection methods for the inversion of Toeplitz matrices (see [25]).

The last section is based on [36a]. For other results connected with
Wiener-Hopf factorization and partial indices see [36c, 36d, 70c, 73]. More
information about partial indices, their connection with Kronecker indices,
and with feedback problems in system theory can be found in [21, 35b].

Extensions of the results of this chapter to the more general case of
spectral divisors, simply behaved at infinity, and quasi-canonical factoriza-
tion in the infinite dimensional case are obtained in [36¢, 36d].



Chapter 5

Perturbation and Stability of Divisors

Numerical computation of divisors (using explicit formulas) leads in a
natural way to the analysis of perturbation and stability problems. It is
generally the case (but not always) that, if the existence of a right divisor
depends on a “splitting” of a multiple eigenvalue of the parent polynomial,
then the divisor will be practically impossible to compute, because random
errors in calculation (such as rounding errors) will “blow up” the divisor.
Thus, it is particularly important to investigate those divisors which are
“stable” under general small perturbations of the coefficient matrices of L(4).
This will be done in this chapter (Section 5.3).

More generally, we study here the dependence of divisors on the coef-
ficients of the matrix polynomial and on the supporting subspace. It turns out
that small perturbations of the coefficients of the parent polynomial and of the
supporting subspace lead to a small change in the divisor. For the special
case when the divisor is spectral, the supporting subspace is the image of a
Riesz projector (refer to Theorem 4.1) and these projectors are well known to
be stable under small perturbations. Thus, small perturbations of the poly-
nomial automatically generate a smallchangein the supporting subspace,and
therefore also in the divisor. Hence spectral divisors can be approximately
computed. Generally speaking, nonspectral divisors do not have this property.
The stable divisors which are characterized in this chapter, are precisely those
which enjoy this property.

146
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We also study here divisors of monic matrix polynomials with coef-
ficients depending continuously or analytically on a parameter. We discuss
both local and global properties of these divisors. Special attention is paid to
their singularities. The interesting phenomenon of isolated divisors is also
analyzed.

5.1. The Continuous Dependence of Supporting Subspaces and
Divisors

With a view to exploring the dependence of divisors on supporting sub-
spaces, and vice versa, we first introduce natural topologies into the sets of
monic matrix polynomials of fixed size and degree.

Let 2, be the class of all n x n monic matrix polynomials of degree k. It is
easily verified that the function o, defined on 2, x 2, by
k-1 . k—1
2 BM’) = % IB; — Bi (5.0

k—1

ak<M" + Y BAL I+
i=0 i=0

is a metric, and 2, will be viewed as the corresponding metric space.

Let .« be the class of all subspaces in ™. We consider .« also as a metric
space where the metric is defined by the gap 0(.#, /") between the subspaces
M, N e C" (see Section S4.3).

For a monic matrix polynomial L(A) = IA' + Y26 A;/V (4, are n x n
matrices) recall the definition of the first companion matrix C:

0 1 0 0
0 0 1 0
Co=1| : : : :
0 0 0 1
-4, -4, —-A, - —A,

Consider the set #~ < .o/ x 2, consisting of pairs {.#, L(A)} for which .#
is an invariant subspace in €™ for the companion matrix C; of L. This set %~
will be called the supporting set and is provided with the metric induced from
o/ x P, (soan e-neighborhood of {.#, L} € # consists of all pairs {.#, L} €
9" for which O(4, #) + o(L, L) < ¢).

Then define the subset #", = # consisting of all pairs {#, L(A)}, where
L(A) e 2, and . is a supporting subspace (with respect to the standard pair
(1 0 --- 0], Cy) of L(A); see Section 1.9), associated with a monic right
divisor of L of degree k. The set #7, will be called the supporting set of order k.
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Theorem 5.1. The set #  isopenin W .
Proof. Definethesubspace%,_, of €" by theconditionx = (x,,...,x;) €

%,_, if and only if x; = --- = x, = 0. Suppose that .# is a supporting
subspace for L(A); then by Corollary 3.13, {#, L(A)} € #°, if and only if
,/% + gj,_k = @nl.

Now let (.#, Lye %, and let (.4, L)e # be in an e-neighborhood of
(#, L). Then certainly 0(.#, /) < &. By choosing ¢ small enough it can be
guaranteed, using Theorem S4.7, that .7 + %, _, = €. Consequently, .4 is a
supporting subspace for L and (.#, L)ye #,. O

We pass now to the description of the continuous dependence of the
divisor and the quotient connected with a pair (#,L)e #}. Define a
map F: W, - ?,_, x P, in the following way: the image of (#, L)e W', is
to be the pair of monic matrix polynomials (L,, L,) where L, is the right
divisor of L associated with .# and L, is the quotient obtained on division of
L on theright by L. It is evident that F, is one-to-one and surjective so that
the map F, ! exists.

For (L,, L,),(L,,L,)e 2,_, x 2, put

p((Ly, L)), (Ly, L)) = 0, (L, Ly) + oLy, L)),

where o; isdefined by (5.1);s0 2,_, x 2, is a metric space with the metric p.
Define the space 2, to be the disconnected union: 2, = ( JiZ} (2, x 2.
In view of Theorem 5.1, the space #°y = | J;Z} #", is also a disconnected
union of its subspaces #7, ..., #,_,. The map F between topological spaces
# o and 2, can now be defined by the component maps F, ..., F,_,,and F
will be invertible.

If X,, X, are topological spaces with metrics p;, p,, defined on each
connected component of X; and X,, respectively, the map G: X; —» X, is
called locally Lipschitz continuous if, for every x € X,, there is a deleted
neighborhood U, of x for which

sup (p2(Gx, Gy)/py(x, y)) < 0.

yeUx

Theorem 5.2. The maps F and F~ " are locally Lipschitz continuous.
Proof. 1t is sufficient to prove that F, and F, ! are locally Lipschitz

continuous fork = 1,2,...,1 — 1. Let (A, L)e #", and
Fk(”%a L) = (LZa Ll)

Recall that by Theorem 3.12 the monic matrix polynomial L,(4) has the
following representation:

Li(A) = I¥ — XCK(W, + Wyd + - + WAV, (5.2)
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where X =[1 0 --- 0], W,,..., W, are nk x n matrices defined by the
equality
W Ml= Q)™ (5.3)
and Q, =[{,, O] is a kn x [n matrix. In order to formulate the analogous
representation for L,(A), let us denote Y=[0 --- 0 I]', R_, =
[Y C.Y -.- Ci7* 'Y]. Let P be the projector on
ImR,_,={x=(,...,x)eC"|x; =+ =x, =0}

along .#, Then (Corollary 3.18)
Ly(A)=IN"%—(Z, + Z,A+ -+ Z,_ A7 HPC*PY,  (54)
where
Zl
Zl—k

(in the last equality R,_, is considered as a linear transformation from
¢"'~R into Im R,_,; with this understanding the inverse R,_}:Im R,_,
- "R exists).

To prove the required continuity properties of Fy: # ', - 2,_, x P, itis
necessary to estimate the distance between pairs (L,, L,), (L,,L;) in
P,_x X P, using the metric p defined above. Note first that if P, is the
projector on .# along Im R,_,, then P = I — P, (the projector appearing in
(5.4)), and that (Qy|«)~' = P.4Cy in (5.3), where C,;: €*" - €™ is the im-
bedding of €*" onto the first kn components of €'". Then observe that in the
representations (5.2) and (5.4) the coefficients of L, and L, are uniformly
bounded in some neighborhood of (.#, L). It is then easily seen that in order
to establish the continuity required of F, it is sufficient to verify the assertion:
for a fixed (A, L) € # ' there exist positive constants ¢ and C such that, for any
subspace A" satisfying 0(.#, .#") < ¢, it followsthat 4" + Im R,_, = €™ and

12w — Pyl < COCM, N,

where P, is the projector of €™ on .4 along Im R,_,. But this conclusion can
be drawn from Theorem S4.7, and so the Lipschitz continuity of F, follows.

To establish the local Lipschitz continuity of F, ' we consider a fixed
(L,,L)e?,_, x #,.Itis apparent that the polynomial L = L, L, will be a
Lipschitz continuous function of L, and L, in a neighborhood of the fixed
pair. To examine the behavior of the gap between supporting subspaces
associated with neighboring pairs we observe an explicit construction for P ,
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the projection on.# along Im R, _, (associated with the pair L,, L,). In fact,
P, has the representation

I 0
P, = =
Al [F O:I, F

with respect to the decomposition €™ = ¢ @ ¢~ M where P, =
[l 0 --- 0]. Indeed, P, given by (5.5) is obviously a projector along
Im R,_,. Let us check that Im P , = .#. The subspace .# is the supporting
subspace corresponding to the right divisor L,(4) of L(4); by formula (3.23),
A = Im col(P,C} )iZ§ = Im P, .

The local Lipschitz continuity of P, as a function of L, is apparent from
formula (5.5).

Given the appropriate continuous dependence of L and P, the con-
clusion now follows from the left-hand inequality of (S4.18) in Theorem S4.7.

O

P,C,
S (5:3)
P,Ci!

Corollary 5.3. Let L(A, p) = Y128 A(wA' + 1A' be a monic matrix
polynomial whose coefficients A(1) depend continuously on a parameter p in an
openset & of the complex plane. Assume that there exists for each u € < a monic
rightdivisor L(A, u) = Y ¥_o B(w)A of Lwithquotient L,(4, u) = Y 12X Ci(u) .
Let A (u) be the supporting subspace of L with respect to C; and corresponding
toL,.

(1) If A (p) is continuous on & (in the metric 0), then both L, and L, are
continuous on 9.

(i) Ifoneof Ly, L, is a continuous function of 1 on 9, then the second is
also continuous on 9, as is A ().

Proof. Part (i) follows immediately from the continuity of (.#, L) and of
Fsince (L,, L,) is the image of the composition of two continuous functions.

For part (ii) suppose first that L, is continuous in g on 2. Then, using (5.5)
it is clear that .#(u) = Im P, ) depends continuously on . The continuity
of L, follows as in part (i). [J

5.2. Spectral Divisors: Continuous and Analytic Dependence

We maintain here the notation introduced in the preceding section.

We now wish to show that, if .# corresponds to a I'-spectral divisor of L
(see Section 4.1), then there is a neighborhood of (.#, L) in #", consisting of
pairs (.#, L) for which the spectral property is retained. A pair (#, L) for
which .# corresponds to a I'-spectral divisor of L will be said to be I'-spectral.
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Recall (Theorem 4.1) that for a I'-spectral pair (.#, L)€ #" we have

M= Im(L. J(M - Cp) ! di).
2ni Jr

LemmaS5.4. Let (.#,L)e # be I'-spectral. Then there is a neighborhood
of (4, L)in W consisting of I'-spectral pairs.

Proof. Let Lye 2, and be close to L in the ¢ metric. Then C;, will be
close to C; and, therefore, L, can be chosen so close to L that 11— C, is
nonsingularfor all A € I'. (This can be easily verified by assuming the contrary
and using compactness of I" and continuity of det(/A — C,, ) as a function of 4
and C, .) Let A be a closed contour which does not intersect with I' and
contains in its interior exactly those parts of the spectrum of L which are
outside I'. Then we may assume L, chosen in such a way that the spectrum of
L, also consists of two parts; one part inside I" and the other part inside A.

Define 4", A y,.# , to be the images of the Riesz projectors determined by
(A, L), (A, Ly), and (T, L), respectively, i.e.,

N = Im(~1—, f (Ir—-cp! di),
270 Ja

1
Ao =1Im L‘J(IA—CL)'Idl, My = Im ——,J‘(M——CLO)_ld/l.
270 Ja 0 2ni Jr

Then . # + N = . Wy + Ny =C", (M,, Ly) is T-spectral, and if L, - L
then .#, — .# (the latter assertion follows from Theorem S4.7).

Now let (.#,, Ly)€ # be in a neighborhood % of (.#,L). We are
finished if we can show that for % small enough, .#, = .#,. First, % can
be chosen small enough for both L, to be so close to L (whence . #, to .#) and
.#,tobesocloseto.#,that .#, and .# , are arbitrarily close. Thus the first
statement of Theorem S4.7 will apply and, if % is chosen small enough, then
M+ Ny =C".

Now ./ invariant for C; implies the invariance of .#, for the projector

1
PO = 7J~(11 - CLO)_I d/l
2w Jr

Since Ker Py, = Ay, and .#, n A, = {0}, the P,-invariance of . #Z, implies
that .#, < Im P, = .#,. But since ./, is a common direct complement to
Moand . #,,dim .#, = dim .#, and therefore . #, = .#,. [

Theorem 5.5. Let (.#,L)e # ' be I'-spectral. Then there is a neighbor-
hood of (.#, L) in #~ consisting of I'-spectral pairs from #'.

Proof. This follows immediately from Theorem 5.1 and Lemma 5.4. [
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The following result is an analytic version of Theorem 5.5. Assume that a
monic matrix polynomial L(A) has the following form:
-1
LA, ) = I + ) A4, (5.6)
i=0
where the coefficients A (u), i =0,...,1 — 1 are analytic matrix-valued
functions on the parameter y, defined in a connected domain Q of the complex
plane.

Theorem 5.6. Let L(A, u) be a monic matrix polynomial of the form (5.6)
with coefficients analytic in Q. Assume that, for each u € Q, there is a separated
part of the spectrum of L, say o,, and a corresponding I' -spectral divisor
L (A, p) of L(4, pt). Assume also that, for each uy € Q, there is a neighborhood
U(po) such that, for each pe U(u,), 0, is inside T,

Then the coefficients of L{(A, u) and of the corresponding left quotient
L,(A, p) are analytic matrix functions of u in Q.

Proof. The hypotheses imply that, for ue U(y,), the Riesz projector
P(u) can be written

1 N 1 _
P(/,t) = 2— f {Ii — CL(',u)} ! dA = - {I/{ - CL('»#)} 1 d/l
1) T,

2ni Jy,

from which we deduce the analytic dependence of P(u) on u in U(u,). Let
A (1) = Im P(u) be the corresponding supporting subspace of L(A, ut). By
Theorem S6.1, there exists a basis x, (1), . .., x,(1) (9 = nk) in .#(u)for every
weQ, such that x; (i), i = 1,...,q are analytic vector functions in ueQ.
Now formulas (5.2) and (5.3) (where Q, | ,, is considered as matrix representa-
tion in the basis x,(u), ..., x,(u)) show that L(4, 1) is analytic for u e Q.
The transpose (L,(4, u))' to the left quotient is the right spectral divisor of
(L(A, w)" corresponding to the separate part o(L)\o, of a(L). Applying the
above argument, we find that (L,(4, x))", and therefore also L,(4, p), is an
analytic function of u. [J

5.3. Stable Factorizations

In Section 5.2 it was proved that small perturbations of a polynomial lead
to small pertubations in any spectral divisor. In this section we study and
describe the class of all divisors which are stable under small perturbations.
We shall measure small perturbations in terms of the metric ¢, defined by
(5.1).

Suppose L, L, and L, are monic n x n matrix polynomials of (positive)
degree [, r, and g, respectively, and assume L = L, L,. We say that this
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factorization is stable if, given ¢ > 0, there exists 6 > 0 with the following
property: if L'e 2, and a,(L’, L) < §, then L’ admits a factorization L' =
L5 L} such that L) € 2,, L, € 7, and

O-r(L,h Ll) <g, o-q(L’27 LZ) <eé&

The aim of this section is to characterize stability of a factorization in
terms of the supporting subspace corresponding to it. Theorem 5.5 states that
any spectral divisor is stable. However, the next theorems show that there also
exist stable divisors which are not spectral.

First, we shall relate stable factorization to the notion of stable invariant
subspaces (see Section S4.5).

Theorem 5.7. Let L, L, and L, be monic n x n matrix polynomials and
assume L = L, L. This factorization is stable if and only if the corresponding
supporting subspace ( for the companion matrix C; of L) is stable.

Proof. Let [ bethe degree of L and r that of L, and put C = C,. Denote
the supporting subspace corresponding to the factorization L = L, L, by ./Z.
If ./ is stable for C then, using Theorem 5.2, one showsthat L = L, L, isa
stable factorization.

Now conversely, suppose the factorization is stable, but .# is not. Then
there exists ¢ > 0 and a sequence of matrices {C,,} converging to C such that,
forall v €Q,,

0, #)=e m=12.... (5.7)
Here {Q,} denotes the collection of all invariant subspaces for C,,. Put
Q = col(d;,I)i—, and
S,=col(QCL- MY, m=12....
Then {S,,} converges to col(QC'~!)!_,, which is equal to the unit nl x nl

matrix. So without loss of generality we may assume that S,, is nonsingular
for all m, say with inverse S,,' = row(U,,;)i—,. Note that

U, = col(8;; i1, i=1,...,1L (5.8)
A straightforward calculation shows that S,,C,,S,, ! is the companion matrix
associated with the monic matrix polynomial
-1
L,(A) = AT = Y ¥QC, U, 1.
i=0
From (5.8) and the fact that C,, — C it follows that ¢,(L,,, L) — 0. But then we
may assume that for all m the polynomial L,, admits a factorization L,, =
L,,L,, withL,,e?,, L,,e?_,, and

Gr(L Ll) - 07 O-l-r(LmZ’ LZ) - 0.

ml>
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Let .#,, be the supporting subspace corresponding to the factorization L,, =
L,.> L,,;- By Theorem 5.2 we have O(4,,, #) — 0. Put ¥, = S, ' #,,. Then
¥ . 1s an invariant subspace for C,,. In other words 77, € Q,,. Moreover, it
followsfromS,, — I that6(¢",,, .#,,) — 0.(This can be verified easily by using,
forexample, equality (S4.12).) But then 6(¢",,, .#) — 0. This contradicts (5.7),
and the proof is complete. []

We can now formulate the following criterion for stable factorization.

Theorem 5.8. Let L, L,, and L, be monic n x n matrix polynomials and
assume L = L, L. This factorization is stable if and only if for each common
eigenvalue Ay of Ly and L, we have dim Ker L(4,) = 1.

In particular, it follows from Theorem 5.9 that for a spectral divisor L; of
L the factorization L = L, L, is stable. This fact can also be deduced from
Theorems 5.5 and 5.2.

The proof of Theorem 5.8 is based on the following lemma.

o[ 4

0 A4,
be a linear transformation from €™ into C™, written in matrix form with respect
to the decomposition €™ = C™ @ €™ (my + m, = m). Then €™ is a stable

invariant subspace for A if and only if for each common eigenvalue A, of A, and
A, the condition dim Ker(AoI — A) = 1 is satisfied.

Lemma 5.9. Let

Proof. It isclear that €™ is an invariant subspace for 4. We know from
Theorem S4.9 that €™ is stable if and only if for each Riesz projector P of A
corresponding to an eigenvalue A, with dim Ker(4,1 — 4) > 2, we have
PC™ = 0or PC™ = ImP.

Let P be a Riesz projector of 4 corresponding to an arbitrary eigenvalue
Ao- Alsofori = 1, 2 let P; be the Riesz projector associated with 4; and 4,.
Then, for ¢ positive and sufficiently small

1

P, —f (IA— A) A1 — Ay)" 1 dA
P = 2mi |A—=20l=¢ .

0 P,

Observe that the Laurent expansion of (I1 — 4;)"! (i = 1, 2) at 1, has the
form
-q

(1}. - 141')41 = Z (l - A’O)jPlQlel + MY l = 1’ 2’ (5'9)

i==1
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where Q,; are some linear transformations of Im P; into itself and the ellipsis
on the right-hand side of (5.9) represents a series in nonnegative powers of
(A — Ap). From (5.9) one sees that P has the form

p— P, PQ,+ QP

where Q, and Q, are certain linear transformations acting from €™ into
¢™. 1t follows that PC™ # {0} # Im P if and only if A, € 6(4,) N 0(A4,).
Now appeal to Theorem S4.9 (see first paragraph of the proof) to finish the
proof of Lemma 5.9. [J

Proof of Theorem 5.8.  Let .# be the supporting subspace corresponding
to the factorization L = L, L. From Theorem 5.7 we know that this factori-
zation is stable if and only if . Z is a stable invariant subspace for C, . Let [ be
the degree of L, let r be the degree of L, and let

‘/Vr = {(xl,...,x,)e@"’|xl = - =Xr=0}.

Then " = .4 @ N,.
With respect to this decomposition we write C; in the form

C, =
€= < 0 C2>'
From Corollaries 3.14 and 3.19 it is known that o(L,) = ¢(C,) and

a(L,) = a(C,). The desired result is now obtained by applying Lemma 5.9.
O

5.4. Global Analytic Perturbations: Preliminaries

In Sections 5.1 and 5.2 direct advantage was taken of the explicit de-
pendence of the companion matrix C;, for a monic matrix polynomial L(4) on
the coefficients of L(4). Thus the appropriate standard pair for that analysis
was ([I O --- 0], Cp). However, this standard pair is used at the cost of
leaving the relationship of divisors with invariant subspaces obscure and, in
particular, giving no direct line of attack on the continuation of divisors from a
point to neighboring points.

In this section we shall need more detailed information on the behavior of
supporting subspaces and, for this purpose, Jordan pairs X ,, J, will be used.

w Y
Here the linearization J, is relatively simple and its invariant subspaces are
easy to describe. Let Ay(u), ..., 4, ,(u) be analytic functions on a connected

domain Q in the complex plane taking values in the linear space of complex
n x n matrices. Consider the matrix-valued function
-1

LA, p) = 12"+ Z A2 (5.10)

i=0
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Construct for each pe Q a Jordan pair (X, J,,) for L(4, ). The matrix
J, is in Jordan normal form and will be supposed to have r Jordan blocks
J}f’ of size q;, i = 1, ..., r with associated eigenvalues A,(#) (not necessarily
distinct). In general, r and g; depend on p. We write J,, = diag[J{", ..., JP].
Partition X , as

X, =[X® .. x0,

where X has g; columns and each submatrix represents one Jordan chain.

Since (X, J,) is also a standard pair for L(4, u), and in view of the
divisibility results (Theorem 3.12), we may couple the study of divisors of
L(4, ) with the existence of certain invariant subspaces of J,,. We are now to
determine the nature of the dependence of divisors and corresponding
subspaces on u via the fine structure of the Jordan pairs (X, J ).

In order to achieve our objective, some important ideas developed in the
monograph of Baumgirtel [S] are needed. The first, a “global” theorem
concerning invariance of the Jordan structure of J, follows from [5, Section
V.7, Theorem 1]. It is necessary only to observe that J, is also a Jordan form
for the companion matrix

0 1 o - 0
0 0 1 0
Cyp) = : E : : : (5.11)
0 0 0 I
—Ao(1) —Aa2(w) =AW

to obtain

Proposition 5.10.  The matrix-valued functions X,,, J, can be defined on Q
in such a way that, for some countable set S| of isolated points in €, the following
statements hold:

(@) Forevery ue Q\S, the number r of Jordan blocks in J , and their sizes
415 - - - » 4, are independent of p.

(b) Theeigenvalues A,(p),i = 1, ..., r,are analytic functions in Q\S, and
may have algebraic branch points at some points of S,.

(¢) Theblocks Xff), i=1,...,r0f X, are analytic functions of u on Q\ S,
which may also be branches of analytic functions having algebraic branch points
at some points of S;.

The set S, is associated with Baumgirtel’s Hypospaltpunkte and consists
of points of discontinuity of J,in Q as well as all branch points associated with
the eigenvalues.
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Let Zj(u), j=1,2,...,t, denote all the distinct eigenvalue functions
defined on Q\ S, (which are assumed analytic in view of Proposition 5.10),
and let

Sy = (e Q\S,| () = A (u)for some i # j}.

The Jordan matrix J, then has the same set of invariant subspaces for every
neQ\(S; U S,). (To check this, use Proposition S4.4 and the fact that, for
o, € €, matrices J, — ol and J, — BI have the same invariant subspaces.)
The set S, consists of multiple points (mehrfache Punkte)in the terminology of
Baumgirtel. The set S; U S, is described as the exceptional set of L(A, i) in Q
and is, at most, countable (however, see Theorem 5.11 below), having its limit
points (if any) on the boundary of Q.

EXAMPLE 5.1.  Let L(4, i) = A% 4+ ud + w? for some constant w, and Q = €. Then

J +w 1
+2w — 0 i‘W

and, for p # +2w, J, = diag[A,(u), 1,(1)] where A, , are the zeros of A* + pd + w?,
Here, S, = {2w, —2w}, S, = ¢. O

ExXAMPLE 5.2. Let
A-1DA—-p 0 }

Mo = [ p G- 20— )

and Q = €. The canonical Jordan matrix is found for every p € € and hence the sets S,
and S,. For u¢{0,2, +1, +./2},

J, = diag{u, 12, 1,2}.

Then

[ S}
N =
Iu_.l
—
N
o

Jo = diag[0, 0, 1, 2], J, = diag{[

1
. 11 .
J_o = dlag{[o 1], —1,2}, J, =diag 4]0
0
) 2 1 -
Jia = dlag{[o 2], I, £ 2},

It follows that §;, = {+1, 2, iw’ri}, S, = {0} and, for ue Q\S,,

C[w=2u-1 0 1—-p> 0
N N
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5.5. Polynomial Dependence

In the above examples it turns out that the exceptional set S; U S, is
finite. The following result shows it will always be this case provided the
coefficients of L(4, p) are polynomials in p.

Theorem S5.11. Let L(A, 1) be given by (5.10) and suppose that A;(u) are
matrix polynomials in 1 (Q = €),i = 0,...,1— 1. Then the set of exceptional
points of L(A, 1) is finite.

Proof. Passing to the linearization (with companion matrix) we cansup-
pose L(4, p) is linear: L(4, u) = IA — C(n). Consider the scalar polynomial

SO, ) = detdh — C(w) = A" + a,_ (A" + -+ + ao(k)

where n is the size of C(u), and au) are polynomials in u. The equation

SA,w=0 (5.12)

determines n zeros A,(w), . . ., A,(1). Then for pin €\ S, (S is some finite set)
the number of different zeros of (5.12) is constant. Indeed, consider the
matrix (of size 2n — 1) x (2n — 1) and in which a,, a,, ..., a,_; depends
on )

[ 1 a,_q a,_o a; ay 0 0
0 1 a,.q e a, a, a,
0
0 01 () [ a3 a
n (n-la,; (n-2)a,_p--- a, 0 0 0 < (5.13)
0 n (n-1)a,_y - 2a, a, 0
0
L 0 0 n (n-la, _, a;

The matrix M(u) is just the resultant matrix of f(4, ) and df (4, w)/0A, con-
sidered as polynomials in A with parameter y, and det M(y) is the resultant
determinant of f(4, ;) and df (4, p)/0A. (See, for instance [78, Chapter XII] for
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resultants and their basic properties.) We shall need the following property of
M(p):

rank M(y) = 2n + 1 — n(u),

where n(u) is the number of common zeros (counting multiplicities) of
f (A, w)and of (A, w)/dA (see [26]). On the other hand, n = n(u) + o(u), where
o(u) is the number of different zeros of (5.12); so

rank M(u) = n + 1 + a(p). (5.14)
Since C(u) is a polynomial in z, we have

rank M(u) = max rank M(p), neC\Ss, (5.15)

ne¢
where S is a finite set. Indeed, let uy € ¢ be such that

def

rank M(u,) = max rank M(u) = r,

neq

and let M y(u) be an r x r submatrix of M(u) such that det M(ug) # 0. Now
det My(w) is a nonzero polynomial in g, and therefore has only finitely many
zeros. Since rank M(u) = r provided det M(u) # 0, equality (5.15) follows.
By (5.14) the number of different zeros of (5.12) is constant for ue €\S;.
Moreover, o(u;) < a(u,) for ; € S3 and p, € €\S;.

Consider now the decomposition of f(4, ) into the product of irreducible
polynomials

where f(4, u) are polynomials on A whose coefficients are polynomials in u
and the leading coefficient is equal to 1; moreover, fi(A, u) are irreducible.
Consider one of the factors in (5.16), say, f,(4, w). It is easily seen from the
choice of S; that the number of different zeros of f;(4, u) is constant for
ne C\S;. Let A,(w), ..., A(n), ue C\S; be all the different zeros of equation
fi(4, u) = 0. For given A(w), i = 1,...,s and for given j = 1, 2, ..., denote

vi(u) = rank(A(w)I — C(w)y for pe\S;.

Let us prove that v;;(u) is constant for u € (C\S3)\S;;, where S;; is a finite set.
Indeed, let

v;; = max rank (A(u)I — C(n)y,

ij
ned\Ss
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and let po = po(i, j) € €\S; be such that v;(uo) = v;;. Let A;4(4, u) be a
square submatrix of (IA — C(w)) (of size v;; x v;;) such thatdet 4;(A:(uo), Ho)
# 0. We claim that

det AifA(u). 1) # 0 (5.17)

fork =1,2,..., s(soinfact v;;does not depend on i). To check (5.17) we need
the following properties of the zeros 4,(u), ..., A(u): (1) A(w) are analytic in
C\S3; (2) Ay(p),..., A(u) are the branches of the same multiple-valued
analytic function in €\S;; i.e., for every ue €\S; and for every pair A,(u),
A1) of zeros of f(4, u) there exists a closed rectifiable contour I' = €\ S,
with initial and terminal point u such that, after one complete turn along T,
the branch 4,(u) becomes A,(u). Property (1) follows from Proposition 5.10(b)
taking into account that the number of different zeros of f; (4, u) is constant in
C\S;. Property (2) follows from the irreducibility of f;(4, &) (this is a well-
known fact;see,forinstance [63, Vol. III, Theorem 8.227). Now suppose (5.17)
does not hold for some k; so det A;i(4(u), u) = 0. Let I" be a contour in
C\S; such that p, € I' and after one complete turn (with initial and terminal
point u,) along I', the branch A,(u) becomes A,(u). Then by analytic con-
tinuation along I' we obtain det 4;;(4(u), fo) = 0, a contradiction with the
choice of uy. So (5.17) holds, and, in particular, there exists ug = ug(i, j) €
¢\S; such that

det A (Lto). o) # 0. k=1,....5. (5.18)

(For instance, ug can be chosen in a neighborhood of y,))
Consider now the system of two scalar polynomial equations

fid, ) =0,
det A;(4, u) = 0. (5.19)

(Here i and j are assumed to be fixed as above.) According to (5.18), for
i = o this system has no solution. Therefore the resultant R;(u) of f,(4, )
and det 4,;(4, p) is not identically zero (we use here the following property of
R; (1) (see [ 78, Chapter XII]): system (5.19) has a common solution Afor fixed
p if and only if R;(u) = 0). Since R;{(u) is a polynomial in g, it has only a
finite set S;; of zeros. By the property of the resultant mentioned above,

viw) =v;  forevery pe(C\S3)\S;;,

as claimed.

Nowlet Ty = ( Ji—; (Ji=; Sijandlet T = | Ji_, T,,where T,, ..., T, are
constructed analogously for the irreducible factors f5(4, ), ..., fu(4, @),
respectively, in (5.16). Clearly T is a finite set. We claim that the exceptional
set S; U S, is contained in S; U T (thereby proving Theorem 5.11). Indeed,
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from the construction of S5 and T it follows that the number of different
eigenvalues of IA — C(u)is constant for ue €\(S; v T), and for every eigen-
value Aq(10) (which is analytic in €\(S; u T)) of IA — C(n),

r(w; j) & rank(A,(I — C()y

is constant for ye €\(S; u T):j = 0, 1, ... . The sizes of the Jordan blocks
in the Jordan normal form of C(u) corresponding to A,(zt) are completely
determined by the numbers r(i; j); namely,

n—r)) =@+ A+, j=1...n (5.20)
where 7,(11) is the number of the Jordan blocks corresponding to A¢(u) whose
size is not less than j; j=1,..., n(so y,(u) is just the number of the Jordan

blocks). Equality (5.20) is easily observed for the Jordan normal form of C(y);
then it clearly holds for C(u) itself. Since r(u; j) are constant for u € €\(S; u T),
(5.20) ensures that the Jordan structure of C(1t) corresponding to 44(p) is also
constant for yte €\(S; u T). Consequently, the exceptional set of IA — C(y)
is disjoint with S; U T. O

Let us estimate the number of exceptional points for L(4, 1) as in Theorem
5.11,assumingfor simplicity that det L(4, ¢)is an irreducible polynomial. (We
shall not aim for the best possible estimate.) Let m be the maximal degree of
the matrix polynomials Ay(w), ..., 4,_(u). Then the degrees of the coef-
ficients ay(u) of f(A, u) = det(IA — C(n)), where C(u) is the companion
matrix of L(4, tt), do not exceed mn. Consequently, the degree of any minor
(not identically zero) of M(u) (given by formula (5.13)) does not exceed
(2nl — 1)mn. So the set S5 (introduced in the proof of Theorem 5.11) contains
not more than (2nl — 1)mn elements. Further, the left-hand sides of Eq. (5.19)
are polynomials whose degrees (as polynomials in A) are nl (for f;(4, 1) =
f(4, w) and not greater than nlj (for det 4, (4, p)). Thus, the resultant matrix of
f(4, p)and det A;;(4, p) hassize not greater than nl + nlj = ni(j + 1). Further,
the degrees of the coefficients of f(4, t) (as polynomials in ) do not exceed
mn, and the degrees of the coefficients of det 4;,(4, 1¢) (as polynomials on y)do
not exceed mnj. Thus, the resultant R; (1) of f(4, u) and det 4;(4, 1) (Which is
equal to the determinant of the resultant matrix) has degree less than or equal
to /mn’j(j + 1). Hence the number of elements in S;; (in the proof of Theorem
5.11) does not exceed Imn?j(j + 1). Finally, the set

nl  nl

S U U USy
i=1j=1
consists of not more than (2nl — Dmn + n**m Y"_, (j + 1)j = (2nl — Dmn
+ n*Pm@Gn*P + n?1? 4 3nl) = mn(Sp® + p* + %p° + 2p — 1) points where
p = nl. Thusfor L(4, p) as in Theorem 5.11, the number of exceptional points
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doesnot exceed mn(3p® + p* + 3p* + 2p — 1), where mis the maximal degree
of the matrix polynomials A;(pt),i = 0,...,[ — 1,and p = nl. Of course, this
estimate is quite rough.

5.6. Analytic Divisors

Asin Eq. (5.10), let L(4, w) be defined for all (4, 1) € € x Q. Suppose that
for some i, € Q the monic matrixpolynomial L(4, uy) has a right divisor L, (4).
The possibility of extending L,(4) to a continuous (or an analytic) family of
right divisors L,(4, tt)of L(4, t¢)is to be investigated. It turns out that this may
not be possible, in which case L,(A) will be described as an isolated divisor,
and that this can only occur if 1, is in the exceptional set of L in Q. In contrast,
we have the following theorem.

Theorem 5.12. If uo € Q\(S; U S,), then every monic right divisor L,(A)
of L(A, po) can be extended to an analytic family L, (4, w) of monic right divisors
of L(A, pv) in the domain Q\(S; U S3) where S5 is an, at most, countable subset of
isolated points of Q\S, and L (A, ) has poles or removable singularities at the
points of S5.

Proof. Let ./ be the supporting subspace of divisor L;(4) of L(4, o) with
respect to the Jordan matrix J, . Then, if L, has degree k, define

Oup) = [COI(X;;JL Zodla, neQ\S;.

It follows from the definition of a supporting subspace that Q,(i) is an
invertible linear transformation. Since (by Proposition 5.10) Q,(x) is analytic
on Q\S,; it follows that Q,() is invertible on a domain (Q\S;)\S; where
Sy = {ne Q\S,|det Q,(1) = 0} is, at most, a countable subset of isolated
points of Q\S,. Furthermore, the J, -invariant subspace .# is also invariant
forevery J, with rre Q\S,. Indeed, we have seen in Section 5.4 that this holds
for e Q\(S; U S,). When p e S,\S,, use the continuity of J,. Hence by
Theorem 3.12 there exists a family of right divisors L, (4, 1) of L(4, t)for each
e Q\(S,; u S3), each divisor having the same supporting subspace .# with
respect to J,,. By formula (3.27), it follows that this family is analytic in Q\
(S; U S;y).

An explicit representation of L,(4, 1) is obtained in the following way
(cf. formula (3.27)). Take a fixed basis in . # and for each p1in Q\S, represent
0.(1v) as a matrix defined with respect to this basis and the standard basis for
C*". Then for u ¢ Sy, define In x n matrix-valued functions W,(w), . .., W(1)
by

(Wi(w) - Wiw)] = RO, '(u),
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where R is the matrix (independent of p) representing the embedding of .#
into €™. The divisor L, has the form

Li(A p) = 12" = X, Ji{Wi() + Wa(i)d + -+ + WA '}

The nature of the singularities of L, (4, ) is apparent from this representation.

O
An important special case of the theorem is

Corollary 5.13. Ifdet L(A, p) has In distinct zeros for every ue€Q, and if
Uo € Q, then every monic right divisor of L(4, p,) can be extended to a family of
monic right divisors for L(A, i) which is analytic on Q\S3.

Proof. Under these hypotheses S; and S, are empty and the conclusion
follows. [

ExampLE 5.3. Let

pe 0
Lam=1_ a-nl

Then a Jordan matrix for L does not depend on t, i.e., for every pe €,

sl 1)

We have S, and S, both empty and
1 0 00
X, = .
0O w1 O

The subspace . # spanned by the first two component vectors e; and e, is invariant under

J and
X, | y= 1 0
wlAdl = 0 i .

Thus, for j # 0, .# is a supporting subspace for L(4, p). The corresponding divisor is
Li(Ap) =14 — X,J(X,|.,)" " and computation shows that

0 pu!
LA p) =14 — .
(4 ) =12 [0 0 ]
So S, ={0). O
Corollary 5.14. If the divisor L,(4) of Theorem 5.12 is, in addition, a

[-spectral divisor for some closed contour T then it has a unique analytic
extension to a family L (4, u) of monic right divisors defined on Q\(S; U S3).
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Proof. Let L,(4, n) be an extension of L,(1); existence is guaranteed by
Theorem 5.12. By Lemma 5.4, for pe Q close to yg, the divisor L,(4, 1) is
I"-spectral. In particular, L, (4, 1) is uniquely defined in a neighborhood of t4,.
Because of analyticity, L, (4, w) is a unique extension of L,(4) throughout
O\(S, U S3). O

5.7. Isolated and Nonisolated Divisors

As before, let L(4, () be a monic matrix polynomial of degree [ with
coeflicients depending analytically on g in Q, and let L,(4) be a monic right
divisor of degree k of L(A, 1), tto € Q. The divisor L, (A) is said to be isolated if
there is a neighborhood U(y) of 1t such that L(A, p¢) has no family of right
monic divisors L, (4, 1) of degree k which (a) depends continuously on u in
U(uo) and (b) has the property that lim,_,, L(4, 1) = L,(A).

Theorem 5.12 shows that if, in the definition, we have p, € Q\(S; U S,)
then monic right divisors cannot be isolated. We demonstrate the existence of
isolated divisors by means of an example.

ExampPLE 5.4. Let C(pt) be any matrix depending analytically on t¢in a domain Q
with the property that for u = ug € Q, C(p,) has a square root and for u # pg, pin a
neighborhood of 1y, C() has no square root. The prime example here is

=0 C()—-00
Ho =™ u_uO'

Then define L(4, u) = 14> — C(n). It is easily seen that if L(A, u) has a right divisor
IA — A(u)then L(A, u) = 14> — A?(u) and hence that L(4, ) has a monic right dtvisor if
and only if C(y) has a square root. Thus, under the hypotheses stated, L(4, ) has an
isolated divisor at p,. [

It will now be shown that there are some cases where divisors which exist
at points of the exceptional set can, nevertheless, be extended analytically. An
example of this situation is provided by taking ti, = 0 in Example 5.2.

Theorem 5.15. Let ug€ S, and L (A) be a nonisolated right monic divisor
of degree k of L(A, o). Then L (A) can be extended to an analytic family
L,(4, ) of right monic divisors of degree k of L(4, ).

In effect, this result provides an extension of the conclusions of Theorem
5.12. The statements concerning the singularities also carry over.

Proof. Since L,(A)isnonisolated, thereis a sequence {1, } in Q\(S; v S,)
such that u,, > 1, and there are monic right divisors L,(4, w,,) of L(4, t,,)
such that lim,, ., L;(4, ,,) = L,(A). Let .A"(w,,) be the supporting subspace
of Ly(4, u,) relative to J, . As the set of subspaces is compact (Theorem
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S4.8),thereisasubsequencem,,k = 1, 2, ...,suchthatlim,_, , A4 (1, ) = A
for some subspace .¥",. We can assume that lim,,_ , ¥ (u,) = .A",. Since
A () isinvariantforJ, and allinvariant subspacesofJ, areindependent of
pin Q\(S; U S,) it follows that .4"(u,) is invariant for J, for each m.

From this point, the proof of Theorem 5.12 can be applied to obtain the
required conclusion. [

The following special case is important:

Corollary 5.16. If the elementary divisors of L(A, p) are linear for each
fixed p e Q, then every nonisolated right monic divisor L(A) of L(4, o) can be
extended to an analytic family of right monic divisors for L(4, ) on Q\S;.

Proof. In this case S, is empty and so the conclusion follows from
Theorems 5.12 and 5.15. [

Comments

The presentation of Sections 5.1, 5.2, 5.4, 5.6, and 5.7 is based on the
authors’ paper [34e] (some of the results are given in [34¢] in the context of
infinite-dimensional spaces). The main results of Section 5.3 are taken from
[3b]; see also [3c]. Section 5.5 is probably new.

The results concerning stable factorizations (Section 5.3) are closely
related to stability properties of solutions of the matrix Riccati equation (see
[3b] and [3c, Chapter 7]).

It will be apparent to the reader that Section 5.4 on global analytic
perturbations leans very heavily on the work of Baumgirtel [5], who
developed a comprehensive analytic perturbation theory for matrix poly-
nomials.



Chapter 6

Extension Problems

Let L(1) be a monic matrix polynomial with Jordan pairs (X;, J)),

i=1,...,r corresponding to its different eigenvalues 1,, . .., 4,, respectively
(o(L) = {44, A5, ..., A.}). We have seen in Chapter 2 that the pairs (X;, J)),
i =1,...,rare not completely independent. The only relationships between
these pairs are contained in the requirement that the matrix
X, X, .. X,
X, J, X,J, - X, J,
X JUY XI5t L X I

be nonsingular. Thus, for instance, the pairs (X, Jy),...,(X,_1, J,—1)
impose certain restrictions on (X,, J,).

In this chapter we study these restrictions more closely. In particular, we
shall describe all possible Jordan matrices J, which may occur in the pair
(X,,J,).

It is convenient to reformulate this problem in terms of construction of a
monic matrix polynomial given only part of its Jordan pair, namely, (X, J,),
..., (X,_1,J,_ 1) It is natural to consider a generalization of this extension
problem: construct a monic matrix polynomial if only part of its Jordan pair
isgiven (in theabove problem this part consists of the Jordan pairs correspond-
ing to all but one eigenvalue of L(4)). Clearly, one can expect many solutions

166



6.1. STATEMENT OF THE PROBLEMS AND EXAMPLES 167

(and it is indeed so). Hence we seek a solution with special properties. In this
chapter we present a construction of a monic matrix polynomial, given part of
its Jordan pair, by using left inverses.

6.1. Statement of the Problems and Examples

Let (X, J) be a pair of matrices where X isn x rand Jisanr x r Jordan
matrix. We would like to regard the pair (X, J) as a Jordan pair or, at least, a
part of a Jordan pair of some monic matrix polynomial L(1).

Consider the problem more closely. We already know that (X, J) is a
Jordan pair of a monic matrix polynomial of degree [ if and only if col(X J))!Z 8
is nonsingular; in particular, only if » = nl. If this condition is not satisfied (in
particular, if r is not a multiple of n), we can still hope that (X, J)is a part of a
Jordan pair (X, J) of some monic matrix polynomial L(1) of degree I This
means that for some J-invariant subspace .# < €™ there exists an invertible
linear transformation S:.# — ¢” such that X = X|,S™', J =SJ|,S™".
In this case we shall say that (X, J) is a restriction of (X, J). (The notions of
restriction and extension of Jordan pairs will be studied more extensively in
Chapter 7.) Clearly, the property that (X, J) be a restriction of (X, J)does not
depend on the choice of the Jordan pair (X, J) of L(4), but dependsentirely on
the monic matrix polynomial L(4) itself. So we can reformulate our problems
as follows: given sets of Jordan chains and eigenvalues (represented by the
pair (X, J)), is there a monic matrix polynomial L(A) such that this set is a part
of a canonical set of the Jordan chains of L(4) (represented by the Jordan pair
(X, J) of L(A))? If such an L(A) exists, how can we find it, and how can we find
such an L(4) subject to different additional constraints?

This kind of question will be referred to as an extension problem, because
it means that (X, J) is to be extended to a Jordan pair (X, J) for some monic
polynomial.

Of course, we could replace (X, J) by a pair (X, T), where Tisanr X r
matrix (not necessarily Jordan), and ask for an extension of (X, T) to a
standard pair (X, T) of some monic polynomial of degree L. For brevity, we
shall say that (X, T)is a standard pair of degree |. It will be convenient for us to
deal with the extension problem in this formally more general setting.

A necessary condition can be given easily:

Proposition 6.1. Let X and T be matrices of sizes n X r and r X r,
respectively. Suppose that there exists an extension of (X, T) to a standard pair
(X, T) of degree I. Then

rank col(XTHZ = r. 6.1)

Proof. Let (X, T) be a standard pair of the monic matrix polynomial
L(A), and let .# be a T-invariant subspace such that (X, T) is similar to
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X|usTla): X =X|4S, T =S 'T|,S for some invertible linear trans-
formation S: €" — .# (such an .# exists by the definition of extension).
Clearly, it is enough to prove (6.1)for (X ,, T,) in place of (X, T). Let .4’ be
some direct complement to .# in €™, and let

~ ~ T, Ti,
X=[X, X T =
[ 1 2]’ [T21 T22

be the matrix representations of X and T with respect to the decomposition
C" = # + M' Since 4 is T-invariant, we have T,, = 0. So
X X,
T X, Ty,
)’Z'T'l— 1 )(1 TIII 1
and since this matrix is nonsingular, the columns of col(X, T} ,)iZ} are
linearly independent. But X, = X| ,, Ty, = T|,, and (6.1) follows. [

For convenience, we introduce the following definitions: a pair of matrices
(X, T),where X isn x rand Tisr x r(the number r may vary from one pair
to another; the number # is fixed) will be called an admissible pair. An ad-
missible pair (X, T) satisfying condition (6.1) will be called I-independent.
Thus, there exists an extension of the admissible pair (X, T)to astandard pair
of degree [ only if (X, T)is [-independent.

We shall see later that the condition (6.1) is also sufficient for the existence
of an extension of (X, T') to a standard pair of degree l. First we present some
examples.

EXAMPLE 6.1 (Thescalarcase). Let (X, J) be a pair of matrices with 1 X r row
X and r x r Jordan matrix J. Let J = diag[J,, ..., J,] be a decomposition of J into
Jordan blocks and X = [X, --- X,] be the consistent decomposition of X. The
necessary condition (6.1) holds for some [ if and only if a(J;) na(J;) = J for i # j, and
the leftmost entry in every X; is different from zero. Indeed, suppose for instance that
a(J,) = a(J,), and let x;; and x,, be the leftmost entries in X; and X ,, respectively. If
o, and a, are complex numbers (not both zero) such that a;x;, + o, x,, = 0, then the
r-dimensional vector x containing o in its first place, a5 inits (r; + 1)th place (where r,
is the size of J), and zero elsewhere has the property that

x € Ker(XJ?), i=01,....
Thus, (6.1) cannot be satisfied. If, for instance, the left entry x,, of X is zero, then
(1 0 --- 0)TeKer(XJ), i=0,1,...,

and (6.1) again does not hold.
On the other hand, if 6(J;) N a(J;) = ¢ for i # j, and the leftmost entry in every X is
different from zero, then the polynomial [ [7_, (4 — 4;), where {4;} = o(J) and r; is the
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size of J, has the Jordan pair (X, J). We leave to the reader the verification of this fact.
It turns out that in the scalar case every admissible pair of matrices (X, T) which satisfies
the necessary condition (6.1) is in fact a standard pair of a scalar polynomial. [

ExampLE 6.2 (Existence of an extension to a standard pair of a linear monic
polynomial). Another case when the sufficiency of condition (6.1) can be seen directly is
when (6.1) is satisfied with [ = 1, i.e., the matrix X hasindependent columns (in particular,
r < n).In this case it is easy to construct an extension (X, T) of (X, T)such that (X, T)is
a standard pair of some monic matrix polynomial of degree 1. Namely, put for instance

N . [T 0
X=[x Y] T:[O 0],

where Y is some n x (n — r) matrix such that X is invertible.
Note that here in place of
T 0
0 o0

we could take as T any n x n matrix provided its left upper corner of size r x ris T and
the left lower corner is zero. So a solution of the extension problem here is far from unique.
This fact leads to various questions on uniqueness of the solution of the general extension
problem. Also, there arises a problem of classification and description of the set of
solutions. [J

In the next sections we shall give partial answers to these questions, by
using the notion of left inverse.

6.2. Extensions via Left Inverses

Let (X, T) be an admissible I-independent pair of matrices and let r be the
size of T. Then there exists an r x nl matrix U such that

Ucol(XTHZL =1,
and, in general, U is not uniquely defined (see Chapter S3). Let
U = [U1 Ul]

be the partition of U into blocks U,;, each of size r x n. We can construct now
a monic n x n matrix polynomial

L(A) = I — XTU,; + Uyd 4 ---+ U A, (6.2)

Note that the polynomial L(4) is defined as if (X, T) were its standard pair
replacing the inverse of col(X T")!Z (which generally does not exist) by its left

inverse U. The polynomial L(A) is said to be associated with the pair (X, T).
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Theorem 6.2. Let (X, T) be an admissible l-independent pair, and let L(A)
be some monic matrix polynomial associated with (X, T). Then a standard pair
(XL, Tp) of L(A) is an extension of (X, T), i.e., from some T;-invariant subspace
M there exists an invertible linear transformation S: 4 — " such that
X=X,,S‘'and T = ST;| ,S™".

Proof. Evidently, it is sufficient to prove Theorem 6.2 for the case when

Xy=[I 0 --- 0]and T, is the first companion matrix of L(4):

0 I o - 0

0 0 r ... 0

| Lo :
0 0 0o .- I
XT'U, XT'U, - XT'U,
Let us check that .# = Im col(X T2} is T;-invariant. Indeed, since
(U, U, -+ Ulcol(XT)Zg =1,
the equality
X X
XT XT
T, ) = ) T (6.3)

XT.I_ 1 XT‘I_ 1
holds, so that T;-invariance of .# is clear. From (6.3) it follows also that for
STl =col(XTHZh: ¢ — .U
the conditions of Theorem 6.2 are satisfied. [
In connection with Theorem 6.2 the following question arises: is it true
that every extension of (X, T') to a standard pair of a fixed degree [ (such that
(6.1) is satisfied for this [) can be obtained via some associated monic matrix

polynomial, as in Theorem 6.2? In general the answer is no, as the following
example shows.

ExaMPLE 6.3. Let

NTER N (
00 1f ’
0 0 0
Then the matrix

1 00

X1 10 01

[XTj| 010

000
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has linearly independent columns, so the necessary condition (6.1) is satisfied. However,
XT? = 0, and formula (6.2) gives

L(A) = 1A% (6.4)

So any extension via left inverses (as in Theorem 6.2) is in fact an extension to a standard
pair (X, T) of the single polynomial (6.4). For instance,

01 00
)?1000 T_oooo
“lo o1 0Of o 0o 0 1f

00 00

But there exist many other extensions of (X, T') to nonsimilar standard pairs of degree 2.
For example, if a € €\ {0}, take

- [t ooo
X - ,
00 1 1

On the other hand, it is easy to produce an example where every possible
extension to a standard pair (of fixed degree) can be obtained via associated
monic polynomials.

el

I
o o oo
oo o -
oo oo
2 o oo

EXAMPLE 6.4. Let

Then the columns of

1 0
0 1
10
0 1

e
s
| S
|
o o O -

are linearly independent, i.e., [ ] is left invertible. The general form of its left inverse is
I a -1 —a
V=V, V=10 b 1 -b
0 ¢ 01—-c¢

where a, b, ¢ are independent complex numbers. The associated monic polynomials L(4)
are in the form

o [ bA—b
L) = 122 = XTV, + V, 1) = .

0 P4+(c—Di-c
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As a Jordan pair (X, J) of L(A) for ¢ # —1,0 we can take

1 10 b/c']

00 1 1 (65)

X:X@@:[

J = J(c) = diag(0, 1, 1, —c)

(we emphasize in the notation the dependence of X on b and ¢ and the dependence of J
on ¢). For ¢ = 0 take

- 1 100 .
X(O,O):[O o 1 1], J(0,0) = diag(0, 1, 1, 0) (6.6)
if b =0, and
[0 0 0 1]
SO 110 0 . 0100
X =X0,0)= , = J(b,0) = ~ .
(b.0) [0 0 1 —b’i J=J6.0) 0010 (67)
10 0 od
ifb#0. For c = —1, take
[0 0 0 0]
0100
- - 1 1 =b 0
X=X0b -1= A . (6.8)
()[0010} J(=D=]o 0 1 1
0 0 0 1]

We show now thatevery standard extension (X', T") of (X, T)of degree 2 issimilar to
one of the pairs (X, J) given in (6.5)-(6.8), i.c., there exists an invertible 4 x 4 matrix S
(depending on (X', T")) such that X' = XS, T' = S™'JS. Several cases can occur.

(1) det(IA — T’) has a zero different from 0 and 1. In this case T is similar to J(c)
from (6.5), and without loss of generality we can suppose that J(¢) = T’ for some ¢ # 0,
— 1. Further, since (X', T’) is an extension of (X, T), the matrix X' can be taken in the
following form:

1 1 0 o
X' = , Lo, €.
[0 0 1 az] o 02

Necessarily o, # 0 (otherwise [¥;/] is not invertible), and then clearly (X', T") is similar
to (X(b, ¢), J(¢)) from (6.5) with b = o,a; 'c.

(2) det(IA — T') = A%(A — 1)>. Then one can check that (X', T’) is similar to
(X, J) from (6.6) or (6.7) according as T’ has two or one lineraly independent eigen-
vector(s) corresponding to the eigenvalue zero.

(3) det(JA — T') = A4 — 1)>. Inthiscase (X', T")issimilar to (X, J)from (6.8). [

The following theorem allows us to recognize the cases when every
extension to a standard pair can be obtained via associated monic matrix
polynomials.
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Theorem 6.3. Let (X, T) be an admissible l-independent pair of matrices.
Then every standard pair (X', T") of degree |, which is an extension of (X, T), is
also a standard pair of some monic matrix polynomial of degree | associated
with (X, T), if and only if the rows of XT" are linearly independent.

Proof. Let (X', T') be a standard pair of degree [, and let L(1) = IA! +
Y26 A;A’ be the monic matrix polynomial with standard pair (X', T"). From
the definition of a standard pair (Section 1.9) it follows that (X', T') is an
extension of (X, T) if and only if

X
XT
[40 Ay - Ai-4] . = —XT'
X'T:l—l
or
Ag
[col(XTHz417-| Al | = —(xTHT. (6.9)
Al

According to a result described in Chapter S3, a general solution of (6.9) is
given by
Ao
A{ i\l -~ 17T T
| = —{leol(XTHZE - (X T, (6.10)
Al

(where the superscript “I” designates any right inverse of [col(X T)Z 1]7) if
and only if the columns of (XT")" are linearly independent. Taking the
transpose in (6.10), and using the definition of an associated matrix poly-
nomial, we obtain the assertion of Theorem 6.3. [

6.3. Special Extensions

In Section 6.2 we have seen that an extension of an admissible /-independ-
ent pair (X, T) to a standard pair of degree [ can always be obtained via
associated monic polynomials. Thus, if L(A) is such a polynomial and (X, T')
its standard pair, then there exists a T-invariant subspace .# such that the
pair (X, T)issimilar to (X| ,, T ,). Let .4’ be some direct complement to .#
and let P be the projector on ./’ along .#. Then the part (X| ,., PT| ,) of the
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standard pair (X, T) does not originate in (X, T); it is the extra part which is
“added” to the pair (X, T). In other words, the monic polynomial L(4) has a
spectral structure which originates in (X, T), and an additional spectral
structure. In this section we shall construct the associated polynomial L(4)
for which this additional spectral structure is the simplest possible. This
construction (as for every associated polynomial) uses a certain left inverse of
the matrix col(X T%)!Z 4, which will be called the special left inverse.
The following lemma plays an important role.

For given subspaces %, ..., %, < ¢" we denote by col(%,)!-, the sub-
space in €™ consisting of all [-tuples (x,, ..., x;) of n-dimensional vectors
Xy, ...,x;suchthat x, e %, x, €¥U,,...,x €U,

Lemma 6.4. Let (X, T) be an admissible l-independent pair with an
invertible matrix T. Then there exists a sequence of subspaces " 2 W',
D ... 2 W such that

col(# )zpsy + Imcol(XT7 N,y = €70 (6.11)
fork=0,...,1— 1.

Proof. Let #, be a direct complement to Im XT'"! = Im X (this
equality follows from the invertibility of T) in ¢€". Then (6.11) holds for
k =1 — 1. Suppose that #";.; = --- 2 ", are already constructed so that
(6.11) holds for k = i,..., 1 — 1. It is then easy to check that col(i‘”j)j-:,- N
Imcol(XT'™ '), = {0}, where Z, = #  fork=i+1,....,,and Z; = # ..
Hence, the sum

S = col(Z )iy + Im col(X T/~ 1),

is a direct sum. Let 2 be a direct complement of Ker 4 in ¢"'~", where
A = col(XTI™"),_;, . Let A" be the generalized inverse of A (see Chapter S3)
such that Im A' = 2 and Ker 4" = col(#" )}, ;. Let P be the projector on
Ker A along 2. One verifies easily that A'4 = I — P. Thus

i—1 i—1 41
E(/Z{[yﬂ—XT Pz + XT Ax]
X

yeW 1, xeC ™0 ze @'}, (6.12)

where r is the size of T.
Indeed, if xe ¢"'~? then by the induction hypothesis x = Az, + x;,
where z, € 2 and x, € col(#));_; ;. Hence

XT 1A% XT YA Az, + x)) XTi 1z, 0
= = + .
X Az + x4 Az, Xy

From the definition of .% it follows that

X i-lAl
[ T x:ley’.
X
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XTi ‘Pz XTi"1pz
= t(’
I

-

for any ye #";. ;. The inclusion o in (6.12) thus follows. To check the con-
verse inclusion, take y € #";, |, x; € col(#",)i; 1, and z e €". Then

y XTi71 B __,V XTi*l
[x1:|+[ 4 :lz- _-"1}+[ 4 ][Pz+(I—P)z]
[y XT " 'Pz XT Y - P):
—_x1:|+[ 0 ]+[ A(I—P)z]

[y N XT'"'Pz XTi 'AYx, + A(I — P)2)
o 0 * x, + A(I — P)z

For any ze €', also

and clearly

(the last equality follows from A'x; = 0 and I — P = A'A), and (6.12) is
proved.
Now, let % be a direct complement of #";,, + Im XT'"'Pin ¢". Then

from (6.12) we obtain
’Jy i
y . e — n(l—i+ 1)’
o]

andsowecanput #, = #",,, + % [

We note some remarks concerning the subspaces #°; constructed in
Lemma 6.4.

(1) The subspaces #; are not uniquely determined. The question arises
if one can choose ¥ ;ina “canonical” way. It follows from the proof of Lemma
6.4, for instance, that #; can be chosen as the span of some set of coordinate
unit vectors:

#'; = Span{e,|k € K},

where K, c K,_; = --- < K= {l,...,n},and
=0 -+ 01 0 -+ Ofeg

with 1 in the jth place.
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(2) The dimensions v; = dim #7;,j = 1,..., [ are determined uniquely
by the pair (X, T): namely,
Visy = n + rank col(XTV"1)i_, ., — rank col(XT/™1)i_,,
k=0,...,1 -1 (6.13)
(3) Equality (6.11) for k = 0 means
col(# )=y 4+ Imcol(XT'~ 1), = €™,
and consequently, there exists an r x nl matrix V such that
Vecol(XT' "N, =1, V(col(#)i=y) = {0}. (6.14)

The left inverse V of col(X T/~ '),_, with property (6.14) will be called the
special left inverse (of course, it depends on the choice of #7;).

Let now (X, T) be an admissible l-independent pair with invertible
matrix T,and let V = [V, --- V] be a special left inverse of col( X T%)}Z3.
Then we can construct the associated monic matrix polynomial

L) =IA — XT(V, + Vo + -+ + VAN (6.15)

The polynomial L(A) will be called the special matrix polynomial associated
with the pair (X, T).

Theorem 6.5. Let L(A) be a special matrix polynomial associated with
(X, T),where T isinvertible of sizer x r.Thenzeroisan eigenvalue of L(A) with
partial multiplicities k, > k, = -- -, where

K= 1011 <j < land v, > i}
and v; are defined by (6.13).

Here, as usual, | 4| denotes the number of different elements in a finite
set A.

Proof. Let #°y o --- o #, be the sequence of subspaces from Lemma
6.4. Let

V=[V o W)

be a special left inverse of col(X T)!Z} such that (6.14) and (6.15) hold. From
(6.14) it follows that

Ket Vo #,  j=1...,1

It is easy to see that xe W' \# ., (i=1,...,1; #' ., = {0}) is an eigen-
vector of L(A) generating a Jordan chain x,0,...,0 (i — 1 zeros). Taking a
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basisin each #";modulo #'; . , (i.e., the maximal set of vectors x,, ..., x, € #7;
suchthat Y¥_, a;x;€ #;, |, 0 € Cimpliesthata; = --- = o, = 0), we obtain
in this way a canonical set of Jordan chains of L(1) corresponding to the
eigenvalue zero. Now Theorem 6.5 follows from the definition of partial
multiplicities. [

Observe that (under the conditions and notations of Theorem 6.5) the
multiplicity of zero as a root of det L(A) is just nl — r. Then dimensional
considerations lead to the following corollary of Theorem 6.5.

Corollary 6.6. Under the conditions and notations of Theorem 6.5 let
(X, T) be a standard pair of L(A). Then (X, T) is similar to (X| ,, T| 4), where
A is the maximal T-invariant subspace such that T| , is invertible.

Proof. Let .4, and ./, be the maximal T-invariant subspaces such that
T| ., is invertible and T| ,, is nilpotent (i.e, o(T| ,,) = {0}). We know from
Theorem 6.2 that for some T-invariant subspace .#, (X, T) is similar to
(X|.4» Tl4) Since T is invertible, .# < .#,. In fact, .#/ = .#,. Indeed, by
Theorem 6.5

dim .4, =k, + kK, + -+
on the other hand, it is easy to sec that
Ky +ky+--=v; +--+v,=nl—rank co(XT)Z} = nl —r,
so dim .#, = r. But clearly, also dim .# = r,and .« = .4,. O

It is not hard to generalize Theorem 6.5 in such a way as to remove the
invertibility condition on T. Namely, let « € € be any number outside the
spectrum of T, and consider the admissible pair (X, —al + T) in place of
(X, T). Now the pair (X, T — od) is also [-independent because of the
identity

1 0 0 -~ 0 X X
()] (DI 0 -~ 0 X(T—al) | | XT
PR P ) A G e (IO | X(T = an)' ! XT'!

So we can apply Theorem 6.5 for the pair (X, —al + T) producing a monic
matrix polynomial L,(A) whose standard pair is an extension of (X, —al + T)
(Theorem 6.2) and having at zero the partial multiplicities

vi+1 = n + rank col(X(T — alY ™ ")i_,,, — rank col(X(T — al)~')i_,,
k=0,....,] -1 (6.16)
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Let (X,, T,, Y,) be a standard triple of L,(A); then (X,, T, + al, Y,) is a
standard triple of the monic matrix polynomial L(A) = L, (A + «). Indeed, by
the resolvent form (2.16),

(L) ' =LA+ 0) ' = XUA+a) - T) 'Y,
= )(91(1/1 - (T; + al))_lyau

and it remains to use Theorem 2.4. It follows that the standard triple of the
polynomial L(4) is an extension of (X, T) and, in addition, its partial multi-
plicities at the eigenvalue 1, = « are defined by (6.16).

Thus, the construction of a special monic matrix polynomial associated
with a given admissible [-independent pair (X, T) (with invertible T') can be
regarded as an extension of (X, T) to a standard pair (X, T) of degree I such
that ¢(T) = {0} U o(T); moreover, elementary divisors of /4 — T cor-
responding to the nonzero eigenvalues are the same as those of IA — T, and
the degrees of the elementary divisors of IA — T corresponding to zero are
defined by (6.13). Again, we can drop the requirement that T is invertible,
replacing 0 by some a ¢ 6(T) and replacing (6.13) by (6.16).

Given an admissible [-independent pair (X, T) (with invertible T of size
r X r), it is possible to describe all the possible Jordan structures at zero of
the matrix T such that zero is an eigenvalue of T with multiplicity nl — r, and
for some n x nl matrix X, the pair (X, T) is a standard extension of degree [
of the pair (X, T). (The standard pair (X, T) described in the preceding para-
graph is an extension of this type.) The description is given by the following
theorem.

Theorem 6.7. Let (X, T) be an admissible [-independent pair. Suppose that
T is invertible of size r x r, and let T be an nl x nl matrix such that A = O is a
zero of det(IA — T) of multiplicity nl — r. Then for some matrix X, (X, T) is a
standard extension of degree | of the pair (X, T) if and only if the degrees
p1 = --- = p, of the elementary divisors of I1 — T corresponding to the eigen-
value 0 satisfy the inequalities

Ypp= s for i=1,2,...,v 6.17)
j=o j=o0

where s, is the number of the integersn + q,_;_; —q,_;(j=0,1,...,1 = 1)
larger thank,k = 0,1,...,and g, = 0,

q; = rank col(XT")IZ j>1

For the proof of this result we refer to [37¢].

Note that the partial multiplicities at zero of the special monic matrix
polynomial L(4) associated with (X, T) (which coincide with the degrees of
the elementary divisors of IA — T corresponding to zero, where T is some
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linearization of L(4)), are extremal in the sense that equalities hold in (6.17)
throughout (cf. (6.13)).
Comments

The results of this chapter are based on [37c]. The exposition of Section
6.3 follows [37b].






Part 11

Nonmonic Matrix Polynomials

In this part we shall consider regular n x n matrix polynomials L(4), i.e.,
such thatdet L(4) # Oand the leading coefficient of L(4) is not necessarily the
identity, or even invertible. As in the monic case, the spectrum ¢(L), which
coincides with the zeros of det L(A), is still a finite set. This is the crucial
property allowing us to investigate the spectral properties of L(1) along the
lines developed in Part 1. Such investigations will be carried out in Part II.

Most of the applications which stem from the spectral analysis of monic
matrix polynomials, and are presented in Part I, can be given also in the
context of regular matrix polynomials. We present some applications to
differential and difference equations in Chapter 8 and refer the reader to the
original papers for others.

On the other hand, problems concerning least common multiples and
greatest common divisors of matrix polynomials fit naturally into the frame-
work of regular polynomials rather than monic polynomials. Such problems
are considered in Chapter 9.

It is assumed throughout Part II that all matrix polynomials are regular,
unless stated otherwise.
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Chapter 7

Spectral Properties and Representations

In this chapter we extend the theory of Part I to include description of the
spectral data, and basic representation theorems, for regular matrix poly-
nomials, as well as solution of the inverse problem, i.e., construction of a
regular polynomial given its spectral data. The latter problem is considered in
two aspects: (1) when full spectral data are given, including infinity; (2) when
spectral data are given at finite points only.

7.1. The Spectral Data (Finite and Infinite)

Let L(A) = )., A;#' be an n x n matrix polynomial. We shall study
first the structure of the spectral data of L(4), i.e., eigenvalues and Jordan
chains.

Recall the definition of a canonical set of Jordan chains of L(A) correspond-
ing to the eigenvalue A, (see Section 1.6). Let

(1) (2) (k) (k)

(1) (2)

()DO s---v(pr1—17 (100 7"'sq)r2*lﬂ D] (p()""?(Prk—la
be such a canonical set, where r; = rank P j=1,...,k k = dim Ker
L(Ay), and ¥, i = 1, ..., k, are eigenvectors of L(A) correspondingto 4,. We

write this canonical set of Jordan chains in matrix form:

X(do) = [0y - oty o o @2l o @f o ],

J(Ao) = diag(Jy, J,, .., Ji),

183
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where J; is a Jordan block of size r; with eigenvalue A,. Hence X(4,) is an
n x rmatrix and J(4o)isanr x r matrix, wherer = Y %_, r;is the multiplicity
of A, as a zero of det L(4).

The pair of matrices (X(4,), J(4,)) is called a Jordan pair of L(A) cor-
responding to A,. The following theorem provides a characterization for a
Jordan pair corresponding to A,.

Theorem 7.1. Let (X, J) be a pair of matrices, where X is an n x umatrix
and J is a u x p Jordan matrix with unique eigenvalue 1,. Then the following
conditions are necessary and sufficient in order that (X, J) be a Jordan pair of
L(A) = Yy MA; corresponding to Ay:

(1) det L(4) has a zero A, of multiplicity p,
(i) ran}< Acol(XJj)J’;(l)A= Ly
() AXJ' + A, XJ" '+ 4+ A4, X =0.

Proof. Suppose that (X, J) is a Jordan pair of L(4) corresponding to 4,.
Then (i) follows from Corollary 1.14 and (iii) from Proposition 1.10. Property
(i1) follows immediately from Theorem 7.3 below.

Suppose now that (i)-(iii) hold. By Proposition 1.10, the part of X cor-
responding to each Jordan block in J, forms a Jordan chain of L(1) cor-
responding to A,. Condition (ii) ensures that the eigenvectors of these Jordan
chains are linearly independent. Now in view of Proposition 1.15, it is clear
that (X, J) is a Jordan pair of L(1) corresponding to A,. O

Taking a Jordan pair (X(4;), J(4))) for every eigenvalue 4; of L(1), we
define a finite Jordan pair (X, Jg) of L(A) as

Xp=[X(4) X(A) - X(4))  Je = diaglJ(4y), J(A,), ..., J(4,)],

where p is the number of different eigenvalues of L(4).

Note that the sizes of X and Jg are n x vand v x v, respectively, where
v = deg(det L(4)). Note also that the pair (X, Jg) is not determined uniquely
by the polynomial L(4): the description of all finite Jordan pairs of L(4) (with
fixed Jg) is given by the formula (XU, Jg), where (Xg, J¢) is any fixed finite
Jordan pair of L(A), and U is any invertible matrix which commmutes with J.
The finite Jordan pair (X, Jg) does not determine L(A) uniquely either: any
matrix polynomial of the form V(4), L(4), where V(A) is a matrix polynomial
with det V(1) = const # 0, has the same finite Jordan pairs as L(1) (see
Theorem 7.13 below).

In order to determine L(4) uniquely we have to consider (together with
(Xg, Jg)) an additional Jordan pair (X, J,) of L(4) for A = oo, which is
defined below.

Let

§ Ly, i=1...,q 7.1
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be a canonical set of Jordan chains of the analytic (at infinity) matrix function
A7'L(A) corresponding to A = oo, if this point is an eigenvalue of A7'L(1)
(where [ is the degree of L(A), i.e., the maximal integer j such that LY(1) # 0).
By definition, a Jordan chain (resp. canonical set of Jordan chains) of an
analytic matrix-valued function M(A) at infinity is just a Jordan chain (resp.
canonical set of Jordan chains) of the matrix function M(1™1!) at zero. Thus,
the Jordan chains (7.1) form a canonical set of Jordan chains of the matrix
polynomial L(4) = A'L(A™") corresponding to the eigenvalue zero. We shall
use the following notation

Xooz[l//(ol) g)—ﬂ//(oz) g)—l l//gl) (s?,)—1],

Joo = diag[‘]ool’ ‘]0029 vy Jooq]s

where J ,;is the Jordan block of size s; with eigenvalue zero, and call (X ,, J ;)
an infinite Jordan pair of L(1). Note that (X, J,) is a Jordan pair of the
matrix polynomial L(1) = A'L(A™!) corresponding to the eigenvalue A = 0.
This observation (combined with Theorem 7.1) leads to the following char-
acterization of infinite Jordan pairs.

Theorem 7.2. Let (X, J) be a pair of matrices, where X isn x pand J is
a u X u Jordan matrix with unique eigenvalue A, = 0. Then the following
conditions are necessary and sufficient in order that (X, J) be an infinite Jordan

(i) det(A'L(A™Y)) has a zero at 1o = 0 of multiplicity p,
(ii) rank col(X J)'Zh = g,
(iii) A XJ'+ A, XJ" '+ ...+ 4,=0.

ExampLE 7.1.  Consider the matrix polynomial

—A=-13 2 ]

Lw:[ 0 A+t

In this case we can put down

1 0 01 ) Lo
Xy = 00 0 8 Jp=diag| [0 1 1}, —1],
0 0 1

and

0 0 01
O N S PO =
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7.2. Linearizations

Let L(A) = Y!_, A" A be a regular n x n matrix polynomial. An nl x nl
linear matrix polynomial S, + S;4 is called a linearization of L(A) if
L(4 0
[ (4) ] = E(A)(So + S1AHF(A)
0 In(l* 1)

for some nl x nl matrix polynomials E(1) and F(1) with constant nonzero
determinants. For monic matrix polynomials the notion of linearization
(with §; = I) was studied in Chapter 1. In this section we construct lineariza-
tions for regular matrix polynomials.

For the matrix polynomial L(4) define its companion polynomial C (1)
as follows:

I 0 0 0 -1 0 - 0
I 0 0 0 —1 - 0

CH=|: : oA
00 -1 0 0 0 o

00 - 0 4 4, A, A

So C,(A) is a linear nl x nl matrix polynomial; if L(A) is monic, then C, (1) =
IX — C,, where C, is the first companion matrix of L(4) (cf. Theorem 1.1).

It turns out that C,(4) is a linearization of L(A). Indeed, define a sequence of
polynomials E(4), i = 1,..., [, by induction: E,(1) = 4,, E;_;(4) = 4,_,
+ AE(A), i =1,...,2. It is easy to see that

E(A) --- E_ A I
-7 0 0
0 —I --- 0| Cu R
0 0 -~ —I 0
I 0 0 - 0
_ (o —0/” 1,11 ? g 7.2
“lo |0 M 02
0 0 0 --- —Al I

so indeed C,(A) is a linearization 6f L(A). In particular, every regular matrix
polynomial has a linearization.

Clearly, a linearization is not unique; so the problem of a canonical choice
of a linearization arises. For monic matrix polynomials the linearization
1A — C, with companion matrix C, can serve as a canonical choice.
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Another class of polynomials for which an analogous canonical lineariza-
tion is available is the comonic polynomials L(4), i.e., such that L(0) = I. Thus,
if LA) =1+ Y-, A;# is a comonic matrix polynomial of degree [, the
the matrix

0 1 0 0
0 0 1 0
R=] : : : R
0 0 0 R |
l_Al —Ay A, - — A

will be called the comonic companion matrix of L(A). (Compare with the defini-
tion of the companion matrix for monic matrix polynomials.) Using the
comonic companion matrix, we have the linearization I — RA; namely,

I — RA = B(A)diag[L(A), I, ..., I1ID(A), (7.3)
where
0 0 0 I
0 0 0 I 0
B(4) =| : : : : : ,
0 I 0 0 0
I By(A) By(A) -+ B,_,(4) B,_(4})

with B(A) = Y2t A4, A i=1,...,1 - 1,and

00 0 - I
— I

by =|: =
0 I =i - 0

I -2 0 - 0

Clearly, B(A) and D(4) are everywhere invertible matrix polynomials. Indeed,
it is easily seen that

AN M
poigy  [F AT e 0
I 0 - 00

and

(I — R)D™Y(A) = B(A) - diag[L(A), I, . .., I].
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Linearizations of type (7.3) are easily extended to the case in which L(0) # I.
This is done by considering the matrix polynomial L(1) = (L(a))” 'L(A + a)
instead of L(1), where a ¢ o(L), and observing that L(1) is comonic.

In the next section we shall encounter a different type of linearization
based on the notion of decomposable pair.

7.3. Decomposable Pairs

In Section 1.8 the important concept of a Jordan pair for a monic matrix
polynomial was introduced, and in Section 7.1 we began the organization of
the spectral data necessary for generalization of this concept to the nonmonic
case. Here, we seek the proper generalization of the concept of a standard pair
as introduced in Section 1.10.

First, we call a pair of matrices (X, T) admissible of order pif X isn x p
and T is p x p. Then, an admissible pair (X, T) of order nl is called a de-
composable pair (of degree 1) if the following properties are satisfied:

@

7, O
X=[X, X, T= [0 TJ,
where X, is an n x m matrix, and T, is an m X m matrix, for some m, 0 <
m < nl (so that X, and T, are of sizesn x (nl — m) and (nl — m) x (nl — m),
respectively),
(i1) the matrix
X, X, Ty !

X,\T, X,Ty?

Sl— 1= (7-4)

-1
Xl Tl X2
is nonsingular.

The number m will be called the parameter of the decomposable pair (X, T).
A decomposable pair (X, T) will be called a decomposable pair of the regular
n x n matrix polynomial L(1) = Y'!_, 4;A" if, in addition to (i) and (ii), the
following conditions hold:

(iii) Zf:o AiX1Ti1 =0, Zf’=0 A X, leii = 0.

For example, if L(A) is monic, then a standard pair for L(A) is also a
decomposable pair with the parameter m = nl. So the notion of a decompos-
able pair can be considered as a natural generalization of the notion of
standard pair for monic matrix polynomials. Another example of a decom-
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posable pair (with parameter m = 0) is the pair (X, T~ !), where (X, T) is a
standard pair of a monic matrix polynomial L(1) such that det L(0) # O (so
that T is nonsingular). We see that, in contrast to standard pairs for monic
polynomials, there is a large nonuniqueness for their decomposable pairs. We
shall touch upon the degree of nonuniqueness of a decomposable pair for a
matrix polynomial in the next section.

The next theorem shows that a decomposable pair appears, as in the case
of monic polynomials, to carry the full spectral information about its matrix
polynomial, but now including spectrum at infinity. The existence of a
decomposable pair for every regular matrix polynomial will also follow.

Theorem 7.3. Let L(A) be a regular matrix polynomial, and let (Xg, Jg)
and (X ,,J.) be its finite and infinite Jordan pairs, respectively. Then
[Xe X, ), Je®J,)is adecomposable pair for L(4).

Proof. Letlbethe degree of L(A). By Theorems 7.1 and 7.2, properties (i)
and (iii) hold for (X, T}) = (X, Jg) and (X,, T5) = (X, J ). In order
to show that ([X¢ X1, Jr ® J,) is a decomposable pair for L(4), it is
enough to check the nonsingularity of

Si—1 = col(XpJg, X, Jio ' Die. (7.5)

This will be done by reduction to the case of a comonic matrix polynomial.

Let «e € be such that the matrix polynomial L,(1) = L(A — «) is
invertible for 4 = 0. We claim that the admissible pair (X¢, Jg + ol) is a
finite Jordan pair of L,(4), and the admissible pair (X ,,J (I + aJ ) V) is
similar to an infinite Jordan pair of L,(4). Indeed, write L(1) = Y-, 4,4,
Ly(A) = Y%y A; A, then

l .
A=S (. 7 )4, k=01 (1.6)
j=k\J — k
Since (X ., J ) is an infinite Jordan pair of L(1), we have by Theorem 7.2
1
YAX I =0 (7.7)
j=0

Equations (7.5) and (7.6) imply (by a straightforward computation) that
1
Y AuX, I =0, (7.8)
j=0
where J, = J (I + oJ_ )~ ' Let u be the size of J_; then for some p,
rank col(X ,J.)P=d = (7.9)

Indeed, since (X ,, J ) represent a canonical set of Jordan chains, we obtain,
in particular, that
rank col(X , J)PZg = u (7.10)
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for some p. Using the property that a(J ) = {0}, it is easily seen that (7.10)
implies (in fact, is equivalent to) X .y # O for every ye Ker J_\{0}. But
apparently Ker J = Ker J_, so Xy # 0 for every y e Ker J_\ {0}, and
(7.9) follows. Now (7.8) and (7.9) ensure (Theorem 7.2) that (X, J,) is
similar to an infinite Jordan pair of L,(4) (observe that the multiplicity of
Ao = 0 as a zero of det(A'L(A™ 1)) and of det(A'L,(A™ 1)) is the same). It is an
easy exercise to check that (Xg, Jg + of) is a finite Jordan pair of L,(4).

Let (Xg, J¢) and (X, J,,) be finite and infinite Jordan pairs of L,(A).
Since L,(0) is nonsingular, Jg is nonsingular as well. We show now that
X, DY (X X, Jrt®J,) is a standard pair for the monic matrix
polynomial L,(1) = A(L(0))"'L,(A™Y).

Let B=[x, x; --- x,]beaJordan chain for L,(1) taken from X,
and corresponding to the eigenvalue 4, # 0. Let K be the Jordan block of
size (r + 1) x (r + 1) with eigenvalue 4,. By Proposition 1.10 we have

1
Y 4;,BK’ = 0, (7.11)
j=0

where 4, are the coefficients of L,(4). Since 4, # 0, K is nonsingular and so

J

1
A;,BKI™! = 0. (7.12)
=0

Let K, be the matrix obtained from K by replacing 4, by 4, *. Then K, and
K ~!aresimilar:

K™ = M,(A)Ko(M,(Ae) "1, (7.13)
where
M, (%) = [(— 1)f<’. - 1)%“]
i—1 i,j=0
and it is assumed that (Z{) = 1 and (!) = Oforq > porg = —landp > —1.

The equality (7.13) or, what is the same, KM (1)K, = M,(A,), can be verified
by multiplication. Insert in (7.12) the expression (7.13) for K ~!; it follows from
Proposition 1.10 that the columns of B(M,(4,))”"! form a Jordan chain of
L,(4) corresponding to A .

Let k be the number of Jordan chains in Xy correspondingto 4,, and let
B; (i = 1,...,k) be the matrix whose columns form the ith Jordan chain
corresponding to A,. We perform the above transformation for every B,;.
It then follows that the columns of B,(M, (A,))" ", ..., B{M, (4,))~ ! form
Jordan chains of L(A) corresponding to A; . Let us check that these Jordan
chains of L(A) form a canonical set of Jordan chains corresponding to A; . By
Proposition 1.15, it is enough to check that the eigenvectors b, ..., b, in
By(M,,(A0))™', ..., BiM, (4,))" !, respectively, are linearly independent.
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But from the structure of (M, (4,))” ' it is clear that by, ..., b, are also the
eigenvectors in By, ..., B, respectively, of L(4) corresponding to 4,, and
therefore they are linearly independent again by Proposition 1.15.

Now it s clear that (X, , J;,!), where J, is the part of Jg corresponding to
the eigenvalue A, (#0) of Jr and )?AO is the corresponding part of X, is the
part of astandard pair of L, () correspondingto A; !. Recall that by definition
(X, J,) is the part of a Jordan pair of I,(A) corresponding to 0. So indeed
(X, T) is a standard pair of L, (1).

In particular, col(X J9)!Z} = col(XpJr%, X J¢)!Z4 is nonsingular (cf.
Section 1.9). Since we can choose Xr = X¢, Jp = Jg + af, and the pair
(X, J.(I +aJ, ) Yissimilarto (X, J ), the matrix T,_, € col(X p(J +
al), X  J' VTN + oJ )) 21 is also nonsingular. Finally, observe that

I 0 0 0
ol 1 0 - 0

Ty =| @1 (Dol I - 0|8y, (7.14)
(€39 SR €S iy N € Aty BRI ()

where S,_, is given by (7.5). (This equality is checked by a straightforward
computation.) So S,_, is also invertible, and Theorem 7.3 is proved. [

7.4. Properties of Decomposable Pairs

This section is of an auxiliary character. We display here some simple
properties of a decomposable pair, some of which will be used to prove main
results in the next two sections.

Proposition 7.4. Let (X, Y) = ([X'1 X,]1, T, ® T,) be a decomposable
pair of degree I, and let S,_, = col(X, T, X, Ty 2~ HiZ3. Then

(@) S,_, has full rank (equal to n(l — 1));
(b) the nl x nl matrix

1
P = (1 @® Tz)Sl_—ll [O:ISIZ’ (7-15)

where S,_, is defined by (7.4), is a projector with Ker P = Ker §,_,;
(c) we have

0 0
(I -P)I@ TS =1 @ TS [0 I ] (7.16)
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Proof. By forming the products indicated it is easily checked that

Al -1 0 - 0

0 Al —I

: : : : : Sl—l = Sl—ZT(i)v (717)
0 0 0 - Al —I

where T(1) = (IA — T;) ® (T, A — I). Then put A = 4, in (7.17), where 4, is
such that T'(A,) is nonsingular, and use the nonsingularity of S;_; to deduce
that S,_, has full rank.

Dividing (7.17) by 4 and letting 4 — oo, we obtain

I 0]S-; =S8, & T). (7.18)
Now, using (7.18)

I I
P2 =(I® TS, [0]51—2(1 ® T)S-Y [0:|S1—2

I

1 I
= (I ® TS, [O:I (0] [O:ISI-Z =@ TS, [O

:lsl—z =P,

so P is a projector.
Formula (7.15) shows that

Ker P o Ker §,_,. (7.19)
On the other hand,
1
S, P=8_,0&® Tz)Sl—ll[O:lSI—z =8
inview of (7.18),sorank P > rank S,_, = n(l — 1). Combining with (7.19), we

obtain Ker P = Ker §,_, as required.
Finally, to check (7.16), use the following steps:

1 _
P(I @ TZ)SI——ll = (1 ® TZ)Sl_—ll [0] {31—2(1 ® Tz)St—11}

1 |1 0
~ U Tz)s,fl[o] U 0=0e T2>S,_11[0 OJ,
where the latter equality follows from (7.18). [

The following technical property of decomposable pairs for matrix
polynomials will also be useful.
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Prdposition 75. Le([X, X,], T, ® T,) be adecomposable pair for the
matrix polynomial L(A) = Y_ o MA;. Then
VP =0, (7.20)
where P is given by (7.15), and
-1
V= [A,XIT’I‘I, ~ Y AX, T{;l—i].

i=0

Proof. Since

M~

AX, Ty =0 and [X,T{LX,1=[0 --- 0 IS4,

i=0

we have

-1 ) 1
VP = [A,XlTl;l, -y AinT’Z‘]S,‘I [0]5,2

i=0

_ 1
= AI[X1TI1 laXZ:ISl—lll:O

I
]S:z =A[0 --- 0 1] [O]Slz =0 U
We conclude this section with some remarks concerning similarity of
decomposable pairs. First, decomposable pairs

X, =X, X;1,Teh), ED=CX X1T o) 721

with the same parameter m are said to be similar if for some nonsingular
matrices Q and Q, of sizesm x mand (nl — m) x (nl — m), respectively, the
relations

Xi:XiQi’ Ti:Qi—lTiQia =12,

hold. Clearly, if (X, T) is a decomposable pair of a matrix polynomial L(4)
(of degree I), then so is every decomposable pair which is similar to (X, T). The
converse statement, that any two decomposable pairs of L(1) with the same
parameter are similar, is more delicate. We prove that this is indeed the case if
we impose certain spectral conditions on T, and T,, as follows.

Let L(A) = Y'_, 4,1' be a matrix polynomial with decomposable pairs
(7.21) and the same parameter. Let T, and T; be nonsingular and suppose that
the following conditions hold:

o) =0o(T), i=12 (7.22)
oa(T;Hno(T) =aT;iHnaTy) = (7.23)
Then (X, T) and (X,T) are similar.
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Let us prove this statement. We have
[4g A, -+ AJcol(X T}, X, Ty Hieg=0 (7.24)
or
AfX, X,Tyl= —[A4, - A]S_ (T, @ D).
Since S,_; and T, are nonsingular,
Im Ay o Im[A4, --- A],
and therefore A, must also be nonsingular (otherwise for all Ae €,
Im L(A) < Im[4, A4, --- A]# ",

a contradiction with the regularity of L(4)). Consider the monic matrix
polynomial L(4) = Ay 'A'L(A~"). Equality (7.24) shows that the standard
pair

0 1 0 0
0 0 I 0
t o - 0] : : : :
0 0 0 1
—Ag A —AG A — AT, - —Ag A,

of L[(A) is similar to ([X, X,],T;{'@® T,), with similarity matrix
col(X,T;', X, T,)!Z 4 (this matrix is nonsingular in view of the nonsingularity
of S;_;). So ([X, X,],T;'@® T,) is a standard pair of L(1). Analogous
arguments show that (X, X,], T ' @ T,) is also a standard pair of L(A).
But we know that any two standard pairs of a monic matrix polynomial are
similar; so T; ' @ T, and T, ' @ T, are similar. Together with the spectral
conditions (7.22) and (7.23) this implies the similarity of T; and T,, i = 1, 2.
Now, using the fact that in a standard triple of L(4), the part corresponding to
each eigenvalue is determined uniquely up to similarity, we deduce that (X, T)
and (X, T) are similar, as claimed.

Note that the nonsingularity condition on T, and T, in the above state-
ment may be dropped if, instead of (7.23), one requires that

o((T, + o)™ ' no(TL + aT,)™Y)
=o(T, +a) ' na(T( +aTy) ") =D, (7.25)

for some o € € such that the inverse matrices in (7.25) exist. This case is easily
reduced to the case considered above, bearing in mind that

([X 1, Xo(I + oT) 710 (Ty + o) @ To(I + oTy) ™)
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is a decomposable pair for L(A — «), provided ([X, X,], T, ® T,) is a
decomposable pair for L(4). (This can be checked by straightforward cal-
culation using (7.14).) Finally, it is easy to check that similarity of T,(I +aT,) ™!
and To(I + «T,)~ ! implies (in fact, is equivalent to) the similarity of T, and T.

7.5. Decomposable Linearization and a Resolvent Form

We show now that a decomposable pair for a matrix polynomial L(4),
introduced in Section 7.4, determines a linearization of L(4), as follows.

Theorem 7.6. Let L(A) = Y-, A; A" be a regular matrix polynomial, and
let (X, X,], T, ® T,) be its decomposable pair. Then T(A) = (IA — T;) @
(T, A — 1) is a linearization of L(A). Moreover

CUDSi_, = [S’;Z]m), (7.26)

where V = [A, X, T =Y I120 A, X, Ty ' " and

I 0 0 0 0 -1 0 - 0
0 I 0 0 0 0 —1 -~ 0
C(A) = : S U o I :
00 I 0 00 0 - —I
00 0 A,J Ag A, A, - A,

is the companion polynomial of L(A).

Proof. The equality of the first n(l — 1) rows of (7.26) coincides with
(7.17). The equality in the last n rows of (7.26) follows from the definition of a
decomposable pair for a matrix polynomial (property (iii)). The matrix
[5%2] is nonsingular, because otherwise (7.26) would imply that det C, (1)
= 0, which is impossible since C, (1) is a linearization of L(4) (see Section 7.2)
and L(A) isregular. Consequently, (7.26) implies that T'(1) is a linearization of
L(A) together with C, (1), O

The linearization T(A) introduced in Theorem 7.6 will be called a decom-
posable linearization of L(A) (corresponding to the decomposable pair
X, X,1. T, ®T) of L(A).

Using a decomposable linearization, we now construct a resolvent form
for a regular matrix polynomial.

Theorem 7.7. Let L(A) be a matrix polynomial with decomposable pair
([X, X,1, T, ® T,) and corresponding decomposable linearization T(A). Put
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V= [A1X1T11_1a _Zf;(l) A X, le_lii], S, = COI(X1Ti1’ Xleziz_i)ll;(Z)a

and

Z=[1@T’2“][s’;z]_ 0 - 0 I
Then
L7 ') = [X, X,TO) 'Z. (1.27)

Observe that the matrix [572] in Theorem 7.7 is nonsingular, as we have
seen in the proof of Theorem 7.6.

Proof. Weshall use the equality (7.2), which can be rewritten in the form
diag[L™'(A), 1,...,1] = D(A)CL "(A)B~'(A),

where
[ Bi(4) By(A) -~ B (A I
-1 o - 0 0
B(4) = 0 -1 -~ 0 0 (7.28)
L 0 o - =I 0
with some matrix polynomials Bi(A),i =1,...,] — 1, and
1 0 o0 .- 0
Al I 0 - 0
DA)=| 0 —AI I -- 01. (7.29)
| 0 0 0 - —AI I
Multiplying this relation by [I 0 --- 0] from the left and by
I o - 017

from the right, and taking into account the form of B(1) and D(4) given by
(7.28) and (7.29), respectively, we obtain

L™ A= 0 --- 0]C (M0 --- 0o 1™
Using (7.26) it follows that

LW =[I 0 --- O]S,,lT(A)“[SII;Z]_I[O o0 I
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Now

Sl—2

o - O]S,_lm)-l[ ”

-1 S -1
] = [X, Xﬂ?ﬂnm”[;ﬂ

- [X, X,]d® TZZ‘I)T(,l)ﬂ[SII;Z]I

=H1XNUWU®HﬂF7Ii

and (7.27) follows. O

7.6. Representation and the Inverse Problem

We consider now the inverse problem, i.e., given a decomposable pair
(X, T)of degree [, find all regular matrix polynomials (of degree /) which have
(X, T) as their decomposable pair. The following theorem provides a
description of all such matrix polynomials.

Theorem 7.8. Let (X, T) = ([X, X,], Ty ® T;)beadecomposable pair
of degree |, and let S,_, = col(X, T}, X, Ty 27%)Z3. Then for every n x nl
matrix V such that the matrix [5y 2] is nonsingular, the matrix polynomial

L) =V = P)[UA=T) @ (Tyd — DUy + Ui+ - + U, A1y,
(7.30)
where P = (I @ Ty)[col(X, T4, X, T5 172817 '[41S,-, and
[Up U, -+ U_,]=T[col(X,Ti X,Th "Hizs1~1,

has (X, T) as its decomposable pair.
Conversely, if L(A) = Y '_y A;A" has (X, T) as its decomposable pair, then
L(2) admits representation (7.30) with

1-1
V=V -P) = [A,XITII‘I, — Y A X, T’[l“’]. (7.31)
i=0

For future reference, let us write formula (7.30) explicitly, with V' given by
(7.31):
-1 )
L(3) = [AIXITll_l’ - 2 A;X, le_l_‘] [UA-T) @ (T4 - 1)]

i=0

X (Ug+ Ud+ -+ U_ A7, (7.32)
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Proof. Let V beann x nl matrix such that [5; 2] is nonsingular, and let
L(4) = Y_y A;A" be defined by (7.30). We show that (X, T) is a decom-
posable pair of L(A).

Define S,_, and P by (7.4) and (7.15), respectively, and put W = V(I — P).
Since P is a projector,

WP = 0. (71.33)

S B 1 0 Sl~2,
w | -V @ T,)S, 4[] I][ V],

hence [%;2] is nonsingular.
Using (7.33) and Proposition 7.4(c), we obtain

Besides,

Wl @ TS, = W — P)I @ TL)S,—,

0 0
W(1®Tz)5f11[0 ]]=[0 o 04 (7.34)

aad therefore by the definition of L(4)
W(T; & 1)517-11 =—[4, Ay - A_] (7.35)
Combining (7.34) and (7.35), we obtain
Sl— 1
CLDS, -, = W (), (7.36)

where C,(A) is the companion polynomial of L(A) and T(1) = (IA — T;) ®
(T, A — I). Comparison with (7.26) shows that in fact

1-1
W= [A,XlT’[‘, ~ Y A,X, T';I—i]. (7.37)

i=0
The bottom row of the equation obtained by substituting (7.37) in (7.36) takes
the form
X, X, Ty
(0 -+ 0 412+ [Ag,.--» 44D X‘:Tl XZTIJZ
X, TV X,

o, = - 0
=[A,X1T‘1 L= YLAXTY! ][ 0 ! TZA_I].

i=0
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This implies immediately that

] 1
A, X,\T; =0, YAX, Ty =0,
i=0 =0
i.e., (X, T) is a decomposable pair for L(A).
We now prove the converse statement. Let L(A) = Y!_,A4;A' be a
regular matrix polynomial with decomposable pair (X, T'). First observe that,

using (7.17), we may deduce
Si—2 TS col(IA)Z) = 0. (7.38)
Then it follows from (7.2) that

I 0 --- 0
* I 1A :
L La_y) = "1CL(A :
B @ Ly-yy [_,m_n 0] e
-1 N
where the star denotes a matrix entry of no significance. Hence,
LA =[* - * I]JCL(A)col(IA)iZ}. (7.39)
Now use Theorem 7.6 (Eq. (7.26)) to substitute for C; (1) and write
S, .
LA =[* - * 1] [ ’VZJT(A)S,-_I1 col(1A):Z8
=[* - *¥]IS,_, T(A)S; Y colIA)Z) + VT(A)S,ZY col(IA)iZ].

But the first term on the right is zero by (7.38), and the conclusion (7.30)
follows since VP = 0 by Proposition 7.5. O

Note that the right canonical form of a monic matrix polynomial (Theorem
2.4)can be easily obtained as a particular case of representation (7.32). Indeed,
let L(A) = 1A' + Y28 A, A, and let (X, T) = (X, Jg) be its finite Jordan
pair, which is at the same time its decomposable pair (Theorem 7.3). Then
formula (7.32) gives
-1

L(}) = XT"‘T(A)( U,.,1f> = XTI} — T)<§Uili>
=0

i =0

-1
= AXT' [eol(XTHZI1 AL 221, ..., A 1]T — XT’( y U,.Af)
i=0
-1
=A[0 - 0 I[ALA%,..., A" — XT’< y Uii")
i=0

-1
=IA - XT‘( y Ui,l‘),
i=0

which coincides with (2.14).
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Theorem 7.8 shows, in particular, that for each decomposable pair (X, T)
there are associated matrix polynomials L(4), and all of them are given by
formula (7.30). It turns out that such an L(4) is essentially unique: namely, if
L(A) and L(1) are regular matrix polynomials of degree [ with the same
decomposable pair (X, Y), then

L(}) = OL(}) (7.40)

for some constant nonsingular matrix Q. (Note that the converse is trivial:
if L(A) and L(A) are related as in (7.40), then they have the same decomposable
pairs.) More exactly, the following result holds.

Theorem 7.9. Let (X, T) be a decomposable pair as in Theorem 7.8, and
let Vi and V, be n x nl matrices such that [%y,*] is nonsingular, i = 1, 2. Then

Ly, (1) = QLy,(4),
where Ly (1) is given by (7.30) with V = V;, and

Q = (VllKersx ,1) - (V2|Ker51, 2)_1' (741)

Note that,in view of the nonsingularity of [%};?], the restrictions V; xc,s,_,»
i = 1, 2 are invertible; consequently, Q is a nonsingular matrix.

Proof. We have to check only that
ov,d — Py =V, — P). (7.42)

But both sides of (7.42) are equal to zero when restricted to Im P. On the
other hand, in view of Proposition 7.4(c) and (7.41), both sides of (7.42) are
equal when restricted to Ker P. Since €™ is a direct sum of Ker P and Im P,
(7.42) follows. [

We conclude this section by an illustrative example.

ExaMpLE 7.2. Let X, =X, =1,T, =0, T, = al, a # 0 (all matrices are 2 x 2).
Then ([X, X,], T, @ T,)isadecomposable pair (where | = 2). According to Theorem
7.8, all matrix polynomials L(1) for which [(X; X,], T; @ T,) is their decomposable
pair are given by (7.30). A computation shows that

L) = (A — al)(V, — V), (7.43)

where V' and V, are any 2 x 2 matrices such that

I I

Vi 1,
is nonsingular. Of course, one can rewrite (7.43) in the form L(1) = V(A1 — al?), where
V is any nonsingular 2 x 2 matrix, as it should be by Theorem 7.9. [
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7.7. Divisibility of Matrix Polynomials

In this section we shall characterize divisibility of matrix polynomials in
terms of their spectral data at the finite points of the spectrum, i.e., the data
contained in a finite Jordan pair. This characterization is given by the follow-
ing theorem.

Theorem 7.10. Let B(A) and L(A) be regular matrix polynomials. Assume
B(}) = Z;":O Bj/lj, B,, # 0, and let (X, Jg) be the finite Jordan pair of L(A).
Then L(A) is a right divisor of B(A), i.e., B(A)L(A) ™! is also a polynomial, if and
only if

B; X Ji = 0. (7.44)

J

M=

j=0

We shall need some preparation for the proof of Theorem 7.10.

First, without loss of generality we can (and will) assume that L(4) is
comonic, i.e., L(0) = I. Indeed, a matrix polynomial L(4) is a right divisor of a
matrix polynomial B(4) if and only ifthe comonic polynomial L™ }(«)L(A + «)
is a right divisor of the comonic polynomial B~ *(«)B(A + «). Here a e € is
suchthat both L(x)and B(x)are nonsingular, existence of such an « is ensured
by the regularity conditions det B(1) # Oand det L(4) # 0. Observe also that
(X, Jg) is a finite Jordan pair of L(4) if and only if (X, Jg + ol) is a finite
Jordan pair of L™ *(a)L(A + «). This fact may be verified easily using Theorem
7.1.

Second, we describe the process of division of B(4) by L(A) (assuming L(4)
is comonic). Let [ be the degree of L(4), and let (X, J,) be the infinite
Jordan pair of L(4). Put

X=[Xe X1, J=J'®J,. (7.45)

We shall use the fact that (X, J) is a standard pair for the monic matrix
polynomial L(A) = A'L(A™!) (see Theorem 7.15 below). In particular,
col(XJ'™1)i_, is nonsingular. For « > 0 and 1 < g < [set F,; = XJ°Z,,
where

row(Zy)p—, = [col(XJ ™Yo, 17" (7.46)

Further, for each « > 0 and <0 or > [ put F,; = 0. With this choice of F,
the following formulas hold:

L) =1~ ZAjFl,l+1—j, (7.47)
j=1

and

F1+1.ﬁ:FalFlﬂ+Fa,ﬁ‘1' (7-48)
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Indeed, formula (7.47) is an immediate consequence from the right canonical
form for L(4) using its standard pair (X, J). Formula (7.48) coincides (up to
the notation) with (3.15).

The process of division of B(4) by L(4) can now be described as follows:

B(4) = Q(AL(A) + Ry (A), k=12,..., (7.49)
where

k-1 j-1
0(A) = Z /V<Bj + Z BiF1+j—1—i,l>>

<o
k—1
R (A) = Z/V(B + Z BiF ii—1—i 14k ]>, (7.50)
i=k
and B; = Oforj > m. We verify (7.49) using induction on k. For k = 1(7.49)is

trivial. Assume that (7.49) holds for some k > 1. Then using the recursion
(7.48), one sees that

B(A) — Qi+ 1(AL(A)

k—1

R(4) — /1"<Bk + ZBiFm—l—i,a)L(i)

i=0

k-1
Z ’V<B + ZBFI+k 1—i l+k— 1>

j=k+1 i=

k-1
+ Z lj(Bk‘F > BiFi - 11>F11+k+1 j

j=k+1 i=0

= Z /V(B + BeF) jvkv1-j + ZBFl+k iltk+1- ,)

j=k+1
= Ri+1(D),

and the induction is complete.

We say that a matrix polynomial R(1) has codegree k if R”(0) = 0,
i=0,...,k —1,and R®(0) # 0 (i.e., the first nonzero coefficient in R(1) =
YP_o R;¥ is Ry). If B(A) = Q(A)L(A) + R(A) where Q(4) and R(1) are
n x n matrix polynomials such that degree Q(1) < k — 1 and codegree
R(A) = k,then Q(1) = Q,(A) and R(A) = R,(A). Indeed, since L(A) is comonic,
under the stated conditions the coefficients of Q(1) = Y*-3 Q, A are uniquely
determined by those of B(1) and L(4) (first we determine Q, then @, Q,,and
so on), and hence the same is true for R(4). It follows that L(A) is a right divisor
of B(A) if and only if for some k the remainder R, (1) = 0.

Proof of Theorem 7.10. Using the definition of F,; and the property
XJT1Z; = 6,1 (1 <i,j <), rewrite (7.50) in the form

© I+k—1
R = Y B¥+ Y BXJ*H 1~ '<Zz Altk= ”)

j=k+1 i=0



7.7. DIVISIBILITY OF MATRIX POLYNOMIALS 203
It follows that R, (1) = 0 if and only if

I+ k>m, Y B XJ'E 1T =0, (7.51)
i=0

Now suppose that L(4) is a right divisor of B(4). Then there exists k > 1 such
that (7.51) holds. Because of formula (7.45) this implies
ZBiXFJEIAk+1+i =0.
=0
Multiplying the left- and right-hand sides of this identity by J&*~! yields the
desired formula (7.44).

Conversely, suppose that (7.44) holds. Let v be a positive integer such that
J% = 0. Choose k > 1 such that [ + k > m + v. Multiply the left- and right-
hand sides of (7.44) by J;'~**1. This gives

1

Y B XgJg 1T =0,

i=0

As X JUFk17i =0 for i =0,...,m, we see that with this choice of k,
formula (7.51) obtains. Hence L(A) is a right divisor of B(1). [

Corollary 7.11. Let B(X) and L(A) be regular n x n matrix polynomials.
Then L(4) is a right divisor of B(A) if and only if each Jordan chain of L(A) is a
Jordan chain of B(X) corresponding to the same eigenvalue.

Proof. If L(A) is a right divisor of B(A), then one sees through a direct
computation (using root polynomials, for example) that each Jordan chain
of L(A) is a Jordan chain for B(4) corresponding to the same cigenvalue as
for L(A).

Conversely, if each Jordan chain of L(A) is a Jordan chain for B(4)
corresponding to the same eigenvalue, then by Proposition 1.10, (7.44) holds
and so L(A) is a right divisor of B(4). O

Note that in the proof of Theorem 7.10 we did not use the comonicity of
B(A). It follows that Theorem 7.10 is valid for any pair of n x n matrix poly-
nomials B(4) and L(4), provided L(A) is regular. A similar remark applies to
the previous corollary.

Next we show that a description of divisibility of regular polynomials can
also be given in terms of their finite Jordan chains. In order to formulate this
criterion we shall need the notions of restriction and extension of admissible
pairs.

As before, a pair of matrices (X, T) is called an admissible pair of order p
if Xisn x pand T is p x p. The space

Ker(X, T) = __OKer XT/ = OOKer[col(XTj‘ D5o1]

J

s



204 7. SPECTRAL PROPERTIES AND REPRESENTATIONS

is called the kernel of the pair (X, T). The least positive integer s such that
Ker[col(X T/~ ")5-,] = Ker[col(X T/~ ")311]

will be called the index of stabilization of the pair (X, T); it will be denoted by
ind(X, T). Since the subspaces .#, = Ker[col(XTj_l)j-zl] < ¢* form a
descending chain #, > M, > ---> M, > M,,,, there always exists a
minimal s such that #, = 4, , ie., ind(X, T) is defined correctly.

Given two admissible pairs (X, T) and (X, T;) of orders p and p,,
respectively, we call (X, T) an extension of (X, T;) (or, equivalently, (X ,, T;)
a restriction of (X, T)) if there exists an injective linear transformation
S: €7 > 7P such that XS = X, and TS = ST,. Observe that in this case
Im S is invariant under T. Admissible pairs (X, T) and (X,, T;) are called
similar if each is an extension of the other; in this case their orders are equal
and XU = X,, UT'TU = T, for some invertible linear transformation U.
The definition of extension given above is easily seen to be consistent with the
discussion of Section 6.1. Thus, the pair (X |;,,s5 T |ims) 1S similar to (X, T}),
with the similarity transformation S: ¢** —»Im S.

Animportant example of an admissible pair is a finite Jordan pair (X, Jg)
of a comonic matrix polynomial L(A). It follows from Theorem 7.3 that the
kernel of the admissible pair (X, J) is zero.

We shall need the following characterization of extension of admissible
pairs.

Lemma 7.12. Let (X, T) and (X, T}) be admissible pairs. If (X, T) is
an extension of (X, T;), then
Im[col(X, T\ H™ ,] < Im[col(X T~ 1y, ], m> 1.
Conversely, if (X |, Ty) has a zero kernel and if
Im[col(X, Ti M 1] < Im[col(X T~ 1)s 1], (7.52)

where k is some fixed positive integer such that k > ind(X, T) and k >
ind(X,, T}), then (X, T) is an extension of (X, T).

Proof. The first part of the lemma is trivial. To prove the second part:
first suppose that both (X, T;) and (X, T) have zero kernel. Our choice of k
implies

Ker[col(X T Yk, ] = {0}, Ker[col(X, T 1)1 = {0}.
Put Q = col(XT"1)i_, and Q, = col(X, T 1)%_,, and let p and p, be the
orders of the pairs (X, T) and (X, T;). From our hypothesis if follows that

Im Q; = Im Q. Hence, there exists a linear transformation S: €** — €” such
that QS = Q,. As Ker Q, = {0}, we see that S is injective. Further, from
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Ker Q = {0} it follows that S is uniquely determined. Note that QS = Q,
implies that XS = X,. To prove that TS = STy, let us consider

Q=col(XT"Hrl, Q= col(X, T ')l

As before, there exists a linear transformation S: ¢”* — ¢” such that QS = Q.
The last equality implies QS = Q,, and thus S = S. But then QTS = QTS =
Q, Ty = QST,. It follows that QTS — ST,) = 0. As Ker Q = {0}, we have
TS = ST,.Thiscompletes the proof of the lemma for the case that both (X, T)
and (X, T;) have zero kernel.

Next, suppose that Ker(X, T) # {0}. Let p be the order of the pair (X, T),
and let Q be a projector of €? along Ker(X, T). Put

Xo = X|1mQ» To = QTllmQ'
Then Ker(X,, Tp) = {0} and for all m > 1
Im[col(X, Th )] = Im[col(X T~ )™ 1.

As, moreover, ind(X ,, Ty) = ind(X, T), we see from the result proved in the
previousparagraphthat (7.52) implies that (X, Ty)is anextension of (X ;, T).
But, trivially, (X, T) is an extension of (X, Ty). So it follows that (X, T)is an
extension of (X ;, T;), and the proof is complete. []

Now we can state and prove the promised characterization of divisibility
of regular matrix polynomials in terms of their finite Jordan pairs.

Theorem 7.13. Let B(1) and L(1) be regular n x nmatrix polynomials and
let (Xg,Jg) and (X, J ) be finite Jordan pairs of B(A) and L(4), respectively.
Then L(1) is a right divisor of B(A) if and only if (X g, Jp) is an extension of
(X1, Jp).

Proof. Let g be the degree of det B(4), and let p be the degree of det L(A).
Then (X, Jg)and (X, J;)are admissible pairs of orders g and p, respectively.
Suppose that there exists an injective linear transformation S: €? — €% such
that XzS = X, JgS = SJ,. Then X,JiS = X, Ji for each j > 0. Now
assume that B(A) = Y, B; 2. Then

J

j=0 =0
So we can apply Theorem 7.10 to show that L(4) is a right divisor of B(4).
Conversely, suppose that L(4) is a right divisor of B(4). Then each chain of

L(A) is a Jordan chain of B(4) corresponding to the same eigenvalue as for
L(4) (see Corollary 7.11). Hence

Im[col(X Ji™ Y ] < Im[col(X zJi5 M,
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for each m > 1. As Ker(X,, J,) and Ker(X g, Jg) consist of the zero element
only, it follows that we can apply Lemma 7.12 to show that (X, J) is an
extension of (X, J,). O

7.8. Representation Theorems for Comonic Matrix
Polynomials

In this section the results of Section 7.5 and 7.6 will be considered in the
special case of comonic matrix polynomials, in which case simpler representa-
tions are available. Recall that L(A) is called comonic if L(0) = I. Clearly, such
a polynomial is regular.

Let (Xg, Jp)and (X ., J ) be finite and infinite Jordan pairs, respectively,
for the comonic polynomial L(A) =1+ Y}_,4;4. By Theorem 7.3,
(X X, ), Je®J,)is adecomposable pair of L(4). Moreover, since L(0)
= I, the matrix Jg is nonsingular. Let J = Je' @ J, and call the pair
X,))=((Xg X, 1.Jr!®J,)acomonic Jordan pair of L(A). Representa-
tions of a comonic matrix polynomial are conveniently expressed in terms of a
comonic Jordan pair, as we shall see shortly.

We start with some simple properties of the comonic Jordan pair (X, J).
It follows from Theorem 7.3 and property (iii) in the definition of a decom-
posable pair of L(A) that the nl x nl matrix col(XJ%)!Z} is nonsingular.
Further,

col(XJ)Z1J = R col(XJHZ4, (7.53)

where R is the comonic companion matrix of L(1) (see Section 7.2). Indeed,
(7.53) is equivalent to

X'+ AX + A XJ 4+ -+ A XJ"1 =0,

which follows again from Theorem 7.3. In particular, (7.53) proves that J
and R are similar.

The following theorem is a more explicit version of Theorem 7.7 applicable
in the comonic case.

Theorem 7.14. Let L(1) be a comonic matrix polynomial of degree I, and
let (X, J) be its comonic Jordan pair. Then the nl x nl matrix Y = col(XJ')\Z}
is nonsingular and, if .~ ¢ o(J),

L7'A) = XJU 0 —JA- Y0 0 .- 1~ (1.54)

Proof. Nonsingularity of Y has been observed already.
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Apply formula (7.27) with X| = X¢, X, = X, Ty =Jg, T = J;

A —J o 1 —JFt 0
“107y — F _ Nz F
L (A)—X[ 0 wal—l] Z =X - J) [ ) _I]z,

where

inthe notation of Theorem 7.7. To prove (7.54), it remains to check the equality

0 0
-Jgt O[T O Y e Jg= 0 _4]0
= Y7 ] (7.55
et i I Rt A H A
0
I I
From (7.26) we have
—Jg' 0[S
nr
oA
0
—JrA+ 1 0 - e
_[ 0 —Jw/1+1]s“‘cﬂ) o
I
Put 4 = 0 in the right-hand side to obtain
_Jl;l 0 Sl—?.—_l T -1 T
[ 0 _I:HiW‘ 0 --- 0 1n1"=8-41 0 --- 0]'. (7.56)
(Here we use the assumption of comonicity, so that C;(0) is nonsingular.) But
[0 o0 I
: : JEa-n 0
S =1 Y .
Srloor - 0 [ 0 I
10 - 0

Inverting this formula and substituting in (7.56) yields (7.55). [J

Note that for any pair of matrices similar to (X, J) arepresentation similar
to (7.54) holds. In particular, (7.54) holds, replacing X by [I 0 --- 0] and
J by the comonic companion matrix R of L(4) (cf. (7.53)).

An alternative way to derive (7.54) would be by reduction to monic
polynomials. Let us outline this approach. The following observation is
crucial:
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Theorem 7.15. Let L(A) be a comonic matrix polynomial of degree 1, and
let (X, J) be its comonic Jordan pair. Then (X, J) is a (right) standard pair for
the monic matrix polynomial L(1) = A'L(A™Y).

The proof of Theorem 7.15 can be obtained by repeating arguments from
the proof of Theorem 7.3.

Wealreadyknowa resolvent representationfor L(4) = A'L(4~ !)(Theorem
2.4):

L) =XUA—-J)'Z, A¢o()),

where Z = [col(XJ)!Z8]17 0 --- 0 11"

The last relation yields the biorthogonality conditions XJ/Z = 0 for
j=0,...,1 =2 XJ'"1Z = L Using these we see that for A close enough to
zero,

L YA =2 [La HI t=2"""XU - )" 'z
=AT"IXU + A+ 22T+ )2
= ATHIXQEURt L U o 0Z = XT T - )Tz

Consequently, (7.54) holds for 4 close enough to zero, and, since both sides of
(7.54) are rational matrix functions, (7.54) holds for all A such that 17! ¢ a(J).

For a comonic matrix polynomial L(4) of degree [ representation (7.32)
reduces to

LG =1 — XJ WA + VA7 4 -+ V), (1.57)

where (X, J) is a comonic Jordan pair of L(A), and [V, --- V] =
[col(XJH)IZ4]7 1. The easiest way to verify (7.57) is by reduction to the monic
polynomial A'L(A™ ') and the use of Theorem 7.3. Again, (7.57) holds for any
pair similar to (X, J). In particular, (7.57) holdsfor (I 0 --- 0], R) with
the comonic companion matrix R of L(A). It also follows that a comonic
polynomial can be uniquely reconstructed from its comonic Jordan pair.

7.9. Comonic Polynomials from Finite Spectral Data

We have seen already that a comonic matrix polynomial of given degree is
uniquely defined by its comonic Jordan pair (formula (7.57)). On the other
hand, the finite Jordan pair alone is not sufficient to determine uniquely the
comonic polynomial. We describe here how to determine a comonic matrix
polynomial by its finite Jordan pair in a way which may be described as
canonical. To this end we use the construction of a special left inverse intro-
duced in Section 6.3.
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We shall need the following definition of s-indices and k-indices of an
admissible pair (X, T) with nonsingular matrix T and ind(X, T) = [. Let
ki=n+q_i—y —q,-; for i=0, ..., | —1, where g; =rank col(XT’)iZ{ for
i > 1and q, = 0;define s; fori = 0, ... as the number of integers k, kl, e
k,_, which are larger than i. The numbers s, s;, . . . will be called s-indices of
(X, T), and the numbers kg, ky, ..., k,_; will be called k-indices of (X, T).
Observe the following easily verified properties of the k-indices and s-indices:

(1) n=2kog=k = =2k_y;

(2) so=zsp =3

(3) s;<lfori=0,1,...,and s; = 0fori > n;

4) Zf;(l) k; = Z?=0 Sj-

Now we can formulate the theorem which describes a canonical con-
struction of the comonic polynomial via its finite spectral data.

Theorem 7.16. Let (Xg, Jg) be an admissible pair with zero kernel and
nonsingular Jordan matrix Jg. The minimal degree of a comonic polynomial
L(A) such that (X, Jg) is its finite Jordan pair, is equal to the index of stabiliza-
tion ind(Xg, Jg). One such polynomial is given by the formula

Lo(d) = I — XpJi ' VA + -+ + W A),

where V =[V,, ..., V] is a special left inverse of col(XgJg’);=¢. The infinite
part (X ., J ) ofa comonic Jordan pair for Ly(A) has the form

Xw:[xo o ... 0 b o --- 0 --- x
Jao = diag[‘]oo07 ‘]col’ R ] Ja:v]v

., 0 - 0],

where J . ; is a nilpotent Jordan block of size s;, and sy = --- = s, are the
nonzero s-indices of (Xg, Jg ).

Proof. Let (X, Jg) be a finite Jordan pair of some comonic polynomial
L(A). Then (see Theorem 7.3) (X, Jg) is a restriction of a decomposable pair
of L(4). In view of property (iii) in the definition of a decomposable pair
(Section 7.3), ind(Xg, Jgp) < m, where m is the degree of L(A). So the first
assertion of the theorem follows.

We now prove that Ly(4) has (Xg, Jg) as its finite Jordan pair. Let
L(A) = ALo(A™ Y = 1M — XpJg'(Vy + -+ + V;A'"1). By Theorem 6.5, (X,
Jy V) is a part of a standard pair (X, T)for L(4). Further, Corollary 6.6 ensures
that (X, Jg ') is similar to (X | ,, T'|,), where .# is the maximal T-invariant
subspace such that T |, is invertible. By Theorem 7.15, (X | u» T\, is similar
to the part (Xg, Jg ') of a comonic Jordan pair (Xg, X)), Jr' @ J.) of
Ly(4). So in fact (X, Jg) is a finite Jordan pair for Ly(4).
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In order to study the structure of (X ., J ), it is convenient to consider the
companion matrix

0 1 0 0

0 0 1 0

C= : : : :

0 0 o --- 1
XeJp'Vi XpJg 'V, o XpJr W

of L(A). Let /", o --- o #, be the subspaces taken from the definition of the
special left inverse. The subspace #" = col(#"))/_; = ¢" is C-invariant,
because C# = col(# ;,,)/-y = #" (by definition # ., = {0}). The
relation C [col(X g J57)i2 6] = [col(XpJ57)i24] - J5 ' showsthat thesubspace
& =1Im col(XgJg’)jZ¢ is also C-invariant. It is clear that C|,- is nilpotent,
and C| is invertible. Let ko > k, > - -- > k,_, be the k-indices of (X, Jg ).

Let z{),...,z{)  _,, be a basis in #°; modulo # ', , for i =1,...,1 (by
definition k, = 0). Then it is easy to see that for j=1,...,k;_; —k;,
col(8,,2"),_y, col(d,,2"), -4, ..., col(d;,2"),_, is a Jordan chain of C

corresponding to the eigenvalue 0, of length i. Taking into account the defini-
tion of the s-indices and Theorem 6.5, we see that (X _, J,) has the structure
described in the theorem. [

By the way, Theorem 7.16 implies the following important fact.

Corollary 7.17. Let (X, T) be an admissible pair with zero kernel and
nonsingular Jordan matrix T. Then there exists a comonic matrix polynomial
such that (X, T) is its finite Jordan pair.

In other words, every admissible pair (subject to natural restrictions) can
play the role of a finite Jordan pair for some comonic matrix polynomial.

The following corollary gives a description of all the comonic matrix
polynomials for which (X, Jg) is a finite Jordan pair.

Corollary 7.18. A comonic matrix polynomial L(A) has (Xg, Jg) as its
finite Jordan pair if and only if L(4) admits the representation

L(4) = U(DHLo(A),

where Ly(A) = I — XFJF'I(VI/II + -+ VA, [Vy --- V] is a special left
inverse of col(XFJ;’)ﬁzl, and U(R) is a comonic matrix polynomial with
constant determinant.

This is an immediate corollary of Theorems 7.13 and 7.16.
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We have now solved the problem of reconstructing a comonic poly-
nomial, given its finite Jordan pair (X, Jg). Clearly, there are many comonic
polynomials of minimal degree with the same (X, Jg), which differ by their
spectral data at infinity. Now we shall give a description of all possible Jordan
structures at infinity for such polynomials.

Theorem 7.19. Let (Xg, Jg) be an admissible pair of order r and zero
kernel with nonsingular Jordan matrix Jg. Let | = ind(Xg, Jg). If (Xg, Jg)isa
finite Jordan pair of a comonic matrix polynomial L(A) of degree |, and (X ., J )
is its infinite Jordan pair, then the sizes p;, > p, = --- = p, of the Jordan blocks
in J , satisfy the conditions

Jj
pi> Vs, for j=12,...v, (7.58)
i=1

[\/]x..

i=1

M<

pi=nl—r, (7.59)

i=1
where sq, Sy, ..., are the s-indices of (Xg, Jg ).

Conversely, if for some positive integers p, = p, = --- = p,, the conditions
(7.58), (7.59) are satisfied, then there exists a comonic matrix polynomial L(1) of
degree | such that L(A) has a comonic Jordan pair of the form (X¢X ),
JE' @ J ), where J  is a nilpotent Jordan matrix with Jordan blocks of sizes

pl’ MR p\"
The proof of Theorem 7.19 follows easily from Theorem 6.7.

7.10. Description of Divisors via Invariant Subspaces

The results of the preceding section allow us to give the following descrip-
tion of (right) comonic divisors of a given comonic matrix polynomial L(4) in
terms of its finite Jordan pair (X, Jg).

Theorem 7.20. Let .# be a Jg-invariant subspace, and let m =
ind(Xg, ngiﬂ)' Then a comonic polynomial

L) =1—(Xg ) Uel') - Vid" + -+ V), (7.60)

where [V, - V,]is a special left inverse of col(Xg ,)(Jgy,) " Nj=1.isa
right divisor of L(1). Conversely, for every comonic right divisor L,(A) of L(1)
there exists a unique Jg-invariant subspace .# such that L,(1) = U(A)L ,(A),
where U(A) is a matrix polynomial with det U(A) = 1 and U(0) = L

Proof. From Theorems 7.13 and 7.16 it follows that L ,(1) is a right
divisor of L(A) for any Jg-invariant subspace .#.
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Conversely, let L,(A) be a comonic right divisor of L(4) with finite Jordan
pair (X, g, J, g). By Theorem 7.13, (X, ¢, J, §) is a restriction of (X, Jg);
so (X, g, J p)isafinite Jordan pair of L ,(A), where L ,(A) is given by (7.60),
and ./ is the unique Jg-invariant subspace such that (X, g, J, ) is similar to
(X¥g 4> JF| ) By the same Theorem 7.13, L (4) = U(A)L ,(4), where U(1)is a
matrix polynomial without eigenvalues. Moreover, since L,(0) = L ,(0) = I,
alsoU(0) = I,anddetU(A) = 1. O

If . is the Jg-invariant subspace, which corresponds to the right divisor
L,(4) of L(4) as in Theorem 7.20, we shall say that L,(A) is generated by .4,
and .# is the supporting subspace of L,(1) (with respect to the fixed finite
Jordan pair (X, Jg) of L(A)). Theorem 7.20 can be regarded as a generaliza-
tion of Theorem 3.12 for nonmonic matrix polynomials.

ExampLE 7.3. To illustrate the theory consider the following example. Let

L(l):[(ldl_l)} A ]
0 (A —1)?
Then a finite Jordan pair (X, Jg) of L(4) is given by
Xp=[1 00 1 0]’ Jo— (l)_; ?@[1 1].
00 0-8-4 0 1
0 0 -1
Then
-1 -1 -1
Jit=] 0 -1 -1 @[(1) ‘i]
0 0 -1

We compute the divisors generated by the Jg -invariant subspace .# spanned by the
vectors(1 0 0 0 0,0 1 0 0 0)T,(0 0 0 1 0)T. Wehave

-1 -1 0
XF|‘,,,,=|:1 0 1}, Jele = 0 -1 0].
0 0 -8
0 01
The columns of
1 0 1]
{ Xela ]“ 0 0 -8
Xelwde'lad | -1 =1 1
0 0 —8]
are independent, and a special left inverse is
10 0 4
v, V,l=|]-1 0 -1 -3|
00 0-%
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Therefore,

a+10D* =
I = Xp ) Uri) N2 + Vyh) = 2|

0 A—1

and the general form of a right comonic divisor generated by .#, is

1 £
oy (2+1) 5

0 =1
where U(4) is matrix polynomial with U(0) = I and det U(A) = 1. O

7.11. Construction of a Comonic Matrix Polynomial via a
Special Generalized Inverse

In Section 7.9 we have already considered the construction of a comonic
matrix polynomial L(A) given its finite Jordan pair (X, Jg). The spectraldata
in-(Xg, Jg) are “well organized ” in the sense that for every eigenvalue 4, of
L(A) the part of (X, Jg) corresponding to A4, consists of a canonical set of
Jordan chains of L(4) corresponding to A, and Jordan blocks with eigenvalue
Ao whose sizes match the lengths of the Jordan chains in the canonical set.
However, it is desirable to know how to construct a comonic matrix poly-
nomial L(A) if its finite spectral data are “ badly organized,” i.e., it is not known
in advance if they form a canonical set of Jordan chains for each eigenvalue.

In this section we shall solve this problem. The solution is based on the
notion of a special generalized inverse.

We start with some auxiliary considerations. Let (X, T) be an admissible
pair of order p, and let A = col(XT'~!);_,, where s = ind(X, T). Let A' be a
generalized inverse of A (see Chapter S3). It is clear that A' can be written as
A'=[V, --- V], where V,, V,,..., V. are n x n matrices. Put

LAY =128 — XT(V, + AV, + - + X)), (7.61)

Then for every projector P of €? along Ker(X, T) (recall that Ker(X, T) =
{xe€P|XT'x=0,i=0,1,...}) there exists a generalized inverse A' of 4
such that a standard pair of I(1) is an extension of the pair

(Xlimps PT limp)- (7.62)
More exactly, the following lemma holds.

Lemma 7.21. For a projector P of €¥ along Ker(X, T), let A' be a general-
ized inverse of A = col(XT'~ V)i, (s = ind(X, T)) such that A'A = P.
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Let Q=1 0 --- 0] and let C be the first companion_matrix of the
monic matrix polynomial (7.61) (so (Q, C) is a standard pair for L(1)). Then the
space Im A is invariant for C and the pair (Q |im 4> C lim 4) is similar to (X |;, p»
PT ’ImP)-

Proof. We have

0 1 0

0 1 0

cC=| : : : :
XTV, XTV,  --- XTV,

As AA'M = A, we have XT' " 'A'A =XT"" ! fori=1,...,s. So CA =
ATA'A. Since A'A = P, the equalities A'AP = P and AP = A4 hold. So
CA = APTP, and hence

C(4 |ImP) =(4 |ImP)(PT|ImP)'
Note that S = A4, p has a zero kernel (as a linear transformation from Im P to
™). From what we proved above we see that CS = S(PT|,,,, p). Further
(I 0 -~ 01S=[ 0 -+ 0JAimp= Xlimp-

It follows that .# = Im S = Im A4 is a C-invariant subspace, and

(7 0 -+ O]la Cla)
is similar to (X |ipps PT limp) O
For the purpose of further reference let us state the following proposition.
Proposition 7.22. Let (X, T) be an admissible pair of order p, and suppose

that T is nonsingular. Then, in the notation of Lemma 7.21, the restriction
C|im 4 is nonsingular.

Proof. In view of Lemma 7.21, it is sufficient to prove that PT |, p is
invertible, where P is a projector of € along Ker col( X T");Z}. Write X and T
in matrix form with respect to the decomposition ¢ = Im P + Ker P:

Tll T12:|

X=[X, 0, T-= [ .
! T21 T22

For example, T;, = PT|;,,p- Let us prove that T;, = 0. Indeed, the matrix
col(X THiZ ! has the following matrix form with respect to the decomposition
¢? =Im P + Ker P:
X X, 0
XT X, T, 0
A S R § (7.63)

X751 X, T57' 0
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Since s = ind(X, T), Ker col(XT)i-, = Ker col(XT"){_}, and therefore
XT®=[X,T}, 0] Taking into account (7.63) we obtain that X, T4, - T,
= 0forj = 0,...,s — 1,and in view of the left invertibility ofcol(XlT{I)j-;(l,,
it follows that T;, = 0. Now clearly the nonsingularity of T implies that
Ty, = PT|,p is also invertible. [

So if T in the admissbile pair (X, T) is nonsingular, then by Proposition
7.22, C|im 4 1s invertible too. But Im A is not necessarily the largest C-invariant
subspace .# of €™ such that C| , isinvertible. To get this maximal subspace we
have to make a special choice for 4.

Recallthatif #7,, ..., #  aresubspacesin ", thencol(#";);-, willdenote
the subspace of " consisting of all vectors x = col(x;)j-, with x;e #~; for
j=1,2,...,s As before, let (X, T) be an admissible pair of order p, let s =
ind(X, T) and assume that T is nonsingular. Then there exist linear subspaces
W,cW,_, - W, < €"such that

Im col(XT" 1), @ col(W )5y =¢™. (7.64)

For the case in which Ker(X, T) = {0}, formula (7.64) follows from Lemma
6.4. By replacing (X, T') by the pair (7.62) the general case may be reduced to
the case Ker(X, T) = {0}, because

Im col(XT'™)i=; = Im[cOl(X limp) (PT |imp) ™ Di=1]-

We call A'a special generalized inverse of A = col(XT'~');_ , whenever A'is a
generalized inverse of A and Ker 4' = col(#";)5_, for some choice of sub-
spaces %', = --- = ¥, such that (7.64) holds. If 4 is left invertible,and A'isa
special left inverse of A, as defined in Section 6.3, then A4' is also a special
generalized inverse of A.

The following result is a refinement of Lemma 7.21 for the case of special
generalized inverse.

Lemma 7.23. Let (X, T)be anadmissible pair of order p,let s = ind(X, T)
and assume that T is nonsingular. Let A' be a special generalized inverse of
A = col(XT'"Yi_,, and write A" =[V, V, --- V.]. Let (Q,C) be the
standard pair with the first companion matrix C of

L) =1X — XT3V, + VoA + --- 4+ V271
Then C is completely reduced by the subspaces Im A and Ker A, the pairs

(XhmAlAs AlATllmA'A)’ (Q ‘lmA’ CllmA) (765)

are similar, and

(1)  Clipm 4 IS invertible,
(1)) (Clgera)’ = 0.
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Proof. The similarity of the pairs (7.65) has been established in the proof
of Lemma 7.21. There it has also been shown that Im A4 is C-invariant. As T is
nonsingular, the same is true for

A'AT IlmA'A

(cf. Proposition 7.22). But then, because of similarity, statement (i) must be
true. The fact that Ker A' is C-invariant and statement (ii) follow from the
special form of Ker A" (cf. formula (7.64)). O

The next theorem gives the solution of the problem of construction of a
comonic matrix polynomial given its “badly organized” data.

Theorem 7.24. Let (X, T) be an admissible pair of order p, let s =
ind(X, T), and assume that T is nonsingular. Let A" be a special generalized
inverse of A = col(XT' )i_ ;.

Write A = [W, W, --- W), and put
LA)=1—XT (WA + -+ W)
Let P = A'A. Then the finite Jordan pair of L(1) is similar to the pair
(X limp> PT limp)- (7.66)

Further, the minimal possible degree of a comonic n x nmatrix polynomial with
a finite Jordan pair similar to the pair (7.66) is precisely s.

Proof. Note that ind(X, T™!) = ind(X, T) = s. Put
L) =13 — XT 3(W, + --- + W, 1271, (7.67)

From the previous lemma it is clear that the pair
(Xlimps PT ™ imp) (7.68)

is similar to the pair (Q |j, 45 Clim 1), Where (Q, C) is the standard pair with the
companion matrix C of the polynomial (7.67).

Let (X,, J;) be a finite Jordan pair of L(4), and let (X, J ) be a Jordan
pair of (1) corresponding to the eigenvalue 0. By Theorem 7.15 the pair
X, X,l.JL'@®J,) is similar to (Q, C). From the previous lemma we
know that

C= C|ImA @ C(KerA',

where C|, 4 is invertible and C|g,, + is nilpotent. It follows that the pair
(X, JL 1) is similar to the pair (Q i 45 C lim 4)-

But then we have proved that the finite Jordan pair of L(1) is similar to
the pair (7.66).
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Now, let (X, J) be a finite Jordan pair of some comonic n x n matrix
polynomial B(4), and assume that (X g, Jg) is similar to the pair (7.66). Since
the index of stabilization of the pair (7.66) is equal to s again, we see that
ind(Xg, Jp) = s. Let B(1) = A"B(A™ 1), where m is the degree of B(A).

Then (X, Jg ') is a restriction of a standard pair of B(4) (cf. Theorem
7.15). It follows that s = ind(Xy, Jg) = ind(X, J5 ') < m. This completes
the proof of the theorem. [

In conclusion we remark that one can avoid the requirement that T be
invertible in Theorem 7.24. To this end replace T by T — ol, where o ¢ o(T),
and shift the argument A > A — . The details are left to the reader.

Comments

The presentation in Section 7.1 follows the paper [37a]; the contents of
Sections 7.2-7.6 are based on [14], and that of Section 7.7 (including Lemma
7.13) on [29a]. The main results of Section 7.7 also appear in [37a].
Another version of division of matrix polynomials appears in [37b]. For
results and discussion concerning s-indices and k-indices, see [37c, 35b]. The
results of Sections 7.8-7.10 are based on [37a, 37b], and those of Section 7.11
appear in [29a]. Direct connections between a matrix polynomial and its
linearization are obtained in [79a, 79b].



Chapter 8

Applications to Differential and
Difference Equations

In this chapter we shall consider systems of /th-order linear differential
equations with constant coefficients, as well as systems of linear difference
equations with constant coefficients. In each case, there will be a characteristic
matrix polynomial of degree ! with determinant not identically zero. The
results presented here can be viewed as extensions of some results in Chapters
2 and 3, in which the characteristic matrix polynomial is monic. It is found
that, in general, the system of differential equations corresponding to a
nonmonic matrix polynomial cannot be solved for every continuous right-
hand part. This peculiarity can be attributed to the nonvoid spectral structure
at infinity, which is always present for nonmonic matrix polynomials (see
Chapter 7). One way to ensure the existence of a solution of the differential
equation for every continuous right-hand side is to consider the equation in
the context of distributions. We shall not pursue this approach here, referring
the reader to the paper [29a] for a detailed exposition. Instead we shall stick to
the “classical” approach, imposing differentiability conditions on the right-
hand side (so that the differentiation which occurs in the course of solution can
always be performed). In the last section of this chapter we solve the problem
of reconstructing a differential or difference equation when the solutions are
given for the homogeneous case.

218
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8.1. Differential Equations in the Nonmonic Case

Let L(4) = Y'_, A;# be a regular matrix polynomial. We now consider
the corresponding system of /th-order differential equations

l

T

/s (8.1)

d d
Ld—tu=A0u+A1d—tu+-~-+A,

where f'is a C"-valued function of the real variable . Our aim is to describe the
solution of (8.1) in terms of a decomposable pair of L(A).

First, observe that in general equation (8.1) is not solvable for every
continuous function f. For example, consider the system of differential
equations

1

up + 217“2 = fi u, = f2, (8.2)

which corresponds to the matrix polynomial

1 0] [o 1],
L(A)=[0 1]+[0 0],1. (8.3)

Clearly, the system (8.3) has a continuous solution if and only if f, is [-times
continuously differentiable, and in that case the solution u; = f; — /%,
u, = f, is unique.

To formulate the main theorem on solutions of (8.1) it is convenient to
introduce the notion of a resolvent triple of L(4), as follows. Let (X, T) =
([X, X,1, T, ® T,) be a decomposable pair of L(4). Then there exists a
matrix Z such that

L7 ') = XT()" 'z,

where T(1) = (IA — Ty) @ (T, A — I) (see Theorem 7.7). The triple (X, T, Z)
will be called a resolvent triple of L(4).

Theorem 8.1. Let L(A) be a matrix polynomial of degree I, and let (X, T, Z)
be a resolvent triple for L(4), where X = [X, X, T =T, ® T,, and let
Z = [21] be the corresponding partition of Z. Assume that the size of T is
m x m,where m = degree(det L(A)), and that T% = 0 for some positive integer
v. Then for every (v + | — 1)-times continuously differentiable C"-valued
function f(t) the general solution of (8.1) is given by the formula
v—1
X TYZ, [0, (84)

i=0

1
ut) = X,e™'x + f X eT™9Z f(s)ds —
to

where x € €™ is an arbitrary vector.
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Proof. We check first that formula (8.4) does indeed produce a solution
of (8.1). We have (forj =0, 1,...,1)

ji—1
ui(t) = X, Tie™x + Y X, T 7% Z, f®(1)
k=0

v—1

t
+ J X Tie"9Z f(s)ds — Y. X, Ty Z, ).
to i=0

So

Jj—1

1
Z A;u(t) = Z A X \Tie™x + Y Y A X, T2, %)

Jj=0 j=0 j=1k=0

(r !
+ f [ Y AleT{:leT“'s)Zlf(s) ds
to Lj=0

v—1

- 1
— Y S AX,THZ, f4).
i=0 j=0

Using the property Y'i_o A4;X,T{ = 0 and rearranging terms, we have

I+v—-1

1 1 k
Y Aud) = ¥ { kz lAleT{‘l"‘Zl - Y 4;X, T’;"Zz}f""(t).
Jj=k+

ji=0 k=0 j=0
(8.5)

(As usual, the sum Yj_, ., is assumed to be empty if k + 1 > [.) By the
definition of a resolvent triple,

1A — T ! 0 Z
L™'(h) = [X, Xz][( 0 : (TZA—I)“][Z:]’

and for | 4| large enough,

L YA) = X, T ' Z, 0 = — X, T, 2,0 — X,Z, + X, Z,A7 !
+ X, T,Z A2 4. (8.6)

So the coefficient of f®(¢) is the right-hand side of (8.5) is nothing but the
coefficient of A* in the product L(A)L™ (1) = I. Hence, Y ' _ o A;uV(t) = f(1).
It remains to show that (8.4) gives the general solution of (8.1). As every
solution of (8.1) is a sum of a fixed solution of (8.1) and some solution u(t) of
the homogeneous equation

i “O(t) -0, (8.7)
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it is sufficient to check that
ug(t) = X e™'x, xeg™, (8.8)

is the general solution of (8.7).

Since the set of all solutions of (8.7) is an m-dimensional linear space
(Theorem S1.6), we have only to check that uy(t) = 0 is possible only if
x = 0. Infact, ug(t) = 0 implies ul(t) = X, Tie™'x = Ofori =1,...,1 — 1.
So col(X,;T%)iZ8e™'x = 0, and since the columns of col(X,T})iZ} are
linearly independent (refer to the definition of a decomposable pair in
Section 7.3), we obtain e™'x = 0and x = 0. I

The following theorem is a more detailed version of Theorem 8.1 for the
case of comonic matrix polynomials.

Theorem 8.2. Let L(A) be a comonic matrix polynomial of degree I, and
let (X, Jg) and (X, J ;) be its finite and infinite Jordan pairs, respectively.
Define Z to be the nl x n matrix given by

[col(XJ"Hi_ ] ' =[* .. * Z],

where X = [Xy X, ], J=Jr'®J,.

Make a partition Z = [57] corresponding to the partition X = [Xp X ,].
Assume that the C"-valued function f(t) is v-times continuously differentiable,
where v is the least nonnegative integer such that J', = 0. Then the general
solution of (8.1) is an I[-times continuously differentiable function of the form

v—1
u(t) = Xpe'mx + Y X J5 K2, £9(0)

k=0

1
— X Jp0? J eIFIZL £ (1) dr, (8.9)

where x is an arbitrary vector in €™, m = deg det L(A).

Proof. ByTheorem7.3,([Xr X.J, Jr ® J,)isadecomposable pair of
L(A). Using formula (7.55) it is easily seen that

JFm2 0
<X,J,—[ N

is a resolvent triple of L(A). It remains to apply Theorem 8.1 to obtain (8.9).
O

Observe that according to (8.9) it is sufficient to require v-times differ-
entiability of f(4)in Theorem 8.2 (instead of (v + | — 1)-times differentiability
in Theorem 8.1).
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Ifv = 0,1.e,ifthe leading coefficient of L(A) is invertible, then Theorem 2.9
shows that (8.1) is solvable for any continuous €"-valued function f. Note
that v = 0 implies that deg det L(1) = nl, and the general solution of (8.1)
(assuming comonicity of L(4)) is given by (8.9)

t
u(t) = Xge'x — XFJ;('_Z’Je’F“_”ZFf(r) dr, (8.10)

where x is an arbitrary vector in €. In the particular case that the leading
coefficient of L(1) is equal to the identity, formula (8.10) is the same as formula
(2.35) with X = X¢, T = Jg, because then
LA™ = XA —Jp) 'Y = XpJg "0 —Jp )1 Z,
(cf. Theorem 2.6), and thus
XpJtY = —XgJg "V Zs, a2 (8.11)

To illustrate the usefulness of the above approach, we shall write out the
general solution of the matrix differential equation

A+ Bu=f (8.12)

in another closed form in which the coefficient matrices appear explicity. We
assume that 4 and B are n x n matrices such that det(AA + B) does not
vanish identically. Choose a € € such that a4 + B is nonsingular, and let I,
and I'; be two positively oriented closed contours around the zeros of
det(AA + B) such that a is inside I'; and outside I';. Then the general
solution of Au# + Bu = f may be written as

u(t) = uy(t) + uy(t) + us(t), (8.13)
where

ti

1 e -
us(t) = [—2—7”_ @it dll:lxo,

pu—1 1 1 k+1 B d k
u,(t) = k;} [Zm fro (T——a> (A4 + B)! d/l:l (—a + E)f(t)’

us(t) = 2~:t~l (AL + B)_I(Jte('_”lf(r) dr) da.
Ty a

Here x, is an arbitrary vector in " and p is the least nonnegative integer such

that
1 u+1
f (—A—a> (A% + B)~' dA
To -

is the zero matrix.
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Let us deduce the formula (8.13). Let L(1) = AA + B and let L(1) =
AA + aA + B = L(4 + a). Consider the differential equation

~(d
(ad + B)_1L<—6—E>v =g. (8.14)

We apply Theorem 8.2 to find a general solution of (8.14). A comonic Jordan
pair X = [X¢ X,1.J =Jr! @ J_ of L(A)is given by the formula (X, J) =
(I, —(aA + B)"'A4), and

X Jo) = Xl wos I Latg) where Ay =1Im | (IL—J) ' dj,

Ao
(Xp J5) = Xl Jluy)  Where ., =Im | (IA—J) ' di.
Ay

Here A, and A, are closed rectifiable contours such that (A, U A;) N o(J)
= (f; zero is the only eigenvalue of J lying inside A,, and A, contains in its
interior all but the zero eigenvalue of J. The matrix Z from Theorem 8.2 is just
the identity. Write formula (8.9):

o(t) = vy(t) + vy(t) + vs(2),

where

vi(t) = Xge'F'x = eVla) ™ty

1 .
= (2 f e "[IL + (a4 + B)"'4]7! d/l>x, xel",
i Ja,

n—1
0() = Y X Z o g™(1)
k=0

n—1 1
=) (271‘ A+ (a4 + B)"'A]7 ! d/l)g""(t),
k=0 P JAg
where p is the least nonnegative integer such that J* = 0;

13
v5(t) = — XgJg fe’F"_’)ZFg(‘r) dt

a

t
ATMIA + (@A + B)"1A]! fe*“"—”g(r) dt dA.

2mi J,y,

Observe now that the contours A, and A,, while satisfying the above
requirements,can be chosenalsoinsuchawaythatly = — {17! + a|le A},
I, = {A7! + a]A€ A,} (the minus in the formula for I’y denotes the opposite
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orientation). Make the change of variable in the above formulas for v,(t),
v,(1), v3(t): A = (u — @)~ . A calculation gives (note that

[IA + (@A + B 'A]"' = (u — a)(uA + B)" (a4 + B))

1 d
v,(t) = <_ I f e =M Ay + B)! #—f(;)(aA + B)x,
Iy

n—1

nO = X - [ =@ Ap + B dw(ad + B,

k=0 27 Jr,

] t
v3() = = | (Au+ B)™! fe‘“‘“"""(a/l + B)g(z) dt dpu.
2ni Jr,

Finally, the general solution u(t) of (8.12) is given by the formula u(t) = e“v(t),
where o(f) is a general solution of (8.14) with g(t) = (a4 + B)™ e “f(¢).
Using the above formulas for v(t), we obtain the desired formula (8.13) for
u(t).

These arguments can also be used to express formulas (8.9) in terms of the
coefficients of L(A) = I + Y_; A; /. To see this, let

a

0 I ... 0
R = . : .
—A —A-, - - A

be the comonic companion matrix of L(A). Further, put Q = row(d,;1)}-, and
Y = col(d,;I)}-,. Take P, to be the Riesz projector of R corresponding to the
eigenvalue 0, i.e.,

1
Py==—| (IA—R)""dj, (8.15)
2ni Jr,

where I, is a suitable contour around zero separating O from the other eigen-
values of R. Finally, let P = I — P,,. Then the general solution of (8.1) (with
A, = I)isequal to

u(t) = uy (1) + uy(t) + us(),
where

uy(t) = (Qlimp) [eXP((R |imp) ~ '0)1Pz0,

!
u(t) = Z QP R'1HP, Y1),

k=0

uz(t) = —(Qhmp)(R IlmP)l_Z f[exP((R lImP)_l(t — D)IPYf(7) dr.
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Here z, is an arbitrary vector in Im P and pu is the least nonnegative integer
such that P, R*P, = 0.

8.2. Difference Equations in the Nonmonic Case
We move on now to the study of the corresponding finite difference
equations.

Theorem 8.3. Let L(A)and (X, T, Z) be asin Theorem8.1. Let { f,}> o bea
sequence of vectors in C". Then the general solution of a finite difference equation

Aoty + Ayt + -+ Ay = f,, r=0, (8.16)
where L(A) = Y _o A; 4, is given by the formulas

v—1
ug = Xy x — ZXlezzzfi,
i=0

v—1 r

-1
u,= X\ Thx — Y X,TSZ, fivr + Y X\ T2 f;,  r>1, (817)
i=0 j=0

where x € €™ is arbitrary and m is the degree of det L(4).

Proof. It is easy to see (using Theorem S1.8) that the general solution of
the corresponding homogeneous finite difference equation is given by

u, = X, Tix, r=20,1,....
Hence it suffices to show that the sequence {¢,}>, given by

v—1

$o = — szTizsz;"
i=0
v—1 ) r—1

0= =Y XoToZ,y fiv, + Y X, V712, f;, r21,
i=0 j=0

is a solution of (8.16). Indeed,

Ao + A1@piy + - + 410, 4,

1 r+k-1 I v—-1

= Z Z AkX1Tr1+k—j_lzxfj_ Z ZAkX2TiZZZfr+k+i

k=0 j=0 k=0 i=0

-3

a0
Jj=0

<Z AX T2, — Y 4,.X, Tg—"—'zz>fj, (8.18)
k=0 k=0
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where it is assumed T = 0, T5 = O for p < 0. Using (8.6), it is seen that the
coefficient of f; in the right-hand side of (8.18) is just the coefficient of A7 in
the product L(A)L~1(A), which is equal to I for j = r, and zero otherwise.
Hence the right-hand side of (8.18) is just f,. [

Again, a simplified version of Theorem 8.3 for comonic polynomials can
be written down using finite and infinite Jordan pairs for the construction of a
decomposable pair of L(4). In this case the general solution of (8.16) (with
Ay = I) has the form
v—1I
ug=Xex + Y X Jo'Z f;,
j=0
v—1 ) -1 .
uerFJ;:x-i_ ZXwJ;1+JZaofj+r_ ZXF‘]};I+r_jZFJG7 rz 1’

r
Jj=0 j=0

(8.19)

where (Xg, Jr, Zg), (X o, J > Z ) are as in Theorem 8.2. As in the case of a
differential equation, the general solution (8.19) can be expressed in terms of
the comonic companion matrix R of L(1), and the Riesz projector P, given by
(8.15). We leave it to the reader to obtain these formulas. The following
similarity properties may be used for this purpose:

[XF Xoo] = rOW(51j1)5-=1S, 'Il:1 @ Joo = SleS’

4 -
[ZF] = S col(d;;I)}= 4,

o)

where R is the comonic companion matrix of L(4), and
S = col(XgJr', X o JL)iZ).

Theorem 8.3 allows us to solve various problems concerning the behavior
of the solution (u,)2 , of (8.16) provided the behavior of the data ( f,)/%, is
known. The following corollary presents one result of this type (problems of
this kind are important for stability theory of difference schemes for ap-
proximate solution of partial differential equations).

We say the sequence ( f,);%, is bounded if sup,_o ; . I/l < .

Corollary 8.4. If the spectrum of L(A) is inside the unit circle, then all
solutions (u,)i> o of (8.16) are bounded provided (f,);>, is bounded.

Proof. Use the decomposable pair ([Xg X.], JF @ J,) in Theorem
8.3, where (X, Jg) and (X, J ) are finite and infinite Jordan pairs of L(4),
respectively. Since the eigenvalues of Jg are all inside the unit circle, we have
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|JEl < Kp',i=0,1,..., where 0 < p < 1,and K > 0 is a fixed constant.
Then (8.17) gives (with X, = Xp, T, = Jp, X, = X, Ty = J..):

v—1
lu I < I Xl KpTllx]l + (Z |IXwJLoZz||> sup|l £,
i=0 r

r—1

+ 2 IXelKp ™7 IZ, | supll £,
j=0 r

J

and the right-hand side is bounded uniformly in r provided sup, || f,|| < co.

O
8.3. Construction of Differential and Difference Equations with
Given Solutions
Consider the €"-vector functions ¢(t) = pj(t)exf’, j=1,...,r, where

p;(t) are polynomials in t whose coeflicients are vectors in €". In this section we
show how one can find an n x n matrix polynomial L(A) with a finite number
of eigenvalues, such that the functions ¢4, . . ., @, are solutions of the equation

d
L{—])p =0. 8.20
( dt)<p (8.20)
Without any additional restriction, this problem is easy to solve. At first
consider the scalar case (n = 1). Then we may choose

L) =[] = a9,
j=1

J

where s; is the degree of the polynomial p(t).

In the general case (n > 1), one first chooses scalar polynomials L,(4), ...,
L,(4) such that for each j the kth coordinate function of ¢; is a solution of
L,(d/dt)p = 0. Next, put L(A) = L{(4) @ --- ® L,(A). Then the functions
@y, -.., @, are solutions of L(d/dt)p = 0. But with this choice of L(A),
Eq. (8.20) may have solutions which are not linear combinations of the vector
functions ¢, ..., ¢, and their derivatives. So we want to construct the
polynomial L(A) in such a way that the solution space of Eq. (8.20) is precisely
equal to the space spanned by the functions ¢, ..., ¢, and their derivatives.
This “inverse” problem is solved by Theorem 8.5 below. In the solution of this
problem we use the notions and results of Section 7.11. In particular, the
special generalized inverse will play an important role.

Theorem 8.5. Let ¢(t) = (Y 3= pjxt*)e™" where each pj, is a vector in
C",0<k<s;,1 <j<r Put

X = row(row((s; — k)! pj 5~ = 0)j=1>
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and let J = J, @ --- @ J,, where J; is the Jordan block of order s; 4+ 1 with
eigenvalue A;. Let a be some complex number different from A, ..., A,, and
define

LA =1—-X(J —a)"{A —a)V'+ -+ (4 — )V}, (8.21)
where | = ind(X,J) and [V, -+ V] is a special generalized inverse of
col(X(J — al)' "9)i_,. Then @, ..., @, are solutions of the equation

d
L{—]p =0, 22
( dt)w (8.22)
and every solution of this equation is a linear combination of ¢, ..., ¢, and

their derivatives. Further, | is the minimal possible degree of any n x n matrix
polynomial with this property.

Proof. Notethat! = ind(X, J) = ind(X, J — al);because of the identity

I 0 o0 X X
(DI (DI o0 X(J —o) | | XJ
TN o TAOIDD - (IDI [ XU = al) ! XJi-!

It follows that without loss of generality we may suppose that « = 0, and let
(X, J.)bea finite Jordan pair of L(«). Then the general solution of Eq. (8.22)
is equal to X e”’tx, where x is an arbitrary vector of €™, m = degree(det L(+.))
(see Theorem 8.1). By Theorem 7.24 the pair (X, J.) is similar to the pair

(X‘lmP, PJ 'ImP)a

where P is a projector of €*, u = >"_ | (s; + 1), with Ker P = Ker(X, J). It
follows that the general solution of (8.22) is of the form Xe'z, where z is an
arbitrary vector in €*. But this means that the solution space of (8.22) is equal
to the space spanned by the function ¢4, ..., ¢, and their derivatives.

Let B(A) be an n x n matrix polynomial with the property that the solu-
tion space of B(d/dt)p = 0 is the space spanned by ¢, ..., ¢, and their
derivatives. Then B(A) can have only a finite number of eigenvalues, and the
finite Jordan pairs of B(1) and L(A) are similar. But then we can apply Theorem
7.24 to show that degree B(4) > degree L(A) = [. So [ is the minimal possible
degree. [

Now consider the analogous problem for difference equations:
Let L(A) be an n x n regular matrix polynomial and consider the finite
difference equation

L&u, =0, i=12..., (8.23)
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where Su; = u;,, and uy, u,, ..., s a sequence of vectors in €". Let x,, ...,
X;—, be a Jordan chain for L(4) corresponding to the eigenvalue A,. Put
Xo=1[xo Xx; -+ Xx—.J),andletJ, be the Jordan block of order k with 4,
as an eigenvalue. Then for each z e C* the sequence
U1 = XoJoz, r>0
is a solution of (8.23) (Theorem 8.3). By takingz=(©0 --- 0 1 0 --- 0)T
with 1 in the gth place, we see that
! r ;
= A 1Mx >0 8.24
Uiy j;o(" _yq +]> 0o Xj r (8.24)

isa solution of (8.23). Moreover, each solution of (8.23) is a linear combination
of solutions of the form (8.24). The next theorem solves the inverse problem;
its proof is similar to the proof of Theorem 8.5 and therefore is omitted.

Theorem 8.6. Suppose we have given a finite number of sequences of the
form

. r .
o - ¥ r—gitj
uld = A X r=0,
r+1 jé‘() (V —q +J> i jis
where x;€ €",0 < j < ¢;, 1 <i < p. Put

X = row(row(x;,)% o)~

and let J = J, ® --- ® J,, where J, is the Jordan block of order q; + 1 with
eigenvalue A;. Let o be some complex number different from A,, ..., A,, and
define

LA =1-XJ —a) " "{A -V, + -+ (4 — )V}, (8.25)

where | = ind(X,J) and [V} --- V] is a special generalized inverse of
col(X(J — al)* “Hi_,. Then the sequences u® = W, u,...), 1 <j<p,
are solutions of the equation

L&u; =0, i=1,2,...,

and every solution of this equation is a linear combination of u'?, ..., u'®.
Further, | is the minimal possible degree of any n x n matrix polynomial with
this property.

Consider a matrix polynomial M(A) such that the set of solutions of the
equation M(&)u; = 0 consists of all linear combinations of the sequences
uV, ..., u®. The general form of M(1) is given by M(4) = E(1)L(1), where
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L(A) s given by (8.25) and E(A) is a unimodular n x n matrix polynomial (i.e.,
with det E(A) = const # 0).

Comments
Theorems 8.1 and 8.3 are proved in [14]. All other theorems are in

[29a]. In a less general form an analysis of the singular linear differential
equation (8.12) was made in [11].



Chapter 9

Least Common Multiples and Greatest
Common Divisors of Matrix
Polynomials

Let L,(A), ..., L(A) be a finite set of matrix polynomials. A matrix poly-
nomial N(A) is called a (left) common multiple of L,(), ..., L (A)if L(A)is a
right divisor of N(1),i = 1,..., s. A common multiple N(4) is called a least
common multiple (l.c.m.) of L,(4), ..., L(4) if N(4) is a right divisor of every
other common multiple. The notions of a common divisor and a greatest
common divisor are given in an analogous way: namely, a matrix polynomial
D(A) is a (right) common divisor of L (4), . .., Ly(4) if D(4) is a right divisor of
every L,(A); D(A) is a greatest common divisor (g.c.d.) if D(1) is a common
divisor of L,(A), ..., L(A) and every other common divisor is in turn a right
divisor of D(A).

It willtranspirethat the spectral theory of matrix polynomials,as developed
in the earlier chapters, provides the appropriate machinery for solving prob-
lemsconcerningl.c.m.and g.c.d. In particular, we give in this chapter an explicit
construction of the lL.c.m. and g.c.d. of a finite family of matrix polynomials
L,(A), ..., L,(A). The construction will be given in terms of both the spectral
data of the family and their coefficients. The discussion in terms of coefficient
matrices is based on the use of Vandermonde and resultant matrices, which
will be introduced later in the chapter.

231
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Throughout Chapter 9 we assume for simplicity that the matrix poly-

nomials L,(4),..., L{A) are of size n x n and comonic, ie., L/(0)= I,
i =1,...,s. In fact, the construction of L.c.m. and g.c.d. of a finite family of
regular matrix polynomials L,(4), ..., L(1) can be reduced to a comonic

case by choosing a point a which does not belong to | Ji—; o(L;), and con-
sidering the matrix polynomials L(a) " 'L,/ + a)inplaceof L(%),i = 1,...,s.

9.1. Common Extensions of Admissible Pairs

In this and the next two sections we shall develop the necessary back-
ground for construction of the l.c.m. and g.c.d. of matrix polynomials. This
background is based on the notions of restrictions and extensions of admis-
sible pairs. We have already encountered these ideas (see Section 7.7), but let
us recall the main definitions and properties. A pair of matrices (X, T) is
called an admissible pair of order p if X isann x p matrixand Tisap x p
matrix (the number n is fixed). The space

Ker(X, T) = A_OKer XT/ = Q Ker[col(XT/~")5_,]

J s

is called the kernel of the pair (X, T). The least positive integer s such that
Ker[col(X T/~ ")5_,] = Ker[col(X T/~ ")51 ] 9.1

is the index of stabilization of (X, T') and is denoted by ind(X, T). Moreover,
if s = ind(X, T), then

Moo, =M, for r=12..., 9.2)

where . #; = Ker[col(XT'~")5_,] = €”. Indeed, for r = 1 the property (9.2)
is just the definition of ind(X, T). To prove (9.2) for r > 1, take x € .#,. Then
(by (9.2)forr = 1), x € . #, ,. In particular, this means that col(X T*);— , x = 0,
ie, Txe. /. Again, by (9.2) for r =1, Txe.#,,, and, consequently,
T?*x € .. Continuing this process, we obtain T"x € .# forr = 1,2,,..,and
(9.2) follows.

Two admissible pairs (X, T) and (X, T;) are said to be similar if there
exists a nonsingular matrix S such that XS = X, and T = ST,S™ . In other
words, (X, T)and (X,, T,) are similar if (X, T) is an extension of (X ;, T;) and
(X4, T}) is an extension of (X, T).

We recall the necessary and sufficient condition for extension of two
admissible pairs (X, T) and (X, T;) given by Lemma 7.12 (see Section 7.7 for
the definition of extension of admissible pairs): namely, if Ker(X, T) = {0}
and Ker(X,, T}) = {0}, then (X, T) is an extension of (X, T) if and only if

Im[col(X, T H¥* 1] < Im[col(X T~ 1)kt (9.3)
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for some k > max{ind(X, T), ind(X ,;, Ty)}. If this is the case, then (9.3) holds
for all integers k > 0.

Let (X,, T}), ..., (X,, T,) be admissible pairs. The admissible pair (X, T)
is said to be a common extension of (X, Ty), ..., (X,, T,) if (X, T) is an ex-
tensionofeach (X;, T),j=1,...,r.Wecall(X,, Ty) a least common extension
of (X, TY),...,(X,, T,) if (X,, Ty) is a common extension of (X, T), ...,
(X,, T,), and any common extension of (X, T}), ..., (X,, T,) is an extension
of (Xq, Tp).

Theorem 9.1. Let (X,, T}), ..., (X,, T,) be admissible pairs of orders p,,
.., Dy, respectively, and suppose that Ker(X;, T;) = {0} for 1 <j < r. Then

J
up to similarity there exists a unique least common extension of (X, T), ...,
X,, T)).
PuX=[X, -+ X]T=T,®---®T.,andp=p, + -+ p,,and

let P be a projector of €* along Ker(X, T) (i.e., Ker P = Ker(X, T)). Then one
such least common extension is given by

(Xlimps PT limp)- (94)

Proof. Let X, be the first term in (9.4) and T the second. By choosing
some basis in Im P we caninterpret (X, Ty) as an admissible pair of matrices.
As Ker(X, T) is invariant for T and Xu = 0 for u € Ker(X, T), one sees that
Ker(X,, T;) = {0} and

Im[col(X,T5 V) ] = Im[col(XT Y™}, m=> 1. 9.5
From the definitions of X and T it is clear that
Im[col(X T 1)y, ] = Im[col(X, T ')ye ] + -+
+ Im[col(X, T:" Yy, ], m > 0. (9.6)
But then we apply the criterion (9.3) to show that (X,, Ty) is a common
extension of (X, T}), ..., (X,, T,).

Now assume that (Y, R) is a common extension of (X, T}), ..., (X,, T,).
Then (cf. (9.3))for 1 < j < r we have

Im[col(YR'™')L ] = Im[col(X; T )],  m=> L.
Together with (9.5) and (9.6) this implies that
Im[col(YR™ 'y ] o Im[col(X, TS H,], m> 1.

But then we can apply (9.3) again to show that (Y, R) is an extension of
(X, Tp). It follows that (X, Ty) is a least common extension of (X, T}),. ..,
(X, T)).

Let (X,, Ty) be another least common extension of (X, T}), ..., (X,, T,).
Then (X,, T,) is an extension of (X, T,) and conversely (X, Tp) is an exten-
sion of (X,, T,). Hence both pairs are similar. [
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Corollary 9.2. Let (X, T}),...,(X,, T,) be as in Theorem 9.1, and let
(X, Ty) be a least common extension of (X, T}), ..., (X,, T,). Then Ker(X,,
To) = 0 and

a(Ty) < U a(T). 9.7)
i=1

Proof. The equality Ker(X,, T;) = {0} is an immediate consequence of
formula (9.4). To verify (9.7) observe that (in the notation of Theorem 9.1)
Ker(X, T)isa T-invariant subspace and T has the following form with respect
to the decomposition €? = Ker(X, T) + Im P:

T = T |Ker(X, T) )
0 PT |ImP

So

o(Ty) = o(PTlmp) < o(T) = | J o(T)),

i=1
and (9.7) follows. [

The first statement of Theorem 9.1 holds true for any finite set of admissible
pairs (X;, Ty),...,(X,, T,) (not necessarily satisfying the condition
Ker(X;, T)) = {0}, 1 <j <r. To this end, one first applies the previous
theorem to the pairs

(Xjlmp,» PiTilime,), l<j<r, (9.8)

where P; is a projection of €%/ along Ker(X;, T;). This yields a least common
extension (X,, Ty) of the pairs (9.7). Next we put X = [X, 0,]and T =
T, @ 0,, where 0, is the n x m zero-matrix and 0, is the m x m zero-matrix,
m = yi_, dim Ker(X, T)).

The next theorem explains the role of formula (9.6).

Theorem 9.3. Let (X,, T), (X, T}),...,(X,, T,) be admissible, and
suppose that Ker(X;, T;)) = {0} for j =0, 1,...,r. Then (X,, Tp) is a least
common extension of (X, Ty), ..., (X,, T,) if and only if for each m > 1:

Im[col(X, To )it 1] = Im[eol(X, T )L, + -+

+ Im[col(X, T Y 1. 9.9)
Proof. Let X, be the first term in (9.4) and T, the second. Then (X, T;)
is a least common extension of (X ,, T), ..., (X,, T,) and

Im[col(X, T6 )= 1] = Im[col(X, Ty ) ] + -
+ Im[col(X, T:"Hm ], m > 1.
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(See Theorem 9.1 and the first part of its proof.) Now the pair (X, Tp) is a
least common extension of (X, T), ..., (X,, T,) if and only if (X,, T;) and
(X,, Tp) are similar. By (9.3) the last statement is equivalent to the require-
ment that Im[col(X,T5 )™, = Im[col(X, 7% )m ] for all m > 1, and
hence the proof is complete. []

9.2. Common Restrictions of Admissible Pairs

Let (X, T}), ..., (X,, T,) be admissible pairs. The admissible pair (X, T)
is said to be a common restriction of (X,, Ty), ..., (X,, T,) if each (X, T)),
j=1,...,r, 1s an extension of (X, T). We call (X,, Ty) a greatest common
restriction of (X, Ty), ..., (X,, T,) if (X,, Ty) is a common restriction of
X, TY),...,(X,, T,)and (X 4, Tp) is an extension of any common restriction
of (X, T}),...,(X,, T,). To construct a greatest common restriction we need

the following lemma.

Lemma 94. Let (X, T)),...,(X,, T,) be admissible pairs of orders
P1s - -+ Dy, respectively, and suppose that Ker (X ;, Tj)) = {0} for 1 < j <r. Let
A~ be the linear space of all (¢y, ¢3,...,¢,)€C” (p=py +py+ -+ )
such that

X, Tig, = X, Ty, == X, T7p,, 220

Then A = {(¢, S,¢,...,S,0)|@€ M}, where M is the largest T,-invariant
subspace of €P* such that for every j = 2,...,r, there exists a linear trans-
formation S;: .M — C? with the property that

Xila=X;S;,  STu=TS; (=2,....7). (9.10)

Proof. Notethat " is a linear space invariantunder T =T, @ --- @ T,.
Put

ﬂ:{¢€@p1|3(pj€@p1, (ZS]SV), ((Pl,QDz,.-.,QD,)G%}-

Take (¢, ¢5,...,¢,) and (¢, $5,...,¢,) in A Then (0, ¢, — @, ...,
¢, — ¢,)e A, and hence for 2 < j < r we have X;T5(¢p; — ¢;) =0, x > 0.
AsKer(X;, T)) = {O}foreachj,wehavep; = ¢;.Soeach(¢,, ¢,,...,0,)e A
may be written as

((pl’ ¢27 D) (pr) = ((pl’ SZ(PD ceey Sr(pl)s
where S is a map from ./ into €%/ (2 < j < r). In other words

H = {0, 8,0,...,5.0)pe .} 6.11)

As A is a linear space, the maps S,, ..., S, are linear transformations. Since
A is invariant for T, @ - -- @ T,, the space ¢ is invariant for T; and

S;iTilu=TS;, Jj=2...,r
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Further, from the definition of " and the identity (9.11) it is clear that
XS, = X,|a

It remains to prove that ./ is the largest subspace of €” with the desired
properties. Suppose that ./, is a T;-invariant subspace of ¢** and let S9:
Mo — CP(j=2,...,r) be a linear transformation such that

Xila = X;89, STy |y = T;SY. 9.12)

Then S9T5¢ = T3S%foreach g € .#,and o« > 1. This together with the first
identity in (9.12) shows that

(9. 83,....Sp)e X (pe o).
But then .#, < ./, and the proof is complete. [

The linear transformations S; (2 < j < r) in the previous theorem are
injective. Indeed, suppose that S;¢ = 0 for some j > r. Then (9.10) implies
that ¢ € Ker(X,, T;). But Ker(X,, T;) = {0}, and hence ¢ = 0.

We can now prove an existence theorem for a greatest common restriction
under the hypotheses used in Theorem 9.1 to obtain the corresponding result
for a least common extension.

Theorem 9.5. Let (X,, T)),...,(X,, T,) be admissible pairs of orders
P1»---» Dr, respectively, and suppose that Ker(X;, T;)) = {0} forj=1,...,r
Then up to similarity there exists a unique greatest common restriction of
(X17 Tl)’ cet (Xr’ T;‘)

If the subspace ./ is defined as in Lemma 9.4, then one such greatest com-
mon restriction is given by

X1l Ty La)-

Proof. PutX, = X,|,and T, = T,|,. By choosing some basis in .# we
can interpret (X ,, T) as an admissible pair of matrices. By definition (X, Tp)
is a restriction of (X,, T;). As the linear transformations S,,...,S, in
Lemma 9.4 are injective, we see from formula (9.12) that (X, T) is a restric-
tion of each (X, T)), 2 <j < r. Thus (X,, Ty) is a common restriction of
(Xh Tl)s et (Xn Tr)

Next, assume that (Y, R) is a common restriction of (X, T}), ..., (X,, T,).
Let g be the order of the pair (Y, R). Then there exist injective linear trans-
formations G;: ¢ —» €%, j = 1, ..., r, such that

Y = X;G;, G,R = T;G,, j=1L...,r
It follows that for each ¢ € €? we have

YR'p = X, TiG,p = --- = X, T;G, 9, a=0.
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Hence G,p e .#,and thus Y = X,G, and G;R = T, G,. But this implies that
(X,, Ty) is an extension of (Y, R). So we have proved that (X,, Ty) is a
greatest common restriction of (X ;, Ty), ..., (X,, T,).

Finally, let (X,, T,) be another greatest common restriction of (X, T}),
...,(X,, T). Then (X,, T,) is an extension of (X,, T,) and conversely
(Xo, Tp) is an extension of (X,, T,). Hence both pairs are similar. [J

As in the case of least common extensions, Theorem 9.5 remains true, with
appropriate modification, if one drops the condition that Ker(X;, T)) = {0}
forj =1,...,r. To see this, one first replaces the pair (X, T}) by

Xjlme,» PiTilime)s  J=1....1, (9.13)

where P; is a projector of ¥ along Ker(X, T)). Let (X, Ty) be a greatest
common restriction of the pairs (9.13), and put X = [X, 0,] and T =
T, ® 0,, where 0, is the n x t zero-matrix and 0, the ¢t x t zero-matrix,
t = min; dim Ker(X, T;). Then the pair (X, T) is a greatest common re-
striction of (X, T}), ..., (X,, T,).

We conclude this section with another characterization of the greatest
common restriction. As before, let (X, Ty), ..., (X,, T,) be admissible pairs
of orders py, ..., p,, respectively. For each positive integer s let .#'; be the
linear space of all (¢4, @5, ..., 0, )eC? (p = p; + --- + p,) such that

X \Tip, = - =X, T]o,, «=0,...,5s = 1.

Obviously, (&2, # ', = A, where £ is the linear space defined in Lemma
9.4. The subspaces 4"y, # ,, ..., form a descending sequence in €*, and
hence there exists a positive integer g such that #", = 4", ., = --- . The least
least g with this property will be denoted by g{(X;, T))j-,}.

Theorem 9.6. Let (X, Ty), (X, TY), ..., (X,, T,) be admissible pairs, and

suppose that Ker(X;, T)) = {0} forj = 0, 1,...,r. Then (X,, Ty) is a greatest
common restriction of (X, T}), ..., (X,, T,) if and only if

Im[col(X, T5 ') 1= () Im[col(X; Ti )i, ] (9.14)
i=1

J
for eachm = q{(X;, T))j=}.

Proof. Let (Y,, R,) be the greatest common restriction of (X, T}), ...,
(X,, T,) as defined in the second part of Theorem 9.5. Take a fixed m >
q{(X;, Tj)j= 1}, and let

col()i € () Im[col(X; T5 i, 1.

Jj=1
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Then there exist ;e €% (j = 1,...,r) such that ¢, = XjTj-”‘tpj for 1 <
i<mand 1 <j<r It follows that (Y, ..., ¥,)e A ,,. But X, = 4. So
yeMand ;= Sy, j=2,...,r(cf. Lemma 9.4). But then

®; = XjT}_ISjlljl = X1Ti1_1‘//1 = YORB_I‘/H-
It follows that

Im[col(X;Ti ) ,] = Im[col(Yo Ry )i 1]
j=1
As (Y, Ry) is a common restriction of (X, T}),..., (X,, T,), the reverse
inclusion is trivially true. So we have proved (9.14)for X, = Yyand T, = R,.
Since all greatest common restrictions of (X, T}), ..., (X,, T,) are similar,
we see that (9.14) has been proved in general.
Conversely, assume that (9.14) holds for each

m > q = q{(X;, T)j-,}.
Let (Y, R,) be as in the first part of the proof. Then for m > ¢ and hence for
each m, we have
Im[col(X, T5 )] = Im[col(Y, R I, ]
By (9.3) this implies that (X, T;) and (Y,, R,) are similar, and hence (X, T;)
is a greatest common restriction of (X, T3), ..., (X,, T,). O

The following remark on greatest common restrictions of admissible pairs
will be useful.

Remark 9.7. Let (X, Ty),...,(X,,T,) be admissible pairs with
Ker(X;, T) = {0} forj=1,...,r, and let (X,, Ty) be a greatest common
restriction of (X, Ty), ..., (X,, T,). As the proof of Theorem 9.6 shows,
q{(X;, T;);= 1} is the smallest integer m > 1 such that the equality

Im[col(X, Th 1,1 = () Im[col(X; T5 ", ]
=1

J

holds. Further,
dim( () Im col(X; Ti M 1) =d, (9.15)
j=1

for every m > q{(X;, T))}-,}, where d, is the size of T;. Indeed, in view of
formula (9.14), we have to show that the index of stabilization ind(X, Tp)
does not exceed q{(X;, T))}-,}. But this is evident, because

ind(X,, Tp) < ind(Xy, Ty) < q{(X;, T)j=1 },

as one checks easily using the definitions.
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9.3. Construction of l.c.m. and g.c.d. via Spectral Data

Let L,(A),..., L(A) be comonic matrix polynomials with finite Jordan
pairs(X 1g, J 1), - - - » (Xr, Jsp), r€Spectively. To construct anl.c.m. and a g.c.d.
of Ly(4),..., L(A) via the pairs (X g, J1p)---(Xsr, Jsr), We shall use
extensively the notions and results presented in Sections 9.1 and 9.2. Observe
that (X g, J;r) is an admissible pair of order p; = degree(det L,(1)) and kernel
Zero:

Ker[COI(XiFJIfF :‘,-=—01] = {0},

where [; is the degree of L;(4) (this fact follows, for instance, from Theorem
7.15). Let (X,, T,) and (X, T.) be a greatest common restriction and a least
common extension, respectively, of the admissible pairs (X g, J 1), - -,
(Xsr, Jsp). By Corollary 9.2, the admissible pairs (X,, T;) and (X, T;) also
have kernel zero, and T, T, are nonsingular matrices. Let

I, =ind(X,, T), [ =ind(X, T0).
Theorem 9.8. The comonic matrix polynomial
MQA)=1— X T ' (Vide + Vo™t + o+ W A), (9.16)

where [V, 'V, --- V, lisaspecial left inverse of col(X . T¢ 7)<y, is an l.c.m.
of minimal possible degree of L,(1),..., L(A). Any other l.c.m. of L{(4),...,
L(R) has the form U(A)M(A), where U(A) is an arbitrary matrix polynomial with
det U(A) = const # 0.

Proof. Let us prove first that a comonic matrix polynomial N(A) is an
l.c.m. of L{(4),..., Ly(4) if and only if the finite Jordan pair (X yg, Jyg) Of

N(2) is a least common extension of (X g, Jif), ..., (X, Jsp). Indeed,
assume that N(1) is an l.cm. of L,(4), ..., L(4). By Theorem 7.13, (X ¢, J yF)
is a common extension of (X;g, J;r),i = 1,..., s. Let (X, T) be an extension

of (X v, Jvr), and let N(1) be a matrix polynomial (not necessarily comonic)
whose finite Jordan pair is similar to (X, T) (N(4) can be constructed using
Theorem 7.16; if T is singular, an appropriate shift of the argument 4 is also
needed). By Theorem 7.13, N(4) is a common multiple of L,(4), ..., L(A),
and, therefore, N(A) is a right divisor of N(A). Applying Theorem 7.13 once
more we see that (X, T) is an extension of (X yg, Jyg)- Thus, (X yg, Jyr) 15 @
least common extension of (X g, J ), ..., (Xsr, Jsr)- These arguments can
bereversed to show thatif (X yg, Jyp)isaleastcommon extension of (X g, J;p),
i=1,...,s then N(4)is an L.c.m. of L,(4), ..., Ly(A).

After the assertion of the preceding paragraph is verified, Theorem 9.8
(apart from the statement about the uniqueness of an l.c.m.) follows from
Theorem 7.16.
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We prove the uniqueness assertion. Observe that, from the definition of an
l.cm., if Ny(2) is an Le.m. of L;(A), ..., L(A), then N,;(4) and M(1) (where
M(A) is given by (9.16)) are right divisors of each other. So

Ni(A) = Uy(AMA),  M(4) = Ux(HN, (1)

for some matrix polynomials U,(4) and U,(1). These equalities imply, in
particular,that U, (1)U ,(1) = Iforevery A € a(N,). By continuity, U (4)U,(4)
= | for all 1€ €, and therefore both matrix polynomials U,(4) and U,(1)
have constant nonzero determinant.

So we have proved that any Le.m. of L;(4), ..., Ly(4) has the form

UAM(A) (9.17)

where U(A) is a matrix polynomial with empty spectrum. Conversely, it is
easily seen that every matrix polynomial of the form (9.17) is an lL.c.m. of
Li(A),...,LA). O

The proof of the following theorem is analogous to the proof of Theorem
9.8 and therefore is omitted.

Theorem 9.9. The comonic matrix polynomial

D) =1 — X, THW A + W25 + - + W, A),

where [Wy W, --- W] is a special left inverse of col(X,T;/)s2d, is a
g.c.d. of minimal possible degree of L,(), ..., L(1). Any other g.c.d. of L,(A),
..., L) is given by the formula U(A)D(A), where U(A) is an arbitrary matrix
polynomial without eigenvalues.

9.4. Vandermonde Matrix and Least Common Multiples

In the preceding section we constructed an l.c.m. and a g.c.d. of comonic
matrix polynomials L;(4),..., Ly(4) in terms of their finite Jordan pairs.
However, the usage of finite Jordan pairs is not always convenient (in
particular, note that the Jordan structure of a matrix polynomial is generally
unstable under small perturbation). So it is desirable to construct an l.c.m.
and a g.c.d. directly in terms of the coefficients of L,(4), ..., Ly(4). For the
greatest common divisor this will be done in the next section, and for the least
common multiple we shall do this here.

We need the notion of the Vandermonde matrix for the system L, (1), . ..,
Ly(A) of comonic matrix polynomials, which will be introduced now. Let p;
bethedegree of L(A),and let (X;, T;}) = ([ Xi> Xiwl, Ji&' @ J ) beacomonic
Jordan pair of L(A),i = 1,...,s. According to Theorem 7.15, (X;, T}) is a
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standard pair for the monic matrix polynomial L) = 2PL,(;"!). In par-
ticular, col(X; T¥)P"! is nonsingular; denote

U;= [COl(XjTj'_l)f’iJ"l, j=1,...,s,

and define the following mn x pn matrix, where p = Y5_, pj and m is an
arbitrary positive integer:

XUy XU, o XU
WLy, py=| 0 R R
X\T{U, XoTY U, o X,TPTM,

The matrix V,(L,, ..., Ly will be called the comonic Vandermonde matrix of
L,A), ..., L.

We point out that V,(L,, ..., L,) does not depend on the choice of the
comonic Jordan pairs (X;, T;) and can be expressed directly in terms of the
coefficients of Ly(A), ..., L(A). Infact, let Ly(A) = I + A, _ A+ A, _,A* +
~-4+ AgAP',and let U, = [U,, U,, --- U, ], where Uj;isann xn
matrix. Then the expressions X, T7U,; (1 < < p,) are given by the follow-
ing formulas (see Proposition 2.3):

0 if m=0,...,p;, —1 and B#m+1
X, TYU,; = I if m=0,...,p, —1 and B=m+1 (9.18)
—Apy if m=py,

and in general for m > p,,

m-—p; k q
X\ TiU = Z |:Z Z H(_Am—ij)]
k=1 q=1 i1+ +ig=k j=1

(= Apik=mip-1) + (= Apopip—1); (9-19)
where, by definition, 4; = 0 for i < 0 and

_Ul(~/1p,-,-,.) =(=Ap i) (=Ap i) (= Ay )

To formulate the next theorem we need some further concepts.

For a given family L, ..., L, of comonic matrix polynomials with infinite
Jordan pairs (X, J;), i = 1,...,s, denote by v (L, ..., Ly the minimal
integer j such that J/, =0 for i = 1,...,s. For integer i < j, denote by
Si{(Ly, ..., L) the lower (j — i + 1) matrix blocks of the comonic Vander-
monde matrix Vi(Ly, ..., Ly):

XJytu, - XJu,
Sij(Lh~-~aLs) = .
X JiTu, - XJITU,
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If i = j, we shall write S(L,, ..., L) in place of S;;(L,, ..., L,).
InTheorem9.10 below we shall use also the notion of a special generalized
inverse (see Section 7.11 for its definition).

Theorem 9.10. Let L (4),..., L{(4) be a family of comonic matrix poly-
nomials, and let v > v, (L4, ..., L) be an arbitrary integer. Then the minimal
possible degree m of a least common multiple of L,(), ..., L) is

m=min{j > 1|Ker S, ,+(Ly,..., L) =Ker S, ,+j+1(Ly,---, L)}
(9.20)

and does not depend on the choice of v. One of the least common multiples of
L(4), ..., LyA) of the minimal degree m is given by the formula

MQA) =1 =S8, ime1vime1(Lyy ooy L) - [WIA™ + WL A" oo+ W, A],
(9.21)
where [W, W, --- W,]is the special generalized inverse of
Syr1vim(Lys ooy Ly).

Proof. Let(X;, T) = ([Xi¢ Xioo:I,J'i'F1 @ J ,)beacomonic Jordan pair
of L(A),i=1,...,s;let U; = [col(X;J})},'1", where p; is the degree of
Li(A). Then forv > v_(L,, ..., L,) we have

Sv+ 1,v+j(L19 e Ls)

X,y - X, T
= : : diag[U,,..., U]

X\ Ty e X Ty

[ X 0 X, 0 --- X 0

| XipJid ™Y 0 Xppd TP 0 X gV 0
-diag[(Jig" @ DU, Ji- - 9.22)

Since the matrix diag[(J " @ I)U;]i-, is nonsingular, the integer m (defined
by (9.20)) indeed does not depend onv > v (L, ..., Ly).
Let (X., T;) be the least common extension of the pairs (X g, J¢), .- -,
(X p, Jop)- In view of Theorem 9.8 it is sufficient to show that m = ind(X,, T,),
and
XeTe—m[Vl VZ Vm] = Sv+m+l(L1""’Lr)[Wl W2 Wm]a
(9.23)

where [V, V, --- V,]isa special left inverse of col(X, T, /)1
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From the equality (9.22) it follows that m coincides with the least integer j
such that

Ker col[ X 15 J i Xopdats - s X JF 120 |
= Ker col[ X ;¢ J ¥, D SN PrLINN XsFJs_Fk]fczo-

Using the construction of a least common extension given in Theorem 9.1, we
find that indeed m = ind(X,, T;). Further, we have (by analogy with (9.22))

Sv+m+1=[X1FJ1_Fm 0 XZFJ;EZ" 0o -- XsFJs_Fm 0]
~diag[(Ji* @ DU, )3,

and taking into account (9.22) it is easy to see that the right-hand side of (9.23)
is equal to

rOW(XjFJﬁ:m);= WY Wy e WL, (9.24)

where [W| W/, ... W,]is a special generalized inverse of
COl[X1FJ1_}~J’ XZFJ;lTjs cees XsFJs_Fj];'":_Ol'

We can assume (according to Theorem 9.1) that (X, T.) = (X limp> PT limp)s
where

X = [XlF XsF] T=dldg[J1~F1”Js~F1]9
and P is a projector such that

Ker P = Ker(X, T) (: () Ker XTi>.
/=0

i

The matrices X and T have the following form with respect to the decomposi-
tion ¢ = Ker P + Im P,wherep = p; + p, + - -+ + py:

X=[0 X.. T:[O T]

It follows that XT* = [0 X,T.],i =0, 1,....Now from the definition of a
special generalized inverse we obtain that the left-hand side of (9.23) is
equal to (9.24). So the equality (9.23) follows. [

The integer v (L, ..., L) which appears in Theorem 9.10 can be easily
estimated:

Vo(Ly, ..., L) < min{j > 1|Ker V(L,, ..., L,) = Ker V;,(Ly,..., Ly}
(9.25)
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Indeed, for the integer v = v (L4, ..., L,) we have J},, = O and J};' # Ofor
some i. Then also X;_J!_! # 0, and there exists a vector x in the domain of

1oo Loo

definition of J; such that X, J}2'x # 0, X, J!,x = 0. Therefore,

100 100 [ Xee) 100

Ker V(L,,...,L,) ? Ker S, (L, ..., Ly),
and (9.25) follows.

9.5. Common Multiples for Monic Polynomials

Consider the following problem: given monic matrix polynomials
L(A),..., LJ(A), construct a monic matrix polynomial L(1) which is a
common multiple of L,(4), ..., L(4) and is, in a certain sense, the smallest
possible. Because of the monicity requirement for L(1), in general one cannot
demand that L(4) be an lL.c.m. of L,(4), ..., L(4) (an Le.m. of L{(4), ..., Ly(A)
may never be monic). Instead we shall require that L(4) has the smallest
possible degree.

To solve this problem, we shall use the notion of the Vandermonde matrix.
However, in the case of monic polynomials it is more convenient to use
standard pairs (instead of comonic Jordan pairs in the case of comonic poly-

nomials). We arrive at the following definition: let L,(4), ..., L{(4) be monic
matrix polynomials with degrees py, ..., p, and Jordan pairs (X, T}), ...,
(X, Ty), respectively. For an arbitrary integer m > 1 put
X,U, X,U, XU,
W(L,... L)<= XIT'IU1 XZTZUZ Xs7'"SUS ,
xXritiu, X, T30, e X TP

where U; = [col(X;T;" 122,171 Call W,(L,,..., L) the monic Vander-
monde matrix of L (1), ..., L(4). From formulas (9.18) and (9.19) (where
Ly(A) = YPry A;M)itisclear that W, (L, ..., L,)can beexpressed in terms of
the coefficients of L,(4), ..., Ly(A) and, in particular, does not depend on the
choice of the standard pairs.

For simplicity of notation we write W, for W,,(L,, ..., Ly) in the next
theorem.
Theorem 9.11. Let L,(A), ..., L(A) be monic matrix polynomials, and let

r = min{m > 1|Ker W,, = Ker W, }.

Then there exists a monic common multiple L(A) of L, (), ..., L{A) of degree .
One such monic common multiple is given by the formula

Li(A) =1 = S,silmp (Vi + Vad 4 -+ KA (9:26)
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where P is a projector along Ker W,, [V}, V,, ..., V,] is some left inverse
for W.|imp, and S, , | is formed by the lower n rows of W, ,.

Conversely, if L(A) is a monic common multiple of L{(A), ..., Ly(A), then
deg L > r.

Observe that a monic common multiple of minimal degree is not unique
in general.

Proof. Since U,, ..., U, are nonsingular,
r=ind(X, --- X)) diag[T,,..., T]).

Let (X4, Tp) be the least common extension of (X, Ty), . . ., (X, T;) (Section
9.1). Then Ker(X,, Ty) = {0} and ind(X,, Ty) = r (see Theorem 9.1). Let
L(4) be a monic matrix polynomial associated with the r-independent
admissible pair (X,, Tp), i.e.,

LA =1 = X To(Vy + VoA 4 - + AT, (9.27)

where [V, V,, ..., V] is a left inverse of col(X, TE)7Z4. By Theorem 6.2, a
standard pair of L(4) is an extension of (X, Ty) and, consequently, it is also
anextension ofeach (X;, T)),i = 1, ..., s. By Theorem 7.13, L(1) is acommon
multiple of L, (4), ..., Ly(4). In fact, formula (9.27) coincides with (9.26). This
can be checked easily using the description of a least common extension given
in Theorem 9.1.

Conversely, let L(4) be a monic common multiple of L,(4), ..., Ly(4) of
degree I. Then (Theorem 7.13) a standard pair (X, T) of L(A) is a common
extension of (X, T;), ..., (X;, T;). In particular,

ind(X, T) > ind(X,, Ty) = r,

(As before, (X, Ty) stands for a least common extension of (X, Ty), ...,
(X,, T,).) On the other hand, nonsingularity of col(X T%):Z{ implies ind(X, T)
=1[;s0 ! > rasclaimed. O

Theorem 9.11 becomes especially simple for the case of linear polynomials
L(A) =11 - X;,i=1,...,s. In this case

Wm(Ll’ oLy = CO]([Xi’ XIZ’ B X;] ;"=_01'

Thus:
Corollary 9.12. Let X,, ..., X,ben x nmatrices. Then there existn x n
matrices Aq, ..., A;_, with the property

-1
X'+ YAXi=0, i=1,...,5 (9.28)
ji=0

j=
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if and only if the integer | satisfies the inequality

I > min{m > 1|Ker col([ X%, X%, ..., X{DiZo
= Ker col([ X%, X%, ..., X¥Ii-o) (9.29)

If(9.29) is satisfied, one of the possible choices for A, ..., A,_ such that (9.28)
holds is given by the formula

(4o A4y - Al—1]=_[XllaXlz,"'aX.ls]llmP[Vl v, - Vil
where P is a projector along Ker col([X%, X%, ..., X¥]L2}, and
vy v, - Wl

is some left inverse for col((X*, X5, ..., X{Di=0 limp-

9.6. Resultant Matrices and Greatest Common Divisors

In order to describe the construction of a g.c.d. for a finite family of matrix
polynomials, we shall use resultant matrices, which are described below.

The notion of a resultant matrix R(a, b) for a pair of scalar polynomials
a(d) = Yoo ;A and b(A) = Y i_o b4’ (a;, b€ €) is well known:

[a, a, a, 0 . 0]
0 do al a" 0 0 S TOws
0 0 0 ay a4 a,
R(a, b) = by by b, 0 0 0
0 by by by 0 0
] () 0 0 by b, - bs_

Its determinant det R(a, b) is called the resultant of a(4) and b(4) and has the
property that det R(a, b) # Oifand onlyifa(A)and b(1) have no common zeros
(it is assumed here that a,b; # 0). A more general result is known (see, for
instance, [26]): the number of common zeros (counting multiplicities) of
a(4) and b(A) is equal to r + s — rank R(a, b). Thus, the resultant matrix is
closely linked to the greatest common divisor of a(4) and b(4). We shall
establish analogous connections between the resultant matrix (properly
generalized to the matrix case) of several matrix polynomials and their
greatest common divisor.
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Let L(4) = ) _o A;4/ be a regular n x n matrix polynomial. The follow-
ing n(q — l) x nq block matrices (¢ > [)
Ay A, .- A, 0
4, A A
R(L) = 0 1 !
o (9.30)
0 Ay A, A

are called resultant matrices of the polynomial L(A). For a family of matrix
polynomials Lj(1) = YPi, Akj/l" (Ay; 18 an n x n matrix, k =0, 1,..., pj,

j=1,2,...,5) we define the resultant matrices as
Ry(Ly)
R, (L
R(L L,,...,L) = ‘I(_ 2) <q > max p,.). (9.31)
. 1<j<r

R,(L,)

This definition is justified by the fact that the matrices R, play a role which
is analogous to that of the resultant matrix for two scalar polynomials, as we
shall see in the next theorem.

LetL,,..., L becomonic matrix polynomials with comonic Jordan pairs
(X4, Th), ..., (X, T),respectively. Let m; be the degreeofdet L;,j = 1,...,5,
and let m = m; + --- + m,. For every positive integer g define

Xq: {(¢1s~--’¢5)€@m|¢j6@mf 'dnd

X\ Tip, = X, T30, = -+ = X T5p,,  a=0,...,9—1}.
As the subspaces X4y, A ,, ... form a descending sequence in €™, there
exists a positive integer qo such that #°, = 4", ,, = ---.Theleast integer q,

with this property will be denoted by g(L,, ..., L,). It is eastly seen that this
definition of g(L, ..., L,) does not depend on the choice of (X, Tj),...,
(X,, T).

The following result provides a description for the kernels of resultant
matrices. This description will serve as a basis for construction of a g.c.d. fora
family of matrix polynomials (see Theorem 9.15).

Theorem 9.13. Let L,,...,L; be comonic matrix polynomials with
comonic Jordan pairs [X;, T] = (X Xiol JE' ®Jix), i=1,...,5,
respectively. Let d, be the maximal degree of the polynomials L,, ..., L, (so

Ry(Ly, ..., Ly is defined for q > d,). Then q, & max{q(L,, ..., Ly),d, + 1}
is the minimal integer q > d such that

dim Ker R(L,, ..., L) = dim Ker R4 (L, ..., L),  (932)
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and for every integer q > q, the following formula holds:
Ker R(Ly, ..., L) = Im col(XgJi )iy + Im col(X . J94 )Py, (9:33)

where (X g, Jg) (resp. (X, J)) is the greatest common restriction of the pairs
(XIF’ JlF)a ) (Xst JsF) (VeS—P‘ (Xlocv Jloo)a et (Xsooa Jsoo))‘

The number ¢g(L,,..., L) can be estimated in terms of the degrees
Pi>- -+ PsOf Ly(A),..., L), respectively:

g(Ly, ..., L) <n- min p; + max p;. (9.34)
1<j<s 1<j<s
For the proof of this estimation see [29b]. So (9.33) holds, in particular, for
every ¢ = n-min; o<, p; + Max; <<, p;-.

Theorem 9.13 holds also in the casethat L, (4), . . ., L(4) are merely regular
matrix polynomials. For a regular matrix polynomial Li(4), let (X, J;,,) be
an infinite Jordan pair for the comonic matrix polynomial L; '(a)L(A + a)
(a ¢ o(L)). The pair (X, Ji,) = (X;5(a), X;.(a)) may depend on the choice
of a, i.e, it can happen that the pairs (X, (a), J;,(a)) and (X, (b), J;,, (b)) are
not similar for a # b, a, b ¢ a(L;). However, the subspace

Im col(X; (@) (Ji(@)?™ j);l'= 1

does not depend on the choice of a. In view of Theorem 9.6, the subspace
Im col(X ,, J% 7)i_, also does not depend on the choices of a; ¢ a(L;), i = 1,

..,s,where(X ., J)isthe greatest common restriction of (X; (a;), J;.(a;)),
i=1,...,s So formula (9.33) makes sense also in the case when L;(4), ...,
L(A) are regular matrix polynomials. Moreover, the formula (9.33) is true
in this case also. For additional information and proofs of the facts presented
in this paragraph, see [29b].

For the proof of Theorem 9.13 we need the following lemma.

Lemma 9.14. Let L(A) =1+ Y-y A;¥ be a comonic n x n matrix
polynomial, and let (X, T) be a comonic Jordan pair for L. Then for ¢ > | we
have

Ker R, (L) = Im col(XT"*)i_,.
Proof. Put F ;= XT*Z; (x> 0,1 < f < ), where

(Z, Z, -+ ZJ=T[col(XT'""i_ 17"
Then (see Theorem 7.15 and (2.14))
I —F, —-Fy 0
R/(L) = ‘

0 I —Fy - ~F,
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Introduce
0 0 -1
s=|° o ~Fu
~I —Fy - —F,_y

Using Theorem 7.15 and equalities (3.15) we deduce that
SR(L) = (U v],
where
0 —1 F, - Fy
U= , V= : : .
1 0 Fooiy - F, i,

q

As S is nonsingular, we see that

Ker R (L) = {[zl]lU(p, + Vo, = 0}
2

_ {[ijl E —U"V(pz} - Im[‘U;lV].

Now
Fq—l.l Fq—ll Fl—ll Fl—ll
~utv=| N R :
Fll Fll F()l FO.l
Since F,; = XT*Zj, it follows that
XT4 !
Ker R(L) = Im /\5'1‘ 12z, Z-, - Z,]f
X
But row(Z,_;)!Z 4 is nonsingular, and hence the lemma is proved. [J
Proof of Theorem 9.13. Let (X,, T), ..., (X,, T,) be comonic Jordan
pairsfor Ly, ..., L, respectively. From the previous lemma we know that for

q > dy, = max, _;_ p;, where p; is the degree of L;(4), we have

Ker Ry(Ly, ..., L) = () Imcol(X; T4 )i .
ji=1
The assertion about minimality of g, follows now from this formula and
Remark 9.7.



250 9. L.C.M. AND G.C.D. OF MATRIX POLYNOMIALS

Assume now q > ¢o. From Theorem 9.6 we infer that
Ker R/(L,, ..., L) = Im col(X, T4 *);=1,
where (X, Tp) is any greatest common restriction of the pairs (X, T}), ...,
(X5, T)).

Let (X, J;r) be a finite Jordan pair for Ly(4), and let (X, J;,) be the
infinite Jordan pair of L(A). So X, =[X; X, ], T =J:' ®Jin, 1 <
i < s.Let(Xg, Jg)beagreatestcommonrestriction of the pairs (X ; g, J ), . - -,
(X, J4F), and similarly let (X , J ) be a greatest common restriction of the
pairs (X 1w J100)s - -+ » (X505 J5)- Then it is not difficult to see that the pair

([XF Xco]a JI—-:1 @Joo)
is a greatest common restriction of the pairs (X,, Ty), ..., (X,, T;). It follows
thatforqg > q(L,, L,, ..., Ly),
Ker R(Ly, ..., Ly = Im col(XgJE %, X . J% ")a=1-
Multiplying on the right by J& ! @ I one sees that
Ker R(Ly,.-.,L,) =Imcol(XgJg ")i_ + Im(X ,J% *)i-,
for ¢ > qo. As ¢ > max, _; p;, the sum on the right-hand side is a direct
sum, and formula (9.33) follows. [

We give now a rule for construction of a greatest common divisor which is
based on (9.33). This is the main result of this section.

Theorem 9.15. Let L,,..., L, be comonic matrix polynomials. Assume
(X, Tp) is an admissible pair with Ker(X,, Ty) = {0} such that

Q(Ker Ry(L,, ..., L)) = Im col(X, T);=,

where Q = [I 0] is a matrix of size nl x n(f + l) with integers f and | large
enough. Then the matrix Ty is nonsingular, the matrix col(Xo Tq )2 is left
invertible, and the comonic matrix polynomial

DA =1 — X, T3'\W A +--- + WA,

where [W,, ..., W] is a special left inverse of col(X,Tq )24, is a greatest
common divisor of L (1), ..., Ly(4).

The conclusions of Theorem 9.15 hold for any pair of integers (I, f') which
satisfy the inequalities:

f = min (np; — degree(det(Ly(4))),

1<i<s
> n( min pj) + maxp;j, (9.35)
1<j<s 1<j<s

where p; is the degree of Li(4),j = 1,...,s.



9.6. RESULTANT MATRICES AND GREATEST COMMON DIVISORS 251

Proof. Assume (9.35) holds, and let ¢ = [ + f. By Theorem 9.13 (taking
into account the estimate (9.34)) we obtain that

Q(Ker R(L,, ..., L)) = O(Im col(X¢Ji )=, + Im col(X ,J% )i,

(9.36)
where (X, Jg) (resp. (X, J)) is the greatest common restriction of finite
(resp. infinite) Jordan pairs of L, ..., L,. It is easy to see that J/, = 0, so the

right-hand side of (9.36) is equal to Im col(XgJi !)i—,. Now by (9.3) (using
again (9.34)) we find that the admissible pair (X, T,)issimilar to (X, Jg),i.€.,
(X, Ty) is also a greatest common restriction of the finite Jordan pairs of
L,(4), ..., L{A). It remains to apply Theorem 99. [

Comments

The exposition in this chapter is based on the papers [29a, 29b, 30a].

Common multiples of monic operator polynomials in the infinite dimen-
sional case have been studied in [30b, 70b]. The use of the Vandermonde
matrix (in the infinite dimensional case) for studying operator roots of monic
operator polynomials was originated in [62a, 64a, 64b]. See also [46].
Resultant matrices are well known for a pair of scalar polynomials. In the case
of matrix polynomials the corresponding notion of resultant matrices was
developed recently in [1, 26, 35a, 41].

Another approach to the construction of common multiples and common
divisors of matrix polynomials is to be found in [6].

Behavior of monic common multiples of monic matrix polynomials,
under analytic perturbation of those polynomials, is studied in [31].






Part 111

Self-Adjoint Matrix Polynomials

In this part the finite dimensional space €" will be regarded as equipped
with theusualscalar product: ((xy, .. ., X,) ", (y1, - - - ¥u) ") = D= x; 3. Then,
for a given matrix polynomial L(1) = ) \_, A; 4, define its adjoint L*(4) by
the formula

1
L*() = Y A*A, (10.1)

j=0
where A* means the operator adjoint to A on the space €"; that is,

(A*x, y) = (x, Ay) forall x,yec"
In the standard basis, if 4 = (a;))] j=1, then A* = (a;)){ ;= ;.

We are to consider in this part an important class of monic matrix poly-
nomials L(A) for which the coefficients A4 ; are hermitian matrices, 4; = A%, or,
what is the same, self-adjoint operators in €":

(A;x,y) = (x, 4;y) for every x,ye("

Such matrix polynomials will be called self-adjoint: L(1) = L*(4).
The study of self-adjoint matrix polynomials in the case [ = 2 is motivated
by the ubiquitous problem of damped oscillatory systems (mechanical and

253
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and electrical) with a finite number of degrees of freedom, which may be
described by a system of second-order differential equation with self-adjoint
coefficients.

The main goal in this part is a description of the additional structure
needed forthe spectral theory of self-adjoint matrix polynomials. This includes
the introduction of self-adjoint triples and a new invariant of a self-adjoint
matrix polynomial, which we call the sign characteristic. Many properties of
self-adjoint matrix polynomials demand some knowledge of this sign char-
acteristic.

We remark that the requirement of monicity of the self-adjoint matrix
polynomial L(4) is not necessary for most of the results given in this part. For
instance, in many cases it can be replaced by the condition that the leading
coefficient of L(4) is invertible, or is positive definite. However, we shall stick
to the monicity requirement, and refer the reader to [34f, 34g] for the more
general cases.



Chapter 10

General Theory

In this chapter we shall give an account of basic facts to be used in the
analysis of self-adjoint matrix polynomials.

10.1. Simplest Properties

Consider a monic self-adjoint matrix polynomial
-1
LA =12+ Y A, A, =A%, i=0,...,1—1 (10.2)
i=0
Let C, and C,, as defined in Section 1.1, be the first and second companion
matrices of L(4), respectively. As in Section 2.1, define

Ay A, - 1
A, - I 0
B=|"7? . (10.3)

and, for a given standard triple (X, T, Y) of L(4), put
Q =0(X, T)=col(XTHZ} and R =row(T'Y)iZ}. (10.4)
As we already know (cf. Section 2.1),

C,=BC,B™! =R ITR, (10.5)

255
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and
RBQ = I. (10.6)

The crucial properties of a self-adjoint matrix polynomial L(1) are that
B = B* and C, = C%. So (10.5) becomes BC, = C¥B, or [C,x, y] =
[x, C,y], where the new indefinite scalar product [x, y] is connected with the
usual one (x, y) by the identity [x, y] = (Bx, y) (see Chapter S5). This means
that C, is self-adjoint relative to the scalar product [x, y] (see Chapter S5).
This property is crucial for our investigation of self-adjoint matrix poly-
nomials.

We start with several equivalent characterizations of a self-adjoint matrix
polynomial.

Theorem 10.1. The following statements are equivalent:

(1) L*(A) = L(A).

(i) For any standard triple (X, T, Y) of L(4), (Y*, T* X*) is also a
standard triple for L(J).

(iii) For any standard triple (X, T, Y) of L(A), if Q is defined by (10.4) and
M = 0*BQ, then X = Y*M and T = M~ 'T*M.

(iv) For some standard triple (X, T, Y) of L(A), there is a nonsingular
self-adjoint matrix M such that X = Y*M and T = M~ 'T*M.

(v) C, =B !C*B.

Proof. The line of proof follows the logical sequence (i) = (ii) = (i),
(1) = (iii) = (iv) = (i), (iii) = (v) = (iv). The first implication follows im-
mediately from Theorem 2.2.

(i) = (1): given a standard triple for L and statement (ii) the resolvent
form (2.16) can be used to write

L7 ') = X(IL — T)"'Y = Y*(IA — T*)"'X* (10.7)

It is immediately seen that L™ (1) = (L™ '(A))* and (i) follows.
(1) = (iii): it follows from (i) that C¥ = C,. Using (10.4) and (10.5)
Q* 'T*Q* = Cf = C, = R"!TR
whence T = (Q*R™ )7 !'T*(Q*R™"). But RBQ =1 so R™! = BQ, and

T = M~ 'T*M where M = Q*BQ.
To prove that X = Y*M we focus on the special triple.

0
X=[ 0 -~ 0, T=c, Y:lf}. (10.8)
I
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If we can establish the relation for this triple the conclusion follows for any
standard triple by the similarity relationship between two standard triples
(X,, Ty, Y}) and (X,, T,, Y,) of L(4) established in Theorem 1.25, i.e.,

X, =X,S, T,=ST,S, Y =S"'Y, (10.9)

where S = [col(X, T5)iZ4] " - col(X, Ty)i=s.
For this choice of triple, Q = I and (from (10.6)) R = B~ !. Consequently

XR=XB '=[0 --- 0 I]=Y*

Hence X = Y*B = Y*(Q*BQ) = Y*M.

(ii1) = (iv): requires no proof.

(iv) = (i): it is quickly verified that, from the equality }|_, 4,XT' = 0,
A, = 1, and hypothesis (iv), Q(Y*, T*) = O(X, T)M ~ ! and then that Y*, T*
form a standard pair for L. If (Y*, T*, Z)is the associated standard triple, then
Z isdefined by equations Y*T* " 'Z = Oforr = 1,...,] — l,and Y*T*'"1Z
= I, which imply

0 0
Z = Q(Y*, T*)"! (:) = MO(X, T) ! (‘) = MY.
i I

But MY = X* by hypothesis, so (Y*, T* X*) is a standard triple for L.
Equation (10.7) can now be used again to deduce that L* = L.

(ii1) = (v): apply the standard triple of (10.8) in statement (iii). Then
T=C,,Q=1,M = Band (v) follows.

(v) = (iv): this is obvious using the triple of (10.8) once more. [J

One of our main objectives will be to find triples (X, T, Y) for the self-
adjoint matrix polynomial L(4) such that the matrix M from Theorem 10.1
(X = Y*M, T = M~ 'T*M) is as simple as possible.

ExampPLE 10.1. Let L(A) = IA — A be linear, A = A*. In this case M can be chosen
to be I. Indeed, L(4) has only linear elementary divisors and the spectrum a(L) of L(4)
is real. Moreover, the eigenvectors of L(4) are orthogonal. So there exists a standard
pair (X, T) of L(A) with unitary matrix X. With this choice of X, the matrix

M = Q*BQ = X*X
from Theorem 10.1(iii) is clearly I. [
ExampLE 10.2. Let L(4) be a self-adjoint matrix polynomial with all of its eigen-
values real and distinct, say 4, 4,,..., 4. Let x;,..., x;,and y{, ..., y, be correspond-
ing eigenvectors for L(4;) and L*(4;) (=L(4,) in this case), i = 1, 2,..., In, respectively.

This means that L(,)x; = L*(4)y; =0 and x;, y; # 0fori = 1,2,...,In. Write X =
[x; x; -+ x,], J=diag[i, 4,...., Al Y*=1[y, -+ y.) The two sets of
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eigenvectors can be normalized in such a way that (X, J, Y) is a Jordan triple for L(1),
so we have the resolvent representation

In x().*
L ') =X(IL-J) 'Y = — (10.10)
i=1 A— '11'
and, since J* = J, in this case
L™'A) = XTA — J)"'Y = Y*(UA — J)"'X*.
By Theorem 10.1 there exists a nonsingular self-adjoint M such that X = Y*M and
MJ = J*M (=JM in this special case). It follows that M must be a real diagonal matrix,
say M = diag[s,, ..., s;)- Letoy = /|, i = 1,2,..., Inand write
T = diag[ay,...,%,]), E = diag[sgns,,...,sgn s,].
Then M = TET.
Consider now the Jordan triple (X, J, ¥;) with X, = XT "' and ¥, = TY.For this
Jordan triple the corresponding matrix M, (X, = Y¥M, M,J = JM,) is equal to E.
This is the simplest possible form of M for the self-adjoint matrix polynomial L(A).
We shall see later that the signs {sgn s;}i~, form the so-called sign characteristic of
L(A) and (X, J, Y)) is a self-adjoint triple. [

Let L(4) be a self-adjoint monic matrix polynomial. Then the spectrum
of L(4)is symmetric with respect to the real axis, as the following lemma shows.

Lemma 10.2. [fL = L* and A, € 6(L) is nonreal, then 1, is also an eigen-
value of L with the same partial multiplicities as A,. Thus, if Jordan blocks
Jyps o5 J,, are associated with A,, then exactly t blocks J , ..., J, are associ-
ated with Ay = 1, and

Jg,=J,, i=1,2,...,t

Si

Proof. If follows from characterization (ii) of Theorem 10.1 that
(Y*, J*, X*)isastandard triplefor Lif (X, J, Y)is so. But then the matrices J
and J* are similar, and the conclusion follows. [

We conclude this section with an observation of an apparently different
character. For a nonsingular self-adjoint matrix M the signature of M,
written sig M, is the difference between the number of positive eigenvalues and
the number of negative eigenvalues (counting multiplicities, of course).
Referring to the characterizations (iii) and (iv) of Theorem 10.1 of a monic
self-adjoint matrix polynomial we are to show that,for the M appearing there,
sig M depends only on the polynomial. Indeed, it will depend only on L.

Theorem 10.3. Let L = Y'24 A; X + IA' be a self-adjoint matrix poly-
nomial on C". Let (X, T, Y) be any standard triple of L. Then the signature of
any self-adjoint matrix M for which X = Y*M, T = M~ 'T*M is given by

0 if liseven

n if lisodd. (10.11)

sigM:{
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Proof. The relations X = Y*M, T = M~ 'T*M imply that
col[ X T8 = (col[Y*T* T2 M.
Thus,
M = (col[Y*T*7Z8)~ Y(col[ X T]IZY),

and for any other standard triple (X ;, T, Y;) thecorrespondingmatrix M, is
given by

M, = (col[Y$T}7iZ0) " (col[ X, T11izo)-

But there is an S for which relations (10.9) are satisfied and this leads to the
conclusion M, = S*MS. Then as is well known, sig M, = sig M so that the
signature is independent of the choice of standard triple.

Now select the standard triple (10.8). By Theorem 10.1(v), in this case
M = B. Thus, for any M of the theorem statement, sig M = sig B.

To computesig B, consider the continuous family of self-ajdoint operators
B(e) = [Bj—1(6))} k=1, where Bje) = ¢4, for j=1,...,1 — 1, B(e) = I,
Bj(e) = Oforj > I. Here e € [0, 1]. Then B = B(1), and B(¢) is nonsingular for
every ¢ € [0, 1]. Hence sig B(e) is independent of ¢. Indeed, let 4,(¢) > ---
> A,(¢) be the eigenvalues of B(¢). As B(¢) is continuous in ¢, so are the A,(¢).
Furthermore, A(¢) # 0 for any ¢ in [0, 1],i = 1, ..., nl in view of the non-
singularity of B(¢). So the number of positive A,(¢), as well as the number of
negative A,(¢), is independent of ¢ on this interval. In particular, we obtain

0 0 I
sig B = sig B(0) = sig 0 I ! 0
I 0 - 0

and the verification of (10.11) is then an easy exercise. [

Theorem 10.3 implies (together with Corollary S5.2) the following un-
expected result.

Theorem 10.4. A self-adjoint monic matrix polynomial of odd degree | has
at least n elementary divisors of odd degree associated with real eigenvalues.

Proof. Indeed, Theorem 10.3 implies that
sig B — 0 lf l l.S even
n if lisodd.

It remains to apply Corollary S5.2 bearing in mind that C, is B-self-adjoint.
O
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The significance of this result is brought out if we consider two familiar
extreme cases: a) if n = 1, then the result of Theorem 10.4 says that every
scalar real polynomial of odd degree has a real root; b) if | = 1, then Theorem
10.4 says that every self-adjoint matrix (considered in the framework of the
linear self-adjoint polynomial IA — A) has n real eigenvalues (counting
multiplicities), and the elementary divisors of A are linear.

These two results are not usually seen as being closely connected, but
Theorem 10.4 provides an interesting unification.

10.2. Self-Adjoint Triples: Definition

Let L = L* be a monic matrix polynomial with a Jordan triple (X, J, Y).
Since (Y*, J*, X*) is also a standard triple of L, we have

Y* = XM, J*=M"1'JM, X*=M"1Y.

As mentioned before, we would like to choose (X, J, Y) in such a way that the
similarity matrix M is as simple as possible. In general one cannot expect
M = I even in the case of a scalar polynomial with all real eigenvalues, as the
following example shows (see also Example 10.2).

ExampLE 10.3. Let L(4) = A(A — 1) be a scalar polynomial. We can take

(s3]

and the general forms for X, Y in the standard triple (X, J, Y) are

_.x_l
X =[x x,] Y=[ ‘,1],

X2

where x;, x, € €\{0}. Thus, Y* = XM, where

—lxr P 0
M = _ .
0 |X21|2

So the simplest form of M is diag(—1, 1), which appears if x; and x, lie on the unit
circle.

We describe now the simplest structure of M. First it is necessary to specify
the complete Jordan structure of X, J, and Y. Since the nonreal eigenvalues of
L occur in conjugate pairs, and in view of Lemma 10.2, a Jordan form J can
be associated with L (i.e., with the first companion matrix C,) having the
following form. Select a maximal set {1, ..., 4,} of eigenvalues of J contain-
ing no conjugate pair, and let {A,, ,, ..., 4,4, be the distinct real eigenvalues
of J.Put A, ;= 4;,forj = 1,..., a, and let

J = diag[J,]2°1? (10.12)
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where J; = diag[J;;]%_, is a Jordan form with eigenvalue A; and Jordan
blocks J; 1, ..., J;, of sizesa; | = -+ = a; ,, respectively.

Clearly, if (X,J, Y) is a Jordan triple, then there is a corresponding
partitioning of X, and of Y, into blocks, each of which determines a Jordan
chain. Thus, we write

X=[X, X, - Xyl (10.13)

and
Xi=[Xiy Xia o Xi,k,-] (10.14)

and
Y, = col[¥;]kL ,, Y = col[Y;]?7°. (10.15)

A standard triple (X, J, Y) is said to be self-adjoint if J is Jordan and if (in
the notations just introduced)

Yij = Pin;k+b+i,ja Ya+b+i,j = Pin;kj (10-16)

fori=1,2,...,a and j = 1,2,...,k;, where P;; is the o;; x «;; standard
involuntary permutation (sip) matrix (see Section S5.1 for the definition of a
sip matrix), and also

Y, = e, Py X% (10.17)

fori=a+1,...,a+band j=1,2,..., k; where P;; is the a;; x o;; sip
matrix, and the numbers ¢;; are +1 or —1.

A simple analysis can convince us that in a self-adjoint triple (X, J, Y) the
matrix M for which Y* = XM and MJ = J*M is of the simplest possible
form. Indeed, the self-adjoint equalities (10.16) and (10.17) could be rewritten
in the form Y* = XP, ;, where P, ; is given by the formula

0 0 P,
P.,=10 P 0], (10.18)
P, 0 O
where
P, = diag[diag[Pij]I,";l]?=1
and

P, = diag[diag[e;; P;; S SN
We remark also that P, ;J = J*P, ;. Thus, for this triple we have M = P, ;.
One cannot expect any simpler connections between X and Y in general,

because the presence of blocks P;; is inevitable due to the structure of J and
the signs ¢;; appear even in the simplest examples, as shown above.
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The existence of self-adjoint triples for a self-adjoint matrix polynomial
will be shown in the next section and, subsequently, it will be shown that the
signs ¢;; associated with the real eigenvalues are defined uniquely if normalized
as follows: where there is more than one Jordan block of a certain fixed size
associated with an eigenvalue, all the + 1s (if any) precede all the — 1s (if any).
The normalized ordered set {¢;;}, i=a+ 1,...,a+b,j=1,2,...,k; is
called the sign characteristic of L(A).

Observe that Eq. (10.16) and (10.17) show that left Jordan chains can be
constructed very simply from right Jordan chains. Suppose one begins with
any Jordan pair (X, J) and then these equations are used to generate a matrix
Y.Ingeneral (X, J, Y)willnot be aself-adjoint triple because the orthogonality
conditions (10.6) will not be satisfied. However, the theorem says that for a
special choice of X, and then Y defined by (10.16) and (10.17) a self-adjoint
triple can be generated. As an illustration of the notation of self-adjoint triples
consider the resolvent form for self-adjoint triple (X, J, Y). First define
submatrices of X, J as follows (cf. Egs. (10.13) and (10.12)):

Xlz[Xl Xa]’ X2:[Xa+l Xa+b]s
X3 = [Xa+b+1 XZa+b]

and similarly for J = diag[K,, K,, K;]. Then equalities (10.16) and (10.17)
imply the existence of (special) permutation matrices P,, P, for which

P, X3
Y: ‘P~2X>2k >
P, Xt

a+b

namely, ﬁl = diag[diag(Pij)’j‘: 1Ji=1s ﬁz = diag[diag(gijpij)?; Jiza+ 1
In this case, the resolvent form of L(1) becomes

L™ ') =XIr—J)'Y = X,(JA — K,)"'P, X% + X,(IA - K,)"'P, X,
+ X, - K) " 'P,X*
= X, — K)7'P, X3 + X,(14 — K,)" (P, X3)
+ (X3 P)U2 - K¥) 7' XY

This equality is characteristic for self-adjoint matrix polynomials, i.e., the
following result holds.

Theorem 10.5. A monic matrix polynomial L(1) is self-adjoint if and only
if it admits the representation
L ') =X,(Jr—J) VP X5+ X,(JA—J,) ' P, X%
+ X3P, (11— JH 7' XY, (10.19)
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where J, (J,) are Jordan matrices with I Ay >0 (Ime Ao =0) for every
eigenvalue Ay of J, (J,), and fori = 1,2

p,=P*=Pl, P:=1  PJ,=JIP,. (10.20)

Proof. We saw above that if L(A) is self-adjoint, then L™'(A) admits
representation (10.19) (equalities (10.20) are checked easily for P; = P, and
J; = K, in the above notation). On the other hand, if (10.19) holds, then by
taking adjoints one sees easily that L™ '(1) = (L~ '(4))*. So L(A) is self-adjoint.

O

We remark that the form of the resolvent representation (10.19) changes if
the “monic” hypothesis is removed. More generally, it can be shown that a
matrix polynomial L(A) with det L(1) # 0 is self-adjoint if and only if it
admits the representation

L™'(A) = X,(Ih — J)"'P, X% + X,(Ih — J,) " 'P, X%
+ X3P, (TA — J¥)7IXE + X,(J. 4 — D7P, X%, (10.21)

where X, X,, X3, P, P,,J,,J, are as in Theorem 10.5, J, is a nilpotent
Jordan matrix, and

P4:PI:P17 P4J4:JIP4'

It turns out that the matrices X, X,, X5, J,, J, in (10.21) are constructed
using the finite Jordan pair (X, Jg) of L(4) in the same way as described
above for monic polynomials. The pair (X, J,) turns out to be the restriction
of the infinite Jordan pair (X, J,) of L(4) (as defined in Section 7.1) to
some J -invariant subspace. We shall not prove (10.21) in this book.

10.3. Self-Adjoint Triples: Existence

In this section the notions and results of Chapter S5 are to be applied to
self-adjoint matrix polynomials and their self-adjoint triples. Some properties
of these triples are deduced and an illustrative example is included. To begin
with, we prove the existence of self-adjoint triples. In fact, this is included in
the following more informative result. As usual, C, is the first companion
matrix of L, and B is as defined in (10.3).

Theorem 10.6. Let L(1) = Y '_{ A;X + 1A' be amonic self-adjoint matrix
polynomial. If P, , is a C-canonical form of B and S is the reducing matrix
B = §*P, ;S, then the triple (X, J, Y) with

X=0 0 --- 0]S7Y, J=S8C,5°1, Y=S0 --- IJ*

is self-adjoint.
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Conversely, if for some nonsingular S the triple (X, J, Y) defined by the
above relations is self-adjoint, then S is a reducing matrix of B to C-canonical
form.

Proof. It has been shown in Theorem 10.1 that L* = L is equivalent to
thestatement that C, is B-self-adjoint. Then Theorem S5.1implies theexistence
ofa C,-canonical form P, ;for B. Thus, B = S*P, ;Sand SC,S™! = J.Then
it is clear that (X, J, Y) as defined in the theorem forms a Jordan triple for L
(refer to Eq. (10.9)). This triple is self-adjoint if and only if Y = P, ; X*. Using
the definition of X and Y this relation is seen to be equivalent to

0 I
: 0
| = 10.22
Bl, | (10.22)
I 0

and this is evident in view of the definition of B.
Suppose now that

(X,J,Y)=(I 0 --- 0]S"L,SC,S".,S[0 --- 0 I]%

is a self-adjoint triple. Then Y = P, ; X*. Using the equality P, ;J = J*P, ,
one checks easily that Q* = P, ;R, where Q = col[XJ]iZ{ and R =
row[J'Y]{Zg. By (10.6) B=R™'Q™! = Q*"'P, ;0™ '. It remains to note
that S = Q' [

Now we derive some useful formulas involving self-adjoint triples.

Let (X, J) be a Jordan pair of the monic self-adjoint matrix polynomial
L(4) constructed as in (10.12), (10.13), and (10.14). Construct the correspond-
ing matrix Q = col[XJ]!Z} and let U = Q*BQ. It is evident that U is non-
singular. It Y is the third member of a Jordan triple determined by X and J,
we show first that Y = U~ ! X* Recall that Y is determined by the ortho-
gonality relation

Y =0 ' .col($,I)}-,. (10.23)
We also have
I 0
0 :
QUTIXM) = BTIQ*IX* =BT | = | (10.24)
0 I

and comparing with (10.23) it is seen that Y = U~ 1 X*.
Since the columns of Q form Jordan chains for C,, C,Q = QJ whence
Q*(BC,)Q = (Q*BQ)J. In addition (BC,)* = BC, and it follows that

J*(Q*BQ) = (Q*BQ)J. (10.25)
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With a partitioning consistent with that of X in (10.13) write
0=1[0: - Q]
and (10.25) can be written
JHOFBQ,) = (QFBQ)J,

forr,s = 1,2,...,2a + b. Now 1, # A, implies that Q*BQ, = 0 (see Section
S2.2) and it is found that

0 0 T%
U=[Bo]=|0 T, 0 (10.26)
., 0 O
where
T, = diag[ Q3. ,.:BO;]i-, (10.27)
and
T, = diag[Q5, ;BQ,+; ?zl- (10.28)

Suppose now thatthe triple (X, J, Y)is self-adjoint. ThenQ = S~ !, where
S is the reducing matrix to a C,-canonical form of B (cf. Theorem 10.6). It
follows that U = P, ;. In particular, we havefori=a + 1,...,a + b

Q#BQ; = diag[e;; P15t 1, (10.29)

wheree; = £1,fori=1,...,q,
Q%ip+:BQ; = diag[P;]% . (10.30)
Note that Egs. (10.26)-(10.28) hold for any Jordan triple of L(4) (not

necessarily self-adjoint).
We conclude this section with an illustrative example.

ExaMpLE 10.4. Consider the fourth-degree self-adjoint matrix polynomial
. 0 11202 + 1> 2+ D0 1
Ly(2) = 52 2 4 :
1 =1L ¢2+1) 25+ 1 -1
It is found that det L (1) = (A* — 1)? so the eigenvalues are the fourth roots of unity,
each with multiplicity two. A Jordan pair is

R I e A R

1 0 — -
X = 10 1010.
10 10 1010

—_

—
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However, it is found that this is not a self-adjoint pair. It turns out that

P \/5[—2 —2i =2 1 -2 -1 0]

- 2 -2 2-1 2 12

8

is such that X, J determines a self-adjoint triple. In Eq. (10.26) we then have
01 0 1]1]0 1
T, = T, =di R .
e ey o} o))

10.4. Self-Adjoint Triples for Real Self-Adjoint Matrix
Polynomials

Let L(4) = IA' + Y'}Z4 4;4' be a monic matrix polynomial with real and
symmetric coefficients 4;: 4; = AJ»T, j=0,...,1— 1 Then clearly L(4) is
self-adjoint and as we have already seen there exists a self-adjoint triple
(X, J, Y) of L(A). In the case of real coefficients, however, a self-adjoint triple
which enjoys special properties can be constructed, as we shall see in this
section.

Let us make first a simple observation on Jordan chains for L(4). Let
Ao € a(L) be a nonreal eigenvalue of L(A) with corresponding Jordan chain

Xg, - - -5 X,. S0, as defined in Section 1.4.
k
1.
Z j—’ LY(Ap)x,—; =0, k=0,...,r (10.31)
j=0lJ"

Taking complex conjugates in these equalities, (and denoting by Z the matrix
whose entries are complex conjugate to the entries of the matrix Z) we obtain
k 1 ——

Y = LYA0)%,—; = 0, k=0,...,r

j=o0J:
But since the coefficients A; are real, LY(4,) = LY(1,); hence X, ..., X, is a
Jordan chain of L(A) corresponding to the eigenvalue A,. Moreover, by
Proposition 1.15 it follows that a canonical set of Jordan chains for 4,
becomes a canonical set of Jordan chains for 1, under the transformation of
taking complex conjugates. In other words, if (X', J') is the part of a Jordan
pair (X, J) of L(4) corresponding to the nonreal part of o(J), then so is
(X', J). Letnow A, € 6(L) bereal, and let v be the maximal partial multiplicity
of L(4) at 4,. Consider the system of linear homogeneous equations (10.31)
with r = v, where the vectors x,, ..., x, are regarded as unknowns. Since
LY(1,) is real, there exists a basis in the linear set of solutions of (10.31), which
consists of real vectors. By Proposition 1.15 this basis gives rise to a canonical
set of Jordan chains for A, which consists of real eigenvectors and generalized
eigenvectors.
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It follows from the preceding discussion that there exists a Jordan pair
(X, J) of L(A) of the following structure:

X =[XY, X2, XD, J = diag[JV, J®, JDY, (10.32)

where o(J®) is real and the spectrum of JV) is nonreal and does not contain
conjugate complex pairs. The matrix X® is real.

We have not yet used the condition that 4; = AjT. From this condition it
follows that there exists a self-adjoint triple of L(A). The next result shows that
one can choose the self-adjoint triple in such a way that property (10.32) holds
also.

Theorem 10.7. There exists a self-adjoint triple (X, J, Y) of L(A) such
that the pair (X, J) is decomposed as in (10.32).

We need some preparations for the proof of Theorem 10.7 and first we
point out the following fact.

Theorem 10.8. For everyn x nnonsingular (complex) symmetric matrix V
there exists an n x n matrix U such that V = UTU.

Proof. Consider the linearspace " together with the symmetric bilinear
form [, ] defined by V:[x, y] = yTVx. Using Lagrange’s alogrithm (see
[22, 52¢]), we reduce the form [, ] to the form [x, y] = Y%  x;y; for
x=(xy,....,x,)Tand y = (y,, ..., y,)" in some basis in €". Then the desired
matrix U is the transformation matrix from the standard basis in €" to this
new basis. [

Let K =diag[K,,...,K,] be a Jordan matrix with Jordan blocks
K,,..., K, of sizes my, ..., m,, respectively. Let P; be the sip matrix of size
m;(i=1,...,r),and put Py = diag[P,, ..., P,]. Denote by J the set of all
nonsingular matrices commuting with K.

Lemma10.9. Let V beanonsingular (complex) symmetric matrix such that
PyVe . Then there exists W e 7 such that WTVW = Py. Conversely, if for
some matrix V there exists W € I such that WYVW = Py, then V is non-
singular symmetric and PyV € T .

Proof. The converse statement is easily checked using the property that
PyK = K"Py and Py K™ = KPy so we focus on the direct statement of the
lemma.

Consider first the case when the set (K) of eigenvalues of K consists of
one point and all the Jordan blocks of K have the same size:

K = diag[K,,..., K],

where the p x p Jordan block K, appears r times.
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It is seen from Theorem S2.2 that a matrix U €  if and only if it is non-

singular and has the partitioned form (U;); ;- , where U;;is a p x p upper

triangular Toeplitz matrix, i.e., has the form

ty t, - t,
(U :
10.33
Uij =1: Iy I ( )
0 0
for some complex numbers ¢,,t,,...,t, (dependent on i, j). It will first be
proved that V admits the representation
UT™VU = diag[W,]'-, (10.34)

for some U e 7 where W,, ..., W, are p x p matrices.
For brevity, introduce the class .« of all nonsingular (complex) symmetric
matrices of the form Pg S, S € .7, to which V belongs. Put

W, =U"VU, (10.35)

where U € 7 is arbitrary. Then W, € .«/. Indeed, the symmetry of W, follows
from the symmetry of V. Further, using equalities UK = KU, P, VK =
KPyV,P% = I, and Py K = K"Py, we have
PyWoK = PyUTVUK = PyUPyP VKU = P UTP KP VU

= PUTK PP VU = P KTUTVU = KP UTVU = KP W,,
so that W, e .«/.

Now let M be the pr x pr permutation matrix which, when applied from
the right moves columns 1, 2, 3, ..., pr into the positions

1, r+1, 2r+1,....,(p— Dr+1,

2, r+2,...,(p—UDr+2,...,r, 2r,...,pr,

respectively. Since V € o/, we have Py V € 7, and using representation (10.33)
for the blocks of P Vit is found that

0 0 W
A 7 7
MVM=]| " b2 10.36
0 " Do ( )
Ve V, - v,
where VI = V., i =1,2,..., p. (Note that the effect of the permutation is to

transform a partitioning of Vin 2 p x p blocks to a partitioning in p? blocks
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ofsizer x r.)Hencefor W, defined by (10.35) M TW, M has the form,analogous
to (10.36), say

0 0 W
W, =M"W,M = : oL M 10.37

and furthermore, the nature of the permutation is such that W, is block
diagonal if and only if the blocks W, i=1, 2,, .., p, are diagonal.

If U € 7, the action of the same symmetric permutation on U is

u, U, --- U,
0 U : :
MUM=| . ! N 10.38
: . .. U, U, ( )
0 0 U,
Now (using the property MMT = I) we have
Wy = M™TWyM = (MTUM)T(MTVM)(MTUM)
ur 0 -~ 0 0 o V||, U, --- U,
urour ] s e o v
U UN [ U 2 S
Ug . UNv, v, v, 0 0 U,
Multiply out these products and use (10.37) to obtain
i 1
Wi=YUL L Y VWU i1, i=12...,p (10.39)
=1 k=1
To complete the proof of (10.34) it is to be shown that U,, ..., U, can be
determined in such a way that W,, ..., Wp are diagonal. This is done by
calculating U, ..., U, successively.

First let U, be any nonsingular matrix for which UJV,U, = I. Since
VT = V, such a U, exists by Lemma 10.8.

Proceeding inductively, suppose that matrices U, ..., U,_, have been
found for which W,, ..., W._, are diagonal. Then it is deduced from (10.39)
that

W,=U'vU, + UTV,U, + C (10.40)
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where CT = C and depends only on V,,...,V, and U,,..., U,_,. Write
U, = U7 'U,, then (10.40) takes the form

W, =U0NUTV,U) + (UTV,U)U, + C.

Let U, =[] =1, C = [c;); ;=1 Since UTV,U, = I, the matrix W, is
diagonal if and only iffor 1 <i<j<r

ﬁji + ﬁij = —C,-j.

There certainly exist pairs f3;, ;; satisfying this equation. This completes the
proof of (10.34).
Now each W, from (10.34) has the form

0 0 - 1
wi=|' | teq t,#0.
! 0 t, - o J !
ty ty 0

S1 S, S, W
0 s S,—1
Si == . . . P} Sie Cv Sl ?é 0
0 O 51
such that
SIWS; =P, (10.41)

the sip matrix of size p x p. Indeed, (10.41) amounts to the system

i ! -
1, i=1

D Sicie1 ) Si— Z{

1=1 +k;1 e 0, 2,...,p

This system can be solved for s, s,,...,s, successively by using the ith
equation to find s; in terms of ¢, ..., t;, 5y, ..., s;_;, Wwhere s; = t; /2. Now
put W = diag[S,, ..., S,]U to prove Lemma 10.9 for the case when ¢(K) is
a singleton and all Jordan blocks of K have the same size.

Consider now the case when ¢(K) consists of one point but the sizes of
Jordan blocks are not all equal. So let

i

Il

ml :...::mk1>mkl+1=...=mk2>...>mkp_l+1 =...=mkp_
Let

Vo= [V, (V;; an m; x m; matrix).
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Then the condition Pg V' € 7 means that the V;; have the following structure
(cf. Theorem S2.2):

V.=V, for i #];

) Ji
V=[P JZm with o =0 for ¢ < max(m;, m)).

ij
Nonsingularity of V implies, in particular, that the k, x k; matrix
[Uﬁri:{)+ 1]1 Jj=1
is also nonsingular. Therefore, we can reduce the problem to the case when

= [VJr-, and V;=V,=0 for i=1,....,m, (1042

by applying sequentially (a finite number of times) transformations of type
V — ETVE, where the n x n matrix E has the structure

= [E;Jf7-, (E;j an m; x m; matrix),

with E;; = I'fori=1,...,k,. Also.

—el e, emj 1
0 el e emJ—l
E —| - L.
ij 0o 0 --- e
0 0 .- 0
where e, € € dependsoniandj,fori = 1,...,m;andj = m + 1,...,mkp,and

E;; = 0 otherwise. Then in the case (10.42) we apply induction on the number
of different sizes of Jordan blocks in K to complete the proof of Lemma 10.9
in the case that o(K) consists of a single point.

Finally, the general case in Lemma 10.9 (¢(K) contains more than one
point) reduces to the case already considered in view of the description of the
matrices from 4 (Theorem S2.2). [

The next lemma is an analog of Lemma 10.9 for real matrices. Given the
Jordan matrix K and the matrices P,, ..., P, as above, let

P, = diag[e, Py, ..., &.P,]
for a given set of signs ¢ = (g)=, ¢ = £ 1.

Lemma 10.10. Let V be a nonsingular real symmetric matrix such that
PyV € 7. Then there exists a real W € 7 such that W'VW = P, y for some
set of signs ¢. Conversely, if for some matrix V there exists real W € 7 such that
WTVYw = P, k., then V is real, invertible, and symmetric and Py V € 7
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The proof of Lemma 10.10 is analogous to the proof of Lemma 10.9 (the
essential difference is that, in the notation of the proof of Lemma 10.9, we
now define U, to be a real nonsingular matrix such that

UTVv,U, = diag[é,,...,9d,],

forsomesignsd, ..., d,. Also, instead of (10.41) wenow prove that ST W;S; =
+ P,, by letting s, = (+t,)” !/ where the sign is chosen to ensure that s, is
real (here t; e R)).

Proof of Theorem 10.7. We start with a Jordan triple (X, J, Y) of L(4) of
the form

J, 0 0 Y,
X=[X, X, X,]. J=|0 J, 0|, Y=|Y| (1043
0 0 J, Y,

where Im o(J,) > 0, 6(J,) is real, X, is a real matrix, and the partitions of X

and Y are consistent with the partition of J. (In particular, Im o(J,) < 0.) The

existence of such a Jordan triple was shown in the beginning of this section.
Let Q = col(XJ')!Z4. Then (see (10.26))

0 0 T*
U=0*B0=|0 T, 0] (10.44)
T, 0 0

where the partition is consistent with the partition in (10.43). Moreover
(equality (10.25)),

J*T = TJ. (10.45)

It is easy to check (using (10.44) and (10.45)) that T, is nonsingular sym-
metric and P, T; commutes with J; (where P, is defined as in (10.18)). By
Lemma 10.9 there exists a nonsingular matrix W, such that W,J, = J, W,
and WIT,W, = P,. Analogously, using Lemma 10.10, one shows that there
exists a real nonsingular matrix W, such that W,J, = J, W, and WIT, W, =
P, ,, for some set of signs &. Denote X = X, W, and X, = X, W,. Then (cf.
Theorem 1.25) the triple (X', J, Y’) with

X =[X), X, X{] and Y' = [col(X'J).Z{]17" - col(d;,, - I)iZ}
is a Jordan triple for L(4). Moreover, the equality

0 0 P,
[col(X'J)Zi1*B col(X' Tzt =l 0 P, ©
P. 0 0
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holds, which means that the triple (X', J, Y') is self-adjoint (cf. (10.29) and
(10.30)). O

We remark that the method employed in the proof of Theorem 10.7 can
also be used to construct a self-adjoint triple for any monic self-adjoint matrix
polynomial (not necessarily real), thereby proving Theorem 10.6 directly,
without reference to Theorem S5.1. See [34f] for details.

The following corollary is a version of Theorem 10.5 for the case of real
coefficients A4;.

Corollary 10.11.  Let L(A) be a monic self-adjoint matrix polynomial with
real coefficients. Then L(A) admits the representation

L™ '(A) =2 RdX,(IA = J)"'P,XT) + X,(IA — J,)"'P, X1, (10.46)

where J| (J,) are Jordan matrices with Fm Aq > 0 (Fme Ay = 0) for every
eigenvalue Ay of J (J ), the matrix X , is real, and for i = 1, 2:

P,=pP*=P!, P*=1 PJ,=JP,. (10.47)

Conversely, if a monic matrix polynomial L(1) admits representation (10.46),
then its coefficients are real and symmetric.

Proof. Thedirect part of Corollary 10.11 follows by combining Theorems
10.5 and 10.7. The converse statement is proved by direct verification that

L™ ') = (L))" = (L™ '(A)* for 1eR,
using the equalities (10.47). [

10.5. Sign Characteristic of a Self-Adjoint Matrix Polynomial

Let L(4) be a monic matrix polynomial with self-adjoint coefficients. By
Theorem 10.6 there exists a self-adjoint triple of L(4), which includes (see
(10.17)) a set of signs ¢;;, one for every nonzero partial multiplicity o;;,
j=1,...,k; corresponding to every real eigenvalue A,,;, i =1,..., b, of
L(4). This set of signs ¢;; is the sign characteristic of L(4), and it plays a central
role in the investigation of self-adjoint matrix polynomials. According to this
definition, the sign characteristic of L(4) is just the C,-sign characteristic of
B (cf. Theorem 10.6).

We begin with the following simple property of the sign characteristic.

Proposition 10.12. Let ¢;, j=1,...,k;, i =1,...,b be the sign char-
acteristic of L(;) = 1! + Y'Z4 A;27 with the corresponding partial multi-
plicities o;;,j = 1, ..., kj,i=1,...,b. Then

ks 0 if lis even
Irr — (—1)®ie.. =
A1 = (=D%ey {n if lisodd. (10.48)

[\/]u-

i=1j=1
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Proof. Let (X, J, Y) be a self-adjoint triple of L(4), i.e., such that Y =
P, X* where e = (¢;),j=1,...,k;,i=1,..., b. By Theorem 10.6

sigB =sig P, ;. (10.49)

Note that the signature of a sip matrix is 1 or O depending if its size is odd or
even. Using this fact one deduces easily that sig P, ; is just the left-hand side of
(10.48). Apply Theorem 10.3 to the left-hand side of (10.49) and obtain (10.48).

O

In particular, Proposition 10.12 ensures that Y 7_, Y% $[1 — (= 1)*/]e;;
does not depend on the choice of a self-adjoint triple (X, J, Y) of L(4). The
next result shows that in fact the signs ¢; themselves do not depend on
(X, J, Y), and expresses a characteristic property of the self-adjoint matrix
polynomial L(A) (justifying the term “sign characteristic of L(4)”).

Theorem 10.13. The sign characteristic of a monic self-adjoint matrix
polynomial L(A) does not depend on the choice of its self-adjoint triple (X, J, Y).

The proof is immediate: apply Theorem S5.6 and the fact that C, is B-
self-adjoint (cf. Theorem 10.6). [

The rest of this section will be devoted to the computation of the sign
characteristic and some examples.

Given a self-adjoint triple (X, J. Y) of l;(/l) and given an eigenvector x
from X corresponding to a real eigenvalue A,, denote by v(x, 4,) the length of
the Jordan chain from X beginning with x, and by sgn(x, 1,)—the sign of the
corresponding Jordan block of J in the sign characteristic of L(4).

Theorem 10.14. Let (X, J, Y) be a self-adjoint triple of L(A) = I1' +
Zj-;é) Ajllj. Let x, and y,, ..., Yy, be eigenvector and first vectors of a Jordan
chain, respectively, from X corresponding to the same real eigenvalue A,. Then

U B
(xu Z j_'L(J)(/lo)yHrlj)

j=o

_ {O, if y1#x; or y,=x; and r <v(xy, A (10.50)

sgn(yy, 4o), if yr=xy and r=v(xy, Ap).

Proof. Let Q = col(XJ)!Z}. Denote by %, and j,, ..., §, the columns in
Q corresponding to the columns x; and y,,..., y,, respectively, in X. We
shall prove first that

1 . .
<xla z ﬁ L(J)(Ao)yr+1—j> = (xl’ Byr)’ (1051)
j=1J-

where B is given by (10.3).
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The proof is a combinatorial one. Substituting £, = col[45x,]'Z} and
$, = collY iy DAy 'y, J426 (by definition y, = 0 for p < 0) in the expres-
sion (X,, By,) we deduce that

-1 /1 I p—k ‘
=[x (808 (77 )
i=0 \k=0 p=i+k 1

It is easy to see that

1
1
L. Z ( )Ap—wl P_(_Tﬁfl‘(”“(l(’)’

=i+k

and (10.51) follows. Now use (10.29) to obtain (10.50) from (10.51). [

Theorem 10.14 allows us to compute the sign characteristic of L{4) in
simple cases. Let us consider some examples.

ExampLE 10.5. Let L(4) be a monic scalar polynomial with real coeflicients and
different simple real roots 4; > --- > A,. It is easy to check (using Theorem 10.14) that
the sign of 4; in the sign characteristic of L(4) is (— 1" . O

ExampLE 10.6. Let L(4) be a monic self-adjoint matrix polynomial with degree /.
Let 4, (resp. 4,) be the maximal (resp. minimal) real eigenvalue of L(4). Then sgn(x, 1)
=1 for any eigenvector x corresponding to A, with v(x, 4,) = 1; and for any eigenvector
y corresponding to A, with w(y, 4,) = 1 we have sgn(y, 4,) = (—1)"*. Indeed, consider
the real-valued function f(4) = (x, L(4)x). Then f(4) > 0 for 4 > ,;, because the
leading coefficient of L(4) is positive definite. On the other hand, f(4,) = O (for x is an
eigenvector of I(1) corresponding to 4,). So f"(4,) = 0. But in view of Theorem 10.14,
sgn(x, A,) is just f.(4,), maybe multiplied by a positive constant. Hence sgn{x, 4,) = 1.
The same argument is applicable to the eigenvector yof 4,. [

These examples are extremal in the sense that the signs can be determined
there using only the eigenvalues with their partial multiplicities, without
knowing anything more about the matrix polynomial. The next example
shows a different situation.

Exampre 10.7. Leta < b < ¢ < d be real numbers, and let

. [A—=@@ b 0
LA = [ 0 h =) — d)]

Then the sign characteristic of the cigenvalues a, b, ¢, d is —1, 1, —1, 1, respectively
(as follows from Example 10.5). Interchanging in L(4) the places of A — hand 4 — ¢, we
obtain a new self-adjoint matrix polynomial with the same eigenvalues and partial
multiplicities, but the sign characteristicis different: —1, — 1, 1, 1 fora, b, ¢,d, respectively.

O
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10.6. Numerical Range and Eigenvalues

For a matrix polynomial M(A) define the numerical range NR(M) as
NRM) = {Ae C|(M(A)x, x) = Oforsome xe €"\{0}}  (10.52)

This definition is a natural generalization of the notion of numerical range for
a simple matrix A4, which is defined as N, = {(4Ax, x)|xe ", ||x| = 1}.
Indeed,

{(Ax, x)|xe ", ||x|| = 1} = NR(IA — A).

It is well known that for any matrix A4 the set N, is convex and compact. In
general, the set NR(M) is neither convex nor compact. For example, for the
scalar polynomial M(1) = A(1 — 1) we have NR(M) = {0, 1}, which is
obviously nonconvex; for the 2 x 2 matrix polynomial

1
o[l ]

we have NR(M) = R, which is noncompact. It is true that NR(M) is closed
(this fact can be checked by a standard argument observing that

NR(M) = {Ae C|(M(4)x, x) = 0 for some xe ", || x| = 1}

and using the compactness of the unit sphere in €"). Moreover, if M(A) is
monic, then NR(M) is compact. Indeed, write M(Z) = IA™ + Y70 M3/,
Let o = max{m-maXo<;<pm-1{|A||A€ Ny}, 1}. Clearly, « is a finite number,
and for |[A] > aand xe ", || x| = 1 we have
A", )] = A" > m max {]Al[Ae Ny} A"
O<i<m-1

m—1
Y (M;x, x)

i=0

>

m—1
> Y |(M;x, x)||AF =
j=0

so A ¢ NR(M).

We shall assume in the rest of this section that M(1) = L(A) is a monic
self-adjoint matrix polynomial, and study the set NR(L) and its relationship
with ¢(L). We have seen above that NR(L) is a compact set; moreover, since
L(4) is self-adjoint the coefficients of the scalar polynomial (L(4)x, x),
x € €"\{0} are real, and therefore NR(L) is symmetric relative to the real line:
if 1o € NR(L), then also 1, € NR(L). Evidently, NR(L) > a(L).

The following result exhibits a close relationship between the eigenvalues
of L(4) and the numerical range NR(L), namely, that every real frontier (or
boundary) point of NR(L) is an eigenvalue of L(4).

Theorem 10.15. Let L(A) be a monic self-adjoint matrix polynomial, and
let Ao NR(L) n (R\NR(L)). Then A, is an eigenvalue of L().
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Proof. By assumption, there exists a sequence of real numbers 4,, 4, ...
such that lim,, , 4,, = 4o and A;¢ NR(L). This means that the equality
(L(4;)x, x) = 0 holds only for x = 0; in particular, either (L(4;)x, x) >0
for all x e €, or (L(4;)x, x) < Ofor all x e €". Suppose, for instance, that the
former case holdsforinfinitely many 4,. Passing to the limit along the (infinite)
set of such A;, we find that (L(4¢)x, x) >0 for all x e €". Since i, € NR(L),
we also have for some nonzero x, € €", (L(A¢)Xq, Xo) = 0. It follows that the
hermitian matrix L(J,) is singular, ie. Ao € a(L). O

Since the number of different real eigenvalues of L(4) is at most nl, where [
is the degree on L(4), the following corollary is an immediate consequence of
Theorem 10.15.

Corollary 10.16. Let L(A) be as in Theorem 10.15. Then the set NR(L) n R
is a finite union of disjoint closed intervals and separate points:

k m
NR(L) n R = <U [iai-1s .Uzi]> Y (U {vj}>’ (10.53)
i=1 i=1
where py < py < -+ < py,and v;¢ U:'(=1 [iai-1s i), vj, # vy, for Jy # ja-
The number k of intervals and the number m of single points in (10.53) satisfy the
inequality
2k + m < nl,
where | is the degree of L(A).

We point out one more corollary of Theorem 10.15.

Corollary 10.17. A monic self-adjoint matrix polynomial L(A) has no real
eigenvalues if and only if NR(L) n R = .

Comments

Self-adjoint matrix polynomials of second degree appear in the theory of
damped oscillatory systems with a finite number of degrees of freedom
([17, 52b]). Consideration of damped oscillatory systems with an infinite
number of degrees of freedom leads naturally to self-adjoint operator poly-
nomials (acting in infinite dimensional Hilbert space), see [51]. Self-adjoint
operator polynomials (possibly with unbounded coeflicients) appear also in
the solution of certain partial differential equations by the Fourier method.

The results of this chapter, with the exception of Sections 10.4 and 10.6, are
developed in the authors’ papers [ 34d, 34f, 34g]. The crucial fact for the theory,
that C, is B-self-adjoint (in the notation of Section 10.1), has been used else-
where (see [51, 56a, 56d]). The results of Section 10.4 are new. The numerical
rangeforoperator polynomials was introduced (implicitly) in [67] and further
developed in [56a]. A more general treatment appears in [44].



Chapter 11

Factorization of Self-Adjoint Matrix
Polynomials

The general results on divisibility of monic matrix polynomials in-
troduced in Part I, together with the spectral theory for self-adjoint poly-
nomials as developed in the preceding chapter, can now be combined to
prove specific theorems on the factorization of self-adjoint matrix poly-
nomials. Chapter 11 is devoted to results of this type.

11.1. Symmetric Factorization

We begin with symmetric factorizations of the form L = L¥L; L,, where
L% = L;. Although such factorizations may appear to be of a rather special
kind, it will be seen subsequently that the associated geometric properties
described in the next theorem play an important role in the study of more
general, nonsymmetric factorizations. As usual, C,; stands for the first
companion matrix of L, and B is defined by (10.3).

Theorem 11.1. Let L be a monic self-adjoint polynomial of degree | with
a monic right divisor L, of degree k < /2. Then L has a factorization L =
L¥L; L, for some monic matrix polynomial Ly if and only if

(Bx,y) =0 forall x,ye M, (11.1)

where M is a supporting subspace for L (with respect to C,).

278
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We shall say that any subspace .# for which (11.1) holds is neutral with
respect to B, or is B-neutral. To illustrate the existence of B-neutral subspaces
consider a monic right divisor L, for which ¢(L,) contains no pair of complex
conjugate points. If L = L,L,, then o(L) = o(L,) U o(L,) and a(L,) N
a(L¥) = &. If L is self-adjoint, then L = L, L, = L¥L% and it follows that
L, is a right divisor of L%. Hence there is a matrix polynomial L for which
L¥L;L, = L. Consequently (11.1) holds.

Proof. Let L = L,L, = L¥L%, and L, have supporting subspace .#
with respect to C,. It follows from Theorem 3.20 that L% has supporting
subspace .#* with respect to C¥. But now, by Theorem 10.1 C¥ = BC,B™ .
It follows that the supporting subspace A" for L¥ with respect to C, is given
by & = B~ L.

Now observe that k < /2 implies that L = L¥L;L, if and only if L,
divides L%. Thus, using Corollary 3.15, such a factorization exists if and only
if / « & =B ' H ie,if and only if (11.1) is satisfied. O

Theorem 11.1 suggests that B-neutral subspaces play an important role
in the factorization problems of self-adjoint operator polynomials. Formulas
of Section 10.3 provide further examples of B-neutralsubspaces. For example,
the top left zero of the partitioned matrix in (10.26) demonstrates immediately
that the generalized eigenspaces corresponding to the non-real eigenvalues
Ay ..., A, determine a B-neutral subspace. These eigenspaces are therefore
natural candidates for the construction of supporting subspaces for right
divisors in a symmetric factorization of L. In a natural extension of the idea
of a B-neutral subspace, a subspace & of €™ is said to be B-nonnegative
(B-nonpositive) if (Bx, x) = 0 (< 0)for all x e &

11.2. Main Theorem

For the construction of B-neutral subspaces (as used in Theorem 11.1)
weintroduce sets of nonreal eigenvalues, S, with the property that S 0 § = (¥,
i.e., such a set contains no real eigenvalues and no conjugate pairs. Call such
a subset of (L) a c-set. The main factorization theorem can then be stated
as follows (the symbel [a] denotes the greatest integer not exceeding a):

Theorem 11.2. Let L be a monic matrix polynomial of degree | with
L = L*. Then

(@) There exists a B-nonnegative (B-nonpositive) invariant subspace
M (M) of C, such that, if k = [31],

kn if liseven
(k + Dn if lisodd,
dim A, = kn

dim ./ , ={



280 11. FACTORIZATION OF SELF-ADJOINT MATRIX POLYNOMIALS

(b) L has a monic right divisor L (L,) with supporting subspace M (M,)
with respect to C, such that

k if liseven
L =
deg L, {k+1 if 1is odd,

deg L, = k.

In either case the nonreal spectrum of L, and of L, coincides with any maximal
c-set of a(L) chosen in advance.

In order to build up the subspaces referred to in part (a) the nonreal and
real parts of o(L) are first considered separately, and in this order.

Theorem 10.6 implies the existence of a self-adjoint triple (X, J, Y) for
L, with Y = P, ; X*, and the columns of X determine Jordan chains for L.
Letx,,..., x, besuch a Jordan chain associated with the Jordan block J, of
J. A set of vectors x,,...,Xx,, r < p, will be described as a set of leading
vectors of the chain, and there is an associated r x r Jordan block which is a
leading submatrix of J.

Now let Z, be a submatrix of X whose columns are made up of leading
vectors of Jordan chains associated with a c-set. Then let J. be the correspond-
ing Jordan matrix (a submatrix of J) and write

Q. = col[E,Ji]iZ8. (11.2)

The following lemma shows that Im Q_ is a B-neutral subspace. Maximal
subspaces for L of one sign will subsequently be constructed by extending

ImQ..
Lemma 11.3. With Q. as defined in (11.2), Q*¥BQ, = 0.

Proof. Bearingin mind the construction of the Jordan matrix J in (10.12)
and in particular, the arrangement of real and nonreal eigenvalues, it can be
seen that Q*BC, is just a submatrix of the top-left entry in the partitioned
matrix of (10.26). [

Consider now the real eigenvalues of L. Suppose that the Jordan block
J, of J is associated with a real eigenvalue 4, and that J, is p x p. Then 4,
has an associated Jordan chain x,,..., x, with x; # 0, and these vectors
form the columns of the n x p matrix X ,. There is a corresponding chain
£y, ..., X, associated with the eigenvalue 4, of C, and

0, =[% - %,]=collX,Ji{]iZd.

The definition of a self-adjoint triple shows that x,, ..., x, can be chosen
so that

QfBQ, = £P (11.3)
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where P is the p x p sip matrix. In particular, observe that (%,, BX,) = + 1.
We say that the pair (¢, X,), A¢ € R, is of the first (second) kind according as
(%X,, BX,) = 1 or — 1, respectively. Then let ./, and ., be the sets of all pairs
of the first and second kinds, respectively.

It follows from Theorem 10.14 that

(%1, B&,) = (xy, LY(Ag)x;) = +1 (resp. 0) (11.4)

when the chain has length one (resp. more than one), i.e., when the associated
elementary divisor of L is linear (resp. nonlinear). We shall describe %, as
either B-positive, B-negative, or B-neutral, with the obvious meanings.

Suppose that the pair (4,4, x;), 4o € R, determines a Jordan chain of length
k,let r = [3(k + 1)], and consider the first r leading vectors of the chain. It is
apparent from (11.3) that

st

. :{ 0 for k even (1L5)

+E for k odd

where E = diag[0,...,0, 1] and isr x r.

This relation can now be used to construct subspaces of vectors which are
B-nonnegative, B-nonpositive, or B-neutral, and are invariant under Cj.
Thus, for k odd, Span (%, ..., X,} is B-nonnegative or B-nonpositive according
as (4g, x;) is a pair of the first or second kind. Furthermore, if k > 1,
Span{%,, ..., %,_,}isa B-neutralsubspace. If kiseven, then Span{%,, ..., %,},
r = 1k, is B-neutral for (4, x,) of either the first or second kind.

These observations are now used to build up maximal B-nonnegative and
B-nonpositive invariant subspaces for C, (associated with real eigenvalues
only in this instance). First, basis vectors for a B-nonnegative invariant
subspace ¢ are selected as follows (here [£, ; -+ £, = col(X;J7)e 0,
where J; is a Jordan block of J with a real eigenvalue 4,, and X, is the corre-
sponding part of X):

(@) If (A, x,. )€ Sy, select £y 4, ..., %, ; where r; = [3(k; + 1)].
(b) If(4;, x, ;) € ¥, and k; is odd, select Riireens X1,
(c) If(4, xy ) e S, and k;is even, select X, ;,..., %, ;.

Second, basis vectors for a B-nonpositive invariant subspace ., are selected
as follows:

(@) If(A, xy )€ Sy, select Xy 4, ..., K0
(b) If (4, x, ;) e & and k;is odd, selectx1 P S
() If(4,xy e ¥ andk;is even, select £, ;,..., %, ;.
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Then it is easily verified that dim ¥, + dim ¥, = p, the total number of
real eigenvalues (with multiplicities). It is also clear that ¥, n ¥, = {0} if
and only if all real eigenvalues have only linear elementary divisors.

Now let ¥ represent either of the subspaces ¥, or ¥,, and form a
matrix Qr whose columns are the basis vectors for .# defined above. Then
Qg has full rank, Im Qp = %, and Q has the form

Qg = col[ExJi]12} (11.6)

where E is a matrix whose columns are Jordan chains (possibly truncated)
for L, and Jg in the associated Jordan matrix.
It follows from these definitions and (11.5) that

QkBQr = D (11.7)

where D is a diagonal matrix of zeros and ones, each one being associated
with an elementary divisor of odd degree, and the plus or minus sign is
selected according as ¥ = ¥, or ¥ = &,.

11.3. Proof of the Main Theorem

In general, L will have both real and nonreal eigenvalues. It has been
demonstrated in the above construction that certain invariant subspaces £,
and %, of C, associated with real eigenvalues can be constructed which are
B-nonnegative and B-nonpositive, respectively.

However, in the discussion of nonreal eigenvalues, B-neutral invariant
subspaces of C, were constructed (as in Lemma 11.3) using c-sets of nonreal
eigenvalues. Consider now a maximal c-set and the corresponding matrix of
Jordan chains for C,, Q. of Eq. (11.2). Then Im Q, is B-neutral and the direct
sums A, =%, +ImQ,, M4, =%, + ImQ, will generally be larger B-
nonnegative, B-nonpositive invariant subspaces, respectively. Indeed,
max(dim .#,, dim .#,) > kn, where k = [31].

Construct composite matrices

E=[Ex E] K=Jg®J, S, =col[EKTiZ}, (11.8)
the S, being defined for r = 1, 2, ..., [. Then S, is a submatrix of Q and con-
sequently has full rank. Furthermore, the subspace

M=ImS,=ImQ, + ImQg=ImQ,  + &

is an invariant subspace of C; which is B-nonnegative or B-nonpositive
according as Im Qi = &, or Im Qg = %,. In order to prove the existence
of aright divisor of L of degree k = [3/] we use Theorem 3.12 and are to show
that the construction of Z implies the invertibility of S,. In particular, it will
be shown that = is an n x kn matrix, 1.e., dim .# = kn.
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Our construction of = ensures that S, is a submatrix of Q = col(XJ)!Z}
and that

A - =
S¥BS, = [E* K*Z* ... K*"1Z¥]|: : © | =+D (119
I - ollzki!

where D = D @ 0 is a diagonal matrix of zeros and ones and the plus or
minus sign applies accordingas ¥ = ¥, or ¥ = .&,.

Let x € Ker S, = ()¥Z§ Ker(EK") and make the unique decomposition
X = X, + x, where x, € Im D, x, € Ker D and, for brevity, write y, = ZK"x,
r=20,1,2,.... Use (11.9) to write x*S}BS,x as follows:

+xiDx; =[0 - 0 y¥ - yi,]x
(A, - A | Apey - I 0]
I
ol ol

_ 0 when [ is even
ViV when [is odd. (11.10)

Case (i), | even. Equation (11.10) implies x, = 0 so that x = x, € Ker D.
(Note that if D = 0 this statement is trivially true.) Consider the image of x
under SFBS, using (11.9), and it is found that

Y T | Yk
[E* K*E* ... K*k~1zZ%] =0. (I1L11)
I o0 yl_]

Taking the scalar product of this vector with Kx it is deduced that yjfy, = 0
whence y, = 0 and x € Ker(2K"). Then take the scalar product of (11.11)
with K3x to find y§, yx+; = 0 whence y,,; =0 and xe Ker(EK**1).
Proceeding in this way it is found that x € ();Z{ Ker(EK*) = Ker S,. Hence
x = 0 so tnat Ker S, = {0}. This implies that the number of columns in S,
(and hence in S;) does not exceed kn, and hence that dim .# < kn. But this
argument applies equally when 4 = 4 ,or 4 = M, (M, = ¥; + ImQ,),
and we have dim .4, + dim .#, = In = 2kn, thus it follows that dim .#, =
dim .#, = kn.
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Furthermore, S, must be kn x kn and hence nonsingular (whether
M = Mot M = M, is chosen). Since [I, 0]| , has the representation S,
it follows that there is a right monic divisor L, of L of degree k. Then

L=1L,L, = L¥L%,
and 1 is an eigenvalue of L, if and only if 1 € o(C 1} ), which is the union of

(any) maximal c-set of nonreal eigenvalues with certain real eigenvalues, as
described in Section 11.2 (in defining the invariant subspaces .%,, %, of C,).

Case (ii), l odd. (a) Consider #, = ¥, + Im Q, which, by construc-
tion, is B-nonpositive so that the negative sign applies in (11.10). There is an
immediate contradiction unless x, = 0 and y, = 0, i.e., x € Ker(EK*) n
Ker D. Now it is deduced from (11.9) that

A+ SR | BT
-0 .
[E* ... K*~lz*]| | . X - | =0. (11.12)
I 0 - 0){ys
Taking scalar products with K2x, K*x, ..., successively, it is found (as in

case (1)) that x € ()!Z} Ker(EK") = Ker S,, and hence x = 0. It follows that
dim A, < kn.

(b) Since dim .#, + dim .#, = In, we now have dim .#, > (k + D)n.
Consider the implications of (11.10) for .#, (when the plus sign obtains).
Let xeKer S, = [)f-o Ker(EK") and write x = x; + x,, x,€Im D,
x, € Ker D and (11.10) reduces to

0
xfDx; =[0 -+ O y&q o0 Y Bl yksr| =0,

Yi-1
whence x;, = 0 and x = x, € Ker D. As in paragraph (a) above it is found
that Eq. (11.12) now applies to .#,. Consequently, as in case (a), x € Ker §,,
whence x = 0.
Thus, dim .#, < (k + 1)n and, combining with the conclusion
dim 4, < kn, of part (a), we have

dim #, = (k + n,  dim 4, = kn

and S, ., (defined by .#,) and S, (defined by .#,) are nonsingular. Since
(s, 01ls, = Sk+1, i, 014, = S, it follows that .#,, ./, determine
monic right divisors of L of degrees k + 1, k, respectively. This completes the
proof of Theorem 11.2. [
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11.4. Discussion and Further Deductions

Let us summarize the elementary divisor structure of a matrix polynomial
L and the factors described in Theorem 11.2. If L has the factorization
L = Q,L, we tabulate (see Table I) the degrees of elementary divisors
(A — Ap) of Q,, L, resulting from the presence of such a divisor for L.
Consider the case in which L has supporting subspace .#, and an associated
c-set of nonreal eigenvalues. We assume that ./, is constructed as in the proof
of Theorem 11.2 and that S is the maximal c-set chosen in advance.

The presence of the entries in the “divisor of L,” column is fully explained
by our constructions. The first two entries in the “divisor of Q,” column are
evident. Let us check the correctness of the last three entries in the last column.
To this end, recall that in view of Theorem 3.20, Q,(4) is a right divisor of
L* = L with supporting subspace .#1 with respect to the standard triple

([05 DR 0’ I], CT’ COl(O‘ilI)é: 1)

of L; therefore, the elementary divisors of Q,(4) and IA — C%| ,: are the same.
Now let (X, J, Y) be the self-adjoint triple of L used in the proof of Theorem
11.2. The subspace .#1 can be easily identified in terms of X, J and the self-
adjoint matrix B given by (10.3). Namely, .#+ = BZ, where Z is the image
of the nl x nk matrix (where k = [3[]) formed by the following selected
columns of col(XJ¥)!Z}:

(a) select the columns corresponding to Jordan blocks in J with nonreal
eigenvalues outside S;

(b) in the notation introduced in Section 11.1, if (4;, x,;) € &, select
3?1,1', cees )Acki——rl-,i 5

() if(A, x;) e, and k;is odd, select Xy ;, ..., X,y 1.i5
(d) if(A;, xy;) e &, and k; is even, select Xy ;, ..., Ry -, i

It is easily seen that this rule ensures the selection of exactly nk columns of
col(XJ)!ZL. Furthermore, Lemma 11.3 and equality (11.7) ensure that B%
is orthogonal to .#,,andsincedim(BZ) + dim .#, = nl,wehave B% = /1.

TABLE 1
Divisor of L Divisor of L, Divisor of Q,
(A= 1) Ao # 2o, Ao €S (4= 20 1
(=2, Ao #20, 40 ¢S 1 (A = Aoy
(G /10)2'7 Ao = zo» (A= Aoy (A= Ao)
r2 1A — 4)* Y, Ag = o, Ist kind (A= Ao (A=At

(A= 2" " Ay = Jo,2nd kind (4 — Ay ™! (A =AY
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Taking adjoints in
C,col(XJHZ§ = col(XJTHiZEJ

and using the properties of the self-adjoint triple: Y* = XP_,, P, ,J =
J*P, ,;, P, ;J* = JP, ;, we obtain

P, ,RCY = J*P, R, (11.13)
where R = [Y,JY,...,J'" Y] Rewrite (11.13) in the form
C¥R™'P, , = R 'P, ,J*,
and substitute here R~! = BQ, where Q = col(XJ)!Z}:
C¥BQP, ; = BOP, ,J*. (11.14)

Use equality (11.14) and the selection rule described above for & to verify
the last three entries in the “divisor of Q;” column.

Analogously, one computes the elementary divisors of the quotient
Q, = LL; ", where L, is taken from Theorem 11.2.

We summarize this discussiorr in the following theorem.

Theorem 11.4. Let L be a monic self-adjoint matrix polynomial of degree

landlet A, ..., A, be allits different real eigenvalues with corresponding partial
multiplicities myy, ..., m; ¢, i = 1,...,r, and the sign characteristic ¢ = (g;)
wherej=1,...,s;,,i=1,...,r. Let S be a maximal c-set. Then there exists

a monic right divisor L, (L,) of L with the following properties:

(i) degL, =[(+ 1)/2],degL, =1—[(I + 1)/2];
(ii) the nonreal spectrum of L, and of L, coincides with S
(iii) the partial multiplicities of L, (resp. of the quotient Q, = LLT ')

corresponding to A; (i =1,...,r) are 3(my; + (65, j = 1,...,s;, (resp.
3(my — Lye) j=1,..., ), where {;; =0 if my; is even, and {;; = 1 if my; is
odd;

(iv) the partial multiplicities of L, (resp. of the quotient Q, = LL; ') are
%(mij - ij‘gij),j =1,...,s;(resp. %(mij + Cijsij)’j =1...,s).

Moreover, the supporting subspace of L, (resp. L,) with respect to C, is
B-nonnegative (resp. B-nonpositive).

Going back to the proof of Theorem 11.2, observe that the argument of
case (i) in the proof can be applied to 4" = Im Q. where Q, corresponds
to the c-set of all eigenvalues of L in the open half-plane % A > 0. Since A~
is B-neutral it is also B-nonpositive and the argument referred to leads to the
conclusion that dim A" < kn. But this implies that, for [ odd, the number of
real eigenvalues is at least n, and thus confirms the last statement of
Theorem 10.4.
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Corollary 11.5. If L has odd degree and exactly n real eigenvalues
(counting multiplicities), then these eigenvalues have only linear elementary
divisors and there is a factorization

L(A) = M*(A)(IL + W)M(L),

where M is a monic matrix polynomial, a(M) is in the half-plane Fm A >0,
and W* = W.

Proof. Theorem 10.4 implies that L has exactly n elementary divisors
associated with real eigenvalues, and all of them are linear. By Proposition
102, 3 ;& = n, where & = (g;;) is the sign characteristic of L. Since the
number of signs in the sign characteristic is exactly n, all signs must be + 1.
Now itis clear that the subspace .4 of the above discussion has dimension
kn and determines a supporting subspace for L which is B-neutral. The
symmetric factorization is then a deduction from Theorem 11.1. [

In the proof of Corollary 11.5 it is shown that the real eigenvalues in
Corollary 11.5 are necessarily of the first kind. This can also be seen in the
following way. Let 4, be a real eigenvalues of L with eigenvector x,. Then
M(A,) is nonsingular and it is easily verified that

(xo, LM(A)xo) = (xo, M*(A0)M(Ao)xo) = (¥os Yo)

where yo = M(1)xo. Hence (xq, L"(10)x,) > 0, and the conclusion follows
from equation (11.4).

Corollary 11.6. If L of Theorem 11.2 has even degree and the real
eigenvalues of L have all their elementary divisors of even degree, then there is
a matrix polynomial M such that L(1) = M*(A)M(A).

Proof. This is an immediate consequence of Theorems 11.1 and 11.2.
The hypothesis of even degree for the real divisors means that the supporting
subspace .# constructed in Theorem 11.2 has dimension 3ln and is
B-neutral. [

ExaMpLE 11.1. Consider the matrix polynomial L of Example 10.4. Choose the
c-set, {i} and select = from the columns of matrix X of Example 10.4 as follows:

-1 -t
R — 1 1’

[1]
(1]

[t o o
=ly ol E-[E &

and then

K=[1J@[—1]@B f]
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We then have #, = ¥, + Im Q_, a B-neutral subspace, and

-1 1-1 1-11-1 1
£, =1 ,
' m[—l 11 -1-11 1 —1]
N R R A B
Q=Imy o 1 1 2 2-3-3
and S, = col[EK"]!_, is given by
1 -1 10 -1 1 -1 1
1 110 -1 1 1 -1
S, = d S;l=-
Al EEEEE TR > T4l 2 2 o ol
1 -1 i 1 —2i =2i 2 2
Computing ZK2S ™! it is then found that
P —ir—1 — ik
L,(}) = .
1@ [ 0 /12—1',1—1]

It is easily verified that L(1) = L¥(A)L,(4). O

The special cases | = 2, 3 arise very frequently in practice and merit
special attention. When [ = 2 Theorem 11.2 implies that the quadratic bundle
(with self-adjoint coefficients) can always be factored in the form

D2 + A+ Ay = A — Y)IL - Z). (11.15)

If the additional hypothesis of Corollary 11.6 holds, then there is such a
factorization with Y = Z*. Further discussions of problems with | = 2 will
be found in Chapter 13.

When [ = 3 there are always at least n real eigenvalues and there are
matrices Z, B, B, for which

D3+ A, 0% + Ajd + Ag = (12 + ByA + B)(IA — Z).  (11.16)

If there are precisely n real eigenvalues, then it follows from Corollary 11.5
that there are matrices Z, M with M* = M and

D3+ 4,02 + AjA+ Ay = Ik — Z%Ii + MY} — Z).

Furthermore, 6(IA — Z) is nonreal, 6(IA + M) is just the real part of a(L(1))
and the real eigenvalues necessarily have all their elementary divisors linear.

ExampPLE 11.2. Let! = 2 and suppose that eachreal eigenvalue has multiplicity one.
Then the following factorizations (11.15) are possible:

L(A) = (A — Y)UA - Zy,
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i =1, 2, in which IA — Z, has supporting subspace which is maximal B-nonnegative
and that of IA — Z, is maximal B-nonpositive, while ¢(L) is the disjoint union of the
spectraof IA — Z, and IA — Z,. In this case, it follows from Theorem 2.15 that Z,, Z,
form a complete pair for L.

Comments

The presentation of this chapter is based on [34d, 34f, 34g]. Theorem
11.2 was first proved in [56d], and Corollary 11.5 is Theorem 8 in [56c].
Theorem 11.4 is new.

The notation of “kinds” of eigenvectors corresponding to real eigenvalues
(introduced in Section 11.2) is basic and appears in many instances. See, for
example, papers [17, 50, 51]. In [69] this idea appears in the framework of
analytic operator valued functions.



Chapter 12

Further Analysis of the Sign
Characteristic

In this chapter we develop further the analysis of the sign characteristic of a
monic self-adjoint matrix polynomial L(1), begun in Chapter 10. Here we
shall represent the sign characteristic as a local property. This idea eventually
leads to a description of the sign characteristic in terms of eigenvalues of
L(Ay) (as a constant matrix) for each fixed 4, € R (Theorem 12.5). As an
application, a description of nonnegative matrix polynomials is given in
Section 12.4.

12.1. Localization of the Sign Characteristic

The idea of the sign characteristic of a self-adjoint matrix polynomial was
introduced as a global notion in Chapter 10 via self-adjoint triples. In this
section we give another description of the sign characteristic which ultimately
shows that it can be defined locally.

Theorem 12.1. Let L (i) and L,(1) be two monic self-adjoint matrix
polynomials. If Ay € a(L,) is real and
LP(A0) = LYo, i=01...,7
where vy is the maximal length of Jordan chains of L,(A) (and then also of L,(1))

corresponding to A, then the sign characteristics of L,(A) and L,(A) at A, are
the same.

290
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By the sign characteristic of a matrix polynomial at an eigenvalue we
mean the set of signs in the sign characteristic, corresponding to the Jordan
blocks with this eigenvalue. It is clear that Theorem 12.1 defines the sign char-
acteristic at A, as a local property of the self-adjoint matrix polynomials. This
result will be an immediate consequence of the description of the sign char-
acteristic to be given in Theorem 12.2 below.

Let L(A) be a monic self-adjoint matrix polynomial, and let A, be a real
eigenvalue of L(4). For x € Ker L(4y)\ {0} denote by v(x) the maximal length
of a Jordan chain of L(4) beginning with the eigenvector x of ;. Let ¥;,i = 1,

.., 7 (y = max{v(x)|x € Ker L(4x)\{0}}) be the subspace in Ker L(4,)
spanned by all x with v(x) > i.

Theorem 12.2. Fori=1,...,7, let A, be a real eigenvalue of L and

L ) )

flx, y) = (X, Y I L”’(%)J’““”’), x, ye ¥,
=1l

0 (@)

where y = yV, y@ ...y is a Jordan chain of L(A) corresponding to 1,

with eigenvector y. Then:
() fi(x, y) does not depend on the choice of y?, ..., y¥;
(i1) there exists a self-adjoint linear transformation G;: ¥; > ¥, such that

fi(x>y)=(x> Giy)’ X,J’G‘Pil

(i) W;., = Ker G, (by definition, ¥, ; = {0});

(iv) the number of positive (negative) eigenvalues of G;, counting according
to the multiplicities, coincides with the number of positive (negative) signs in the
sign characteristic of L(A) corresponding to the Jordan blocks of A, of size i.

Proof. Let (X, J, Y) be a self-adjoint triple of L(4). Then, by Theorem
106 X=[I 0 --- 0], J=SC,§°!, Y=S[0 --- 0 I]7, and
B = S*P, ,S.Itiseasy to see that infact S™! = col(XJ'){Z{ (see, for instance,
(1.67)). Recall the equivalence

E(A)IA — C))F(A) = L) @ I4- 1 (12.1)

(see Theorem 1.1 and its proof), where E(1) and F(A) are matrix polynomials
with constant nonzero determinants, and

12 I - 0
F(A) = . . .
R Vit |

Equation (12.1) implies that the columns of the n x r matrix X, form a Jordan
chain for L(4) corresponding to A, if and only if the columns of the In x r
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matrix col[ X ,J$]5Z¢ form a Jordan chain for AI — C,, where J is the r x r
Jordan block with eigenvalue A, (see Proposition 1.11). Now we appeal to
Theorem S5.7, in view of which it remains to check that

<x, 'lel'L(j)(/lo)y(r-%l—j)) = (% Bj\}(r)), (12.2)
=N

where £ = col(4)x)i2g, [PV -+ ] = col(Y'V -+ YIIIHLZE,

A, A, A, 1

A,

B=| : .. . |
R S 0
I 0o ... 0

As usual, the self-adjoint matrices A; stand for the coefficients of L(4):
L(A) = I2' + Y24 A; /. But this is already proved in (10.51). O

Let us compute now the first two linear transformations G, and G, . Since
f1(x, y) = (x, L'(Ap)y) (x, ye ¥, = Ker L(4,)), it is easy to see that

G1 = PlLl(/lo)P1 |\v,,

where P, is the orthogonal projector onto ¥,. Denote LY = LY(J,). For
x,ye ¥, = Ker G,, we have

fz(xs y) = (xs %Lgy + Ll()y,)a
where y, y' is a Jordan chain of L(4) corresponding to A,. Thus
Loy = Loy + Loy = Loy + Lo — Py)y' =0 (12.3)

(the last equality follows in view of L, P, = 0). Denote by Ly : €" — C" the
linear transformation which is equal to L, * on ¥ and zeroon ¥, = Ker L,,.
ThenLg Lo(I — Py) =1 — Pyand(12.3)gives(I — P;)y’ = —Lg Lyy.Now,
for x, ye ¥,,
(x, Loy) = (x, Lo(Py + (I = P))y) = (x, LoPyy) + (x, Lo — Py)y)
= (x, G;Pyy) + (x, Lo(I — P,)y) = (x, Lo(I — Py)y)
= (x, —LoLg Loy),
where the penultimate equality follows from the fact that x € Ker G, and
G, = Gf. Thus f5(x, y) = (x, 3Lgy — Lo Lg Lyy), and

G, = Py[5L5 — LoLg LoIP; |y,

where P, is the orthogonal projector of €" on W¥,. To illustrate the above
construction, consider the following example.



12.2. STABILITY OF THE SIGN CHARACTERISTIC 293

ExampLE 12.1. Let
A2 0 0
LA) =10 A*+1 YR
0 2 A+ A

Choose A, = 0 as an eigenvalue of L(A). Then Ker L(0) = €3,s0 ¥, = €. Further,

00 0
Loy=[0 1 1

0 11
and fi(x, y) = (x, L'(0)y) = x5(7; + J3) + x3(7; + J3). where x = (x,, x,, x3)", y =
(V1> Y2, ¥3)". L'(0) has one nonzero eigenvalue 2 and

Ker L'(0) = ¥, = Span{(1, 0,0)T, (0, —1, )T}.

Thus there exists exactly one partial multiplicity of L(4) corresponding to 4, = 0 which
is equal to 1, and its sign is + 1. It is easily see that y, 0 is a Jordan chain for any eigen-
vector y € ¥,. Thus

fr(x, ») = (x, L")y + L'(0)y) = (x,y)  for x,ye¥,.

Therefore there exist exactly two partial multiplicities of 4, = 0 which are equal to 2,
and their signs are +1. [

12.2. Stability of the Sign Characteristic

In this section we describe a stability property of the sign characteristic
which is closely related to its localization. It turns out that it is not only the
sign characteristic of a monic self-adjoint polynomial which is determined by
local properties, but also every monic self-adjoint polynomial’ which is
sufficiently close, and has the same local Jordan structure, will have the same
sign characteristic .More exactly, the following result holds.

Theorem 12.3. Let L(4) = IA' + Y24 MA; be a self-adjoint matrix
polynomial, and let 1, € 6(L) be real. Thenthere existsa é > Owith the following
property: if L) = IZ + Y'2L WA, is a self-adjoint polynomial such that
[A; = Ajll <6, j=0,...,1—1, and if there exists a unique real eigenvalue
Ay of L(2) inthedisk | .o — 4| < 0 with the same partial multiplicities as those of
L(X) at Ay, then the sign characteristic of L(A) at A, coincides with the sign
characteristic of L(A) at A.

We shall not present the proof of Theorem 12.3 because it requires
background material which is beyond the scope of this book. Interested
readers are referred to [34f, 34g] for the proof.
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12.3. A Sign Characteristic for Self-Adjoint Analytic Matrix
Functions

Let L be a monic self-adjoint matrix polynomial. Then (see Theorem
S6.3) for real A the matrix L(4) has a diagonal form

LY = UQ) - diag[i; (A, - . ., 1,1 - VD), (12.4)

where U(4) is unitary (for real 1) and V(1) = (U(1))*. Moreover, the
functions u;(1) and U(4) can be chosen to be analytic functions of the real
parameter A (but in general y;(4) and U(4) are not polynomials). Our next
goal will be to describe the sign characteristic of L(/) in terms of the functions
1i(A), ..., u(4). Since the u;(1) are analytic functions, we must pay some
attention to the sign characteristic of analytic matrix functions in order to
accomplish this goal. We shall do that in this section, which is of a preliminary
nature and prepares the groundwork for the main results in the next section.

Let Q be a connected domain in the complex plane, symmetric with
respect to the real axis. An analytic n x n matrix function A(A) in Q is called
self-adjoint if A(A) = (A(A))* for real 1 € Q. We consider in what follows self-
adjoint analytic functions A(4) with det 4(1) # 0 only, and shall not stipulate
this condition explicitly. For such self-adjoint analytic matrix functions A(1)
the spectrum a(A4) = {1 € Q|det A(1) = 0} is a set of isolated points, and for
every Ao € 6(A) one defines the Jordan chains and Jordan structure of A(4) at
Ao as for matrix polynomials.

We shall need the following simple fact: if A(4) is an analytic matrix
function in Q (not necessarily self-iidjoint) and det A(4) # 0, then the Jordan
chains of A(A) corresponding to a given A, € 6(4) have bounded lengths,
namely, their lengths do not exceed the multiplicity of A, as a zero of det A(A).

For completeness let us prove this fact directly. Let ¢, . .., ¢, _ ; be a Jordan
chain of A(4) corresponding to A,; then ¢, # O,

AP = (4 — Lo)'x(2) (12.5)
where @(A) = ’J‘»;é (A — A9Yo;, and the vector function x(4) is analytic in a

neighborhood of 4. Let ¥4, ..., ¥, _, be vectors such that ¢q, ¥y, ..., ¥,_,
is a basis in €", and put

EQ) = Lo, ¥y, ¥l
By (12.5), the analytic function det A(1) - det E(1) = det[A(1)E(1)] has a zero
of multiplicity at least k at 1 = A,. Since E(4,) is nonsingular by construction,
the same is true for det A(4), i.e., 4, is a zero of det 4(4) of multiplicity at least k.
Going back to the self-adjoint matrix function A(1), let 1, € 6(A) be real.
Then there exists a monic self-adjoint matrix polynomial L(4) such that

LY(Ag) = AV(Ay), J=5L..,7 (12.6)
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where 7 is the maximal length of Jordan chains of A(1) corresponding to A, (for
instance, put L(A) = I(A — A0)"" ' + Yi_g AV(40)(A — A¢)). Bearing in

mind that x,, ..., x, is a Jordan chain of L(1) corresponding to A, if and only
if x, # 0and
L(Ao) 0 e 0 X,
L'(40) L(40) e 0 x,
. e e : =0,
1
L(k—l) L(k—Z)i L/{ :
Gt 00 gy BTG o | x

and analogously for 4(1), we obtain from (12.6) that L(4) and A(A) have the
same Jordan chains corresponding to A,.

In particular, the structure of Jordan blocks of A(4) and L(A) at A, is the
same and we define the sign characteristic of A(1) at A, as the sign characteristic
of L(A) at A,. In view of Theorem 12.1 this definition is correct (i.e., does not
depend on the choice of L(A4)).

The next theorem will also be useful in the next section, but is clearly of
independent interest. Given an analytic matrix function R(A) in Q, let R*(1)
denote the analytic (in Q) matrix function (R(2))*.

Observe that the notion of a canonical set of Jordan chains extends word
for word for analytic matrix functions with determinant not identically zero.
As for monic matrix polynomials, the lengths of Jordan chains in a canonical
set (corresponding to A, € a(A)) of an analytic matrix function A(4), do not
depend on the choice of the canonical set. The partial multiplicities of A(A) at
Ao, by definition, consist of these lengths and possibly some zeros (so that the
total number of partial multiplicities is n, the size of A(A)), cf. Proposition 1.13.
Observe that for a monic matrix polynomial L(A) with property (12.6), the
partial multiplicities of A(4) at A, coincide with those of L(1) at A,.

Theorem 12.4. Let A be a self-ad joint analytic matrix function in Q, and let
Ao € a(A) be real. Let R be an analytic matrix function in Q such that det R(4,)
# 0. Then:

(1) the partial multiplicities of A and R*AR at A, are the same;
(i) the sign characteristics of A and R*AR at A, are the same.

Proof. Part (i) follows from Proposition 1.11 (which extends verbatim,
together with its proof, for analytic matrix functions). The rest of the proof will
be devoted to part (ii).

Consider first the case that A = L is a monic self-adjoint matrix poly-
nomial. Let 7 be the maximal length of Jordan chains of L corresponding to
Ao- Let S(A) = Y725 SiA — Ap)' and T(A) = Y12} T(A — Ao)’ be monic
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matric polynomials of degree y + 1 which are solutions of the following inter-
polation problem (cf. the construction of L in formula (12.6)):

S9(1e) = RY(1,) for j=0,1,...,y,

TY(%o) = {Io for j=0

Then (S*LS)“¥(1,) = (R*LR)YV(Ay) forj = 0,..., 7, thus in view of Theorem
12.1 the sign characteristics of S*LS and R*LR at A, are the same.

Observe that S, and T, are nonsingular. There exists a continuous matrix
function Fy(t), t € [0, 1], such that F,(0) = S,, Fo(1) = T, and F(t) is non-
singular for all t € [0, 1]. Indeed, let

U™ 'S,U = diag[J,, ..., J]

be the Jordan form for S, with Jordan blocks J,, ..., J, and nonsingular
matrix U. Here

for j=1,...,7

w 1 0 0
w1
J; = , i=1,...,k
1
0 Hi

where p; # 0 in view of the nonsingularity of S,. Let ut), t € [0, 3] be a
continuous function such that u;(0) = y;, u(3) =1 and pyt) # 0 for all
t € [0, 1]. Finally, put
Fo(t) = U diag(J,(t), ..., J()HU ™', t€[0,7],
where
mt) 1 -2
OB
() = , ‘
0 ’ 1 -2t
(1)

Clearly, Fo(t)isnonsingular forallt € [0, 3],F(0) = So,Fo(3) = I.Analogous
construction ensures the connection between I and T, by means of a con-
tinuous nonsingular matrix function F(t), t € [3, 1].

Now let F(4, t), t € [0, 1] be a continuous family of monic matrix poly-
nomials of degree y + 1 such that F(4,0) = S(4), F(4,1) = T(4) and
F(Ao, t) is nonsingular for every t € [0, 1]. (For example,

FOLt) = I(A — A+ + i [T, + (1 — DS — Ao + Folt),

J
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where F(t) is constructed as above.) Consider the family
M(A, t) = F*(4, ) L(A)F(4, 1), te[0, 1],

of monic self-adjoint matrix polynomials. Since det F(4,,t) # 0, it follows
that 1, € a(M(4, t)) and the partial multiplicities of M(4, t) at A, do not depend
ont e [0, 1]. Furthermore,

MY, 0) = (R*LR)(4y),  MY(4o, 1) = LY(,), j=0,...,7.
(12.7)

Let us show that the sign characteristic of M(A, t) at i, also does not
depend on te[0, 1]. Let W (¢),i=1,...,y, te[0, 1] be the subspace in
Ker M(4,, t)spanned by all eigenvectors x of M(4, t) corresponding to 4, such
that there exists a Jordan chain of M(4, t) corresponding to 4, of length at
least i beginning with x. By Proposition 1.11, and by (12.7):

Y(t) = F (e, H¥AD), te[0,1], i=1,...,7. (12.8)
For x, y € ¥,(t) define

I T . .
filx, y;0) = (X, Z J—' MY(4,, t)y"*l—J)),
=1/

where y = y) y@) . y® s a Jordan chain of M(4, t) corresponding to A,.
According to Theorem 12.2,

fi(x’ y’ t) = (xa Gi(t)y)a

where G;(t): W(t) —» W(t) is a self-adjoint linear transformation. By Theorem
12.2, in order to prove that the sign characteristic of M(4, t) at 4, does not
depend on ¢ € [0, 1], we have to show that the number of positive eigenvalues
and the number of negative eigenvalues of G(t) is constant. Clearly, it is
sufficient to prove the same for the linear transformations

H(t) = [F~ (4o, D]*GAOF (Ao, 1): ¥1) » ¥(1) (12.9)

(see (12.8)).

Let us prove that Hy(t),i = 1, ..., y, are continuous functions of t € [0, 1].
Let x;;, ..., X;x, be a basis in W,(1). It is enough to prove that all scalar
functions (x;,, Hi(t)x,;,),1 < p,q < k;are continuous. So let us fix pand g, and
letx;,, = y'", y@, ...,y beaJordan chain of L(4) correspondingto Ay, which

starts with x;,. By Proposition 1.11, the vectors

e S .
70 — Z j_‘ [F 1(/10’ t)]u)y(k J)’ k=1,...,i, (]2.10)

j=0
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form a Jordan chain of M(4, t) corresponding to 4, which begins with z'*) =
F~ (4, H)y'V. By Theorem 12.2, we have:

(xip, Hi(t)x;,) = (F~ (4o, 0x;,, G(OF~ (4o, 0x;,)
| . ; .
= (F_l(io, t)xip) Z 5 M“)(/{O, I)Z(H-I*J))’
j=1J-
which depends continuously on ¢ in view of (12.10).

Now it is easily seen that the number of positive eigenvalues of H;(t) and
the number of negative eigenvalues of H;(t) are constant. Indeed, write Hy(t) in
matrix form with respect to the decomposition W¥(1) = ¥;.,(1)®
[¥,. (1)]*, bearing in mind that H, () is self-adjoint (and therefore the cor-
responding matrix is hermitian) and that ¥;, (1) = Ker H(t) (Theorem

12.2(iii)):
0 0
H,-(t):[o H,.(z)]'

Here H,(t): [¥;.,(1)]* - [¥,.,(1)]* is self-adjoint, nonsingular, and con-
tinuous (nonsingularity follows from the equality ¥, ,(1) = Ker H(t), and
continuity follows from the continuity of H(t)). Therefore, the number of
positive eigenvalues of H(t) (and, consequently, of H (1)) does not depend on
tfori=1,...,y.

Thus, the sign characteristic of M (4, t) at A, does not depend on t € [0, 1].
In particular, the sign characteristics of S*LS and T*LT at A, are the same.
But the sign characteristic of T*LT at A, is the same as that of L and the sign
characteristic of S*LS is the same as that of R¥*LR in view of Theorem 12.1.

So Theorem 12.3 is proved for the case that A(4) is a monic polynomial
with invertible leading coefficient. The general case can be easily reduced to
this. Namely, let L(4) be a monic self-adjoint matrix polynomial satisfying
(12.6). Let M(A) be a matrix polynomial such that

MY(1o) = RY(4), j=0,...,7

By the definition, the sign characteristic of R*AR at A, is defined by M*LM,
and that of A4 is defined by L. But in view of the already proved case, the sign
characteristics of L and M*LM at A, are the same. [

12.4. Third Description of the Sign Characteristic

Let L(A) be a monic self-adjoint matrix polynomial. The sign characteristic
of L(A) was defined via self-adjoint triples for L(4). Here we shall describe the
same sign characteristic in a completely different way, namely, from the point
of view of perturbation theory.
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We shall consider L(A) as a hermitian matrix which depends on the real
parameter A. Let u,(4),..., u, (A1) be the eigenvalues of L(4), when L(1) is
considered as a constant matrix for every fixed real A. In other words,
u(A) (i = 1,..., n) are the roots of the equation

det(Ix — L(A)) = O. (12.11)

From Theorem S6.3 it follows that u,(1) are real analytic functions of the real
parameter A (when enumerated properly), and L(4) admits the representation
(12.4).

It is easy to see that 4, € o(L) if and only if at least one of the u(4,) is zero.
Moreover, dim Ker L(4,) is exactly the number of indices (I < j < n) such
that u;(49) = 0. As the next theorem shows, the partial multiplicities of L(A)
at A, coincide with the multiplicities of A, as a zero of the analytic functions
1y (A), ..., u,(1). Moreover, we can describe the sign characteristics of L(4) at
Ao in terms of the functions u(A).

The following description of the sign characteristic is one of the main
results of this chapter.

Theorem 12.5. Let L = L* be monic, and let p,(A), ..., (1) be real
analytic functions of real A such that det(Iu; — L(4)) =0, j=1,...,n Let
Ay < -+ < A, be the different real eigenvalues of L(1). For every i = 1,...,r,
write pi(A) = (A — A)™v;(A), where v;(A;) # O is real. Then the nonzero
numbers among myy, . . ., m, are the partial multiplicites of L associated with
A, and sgn v;(A;) (for m;; # 0) is the sign attached to the partial multiplicity
m;; of L(A) at A; in its (possibly nonnormalized) sign characteristic.

Proof. Equation (12.4), which a priori holds only for real Ain a neighbor-
hood of 4;, can be extended to complex A which are close enough to 4;, so that
U(A), 1tj(A), and V(A) can be regarded as analytic functions in some complex
neighborhood of 4; in €. This is possible since U(A), u;(4), and V(4) can be
expressed as convergent series in a real neighborhood of A;; therefore these
series converge also in some complex neighborhood of 4;. (But then of course
it is no longer true that U(A) is unitary and V(1) = (U(1))*.) Now the first
assertion of Theorem 12.5 follows from Theorem 12.4(i).

Further, in view of Theorem 12.4(ii) the sign characteristics of L and
diag[u{(4)]j=, at 4, are the same. Let us compute the latter. Choose scalar
polynomials fi,(4), ..., fi,(A) of the same degree with real coefficients and with
the properties

ﬂ;k)(/li) = #;k)(/li)

for k=0,...,my, i=1,...,r, j=1,...,n (Here and further we write
u®(A) for the kth derivative of u with respect to A.) By definition, the sign
characteristics of diag[/i(4)]}-, and diag[u;(A4)]}-, are the same. Using the
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description of the sign characteristic of diag[/i;(4)]}-, given in Theorem 12.2
it is easy to see that the first nonzero derivative a(4,) (for fixed i and j) is
positive or negative depending on whether the sign of the Jordan block
corresponding to the Jordan chain (0,...,0,1,0,...,0)%,0,...,0(“1” in the
jth place) of 4;is +1 or — 1. Thus, the second assertion of Theorem 12.5
follows. [

As a corollary to Theorem 12.5 we obtain the next interesting result.

Note that in this theorem and elsewhere, as appropriate, the notation
sig L(A) (where 4 is real and A ¢ o(L)), is used to denote the signature of the
n x nself-adjoint matrix L(4), in the classical sense, i.e., the difference between
the number of positive and the number of negative roots of the equation
det(Iu — L(A)) = 0.

Theorem 12.6. Let L = L* be monic, and let A, € a(L) be real. Let & be the
number of odd partial multiplicities of L at Ay, having the signs e, ..., & in the
sign characteristic. Then

g
sig L(Ao + 0) — sig L(Ao — 0) =2 &;. (12.12)

i=1
Proof. Consider the eigenvalues p, (1), ..., u,(A) of L(A). Let oy, ..., o,
(= 0) be the partial multiplicities of L(A) at A, arranged in such an order that
1P (Ag) =0fori=0,1,...,0; — 1, and pu(49) # 0 (j = 1,..., n). This is
possible by Theorem 12.5. Then for a; even, 14, + 0) has the same sign as
Ui(Ao — 0);fora; odd, the signs of (4, + 0)and u;(4, — 0) are different, and
(Ao + 0)is >0 or <0 according as u{*’(4,) is >0 or <0. Bearing in mind
that sig L(A) is the difference between the number of positive and the number
of negative uy(A), we obtain now the assertion of Theorem 12.6 by using

Theorem 12.5. [

Corollary 12.7. Let L, Aq and & be as in Theorem 12.6. Then
sig L(4g + 0) = sig L(4, — 0) (12.13)

if and only if £ is even and exactly £/2 of the corresponding signs are + 1.

In particular, (12.13) holds whenever all the partial multiplicities of L at
Ao are even.
We conclude this section with an illustrative example.

ExampLE 12.2. Consider the polynomial

P-2 1
L(/l):[l /12_2]'
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The polynomial L(4) has 4 spectral points: +1, i\/'g, each one with multiplicity 1. It
is easy to check that

2 for |A]>./3
sigL()=1 0 for 1< (A <3
-2 0<|i <L

Now it is possible to compute the sign characteristic of L(4) by using Theorem 12.6.
It turns out that

E-3=¢6-1=—1 te3=¢6 =1,

where by ¢,, we denote the sign corresponding to the eigenvalue 4,, O

12.5. Nonnegative Matrix Polynomials

A matrix polynomial L of size n x n is called nonnegative if

(LA, )z 0

for all real A and all f € €" Clearly, every nonnegative polynomial is self-
adjoint. In this section we give a description of monic nonnegative poly-
nomials.

Theorem 12.8. For a monic self-adjoint matrix polynomial L(1) the follow-
ing statements are equivalent:

(i) L(A) is nonnegative;
(i1) L(A) admits a representation

L(A) = M*A)M(A), (12.14)

where M(A) is a monic matrix polynomial,

(iii)  L(A) admits the representation (12.14) with a(M) in the closed upper
half-plane;

(iv) the partial multiplicities of L(A) for real points of spectrum are all even;;

(v) the degree of L(A) is even, and the sign characteristic of L(A) consists
only of +1s.

Proof. Implications (iii) = (ii) = (i) are evident.

(i) = (iv). Observe that the analytic eigenvalues u,(%), ..., u,(~) of
L(4) (defined in the preceding section) are nonnegative (for real 1), therefore
the multiplicities of each real eigenvalue as a zero of y,(4), . . ., u,(A) are even.
Now apply Theorem 12.5.

(i)= (v). Since L(A) is nonnegative, we have the p(4) > 0 for real
Aé¢o(L),j=1,...,n Let ;€ o(L). Then clearly the first nonzero derivative
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1$(4),j = 1,..., n,is positive. So the signs are + 1 in view of Theorem 12.5.

(v) = (i). It is sufficient to show that uy(4) > Oforreal 4,j =1,...,n.
But this can easily be deduced by using Theorem 12.5 again.

To complete the proof of Theorem 12.8 it remains to prove the implication
(iv) = (iii). First let us check that the degree [ of L(A) is even. Indeed, otherwise
in view of Theorem 10.4 L(A) will have at least one odd partial multiplicity
corresponding to a real eigenvalue, which is impossible in view of (iv). Now
let L,(A) be the right divisor of L(4) constructed in Theorem 11.2, such that its
c-set lies in the open upper half-plane. From the proof of Theorem 11.2 it is
seen that the supporting subspace of L, is B-neutral (because the partial
multiplicities are even). By Theorem 11.1.

L = L*%L,,
so (iii) holds (with M = L;). 0O
We can say more about the partial multiplicities of L(1) = M*(A)M(A).

Theorem 12.9. Let M(A) be a monic matrix polynomial. Let A, € a(M) be
real,and let o, > --- = a, be the partial multiplicities of M(A) at Ay. Then the
partial multiplicities of L(A) = M*(A)M(R) at Ay are 2u4, ..., 2u,.

Proof. Let (X,J,Y) be a Jordan triple for M. By Theorem 2.2,
(Y*, J*, X*) is a standard triple for M*(4), and in view of the multiplication
theorem (Theorem 3.1) the triple

J YY*® 0
o« oll T
is a standard triple of L(4). Let J,, be the part of J corresponding to 4,, and
and let Y, be the corresponding part of Y. We have to show that the elementary

divisors of
e [Jo Y, 5]
0 J3

are 204, ..., 2%,. Note that the rows of Y, corresponding to some Jordan
block in J, and taken in the reverse order form a left Jordan chain of M(4)
(or, what is the same, their transposes form a usual Jordan chain of M¥(A)
corresponding to A,). Let v,...., v, be the left eigenvectors of M(A) (cor-
responding to A°%). Then the desired result will follow from Lemma 3.4 if we
show first that the matrix 4 = col[y, ]~ - row[y*]*_, is nonsingular and can
be decomposed into a product of lower and upper triangular matrices.

Since (Ax, x) = O for all xe €" and y¥, ..., yf are linearly independent,
the matrix A is positive definite. It is well known (and easily proved by
induction on the size of 4) that such a matrix can be represented as a product
A, A, of the lower triangular matrix 4, and the upper triangular matrix 4,
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(the Cholesky factorization). So indeed we can apply Lemma 3.4 to complete
the proof of Theorem 12.9. [

We remark that Theorem 12.9 holds for regular matrix polynomials
M(A) as well. The proof in this case can be reduced to Theorem 12.9 by
considering the monic matrix polynomial M(1) = A*M(A~! + a)M(a)™ !,
where [ is the degree of M(A) and a ¢ a(M).

Comments

The results presented in Sections 12.1-12.4 are from [34f, 34g], and we
refer to these papers for additional information.

Factorizations of matrix polynomials of type (12.14) are well known in
linear systems theory; see, for instance, [ 15a, 34h, 457, where the more general
case of factorization of a self-adjoint polynomial L(1) with constant signature
for all real 4 is considered.



Chapter 13

Quadratic Self-Adjoint Polynomials

This is a short chapter in which we illustrate the concepts of spectral
theory for self-adjoint matrix polynomials in the case of matrix polynomials
of the type

L(1) = IA* + BA + C, (13.1)

where B and C are positive definite matrices. Such polynomials occur in the
theory of damped oscillatory systems, which are governed by the system of
equations

d d*x dx
Ll—)x=—-—5+B—+ Cx = -
<dt)x i + r + Cx = f, (13.2)

Note that the numerical range and, in particular, all the eigenvalues of
L(4), lie in the open left half-plane. Indeed, let
(LVLS) = 22(ff) + MBLS) + (Cff) =0
for some A € € and f # 0. Then
_ —(B.f) + JBf.[) — 4/ NS ])
201,.0) ’

and since (Bf,f) > 0, (Cf, f) > 0, the real part of A is negative. This fact
reflects dissipation of energy in damped oscillatory systems.

A

(13.3)

304
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13.1. Overdamped Case

We consider first the case when the system governed by Egs. (13.2) is
overdamped, i.e., the inequality

(B.S)? — 4L INCLS) >0 (13.4)

holds for every f € €™\ {0}. Equation (13.3) shows that, in the over-damped
case, the numerical range of L(A) is real and, consequently, so are all the
eigenvalues of L(4) (refer to Section 10.6).

Note that from the point of view of applications the overdamped systems
are not very interesting. However, this case is relatively simple, and a fairly
complete description of spectral properties of the quadratic self-adjoint
polynomial (1 3.1) is available, as the following theorem shows.

Theorem 13.1. Let system (13.2) be overdamped. Then

(1) all the eigenvalues of L(1) are real and nonpositive;
(i1) all the elementary divisors of L(A) are linear,

(iii) there exists a negative number q such that n eigenvalues A\, ..., AV
are less than q and n eigenvalues AP, ..., A\?) are greater than q:;

(iv) fori = land?2,thesignof A" (j = 1,..., n)inthe sign characteristic
of L(A) is (—=1)';

(v) the eigenvectorsu'?, ..., u of L(A), corresponding to the eigenvalues
A0, AD, respectively, are linearly independent for i = 1, 2.

Proof. Property (i) has been verified already. Let us prove (ii). If (ii) is
false, then according to Theorem 12.2 there exists an eigenvalue A, of L(4)
and a corresponding eigenvector f, such that

(L'(o) fo fo) = 240(fo: /o) + (Bfo,fo) = 0.

But we also have

A5(fosf0) + Ao(Bfo. fo) + (Cfosfo) = O,
which implies

20 fosfo) + (Bfosfo) = £/ (Bfo.f0)* — 4(fo» fo)(Cfo»fo) = 0,

a contradiction with (13.4); so (ii) is proved.

This argument shows also that for every eigenvalue A, of L(4), the bilinear
form (L'(A0) [, f), f € Ker L(A,) is positive definite or negative definite. By
Theorem 12.2 this means that all the signs associated with a fixed eigenvalue
Ao are the same (all +1 or all —1). By Proposition 10.12 (taking into account
that by (i) all partial multiplicities corresponding to the (real) eigenvalues
of L(A) are equal to one) the number of + 1s in the sign characteristic of L(4)
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is equal to the number of — Is, and since all the elementary divisors of L(A)
are linear, the number of + 1s (or —1s)is equal ton. Let AV, i = 1,..., n, be
the eigenvalues of L(A) (not necessarily different) having the sign — 1, and
let AA2,i = 1,..., n, be the eigenvalues of L(1) with the sign + 1. According
to the construction employed in the proof of Theorem 11.2 (Sections 11.2,
11.3) the eigenvectors u?, ..., ul corresponding to A9, ..., A, respectively,
are linearly independent, for i = 1, 2. This proves (v).
Observe thatfori = 1,2andj = 1,..., n, we have
(LA, uy = 229w, uld) + (BulP, ul?)

and

—(Bu", u'?) + \/ (Bul®, ul)? — 4@, uP)(Cul?, u)
2P, ul?) '
So by Theorem 12.2, the sign in (13.5)is + if i = 2, and — ifi = 1. We shall

use this observation to prove (iii) and (iv).
For the proof of (iii) and (iv) it remains to show that

/1;;') _ (13.5)

AV < AP, forevery iandj (1 <i,j<n). (13.6)
Define two functions p,(x) and p,(x), for every x € €™\ {0}, as follows:
—(Bx, x) — d(x) —(Bx, x) + d(x)
py(x) = —*2‘(;’;)*—, pa(x) = W’
where d(x) = \/(Bx, x)? — 4(x, x)(Cx, x). Let us show that
{p1(x¥)|x € C"\{0}} < min{A?, ..., A}, (13.7)
Suppose the contrary; then for some j we have:
p1(y) = AP = py(x), (13.8)

where x is some eigenvector corresponding to A, and y € €™\ {0}. Clearly,

p2(y) > p1(3) s0 that p,(y) # pa(x), and since p,(ax) = p,(x) for every
o € €\ {0}, we deduce that x and y are linearly independent. Define

v=py + 1 —px,
where y is real. Then (as L(A{)x = 0)
(A)2(v. v) + AP(Bv, v) + (Cu, v)
= 12{(A)(y, y) + AP(By, y) + (Cy, »)}-. (13.9)

However, p,(y) > 2’ implies that the right-hand side of (13.9) is non-
negative and consequently,

(A2 (v, v) + AP(Bv, v) + (Cv,v) = 0 (13.10)
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for all w. Define g(u) = 2A48(v, v) + (Bv, v); then g(1) < 0 by (13.8) and
g(0) > 0 by (13.5) (with i = 2 and u{ = x; so the sign + appears in (13.5)).
Furthermore, g(u) is a continuous function of y, and hence there exists a
Uo € (0, 1) such that g(uo) = 21}2)@'0, to) + (Brg, o) = 0, 1o = (o).
Together with (13.10) this implies (Bt, v)* < 4(ty, vo)(Cty, to); since the
system is assumed to be overdamped, this is possible only if v, = 0. This
contradicts the fact that x and y are linearly independent. So (13.7) is proved.
Since

A" € {p1(0)]x € €\ {0}},
inequalities (13.6) follow immediately from (13.7). O
Observe that using Theorem 12.5 one can easily deduce that
max{AV, ..., AP} < 1o < min{A?, ..., A2}

if and only if L(4,) is negative definite (assuming of course that the system is
overdamped). In particular, the set {A € R|L(4) is negative definite} is not
void, and the number q satisfies the requirements of Theorem 13.1 if and only
if L(q) is negative definite.

We shall deduce now general formulas for the solutions of the homo-
geneous equation corresponding to (13.2), as well as for the two-point
boundary problem.

Theorem 13.2. Let system (13.2) be overdampeg, and let A be as in
Theorem 13.1. Let I, (resp. I'_) be a contour in the complex plane containing
no points of o(L), and such that 12, ..., A2 (resp. A", ..., AY) are the only
eigenvalues of L(4) lying inside T, (resp. I'_). Then

(i) the matrices [, L™'(1) dA and [ L™ '(%) dA are nonsingular;
(i) a general solution of L(d/dt)x = O has the form

x(t) = e¥*'ey + ¥ e,y

for some ¢, ¢, € C", where

o]

(iii) the matrices X . and X _ form a complete pair of solutions of the
matrix equation X2+ BX +C=0,ie, X, — X_ is nonsingular;

(iv) if b — a > 0 is large enough, then the matrix e*+®~9 — X -~ jg
nonsingular;

(v) forb — a > 0 large enough, the two-point boundary value problem

-1
L™ 1) d/l) AL Y(A) dA; (13.11)
r.

+

L(%)x(t) = f@t), x(a)=x(b)=0
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has the unique solution

X+(a—r1)

b b e
x(t) = f Go(t, 0)(2) dv — [+ 079, Xm0y f Lx‘(a_f,]zf(r) dr,

where Z = (X, — X_)™ 1,
I ! -1
W = PXib=a) X (b-a) >

eX*(t_”Z, a
T

GO(I’ T) = {exv.(tr)z

Proof. By Theorem 11.2 and its proof, the matrix polynomial L(A)
admits decompositions

LA =4 — Y )UA— X,) = (A — Y)IL— X_),

where o(X _) = (A, ..., AV}, o(X ;) = {47, ..., AP}, In view of Theorem
13.1(1i1), IA — X, and IA — Y_ are right and left I',-spectral divisors of
L(4), respectively; also IA — X _ and IA — Y, are right and left I" _-spectral
divisors of L(A), respectively. So (i) follows from Theorem 4.2. By the same
theorem, X . are given by formulas (13.11). Now by Theorem 2.16, (ii) and
(v) follow from (iii) and (iv). Property (iii) follows immediately from part (a)
of Theorem 2.16; so it remains to prove (iv).
Write

()X+(bAa) _ €X -(b—a) — eXJr(b*a)_(I _ ()*Xﬁb*a)e)(,(b'a)). (1312)

and

Now
o(X,)={A%,..., A"} and o(X_) = {4, ... AN
Therefore, we can estimate
le= ¥+t < Ko™ #0709, (13.13)
[ 79 < Kyt (13.14)
where A = min, .;, A%, A" = max,_;_, A", and K, and K, are con-
stants. Indeed, by Theorem 13.1 (ii), X, = S~ !-diag[A¥,..., 2?]-S for

some nonsingular matrix S; so e ¥®79 = §71.diag[e Mt |
e~ #7t=97.8 and (13.13) follows. The proof of (13.14) is analogous. So

e X+ ¢mmX - < K K, expl(h — a)(AY) — )], (13.15)

and since A\ < A, expression (13.15) can be made less than 1 for b — a
large enough. Hence the nonsingularity of (13.12) follows for such a choice
of b — a, and (iv) is proved. [J
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13.2. Weakly Damped Case

Consider now the case when the system (13.2) satisfies the condition
(BLf)? = HLNCLS) <0, fea™\{0} (13.16)
The system (13.2) for which (13.16) holds will be called weakly damped.
Physically, condition (13.16) means that the free system (i.e., without external
forces) can have only oscillatory solutions, whatever the initial values may
be.

For a weakly damped system we have (L(4) f, ) > O for every real A and
every f # 0; in particular, the polynomial L(4) is nonnegative and has no
real eigenvalues. According to Theorem 12.8, L(A) therefore admits the
factorization

L(A) = (X — Z*)(IA — Z),
where g(Z) coincides with a maximal ¢-set S of eigenvalues of L(1) chosen in
advance. (Recall that the set of eigenvalues S is called a c-set if
S n {J|Ae S} = &.)In particular, as a maximal c-set one may wish to choose
the eigenvalues lying in the open upper half-plane. In such a case, by Theorem
2.15, the matrices Z and Z* form a complete pair of solutions of the matrix
equation X2 + BX + C = 0.

If, in addition, e?®~® — ¢?"®~ 4 js nonsingular, then we are led to explicit
formulas for the general solution of the homogeneous equation, and the
solution of the two-point boundary value problem for (13.2), analogous to
those of Theorem 13.2 for overdamped systems. The reader will be able to
derive these formulas, as required.

Note also that the weak damping hypothesis does not yield a result
analogous to part (ii) of Theorem 13.1 for overdamped systems, i.e., non-
linear elementary divisors may arise under the weak damping hypothesis.
This occurs in the following example.

ExampiE 13.1. Let
10 1 /32 1 0
L) = 12+[ﬁ v 1+[ .
0 1 V32 2 0

Note that the matrices
1 32 10
SN I
V32 2 0 4

are positive definite. The eigenvalues of L(4) are 3(—3 + iy "53) each taken twice. It
is easily seen that L(4y) # 0 for 4y = 4(=3 £ iy 23); so for each eigenvalue there is
only one eigenvector (up to multiplication by a nonzero number). So the elementary
divisors of L(4) must be quadratic:

A-Y-3+i/D)  (G-4-3-i/23)% O
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Comments

The results of this chapter are in general not new. The finite-dimensional
overdamped case was first studied in [17] (see also [52b]). As has been re-
marked earlier, this case has generated many generalizations almost all of
which are beyond the subject matter of this book. Results in the infinite-
dimensional setting are to be found in [51]. Example 13.1 is in [52d].



Part IV

Supplementary Chapters in Linear
Algebra

In order to make this book more self-contained, several topics of linear
algebra are presented in Part I'V which are called upon in the first three parts.
None of this subject matter is new. However, some of the topics are not readily
accessible in standard texts on linear algebra and matrix theory. In particular,
the self-contained treatment of Chapter S5 cannot be found elsewhere in such
a form. Other topics (as in Chapter S1) are so important for the theory of
matrix polynomials that advantage can be gained from an exposition con-
sistent with the style and objectives of the whole book. Standard works on
linear algebra and matrix theory which will be useful for filling any gapsin our
exposition include [22], [23], and [52c].
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Chapter S1

The Smith Form and Related Problems

This chapter is devoted to the Smith form for matrix polynomials (which
is sometimes called a canonical form, or diagonal form of A-matrices) and its
applications. As a corollary of this analysis we derive the Jordan normal form
for matrices. A brief introduction to functions of matrices is also presented.

S1.1. The Smith Form

Let L(A) be a matrix polynomial of type Y5, 4,4/, where A; are m x n
matrices whose entries are complex numbers (so that we admit the case of
rectangular matrices 4 ;). The main result, in which the Smith form of such a

polynomial is described, is as follows.

Theorem S1.1. Every m x n matrix polynomial L(A) admits the repre-
sentation

L(}) = EQ)DAF(A), (SL.1)

313
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where

d;(4) 0

D(2) = T am : (S1.2)
0 .
0 . T 0

is a diagonal polynomial matrix with monic scalar polynomials d;(A) such that
d;(A)isdivisiblebyd;_ ((1); E(A)and F(A) are matrix polynomials of sizesm X m
and n x n, respectively, with constant nonzero determinants.

The proof of Theorems 1.1 will be given later.

Representation (S1.1) as well as the diagonal matrix D(4) from (S1.2) is
called the Smith form of the matrix polynomial L(4) and plays an important
role in the analysis of matrix polynomials. Since det E(1) = const #0,
det F(A) = const #0, where E(A) and F(A) are taken from the Smith form
(S1.1), the inverses (E(A))”! and (F(1))~! are also matrix polynomials with
constant nonzero determinant. The matrix polynomials E(4) and F(A) are not
defined uniquely, but the diagonal matrix D(4) is unique. This followsfromthe
fact that the entries of D(1) can be expressed in terms of the original matrix
itself, as the next theorem shows.

We shall need the definition of minors of the matrix polynomial L(4) =
(a;(A))iZ{: . Choose k rows, 1 <i; <---<i,<m, and k columns,
1 <j; <--- <ji < n,in L(4), and consider the determinant det(a;,;, )f = Of
thek x ksubmatrix of L(4)formed by therows and columns. Thisdeterminant
is called a minor of L(4). Loosely speaking, we shall say that this minor is of
order k and is composed of the rows iy, ..., i, and columns j,, ..., j, of L.
Takinganotherset of columns and/or rows, we obtainanother minor of order
k of L(A). The total number of minors of order k is (;) (¥)-

Theorem S1.2. Let L(1) be an m x n matrix polynomial. Let p(1) be the
greatest common divisor (with leading coefficient 1) of the minors of L(A) of
order k,if not all of them are zeros, and let p,(A) = 0if all the minors of order k of
L(A) are zeros. Let po(A) = 1 and D(A) = diag[d,(4),...,d,(A),0,...,0]bethe
Smith form of L(A). Then r is the maximal integer such that p (1) # 0, and

d(d) = pA)/pi- (D,  i=1....r (SL.3)

Proof. Let us show that if L;(4) and L,(A) are matrix polynomials of the
same size such that

L,(4) = E(A)LA(A)F(A),
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where E*!(1) and F*!(1) are square matrix polynomials, then the greatest
common divisors p, ;(4) and p, ,(4) of the minors of order k of L,(1) and
L,(4), respectively, are equal. Indeed, apply the Binet—Cauchy formula (see,
for instance, [22] or [52c]) twice to express a minor of L,(1) of order k as a
linear combination of minors of L,(A) of the same order. It therefore follows
that p, ,(4) is a divisor of p, ,(A). But the equation

Ly(A) = ET'AL(ADF1(2)

implies that p, ;(2) is a divisor of p, ,(4). So p, (1) = p. ,(A). In the same way
one shows that the maximal integer r; such that p,, ;(4) # 0, coincides with
the maximal integer r, such that p,, ,(1) # 0.

Now apply this observation for the matrix polynomials L(4) and D(A).
It follows that we have to prove Theorems 1.2 only in the case that L(A) itself is
in the diagonal form L(4) = D(1). From the structure of D(4) it is clear
that

d(A)dy(4) - - - dy(A), s=1...,r1

is the greatest common divisor of the minors of D(4) of order s. So py(1) =
d,(A)---dfd),s=1,...,r, and (1.3) follows. [

To prove Theorem S1.1, we shall use the following elementary trans-
formations of a matrix polynomial L(A) of size m x n: (1) interchange two
rows, (2) add to some row another row multiplied by a scalar polynomial, and
(3) multiply a row by a nonzero complex number, together with the three
corresponding operations on columns.

Note that each of these transformations isequivalent to the multiplication
of L(A) by an invertible matrix as follows:

Interchange of rows (columns) i and j in L(4) is equivalent to multiplica-
tion on the left (right) by

1 e 0]

(S1.4)
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Adding to the ith row of L(A) the jth row multiplied by the polynomial f (1) is
equivalent to multiplication on the left by

- i .
1
i L I 1A ;. (SL5)
| 1
1
| Y

the same operation for columns is equivalent to multiplication on the right by
the matrix

1 . (SL6)

i fQy - . 1

Finally multiplication of the ith row (column) in L(4) by a number a # 0O is
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equivalent to the multiplication on the left (right) by

1

in] o L a (S1.7)

1

(Empty places in (S1.4)-(S1.7) are assumed to be zeros.) Matrices of the form
(S1.4)-(S1.7) will be called elementary. It is apparent that the determinant of
any elementary matrix is a nonzero constant.

Proof of Theorem S1.1. Since the determinant of any elementary matrix
is a nonzero constant, it is sufficient to prove that by applying a sequence of
elementary transformations every matrix polynomial L(A) can be reduced to a
diagonal form: diag[d,(A), . . ., d(4),0,..., 0], (the zeros on the diagonal can
be absent, in which case r = min(m, n)), where d,(4), ..., d, (1) are scalar
polynomials such that d(A)/d,_,(A),i = 1, 2,...,r — 1, are also scalar poly-
nomials. We shall prove this statement by induction on m and n. For m =
n = litisevident.

Consider now the case m = 1, n > 1, i.e.,

L) = [a;(D) ax(4) -+ a, (D]

Ifalla;(4) are zeros, there is nothing to prove. Suppose thatnot all of a(4) are
zeros, and let a; (1) be a polynomial of minimal degree among the nonzero
entries of L(4). We can suppose that j, = 1 (otherwise interchange columns in
L(4)). By elementary transformations it is possible to replace all the other
entries in L(A) by zeros. Indeed, let a(4) # 0. Divide a;(4) by a,(4): a(4) =
b(A)a,(A) + rfA), where ry(4) is the remainder and its degree is less than
the degree of a,(4), or r(A) = 0. Add to the jth column the first column
multiplied by —b{(4). Then in the place j in the new matrix will be r;(4).
If ri(4) # O, then put r;(4) in the place 1, and if there still exists a nonzero
entry (different from (1)), apply the same argument again. Namely, divide
this (say, the kth) entry by r(1) and add to the kth column the first multiplied
by minus the quotient of the division, and so on. Since the degrees of the
remainders decrease, after a finite number (not more than the degree of a, (1))
of steps we find that all the entries in our matrix, except the first, are zeros.
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This proves Theorem S1.1 in the case m = 1, n > 1. Thecase m > I, n = 1
is treated in a similar way.

Assume now m, n > 1, and assume that the theorem is proved for m — 1
and n — 1. We can suppose that the (1, 1) entry of L(A) is nonzero and has the
minimal degree among the nonzero entries of L(1) (indeed, we can reach this
condition by interchanging rows and/or columns in L(A4) if L(4) contains a
nonzero entry; if L(A) = 0, Theorem S1.1 is trivial). With the help of the
procedure described in the previous paragraph (applied for the first row and
the first column of L(4)), by a finite number of elementary transformations we
reduce L(A) to the form

a0 - 0

)] e (1),
Ll(l) — 9 azz(i) aZn(l)
6 (”(/1) (1)(,1)

Suppose that some a{}’(1) # 0 (i,j > 1) is not divisible by a{’)(1) (without
remainder). Then add to the first row the ith row and apply the above argu-
ments again. We obtain a matrix polynomial of the structure

affd) 0 - 0
0 B - df
Lap—| O O - aBo)
0 ‘2’(,1) a<2>(x)

where the degree of a{?)(4) is less than the degree of a')(1). If there still exists
some entry a{}(A) which is not divisible by a{?}(1), repeat the same procedure
once more, and so on. After a finite number of steps we obtain the matrix

R R
L3(A) = 0 a(232)(i) e a(23")(i)
0 (3’(/1) e (3)(/1)

where every a(7’(4) is divisible by a{’}(4). Multiply the first row (or column) by
a nonzero constant to make the leading coefficient of a{3)(1) equal to 1. Now
write
0(232)(/1) o 0(23,3 (4)
L4(/1) 3 1 .
G| 53,3(1)
(here Ly(A) is an (m — 1) x (n — 1) matrix), and apply the induction hypo-
thesis for L,(4) to complete the proof of Theorem S1.1. [



S1.2. INVARIANT POLYNOMIALS AND ELEMENTARY DIVISORS 319

Theexistence of the Smith form allows us to prove easily the following fact.

Corollary S1.3. An n x n matrix polynomial L(1) has constant nonzero
determinant if and only if L(A) can be represented as a product L(1) =
F(DF(A)---F,(4) of a finite number of elementary matrices F(A).

Proof. Sincedet F(A) = const # 0,obviously any product ofelementary
matrices has a constant nonzerodeterminant. Conversely, supposedet L(41) =
const # 0. Let

L(A) = E(A)D()F(4) (S1.8)

be the Smith form of L(4). Note that by definition of a Smith form E(4) and
F(4) are products of elementary matrices. Taking determinants in (S1.8), we
obtain

det L() = det E(A) - det D(1) - det F(4),

and,consequently,det D(1) = const # 0.Thishappensifand onlyif D(1) = I.
But then L(1) = E(41)F(4) is a product of elementary matrices. [J

S1.2. Invariant Polynomials and Elementary Divisors

The diagonal elements d,(4), ..., d,(A) in the Smith form are called the
invariant polynomials of L(A). The number r of invariant polynomials can be
defined as

r = max{rank L(1)}. (81.9)

AeC

Indeed, since E(A) and F(A) from (S1.1) are invertible matrices for every 4, we
have rank L(A) = rank D(4) for every A € €. On the other hand, it isclear that
rank D(4) = r if A is not a zero of one of the invariant polynomials, and
rank D(A) < r otherwise. So (S1.9) follows.

Represent each invariant polynomial as a product of linear factors

dt('l) = (A’ - Ail)all e (/1 - }’i,k.')aikia I = 19 ceen 1y

where 4;,...,4;,, are different complex numbers and a;,..., ay, are
positive integers. The factors (A — 4,)*%,j = 1,..., k;,i = 1,...,r,arecalled
the elementary divisors of L(1). An elementary divisor is said to be linear or
nonlinear according as o;; = 1 or o;; > 1.

Some different elementary divisors may contain the same polynomial
(4 — 4¢)* (this happens, for example, in case d(4) = d;, ;(4) for some i); the
total number of elementary divisors of L(4) is therefore Y 7_, k;.
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Consider a simple example.

ExaMmpLE S1.1. Let

AMA—1) 1 ]

Ly = [ 0  AA-1

First let us find the Smith form for L(4) (we shall not mention explicitly the elementary
transformations):

[/1(/1 -1 1 [ 0 1 ] .
0 aA-D] =ru-1 -1

[ 0 1] [1 0 ]
2 -1 o] o aa-2

Thus the elementary divisors are A2 and (A — 1)2. O

The degrees o;; of the elementary divisors form an important characteristic
of the matrix polynomial L(1). As we shall see later, they determine, in partic-
ular, the Jordan structure of L(4). Here we mention only the following simple
property of the elementary divisors, whose verification is left to the reader.

Proposition S1.4. Let L(1) be an n x n matrix polynomial such that
det L(A) # 0. Then the sum Zfz 1 Z’j‘-‘zl a;; of degrees of its elementary divisors
(A — 4;))* coincides with the degree of det L(A).

Note that the knowledge of the elementary divisors of L(A) and of the
number r of its invariant polynomials d,(4), . . ., d,(4) is sufficient to construct
d,(A),...,d,(A). In this construction we use the fact that d,(1) is divisible by
d;_,(A). Let 4, ..., 4, be all the different complex numbers which appear in
the elementary divisors, and let (1 — A)%', ..., (A = A)** @ =1,...,p) be
the elementary divisors containing the number A;, and ordered in the descend-
ing order of the degrees o;; > --- > o;;, > 0. Clearly, the number r of
invariant polynomials must be greater than or equal to max{k,,...,k,}.
Under this condition, the invariant polynomials d (1), . .., d(4) are given by
the formulas

p
dd) = [[A =0, j=1,...,r
i=1
where we put (A — 1,)* = 1 forj > k;.
The following property of the elementary divisors will be used sub-
sequently:

Proposition S1.5. Let A(A) and B(A) be matrix polynomials, and let C(1) =
diag[ A(A), B(A)],ablock diagonal matrix polynomial. T hen the set of elementary
divisors of C(A) is the union of the elementary divisors of A(A) and B(A).
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Proof. Let D,(4) and D,(1) be the Smith forms of A(1) and B(A), re-
spectively. Then clearly

D,(4) 0

C(A)-——E(A)[ o by

]F(/l)

for some matrix polynomials E(1) and F(A) with constant nonzero deter-
minant. Let (1 — Ay)*, ..., (4 — Ay)** and (A — A", ..., (A — Ay)%“ be the
elementary divisors of D,(4) and D,(A), respectively, corresponding to the
same complex number A,. Arrange the set ofexponentsa,, ..., o,, 8y, ..., f,,
in a nonincreasing order: {oy,..., %,, f1,..., By} = {V1»---, Vp+q)» Where
0 <7y <+ <9yp+, Using Theorem S1.2 it is clear that in the Smith form
D = diag[d(A),...,d (4), 0,...,0] of diag[D,(4), D,(4)], the invariant
polynomial d,(1) is divisible by (1 — 4,)?*4 but not by (4 — A,)»+e*1
d,_,(A) is divisible by (1 — A,)"»*¢-* but not by (1 — A,)*»*+-**! and so on.
It follows that the elementary divisors of

D, 0
0 D,(A)

(and therefore also those of C(4)) correspondingto 4,,arejust (A — 4y)", ...,
(A — Ay)’7*4, and Proposition S1.5 is proved. [J

S1.3. Application to Differential Equations with Constant
Coefficients

Consider the system of homogeneous differential equations

A v a a0 (S1.10)
_ e — X = N .
Lt L 0

where x = x(t) is a vector function (differentiable [ times) of the real argument
t with values in €", and A4,, ..., A, are constant m x n matrices.

Introduce the following matrix polynomial connected with system (S1.9)
1
A = Y AN (S1.11)
j=0

The properties of the solutions of (S1.10) are closely related to the spectral
properties of the polynomial A(A). This connection appears many times in the
book. Here we shall only mention the possibility ofreducing system (S1.10) to
n (or less) independent scalar equations, using the Smith form of the matrix
polynomial (S1.11).
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Given matrix polynomial B(4) = ) *_, B j/lj and a p-times differentiable
vector function y = y(t), denote for brevity

d P dly
(G- En

Thus, B(d/dr)y is obtained if we write formally (3_?_, szlj)y and then replace
A by d/dt; for example, if

[ a+2 _ (7@
B(l)‘[o ,13+1] and y_[yz(t)]’

B(i)y _ [y'{ *at 2)’2].
dt yi+ )2

Note the following simple property. If B(1) = B;(4)B,(4) is a product of
two matrix polynomials B,(A) and B,(4), then

oroly)

This property follows from the facts that for o, a, € €

then

d d d
E(alyl +ay¥,) = oy EJ& + 0‘25)’%

and

dy _d' (a7 .
v dr (dﬂ")’ 0<isj

Let us go back to the system (S1.10) and the corresponding matrix
polynomial (S1.11). Let D(1) = diag[d,(4), ..., d,(A), 0 --- 0] be the Smith
form of A(4):

A1) = E(A)D(L)F(L), (S1.13)

where E(1) and F(1) are matrix polynomials with constant nonzero deter-
minant. According to (S1.12), the system (S1.10) can be written in the form

d\ _[(d\ . [d
E(E)D<E)F<E)x(t) =0. (S1.14)
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Denote y = F(d/dt)x(t). Multiplying (S1.14) on the left by E~!(d/dt), we
obtain the system

_ ; ,
dl(z) | o0
: [\ ERA
d .
2y : = S1.15
afg) © i||e|-o e
0 J;n
| 0 0 0]

» = (s -+ -, ¥, which is equivalent to (S1.14). System (S1.15) splits into r
independent scalar equations

d .
d"(ﬁ)yi(t) =0, i=1,...,r (S1.16)

(the last n — r equations are identities: 0-y; = O0fori =r + 1,..,n). As is
well known, solutions of the ith equation from (S1.16) form a m;-dimensional
linear space I;, where m; is the degree of d,(t). It is clear then that every
solution of (S1.15) has the form (y,(¢), ..., y.(t)) with y(t) e I1,(), i =
I,...,r,and y,,(t),..., y,(t) are arbitrary [-times differentiable functions.
The solutions of (§1.10) are now given by the formulas

-]

wherey, e I1;,i = 1,...,r,and y,,,,..., y,arearbitrary [-times differentiable
functions. As a particular case of this fact we obtain the following result.

Theorem S1.6. Let A(A) = ) 5_o AjAbeann x nmatrix polynomial such
that det A(X) # 0. Thenthe dimension of the solution space of (S1.10) is equal to
the degree of det L(A).

Indeed, under the condition det A(A) # 0, the Smith form of A(A1) does not
contain zeros on the main diagonal. Thus, the dimension of the solution space
is just dim IT; + --- + dim I1,, which is exactly degree(det A(1)) (Pro-
position S1.4). Theorem S1.6 is often referred to as Chrystal’s theorem.

Let us illustrate this reduction to scalar equations in an example.
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ExaMpLE S1.2. Consider the system

d
—Xx;+x,=0, X, +

0 —x, =0. (S1.17)

The corresponding matrix polynomial is

A1
A(A):[l A.

Compute the Smith form for A(1):

1 o]t o Al
A(l)z[zz 1][0 ,13-1][—1 0]'

Equations (S1.15) take the form

d3y
?Z—J’2=0~

-0, =
Y1 it

Linearly independent solutions of the last equation are

~1+i/3 ~1-i/3
V2.1 =€, V2,2 = exp[ 5 L— fj|, Y23 = eXP[‘**Z*\/— {|-

(S1.18)
Thus, linearly independent solutions of (S1.17) are

-, -1

where y, = y,(t) can be each one of the three functions determined in (S1.18). [

In an analogous fashion a reduction to the scalar case can be made for the
nonhomogeneous equation

dt d
A,E[—’f+---+A1d—’:+on=f. (S1.19)

Indeed, this equation is equivalent to

d d d
APy

where f(¢) is a given function (we shall suppose for simplicity that f(¢) has as
many derivatives as necessary).
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Here D(A) is the Smith form for A(4) = };_, 4,4/, and E(4) and F(4) are
defined by (S1.13). Let y = F(d/dt)x, g = E~'(d/dt) f(t); then the preceding
equation takes the form

D<i>)’(t) = g(1); (S51.20)
dt

thus, it is reduced to a system of n independent scalar equations.
Using this reduction it is not hard to prove the following result.

Lemma S1.7. The system (S1.19) (where n = m) has a solution for every
right-hand side f (t) (which is sufficiently many-times differentiable) if and only if
det A(A) # 0.

Proof. If det A(A) # 0, then none of the entries on the main diagonal in
D(4) is zero, and therefore every scalar equation in (S1.20) has a solution. If
det A(A) = 0, then the last entry on the main diagonal in D(1) is zero. Hence,
if £(¢) is chosen in such a way that the last entry in E~ '(d/dt) f(t) is not zero,
the last equation in (S1.20) does not hold, and (S1.19) has no solution for this
choice of f(r). [

Of course, it can happen that for some special choice of f(t) Eq. (S1.19)
still has a solution even when det A(4) = 0.

S1.4. Application to Difference Equations

Let 4,,..., A, be m x n matrices with complex entries. Consider the
system of difference equations

onk +A1Xk+1 +--~+A1Xk+l=)f‘k, k=0, 1, 2,..., (Sl.zl)

where (yy, yy, . . . ,) 1S @ given sequence of vectors in €™ and (x,, xq,...,)isa
sequence in " to be found.

For example, such systems appear if we wish to solve approximately a
system of differential equations

2 d
B, ,%? x(t) + B, ~)3—§t) + By x(t) = y(b), 0<rt<a, (S1.22)
dt* ¢

(here (1) is agiven function and x(t) is unknown), by replacing each derivative
by a finite difference approximations as follows: let h be a positive number;
denote t; = jh, j =0, 1,.... Given the existence of a solution x(t), consider
(S1.22) only at the points ¢;:

d*x(t;) B, dx(t;)

B
2 dr? dt

+ Box(t;) = y(tp), j=0,1,..., (S1.23)
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and replace each derivative (d'/dt')x(t;) by a finite difference approximation.
For example, if x; is an approximation for x(¢;),j = 0, 1, 2, ..., then one may
use the central difference approximations :

dx(t;) L Xj+rr T Xj—y

S1.24
dt 2h ’ ( )

d*x(d;) L X1 = 2X; + x4
dt? h?

Inserting these expressions in (S1.23) gives

(S1.25)

Xjpp — 2X;+ Xj_4
h2

X -
B jt1
1

B
2 2h

X:_
=L Box; =y(t), j=12...,

or

(B, + 3B,h)x;,y — (2B, — Bohz)xj + (B, — %Blh)xj—l
=hry@e), j=12..., (S1.26)

whichisadifferenceequationoftype (S1.21) with y, = h?y(t;+ ),k =0,1,2,....
Some other device may be needed to provide the approximate values of x(0)
and x(h) (since, generally speaking, the unique solution of (S1.26) is deter-
mined by the values of x(0) and x(h)). These can be approximated if, for
instance, initial values x(0) and dx(0)/dt are given; then the approximation x,
for x(h) could be
dx(0)
=x(0) +h ——.
xy = x(0) + It
This technique can, of course, be extended to approximate by finite
differences the equation of I/th order

d'x(t)

B—
b

+ -+ + Box(t) = y(1).

The approximation by finite differences is also widely used in the numerical
solution of partial differential equations. In all these cases we arrive at a
system of difference equations of type (S1.21).

The extent to which solutions of the difference equation give information
about solutions of the original differential equation is, of course, quite another
question. This belongs to the study of numerical analysis and will not be
pursued here.

To study the system (S1.21), introduce operator & (the shift operator),
which acts on the set of all sequences (x,, x,, ...,) of n-dimensional vectors
x; as follows: &(xy, x5, ...,) = (x5, X3,...,). For difference equations, the
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operator & plays a role analogous to the operator d/dt in Section S1.3. The
system (S1.21) can be rewritten in the form

(Ag + A8 + -+ + A,6)x = f, (S1.27)
where f = (f,, f1,---,) Is a given sequence of n-dimensional vectors, and
x =(xq,Xy,...,)1s a sequence to be found. Now it is quite clear that we have

to consider the matrix polynomial A(A) = ) _, A4; 4’ connected with (S1.21).
Let D(A) be the Smith form of 4(1) and

A(A) = E(A)D(A)F(4), (S1.28)

where det E(1) = const # 0, det F(1) = const # 0. Replace A in (S1.28) by
& and substitute in (S1.17) to obtain

D(&)y =g, (S1.29)
wherey = (Vo, V15 ---5) = F(&)(xg, Xq,...,) and
g = (gO’ gl’ v 9) = (E(g))_l(fOﬂfl’ e ’)'

Equation (S1.29) splits into m independent scalar equations, and using the
results concerning scalar difference equations (for the convenience of the
reader they are given in the appendix below), we obtain the following result
analogous to Theorem S1.6.

Theorem S1.8. Let A(A) = Y'_o A;Abeann x nmatrix polynomial with
det A(A) # 0. Then the dimension of the solution space of the homogeneous
equation

AoXp + Ayxypy + 00+ Aixpry = 0, k=0,1,2,...,

is the degree of det A(A).
Appendix. Scalar Difference Equations

In this appendix we shall give a short account of the theory of homogeneous
scalar difference equations with constant coefficients.
Consider the scalar homogeneous difference equation

dg Xy + A1 Xk +1 + -+ QX4 = 0, k = 0, 1, e (5130)

where g; are complex numbers and a, # 0; (x,, X;,...,) 1S a sequence of
complex numbers to be found. It is clear that the solutions of (S1.30) form a
linear space, i.e., the sum of two solutions is again a solution, as well as a
scalar multiple of a solution.

Proposition S1.9. The linear space of all solutions of Eq. (S1.30) has
dimension I.
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Proof. Suppose that (x§, x{,...)),j=1,...,1 + 1 are nonzero solu-
tions of (S1.30). In particular, we have

an(Oj) + alx(l) + alxlj) = 0 ] = 1, ey l + 1 (8131)

Consider each equality as a linear homogeneous equation with unknowns
x{, ..., x. From the general theory of linear homogeneous equations it
follows that (S1.31) has exactly [ linearly independent solutions. This means
that there exists a relationship

1+1
Z axy) = k=0,1,...,1 (S1.32)
where a, ..., o are comp]ex numbers and not all of them are zeros. It follows

that the same relationship holds for the complete sequences

xD = (P, xP, ... ), j=1...,1+1:

1+1 .

Y ajxfc“ =0, k=0,1,..., (S1.33)

i=1

or, in other words,

1+1 .
Y a;xV = 0. (S1.34)
ji=1

Indeed, we shall prove (S1.33) by induction on k. For k = 0, ..., [, (S1.33) is
exactly (§1.32). Suppose (S1.33) holds for all k < k,, where k, is some integer
greater than or equal to I. Using the equalities (S1.33), we obtain

Xy = —a; Nao X + -+ agx_),  j=1...,1+1

So

1+1 1+1 1+1
0 = 0+ ()
Youxihey = —a a-, Z(x Xk g ) o‘jxko—l)9

j=1 i=1
and by the induction hypothesis,

I+1

Zozxko+1 =—a;'a_,-0+-+ay-0)=0.

So (S1.33) follows. Now it is clear from (S1.34) that the solutions x‘V, ...,
x"*1V are linearly dependent. We have proved therefore that any [ + 1
solutions of (S1.30) are linearly dependent; so the dimension of the solution
space is less than or equal to [.

To prove that the dimension of the solution space is exactly I, we con-
struct now a linearly independent set of [ solutions of (S1.30). Let us seek for a
solution of (S1.30) in the form of a geometric sequence x, = ¢,k = 0,1,....
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Inserting in (S1.30) we see that (1, g, g2, ...,) is a solution of (S1.30) if and
only if g is a root of the characteristic polynomial

f) =a¢+ad+ -+ aqX
of Eq. (S1.30). Let g, . . ., g, be the different roots of f(1),and let a;, ..., o, be
the multiplicity of the roots ¢, ..., ¢,, respectively. So

fd) = (A —gq)~ and oy, + -+ a, =1
j=1

J

It is not hard to see that the solutions
x =g, k=01,.., j=1,...,s5,

are linearly independent. Indeed, suppose

VP

axy) = 'erqu’} =0 for k=0,1,.... (S1.35)
2

j=1

Consider the equations for k =0,...,s — 1 as a linear system with un-
knowns ay, ..., o,. The matrix of this system is

V= (1'1 qlz “ .. q.s i
g7t oyt o gt

and it is invertible,since g, . . ., g, are all differentand det V = I, ; (q; — q;)
(Vandermonde determinant, see, for instance, [65]). So (S1.35) has only the
trivial solution, ie, o, =--- = o, =0. Thus, the solutions x{’ = g,
k=0,1,...,j=1,..., s are linearly independent.

In the case that s = [, i.e., all the roots of f(1) are simple, we have finished:
a set of / independent solutions of (S1.30) is found. If not all the roots of f(1)
are simple, then s < [, and the s independent solutions constructed above do
not span the linear space of all solutions. In this case we have to find additional
I — s solutions of (S1.30), which form, together with the above s solutions, a
linearly independent set. This can be done in the following way: let g; be a root
of f(4) of multiplicity «; > 1. Put x, = ¢%y,, k =0, 1,..., and substitute in
(S1.30)

an’j('.);k + “1‘1’;’“)’“1 + o+ alq§+lyk+l =0, k=0,1...,. (S1.36)
Introduce now finite differences of the sequence y,, yy, ..., :
0Yk = Yi+1 = Yo
Ve = Yevz = Wiwr + Vi
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and in general

m

m .
5myk= Z <l>(_1)m 'yk+,~, m=1,...,l.

i=0

It is easily seen that the sequence y,, y,, ..., can be expressed through its
finite differences as follows:
2 (m)\ ..
Yk+m=2(i>5lyka k=0,1,..., m=0,1,...,l,
i=0

where 8°y, = y, by definition. Substituting these expressions in (S1.36) and
rearranging terms gives

k (1) Sy
i\ f@pye +q; P g)dy, + -+ + Qj*l_,éyk =0, k=0,1,....
(S1.37)
Note that f“(g;) = 0fori =0, ..., a; — 1. Therefore Eq. (S1.37) will be
satisfied for every sequence (y,, V4, - - -,) such that
Oy, =0 for i>aj (S1.38)

It is not hard to see that (S1.38) is satisfied for every polynomial sequence
Ve = Y528 Buk™ k =0, 1,..., where B, € €. Indeed, dy, = Y %23 B, k™ for
some coefficients 8, € €. Now

5y = 00+ () = 0,

aj times

since operator 6 when applied to a polynomial sequence reduces its degree at
least by 1.

Sowe have obtained «; solutions of (S1.30) connected with the root g; of
f(4) of multiplicity a;:

. . B
xgm = kg, k=0,1,...,, m=0,...,q

— 1. (S1.39)

It turns out that the [ = Zj-:l a; solutions of (S1.30) given by (S1.39) for
j=1,...,s, are linearly independent.

Thus, we have proved Proposition S1.9 and have constructed also a basis
in the solution space of (§1.30). [

S1.5. Local Smith Form and Partial Multiplicities

It is well known that for any scalar polynomial a(4) and any i, € € the
following representation holds:

a(d) = (A — A0)*b(4), (S1.40)
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where o is a nonnegative integer and b(4) is a scalar polynomial such that
b(Ay) # 0. (If a(A,) # 0, then put o = 0 and b(1) = a(1).) In this section we
shall obtain an analogous representation for matrix polynomials. We
restrict ourselves to the case when the matrix polynomial A(4) is square (of
sizen x n)and det A(4) # 0. It turns out that a representation of type (S1.40)
for matrices is defined by n nonnegative integers (instead of one nonnegative
integer o in (S1.40)) which are called the partial multiplicities.

Theorem S1.10. Let A(A)beann x nmatrix polynomial withdet A(A) # 0.
Then for every Ao € €, A(1) admits the representation

(A= A" 0
A(R) = E; (A) Fi(A),  (SL41)
0 (2 = Ao)*™

where E; (A) and F ; (A) are matrix polynomials invertible at Ay, and x; < --- <
K, are nonnegative integers, which coincide (after striking off zeros) with the
degrees of the elementary divisors of A(A) corresponding to A (i.e., of the form
(4 = 40)").

In particular, the integers k; < --- < k, from Theorem S1.10 are uniquely
determined by A(4) and A,; they are called the partial multiplicities of A(1) at
Ao- The representation (S1.41) will be referred to as a local Smith form of

AR at Ao.

Proof. The existence of representation (S1.41) follows easily from the
Smith form. Namely, let D(1) = diag(d,(4), ..., d,(1)) be the Smith form of
A(A) and let

A(A) = E(A)D(A)F(A), (S1.42)
where det E(1) = const # 0, det F(1) = const # 0. Represent each d;(1) as
in (S1.40):

d(A) = (A — A)d(A), i=1,...,n
where di(1,) # 0 and «; > 0. Since d,(4) is divisible by d,_,(1), we have
K; = K;_ ;. Now (S1.41) follows from (S1.42), where

E; (A = E(2) diag(d; (D), ..., d,(2),  F(A) = F(A).

It remains to show that k; coincide (after striking off zeros) with the
degrees of elementary divisors of A(4) corresponding to A,. To this end we
shall show that any factorization of A(A) of type (S1.41) with k; < --- < k,
implies that x; is the multiplicity of 4, as a zero of d(4),j = 1,..., n, where
D(A) = diag(d,(4), ..., d,(A)) is the Smith form of A(A). Indeed, let

A(4) = E()D(DF(4),
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where E(A) and F(A) are matrix polynomials with constant nonzero deter-
minants. Comparing with (S1.41), write

d,(%) .0
dy(4)
0 d (%)
(A — Ag) 0 0

0 (h — Ao

= E, () Fi(h), (S143)

0 N

where E W) = (EA)'E; (1), F WA (FA)~! are matrix polynomials
invertibleat A,. Applying the Binet-Cauchy formula for minors of products of
matrices, we obtain
di(Ddy(A) - di(A) = Y my g(A)-myp, (A)-my 57(A),  dg=1,2,...,n
i,j,k

(S1.44)

where m; g(4) (resp. m; p, (A), mkj(/l)) is a minor of order i, of E(A) (resp.
diag((A — Ap)", ..., (A — Ap)*), F(4)), and the sum in (S1.44) is taken over
certain set of triples (i, j, k). It follows from (S1.44) and the conditionk; < ---
< k,, that 4, is a zero of the product d,(A)d,(A) - - - d; (1) of multiplicity at
least x; + x, + -+ + K;,. Rewrite (§1.43) in the form

d) 0 - 0
~ 0 d,(A ~
Eyont| 0 BW | F
0 0 - dW)
G=l 0 0
oo a0
0 0 e (= A

and apply the Binet-Cauchy formula again. Using the fact that (E 27!
and (F, (A))~! are rational matrix functions which are defined and invertible
at A = Ao, and using the fact that d,(4) is a divisor of d, (), we deduce that

(A = Ao)" " 0 = d (A)dy(A) - - - di (DD;(4),
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where @, (4) is a rational function defined at A = A, (i.e., 4, is not a pole of
@, (1). It follows that A, is a zero of d;(A)d,(4)---d;(A) of multiplicity
exactly x; + %, + -+ + K;,,i = 1, ..., n. Hence k; is exactly the multiplicity
of 1o as a zero of d(A)fori=1,...,n. [

Note that according to the definition, the partial multiplicities are all zero
for every A, which is not a zero of an invariant polynomial of A(4). For
instance, in Example S1.1, the partial multiplicities for 4, = O and 4, = 1 are
0 and 2;for 4, ¢ {0, 1}, the partial multiplicities are zeros.

S1.6. Equivalence of Matrix Polynomials

Two matrix polynomials A(A) and B(1) of the same size are called
equivalent if

A(A) = E(A)B(A)F(A)

for some matrix polynomials E(A) and F(A) with constant nonzero deter-
minants. For this equivalence relation we shall use the symbol ~: A(1) ~
B(A) means A(A) and B(4) are equivalent.

It is easy to see that ~ is indeed an equivalence relation, i.e.,

(1) A(A) ~ A(4) for every matrix polynomial A(1);
(2) A(A) ~ B(4) implies B(1) ~ A(4);
(3) A(A) ~ B(4) and B(A) ~ C(A) implies A(A) ~ C(A).

Let us check the last assertion, for example. We have
A(A) = E{(D)B(A)F (1), B(A) = E;(DHC(DF,(A),

where E (1), E,(A), F (1), F,(A) have constant nonzero determinants. Then
A(A) = E(A)C(AH)F(A) with E(A) = E,(A)E,(4) and F(A) = F,(1)F,(4). So
A(X) ~ C(A).

The uniqueness of the Smith form allows us to give the following criterion
for the equivalence relation between matrix polynomials.

Theorem S1.11. A(A) ~ B(A) if and only if the invariant polynomials of
A(A) and B(A) are the same.

Proof. Suppose the invariant polynomials of A(4) and B(A) are the
same. Then their Smith forms are equal:

A(A) = E{(WDAF (1),  B(A) = EL(HDAF(4),
where det E(1) = const # 0, det F,(A) = const # 0,i = 1, 2. Consequently,
(E;(D))" A (F () ™! = (E (1) 'BA)(F ()~ (=D(2))
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and
A(A) = E(A)B(AO)F(A),

where E(1) = E;(A)(E,(A))"!, F(1) = F,(A(F,(4))~!. Since E,(1) and
F,(A) are matrix polynomials with constant nonzero determinants, the same
is true for E~!(1) and F~ (1), and, consequently, for E(1) and F(1). So
A(A) ~ B(A).

Conversely, suppose A(A) = E(1)B(4)F(1), where det E(1) = const # 0,
det F(A) = const # 0. Let D(4) be the Smith form for B(4):

B(4) = E(A)D(DF (4).
Then D(A) is also the Smith form for A(1):
A(A) = E(A)E(A)DDF (DF(A).

By the uniqueness of the Smith form for 4(1) (more exactly, by the uniqueness
of the invariant polynomials of A(4)) it follows that the invariant polynomials
of A(A) are the same as those of B(4). [

Of special interest is the equivalence of n x nlinear matrix polynomials of
the form IA — A. It turns out that for linear polynomials the concept of
equivalence is closely related to the concept of similarity between matrices.
Recall, that matrices 4 and B are similar if A = SBS™! for some nonsingular
matrix S. The following theorem clarifies this relationship.

Theorem S1.12. [IA — A ~ IA — B if and only if A and B are similar.

To prove this theorem, we have to introduce division of matrix poly-
nomials.

We restrict ourselves to the case when the dividend is a general matrix
polynomial A() = Yj_, A;#, and the divisor is a matrix polynomial of type
IZ + X, where X is a constant n x n matrix. In this case the following
representation holds:

A(A) = Q,(A)(IA1 + X) + R,, (S1.45)

where Q,(A) is a matrix polynomial, which is called the right quotient, and R,

is a constant matrix, which is called the right remainder, on division of
AA) by I1 + X;

A(A) = (1 + X)QA) + R, (S1.46)

where Q,(4) is the left quotient, and R, is the left remainder (R, is a constant
matrix).

Let us check the existence of representation (S1.45) ((S1.46) can be
checked analogously). If [ = 0 (ie., A(4) is constant), put Q,(1) =0 and
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R, = A(A). So we can suppose | > 1; write Q,(4) = Y ‘2§ Q4. Comparing
the coefficients of the same degree of 4 in right and left hand sides of (S1.45),
this relation can be rewritten as follows:
A= Y—)la Ay =Qf'_)2+QE'_)1X, A1=Q8’+Q({)X,
Ay = 09X + R,.
Clearly, these equalities define Q1 |, ..., 07, 0%, and R,, sequentially.

Itfollowsfromthisargument that the left and right quotient and remainder
are uniquely defined.

Proof of Theorem S1.12. 1In one direction this result is immediate: if
A = SBS™ 'forsomenonsingular S, thentheequalityIA — A = SIA — B)S™!
proves the equivalence of IA — A and I1 — B. Conversely,suppose IA — A ~
IA — B. Then for some matrix polynomials E(1) and F(A) with constant non-
zero determinant we have

E(A)(IL — A)F(1) = IA — B.

Suppose that division of (E(1))”! on the left by IA — A and of F(A) on the
right by /A — B yield

(EG)~!
F(4)
Substituting in the equation

(E(A)"'UA = B) = (12 — AF(A),

(IL — A)S() + E,, (S1.47)
T(A)(IL — B) + F,.

we obtain
{A — A)S(A) + Ex}(IA — B) = (IA — A){T(A)(IA — B) + F,},
whence
IA = A)(SA) — TA))UA - B)=(UA— AF, — E;(IA — B).

Since the degree of the matrix polynomial in the right-hand side here is 1 it
follows that S(A) = T(4); otherwise the degree of the matrix polynomial on
the left is at least 2. Hence,

(IA — A)F, = Ey (Al — B),
so that
F, = E,, AF, = E,B, and AE, = E4B,.

It remains only to prove that E, is nonsingular. To this end divide E(4) on
the left by IA — B:

E(A) = (IA — B\UA) + R,. (S1.48)
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Then using Egs. (S1.47) and (S1.48) we have

I = (E(A)"'E() = {1 — AS(A) + Eg} {4 — BYU) + Ro}
=L - A){SA)UAL - B) U} + (Ir — A)F,UA)
+ (I — A)S(A)R, + EyR,
=1 — A[SA)UA - B)UMK) + FoUA) + S(AR,] + EyR,.
Hence the matrix polynomial in the square brackets is zero, and EqR, = I,

ie., Ey is nonsingular. [

S1.7. Jordan Normal Form

We prove here (as an application of the Smith form) the theorem on the
existence of a Jordan form for every square matrix.
Let us start with some definitions. A square matrix of type

o 1 - 0
0 4 - 0
s loedl,
Do 1
0 0 - A

is called a Jordan block, and A, is its eigenvalue. A matrix J is called Jordan,
ifitis a block diagonal matrix formed by Jordan blocks on the main diagonal:

J, 0 - 0
J: 9 Joz o 9 b
0 0 - J,

where J; are Jordan blocks (their eigenvalues may be arbitrary).
The theorem on existence and uniqueness of a Jordan form can now be
stated as follows:

Theorem S1.13. Everyn x nmatrix B is similar to a Jordan matrix. This
Jordan matrix is unique up to permutation of some Jordan blocks.

Before we start to prove this theorem, let us compute the elementary
divisors of IA — J where J is a Jordan matrix.

Consider first the matrix polynomial IA — J,,where J,isa Jordan block of
size kand eigenvalue A, . Clearly,det(IA — J,) = (4 — A,)*. Onthe other hand,
there exists a minor (namely, composed by rows 1, ..., k — 1 and columns
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2,..., k) of order k — 1 which is 1. So the greatest common divisor of the
minors of order k — 1 is also 1, and by Theorem 1.2 the Smith form of
IL— J,is

1 0 .- 0
0 1 0
0 0 - (A=A
i.e., with the single elementary divisor (1 — A,).
Now let 4,, ..., 4, be different complex numbers and let J be the Jordan
matrix consisting of Jordan blocks of sizes a;,, ..., o; ,, and eigenvalue 4,,
i=1,...,p.Using Proposition S1.5 and the assertion proved in the preceding

paragraph, we see that the elementary divisors of IA — J are just (A — A4,)%,
j=L...k,i=1,...,p

Proof of Theorem S1.13. The proof is based on reduction to the equi-
valence of matrix polynomials. Namely, B is similar to a Jordan matrix J if
andonlyifIA — B ~ IA — J,and thelatter condition means that the invariant
polynomials of IA — Band I1 — J are the same. From the investigation of the
Smith form of IA — J, where J is a Jordan matrix, it is clear how to construct a
Jordan matrix J such that /A — J and IA — B have the same elementary
divisors. Namely, J contains exactly one Jordan block of size r with eigenvalue
Ao forevery elementary divisor (A — 4,)" of I1 — B. The size of J is then equal
to the sum of degrees of all elementary divisors of IA — B, which in turn is
equal to the degree of det(/A — B), i.e., to the size n of B. Thus, the sizes of J
and B are the same, and Theorem S1.13 follows. O

S1.8. Functions of Matrices

Let T be an n x n matrix. We would like to give a meaning to f(T), as a
matrix-valued function, where f(1) is some scalar function of a complex
variable. We shall restrict our attention here to functions f which are analytic
in a neighborhood of the spectrum o(T) of T (this case is sufficient for our
purposes).

So let f(4) be a scalar-valued function which is analytic in some open set
U < Csuchthato(T) = U.LetI' « U bea rectifiable contour (depending on
f(A)) such that o(T) is inside I'; the contour I" may consist of several simple
contours (i.e., without self-intersections). For example,let o(T) = {4,, ..., 4,}
and let I' = J)i_, {Ae€||A — A| = J;}, where 6, > 0 are chosen small
enough to ensure that I' = U. Put, by definition

f(T) = L ff(/l)(]xl - T)"'dA (S1.49)
27i Jr
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In view of the Cauchy integral formula, this definition does not depend on the
choice of I (provided the above requirements on I' are met). Note that
according to (S1.49), f(S™!TS) = S™!f(T)S for any nonsingular matrix S.

The following proposition shows that the definition (S1.49) is consistent
with the expected value of f(T) = T for the analytic functions f(1) = A,
i=0,1,....

Proposition S1.14.
L, fllj(il -7 'di=T, j=0,1,.... (S1.50)
2ni Jr

Proof. Suppose first that T is a Jordan block with eigenvalue 4 = 0:

0 1 e 0
001 -0
T = o (S1.51)
Do 1
00 0
Then
;L-—l /1—2 AT
0 ).—1 ,{—n+l
W-n't=f. " (S1.52)
0 0 At
(recall that n is the size of T). So
A1tz L AJon
1 j 1 =t pimnt1
—«,f&’(AI—T)_ldl-———f 0 /1- . A . di
2mi Jr 2ni Jr| - :
0 0 ... pit
placej + 1
0 --- 1 --- 0
= 1|=T.
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It is then easy to verify (S1.50) for a Jordan block T with eigenvalue 4, (not
necessarily 0). Indeed, T — A,1 has an eigenvalue 0, so by the case already
already considered,

—1—,J‘AJ(I/I—(T—XOI))‘ld/1=(T—AOI)j, i=01,...,
27 Jr

where I'y = {1 — Ao|AeT'}. The change of variables £ = A + A, in the
left-hand side leads to

1

.j(u —AYUp = T) Vdp = (T — ATy, j=0.1,.... (SL53)
2ni Jr

Now

1 . U AT 1
(1 T Ydu = 2: i—p 4 !
2mi Lﬂ (Tp ) # <p)/10 2mi J;-(M Ao)"(Ip ) dp

p=0
J i\, )
=y (p)l{)“’(T — AoD)y» = T,
p=0

so (S1.50) holds.

Applying (S1.50) separately for each Jordan block, we can carry (S1.50)
further for arbitrary Jordan matrices T. Finally, for a given matrix T there
exists a Jordan matrix J and an invertible matrix S such that T = S™!JS.
Since (S1.50) is already proved for J, we have

1 . 1 . . .
— f)d(li —T) 'di=S""1 -—,J/V(I,l -7 tdA-S=8"1JS =TI
2mi Jr 2ni Jr

a

The definition of this function of T establishes the map ¢: 4 — C"*" from
the set A4 of all functions analytic in a neighborhood of ¢(T) (each function in
its own neighborhood) to the set €"*" of all n x n matrices:

o(f) = f(T) = ZL ff(,l)(u —T)'d),  f()eA. (S1.54)
T Jr

Observe that the set 4 is a commutative algebra with the natural definitions:
(f -9)(A) = f(4)-g(A) € Aforevery pair of functions f (1), g(A) € 4, (of )(A) =
o- f(A)for f(A)e A and o e C.

Proposition S1.14 is a special case of the following theorem (where we use
the notions introduced above):
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Theorem S1.15. The map ¢: A — €"*" is a homomorphism of algebra A
into the algebra of all n x n matrices. In other words,

o(f -9) = o(f)- o(9), (SL55)
olf + Bg) = ap(f) + Bo(g), (S1.56)
where f(1),g(A)e Aand o, B C.

Proof. Asinthe proof of Proposition S1.14 the general case is reduced to
the case when T is a single Jordan block with eigenvalue zero as in (S1.51).
Let f(3) = Y326 Af;, g(A) = Y20 g, be the developments of f(1) and g(1)
into power series in a neighborhood of zero. Then, using,(S1.52) we find that

Y O Rl
1 © ) 0 /1—1 /1‘"+1
= — If; . dA
W=y | T2 :
0 0 A (S1.57)
fo i o faa '
o s :
SR 1
0 0 - fy
Analogously,
Jdo 91 " Gn-1 ho hy -+ h,_y
0 g . : 0 h . :
N oo - 1

where the coefficients h; are taken from the development f(4)g(4) =
Y20 Mhj.Soh, =% figi-j, k =0, 1,..., and direct computation of the
product ¢(f) - ¢(g), using (S1.57) and (S1.58), shows that ¢(fg) = @(f) - ©(g),
i.e.,, (S1.55) holds. Since the equality (S1.56) is evident, Theorem S1.15
follows. [

We note the following formula, which was established in the proof of
Theorem S1.15:if J is the Jordan block of size k x k witheigenvalue A,, then

8 7

1 1
fGo) 7S G0) o g ST

f(h=120 S (o) : (S1.59)

0 0 f(4o)
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for any analytic function f(1) defined in a neighborhood of 4, (f”’(4,) means
the ith derivative of f (1) evaluated at 4,). )

As an immediate consequence of Theorem S1.15 we obtain the following
corollary.

Corollary S1.16.  Let f(A) and g(1) be analytic functions in a neighborhood
of (T). Then

J(T)-g(T) = g(T) - f(T),

i.e., the matrices f(T) and g(T) commute.

Comments

A good source for the theory of partial multiplicities and the local Smith
form of operator valued analytic functions in infinite dimensional Banach
space is [38]; see also [2, 37d]. For further development of the notion of
equivalence see [28, 70c].

A generalization of the global Smith form for operator-valued analytic
functions is obtained in [57a, 57b]; see also [37d].



Chapter S2

The Matrix Equation AX — XB=C

In this chapter we consider the equation
AX — XB=C, (S2.1)

where A4, B, C are given matrices and X is a matrix to be found. We shall
assume that 4 and B are square, but not necessarily of the same size: the
size of A is r x r, and the size of B is s x s; then C, as well as X, is of
size r x s. In the particular case of Eq. (S2.1) with 4 = B and C = 0, the
solutions of (S2.1) are exactly the matrices which commute with 4. This case
is considered in Section S2.2.

S2.1. Existence of Solutions of 4AX — XB=C

The main result on existence of solutions of (S2.1) reads as follows.

Theorem S2.1. Equation (S2.1) has a solution X if and only if the matrices

A 0 i A C
o B “ lo B
are similar.

342
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Proof. If (S2.1) has a solution X, then direct multiplication shows that
I —-x7[4 o)1 x] _[4 C]
0 I [lo BJlO I]| [0 B)
r-x] [ x]°!
o 1| [o 1]
A 0 nd A C
o B] * o B

are similar with the similarity matrix

b i)

Suppose now that the matrices
A 0 d A C
o B * o B

4 0] 4 c
[0 B]_s [0 B]s (S2.2)

for some nonsingular matrix S. Define the linear transformations Q, and Q,
on the set €7%% of all (r + s) x (r + s) complex matrices (considered as
an (r + s)*-dimensional vector space) as follows:

A A
oo (8 =1 2}

A C A 0
waa-[{ Se-o[2 3]

where Z € €715, Equality (S2.2) implies that
Q(2)=8""1-Qx82), ZeCs.

but

SO

are similar:

In particular,
KerQ, = {SZ|Ze 5 and ZeKerQ,}).
Consequently,
dim Ker Q; = dim Ker Q,. (S2.3)
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One checks easily that

[T U
Ker Q, ={ vow AT =TA, AU = UB,BV = VA, BW = WB}
and
T U
KerQ, = v ow AT + CV =TA, AU + CW = UB, BV = VA,
BW = WB}.
It is sufficient to find a matrix in Ker Q, of the form
T U
, S24
5 %] (524

(indeed, in view of the equality AU + C(—1I) = UB, the matrix U is a solu-
tion of (S2.1)). To this end introduce the set R consisting of all pairs of
complex matrices (V, W), where V is of size s x rand W is of size s x ssuch
that BV = VA and BW = WB. Then R is a linear space with multiplication
by a complex number and addition defined in a natural way:

wuV, W) = (aV,aW), aed,
WV, W)+ (VW) =V, + V,, W, + W)

Define linear transformations ®;: Ker Q; - R, i = 1, 2 by the formula
T U
D, = (V, W).
l[V W] V. W)
Then

T U

Ker @, = Ker @, ={|:0 0

HAT =TA, AU = UB}. (S2.5)

In addition, we have

Im ®, = Im ®, = R. (S2.6)
To see this, observe that Im @, = R, because if BV = VA4 and BW = WB,
then
0 O 0 0
= (V, W).
|:V W:leKerQ1 and (Dl[V W] v, w)
Therefore

Im®, = Im ®,. (S2.7)
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On the other hand, by the well-known property of linear transformations,
dim Ker @; + dim Im ®; = dim Ker Q;, i=12.

In view of (S2.3) and (S2.5), dim Im @, = dim Im ®,; now (S2.6) follows
from (S2.7).
Consider the pair

I 0 1 0
- = .
(0, ) (D,[O _1], where [0 —I:I e Ker Q,

By (52.6), there exists a matrix

T, U,
Vv, W, e Ker Q,
such that
I, U,
0, -)=0 .
( 3 ) ZI:VO Wo]
This means that V, = 0, W, = —1I;so we have found a matrix in Ker Q, of

the form (S2.4). O

S2.2. Commuting Matrices

Matrices A and B (both of the same size n x n) are said to commute if
AB = BA. We shall describe the set of all matrices which commute with a
given matrix A. In other words, we wish to find all the solutions of the equa-
tion

AX = XA, (S2.8)

where X is an n x n matrix to be found. Recall that (S2.8) is a particular case
of Eq. (S2.1) (with B = 4 and C = 0).

We can restrict ourselves to the case that A4 is in the Jordan form. Indeed,
letJ = S™'AS be a Jordan matrix for some nonsingular matrix S. Then X isa
solution of (S2.8) if and only if Z = S~ ! XS is a solution of

JZ = Z7J. (S2.9)

So we shall assume that A = J is in the Jordan form. Write

J = diag(J,,...,J),

> Yu
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where J, (@ = 1,...,u) is a Jordan block of size m, x m,, J, = A, 1, + H,,
where 1, is the unit matrix of size m, x m,, and
0 1 0
0
H, = .
1

Let Z be a matrix which satisfies (S2.9). Write
Z = (Zop)t o1,
where Z ;5 is a m, x mg matrix. Rewrite Eq. (S2.9) in the form
Ay —ApZyy=ZyyHy — H,Zp, <o p<u (S2.10)
Two cases can occur:

(1) 4, # A;. We show that in this case Z,; = 0. Indeed, multiply the
left-hand side of (S2.10) by 4, — 4; and in each term in the right-hand side
replace (A, — A3)Z,,by Z,;,Hy — H,Z,5. We obtain

(A — A)*Zoy = ZoyH} — 2H, ZyHy + H2Z .

Repeating this process, we obtain for everyp = 1,2, ...,
p
(A — AV Zy = Y (—DUOHHIZ,  HE . (S2.11)
q=0

Choose p large enough so that either H? =0 or Hf % =0 for every
q =0,...,p. Then the right-hand side of (S2.11) is zero, and since 4, # 4,
we obtain that Z,; = 0.

(2 A, =4 Then

ZyHy = H,Z,. (S2.12)

From the structure of H, and Hy it follows that the product H,Z,; is ob-
tained from Z,; by shifting all the rows one place upwards and filling the
last row with zeros; similarly, Z,; H, is obtained from Z,; by shifting all the
columns one place to the right and filling the first column with zeros. So
Eq. (S2.12) gives (where {; is the (i, k)thentry in Z,;, which depends, of course,
on o and f§):

Ci+l,k=ci,k—l’ i:1,...,ma, k=1,...,mﬂ,

where by definition {;, = {,,_+1., = 0. These equalities mean that the matrix
Z ,p has the structure
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(1) for m, = my:

cglﬂ) C;Zf) PPN C;’Ea)
Ly ., (mg—1)
Zy=|0 e ey (s213)
0 0 -
mg— Mg
@ for m, < my: Zy=[ 0 T..1; (S2.14)
T,
(3) form,>my:Z,5 = [ 'O"”:l} (S2.15)
me—mg

Matrices of types (S2.13)—(S2.15) will be referred to as upper triangular
Toeplitz matrices. So we have proved the following result.

Theorem S2.2. Let J = diag[J,,...,J,] be ann x n Jordan matrix with
Jordan blocks J,,...,J, and eigenvalues A,,..., A, respectively. Then an
n x nmatrix Z commutes with J if and only if Z ,; = O for A, # Agand Z 5 is an
upper triangular Toeplitz matrix for A, = Ay, where Z = (Z,5), p=1... x IS
the partition of Z consistent with the partition of J into Jordan blocks.

We repeat that Theorem S2.2 gives, after applying a suitable similarity
transformation, a description of all matrices commuting with a fixed matrix A.

Corollary S2.3. If o(A) na(B) = &, then for all C the equation
AX — XB = C has a unique solution.

Proof. Since Eq.(S2.1)islinear, it is sufficient toshowthat AX — XB =0
has only the zero solution. Indeed, let X be a solution of this equation; then
[6 ¥]commutes with [3 9]. However, since 6(A4) N a(B) = &, Theorem S2.2
implies that X = 0. [

Comments

Theorem S2.1 was proved in [72]. The proof presented here is from [18].
For a comprehensive treatment of commuting matrices see [22, Chapter
VIII]. Formulas for the solution of Eq. (§2.1) when a(4) n o(B) # &, as
well as a treatment of more general equations in infinite dimensional spaces
can be found in [16a].



Chapter S3

One-Sided and Generalized Inverses

In the main text we use some well-known facts about one-sided and
generalized inverses. These facts, in an appropriate form, are presented here
with their proofs.

Let A be an m x n matrix with complex entries. A4 is called left invertible
(resp. right invertible) if there exists an n x m complex matrix A' such that
A'A =1 (resp. AA'=1). In this case A4' is called a left (resp. right) inverse
of A.

The notion of one-sided invertibility is a generalization of the notion of
invertibility (nonsingularity) of square matrices. If A is a square matrix
and det 4 # 0, then A~ ! is the unique left and right inverse of A4.

One-sided invertibility is easily characterized in other ways. Thus, in
the case of left invertibility, the following statements are equivalent;

(i) them x n matrix A is left invertible;
(i1) the columns of A are linearly independent in C" (in particular,m > n);
(i) Ker A = {0}, where A is considered as a linear transformation

from ¢" to ¢™. '

Let us check this assertion. Assume A4 is left invertible, and assume that
Ax = 0 for some x € €". Let A be a left inverse of 4. Then x = A'4x =0
i.e., Ker 4 = {0}, so (i) = (iii) follows.

On the other hand, if Ker 4 = {0}, then the columns f,,..., f, of A are

348
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linearly independent. For equality Y 7, «; f; = 0, for some complex numbers
Oy ..., 0y, yields

0y oy
4l*l =0, so |™|eKerd={0.
o, o,

Finally, we shall construct a left inverse of A provided the columns of 4 are
linearly independent. In this case rank 4 = n, so we can choose a set of n
linearly independent rows of A4, and let 4, be the square n x n submatrix
of A formed by these rows. Since the rows of 4, are linearly independent,
A, is nonsingular, so there exists an inverse Ay '. Now construct a left
inverse A' of A as follows: A'is of size n x m; the columns of A' corresponding
to the chosen linearly independent set of rows in A4, form the matrix A, !; all
other columns of A" are zeros. By a straightforward multiplication on checks
that A'4 = I, and (ii) = (i) is proved.

The above construction of a left inverse for the left invertible matrix 4
can be employed further to obtain a general formula for the left inverse 4"
Namely, assuming for simplicity that the nonsingular n x n submatrix
A, of A occupies the top n rows, write

A= [ﬂ

Then a straightforward calculation shows that
A'=[A,! — BA,A; 1, B] (S3.1)

is a left inverse for A for every n x (m — n) matrix B. Conversely, if A'is a
left inverse of A4, it can be represented in the form (S3.1). In particular, a left
inverse is unique if and only if the left invertible matrix A is square (and then
necessarily nonsingular).

In the case of right invertibility, we have equivalence of the following:

(iv) the m x n matrix A is right invertible,
(v) therows of A are linearly independent in " (in particular, m < n);
(vi) ImA=2¢C"

This assertion can be obtained by arguments like those used above (or by
using the equivalence of (i), (ii), and (iii) for the transposed matrix AT).

In an analogous way, the m x n matrix A is right invertible if and only
if there exists a nonsingular m x m submatrix A, of 4 (this can be seen
from (v)). Assuming for simplicity of notation that 4, occupies the leftmost
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columns of 4, and writing 4 = [A,, 4, ], we obtain the general formula for a
right inverse A' (analogous to (S3.1)):

-1 _ 4-1
Al = [AO 21,0 AIC:I (S3.2)

where C is an arbitrary (n — m) x m matrix.
Right invertibility of an m x n matrix 4 is closely related to the equation

Ax =y, (S3.3)

where y € €™ is given and x € €" is to be found. Assume A4 is right invertible;
then obviously

x = Ay, (S3.4)

where A' is any right inverse of 4, is a solution of (S3.3). It turns out that
formula (S3.4) gives the general solution of (S3.3) provided y # 0. Indeed,
write A = [Ay, A;] with nonsingular matrix 4,, and let x = [5!] be a
solution of (S3.3), where the partition is consistent with that of A. Since
y # 0, there exists an (n — m) x m matrix C such that Cy = x,. Then
using (S3.3),

(A(;1 - A(;lAlC)y = A(;ly - A(;lAlxz = A(;ly - A(;l(y — Apxy) = Xy

In other words, A'y = x, where A' is given by (S3.2). Thus, for y # 0, every
solution of (S3.3) is in the form (S3.4).

We point out that one-sided invertibility is stable under small perturba-
tions. Namely, let 4 be a one-sided (left or right) invertible matrix. Then
there exists ¢ > 0 such that every matrix B with |4 — B| < ¢ is also one-
sided invertible, and from the same side as A. (Here and in what follows the
norm || M|| of the matrix M is understood as follows: || M|| = sup =, |Mx],
where the norms of vectors x and M x are euclidean.) This property follows
from (i) (in case of left invertibility) and from (v) (in case of right invertibility).
Indeed, assume for example that A4 is left invertible (of size m x n). Let A,
be a nonsingular n x n submatrix of A. The corresponding n x n submatrix
B, of B is as close as we wish to A, provided |4 — Bj| is sufficiently small.
Since nonsingularity of a matrix is preserved under small perturbations, B,
will be nonsingular as wellif |4 — B|| issmall enough. But this implies linear
independence of the columns of B, and therefore B is left invertible.

One can take ¢ = ||A"] ! in the preceding paragraph, where A is some
right or left inverse of A. Indeed, suppose for definiteness that A is right
invertible, A4' = I. Let B be such that |4 — B|| < ||A'|~!. Then BA' =
AA' + (B — A)A' = I + S,whereS = (B — A)A". By the conditions ||S| < 1,
I + Sisinvertible and

I+8S)'=1-S+S8*-8*+---,
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where the series converges absolutely (because ||S|| < 1). Thus, BA'(I + §)~!
= [, i.e., B is right invertible.

We conclude this chapter with the notion of generalized inverse. Ann x m
matrix A' is called a generalized inverse of the m x n matrix A if the following
equalities hold:

AA'A = A,  A'AA' = AL

This notion incorporates as special cases the notions of one-sided (left or
right) inverses. A generalized inverse of A exists always (in contrast with
one-sided inverses which exist if and only if 4 has full rank). One of the
easiest ways to verify the existence of a generalized inverse is by using the
representation

A=&B ﬂm, (83.5)

where B, and B, are nonsingular matrices of sizes m x m and n x n, re-
spectively. Representation (S3.5) may be achieved by performing elementary
transformations of columns and rows of A. For A in the form (S3.5), a
generalized inverse can be found easily:

I 0
A' = B;? B
2 [0 O] 1

Using (S3.5), one can easily verify that a generalized inverse is unique if
and only if A is square and nonsingular.

We shall also need the following fact: if .# < €™ is a direct complement
to Im A4, and 4" < €" is a direct complement to Ker A4, then there exists a
generalized inverse A' of 4 such that Ker 4' = .# and Im A' = 4. (For the
definition of direct complements see Section S4.1.) Indeed, let us check

this assertion first for
I, 0
A=|" . S3.6
h J (S3.6)

The conditions on ./ and .#" imply that

W =1 X N =1 I,
/—mlm_r —mY

for some r x (m — r) matrix X and (n — r) x r matrix Y. Then

m_l,—X
Tly —-YX
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is a generalized inverse of 4 with the properties that Ker A' = .# and
Im A' = 4. The general case is easily reduced to the case (S3.6) by means
of representation (S3.5), using the relations

Ker A = B, '(Ker D), Im A = B,(Im D),

where

I 0
D=[0 0] and A = B,DB,.



Chapter S4

Stable Invariant Subspaces

In Chapters 3 and 7 it is proved that the description of divisors of a matrix
polynomial depends on the structure of invariant subspaces for its lineariza-
tion. So the properties of the invariant subspaces for a given matrix (or linear
transformation) play an important role in the spectral analysis of matrix
polynomials. Consequently, we consider in this chapter invariant subspaces
of a linear transformation acting in a finite dimensional linear vector space
Z . In the main, attention is focused on a certain class of invariant subspaces
which will be called stable. Sections S4.3, S4.4, and S4.5 are auxiliary, but the
results presented there are also used in the main text. We shall often assume
that & = €", where ¢" is considered as the linear space of n-dimensional
column vectors together with the customary scalar product (x, y) defined in
" by

(X, }') = Z'xiﬁ

i=1

where x = (x;,..., %)%, y = (yy, ..., y,)T € €". We may also assume that
linear transformations are represented by matrices in the standard ortho-
normal basis in €".

S4.1. Projectors and Subspaces

A linear transformation P: 2 — & is called a projector if P? = P. It
follows immediately from the definition that if P is a projector, so is S~ ' PS

353



354 S4. STABLE INVARIANT SUBSPACES

for any invertible transformation S. The important feature of projectors is
that there exists a one-to-one correspondence between theset of all projectors
and the set of all pairs of complementary subspaces in Z. This correspondence
is described in Theorem S4.1.

Recall first that,if #, &% are subspaces of ¥ ,then #/ + ¥ = {ze X |z =
x4+ y,xe .M, ye £} This sum is said to be direct if #/ ~n ¥ = {0} in which
case we write .#Z 4+ & for the sum. The subspaces .#, ¥ are complementary
(are direct complements of each other) if #/ N ¥ = {0} and #/ + ¥ = X.

Subspaces .#, & are orthogonal if for each x € .4 and y e ¥ we have
(x, y) =0 and they are orthogonal complements if, in addition, they are
complementary. In this case, we write .4/ = ¥+, & = 4™

Theorem S4.1. Let P be a projector. Then (Im P, Ker P) is a pair of
complementary subspaces in . Conversely, for every pair (£, £,) of com-
plementary subspaces in &, there exists a unique projector P such that Im
P=%,KerP=2,.

Proof. Let x € &. Then

x = (x — Px) + Px.

Clearly, Px e Im P and x — Px e Ker P (because P> = P). So Im P + Ker
P = Z. Further, if xeIm P n Ker P, then x = Py for some ye % and
Px =0.So

x = Py = P?y = P(Py) = Px =0,

and Im P n Ker P = {0}. Hence Im P and Ker P are indeed complementary
subspaces.

Conversely, let #, and .#, be a pair of complementary subspaces. Let P
be the unique linear transformation in & such that Px = x for x € ¥, and
Px =0 for xe #,. Then clearly P> = P, ¥, c Im P, and ¢, < Ker P.
But we already know from the first part of the proof that Im P + Ker P = %.
By dimensional considerations, we have, consequently, ¥, = Im P and
%, = Ker P.So P is a projector with the desired properties. The uniqueness
of P follows from the property that Px = x for every x € Im P (which in turn
is a consequence of the equality P? = P). O

We say that P is the projector on £, along £,f Imn P = ¥,Ker P = &,.
A projector P is called orthogonal if Ker P = (Im P)*. Orthogonal projectors
are particularly important and can be characterized as follows:

Proposition S4.2. A projector P is orthogonal if and only if P is self-
adjoint, i.e., P* = P.
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Recall that for a linear transformation T:C" — €" the adjoint T*:
¢" — ¢" is defined by the relation (Tx, y) = (x, T*y) for all x, ye €". A
transformation T is self-adjoint if T = T*;in such a case it is represented by
a hermitian matrix in the standard orthonormal basis.

Proof. Suppose P* = P, and let x e Im P, ye Ker P. Then (x, y) =
(Px, y) = (x, Py) = (x, 0) = 0, i.e., Ker P is orthogonal to Im P. Since by
Theorem S4.1 Ker P and Im P are complementary, it follows that in fact
Ker P = (Im P)~.

Conversely, let Ker P = (Im P)*. In order to prove that P* = P, we have
to check the equality

(Px, y) = (x, Py) forall x,yec" (S4.1)

Because of the sesquilinearity of the function (Px, y) in the arguments
X, y € Z, and in view of Theorem S4.1, it is sufficient to prove (S4.1) for the
following 4 cases: (1) x, yeIm P; (2) xeKer P, yeIm P; (3) xeIm P,
y € Ker P; (4) x, y e Ker P. In case (4), the equality (4.1) is trivial because
both sides are 0. In case (1) we have

(Px,y) = (Px, Py) = (x, Py),

and (S4.1) follows. In case (2), the left-hand side of (S4.1) is zero (since
x € Ker P) and the right-hand side is also zero in view of the orthogonality
Ker P = (Im P)*. In the same way, one checks (S4.1) in case (3).

So (S4.1) holds,and P* = P. O

Note that if P is a projector, so is I — P.Indeed,(I — P)*> =1 — 2P + P?
=]—-2P+ P =1—-P. Moreover, Ker P=Im({ — P) and Im P =
Ker(I — P). It is natural to call the projectors P and I — P complementary
projectors.

We shall now give useful representations of a projector with respect to a
decomposition of Z into a sum of two complementary subspaces. Let
T: % — Z bealinear transformation and let ¥, %, be a pair of complemen-
tary subspaces in 2. Denote m; = dim %; (i = 1, 2); then m; + m, = n
(=dim %). The transformation T may be written as a 2 x 2 block matrix
with respect to the decomposition ¥, + ¥, = Z':

Tl 1 Tl 2]
T = . (S4.2)
[Tu T,

Here T;; (i, j = 1, 2) is an m; x m; matrix which represents in some basis the
linear transformation P;T|y,: &; » &;, where P; is the projector on .#;
along & _;(so Py + P, = I).
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Suppose now that T = P is a projector on ¢, = Im P. Then representa-

tion (S4.2) takes the form
I X
= S4.3
P [0 0] (543)

for some matrix X. In general, X # 0. One can check easily that X = 0 if
and only if ¥, = Ker P. Analogously, if ¢, = Ker P, then (S4.2) takes the

form
0 Y
P =
[0 1], (S4.4)

and Y = 0 if and only if ¥, = Im P. By the way, the direct multiplication
P - P, where P is given by (S4.3) or (S4.4), shows that P is indeed a projector:
P? =P

S4.2. Spectral Invariant Subspaces and Riesz Projectors

Let A: & —» Z be a linear transformation on a linear vector space Z with
dim Z = n.

Recall that a subspace & is invariant for A (or A-invariant) if AY < &.
The subspace consisting of the zero vector and & itself is invariant for every
linear transformation. A less trivial example is a one-dimensional subspace
spanned by an eigenvector. An A-invariant subspace . is called A-reducing
if there exists a direct complement ¥’ to ¥ in 2" which is also A-invariant.
In this case we shall say also that the pair of subspaces (¥, ¢”) is A-reducing.
Not every A-invariant subspace is A-reducing: for example, if 4 is a Jordan
block of size k, considered as a linear transformation of €* to €*, then there
exists a sequence of A-invariant subspaces ¢* > ¥, , > %, , > - >
%, o {0}, where &; is the subspace spanned by the first i unit coordinate
vectors. It is easily seen that none of the invariant subspaces .Z;
(i=1,...,k —1)is A-reducing (because .Z; is the single A-invariant sub-
space of dimension i).

From the definition it follows immediately that & is an A-invariant
(resp. A-reducing) subspace if and only if S is an invariant (resp. reducing)
subspace for the linear transformation SAS ™!, where S: & — % is invertible.
This simple observation allows us to use the Jordan normal form of A in
many questions concerning invariant and reducing subspaces, and we
frequently take advantage of this in what follows.

Invariant and reducing subspaces can be characterized in terms of
projectors, as follows: let 4: - % be a linear transformation and let
P: Z - % be a projector. Then
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(1) the subspace Im P is A-invariant if and only if

PAP = AP;
(ii) the pair of subspaces Im P, Ker P is A-reducing if and only if
AP = PA.

Indeed, write 4 as a 2 x 2 block matrix with respect to the decomposition
ImP 4+ KerP=2%:
ae[n ]
A21 A22

(so, for instance, A;, = PA|;,p: Im P - Im P). The projector P has the
corresponding representation (see (S4.3))

P [’ 0].
00
Now PAP = AP means that A,; = 0. But A,; =0 in turn means that Im P
is A-invariant, and (i) is proved. Further, AP = PA means that 4,; = 0 and
Ay, = 0. But clearly, the condition that Im P, Ker P is an A-reducing pair
is the same. So (ii) holds as well.

We consider now an important class of reducing subspaces, namely,
spectral invariant subspaces. Let a(A4) be the spectrum of A, i.e., the set of all
eigenvalues. Among the A-invariant subspaces of special interest are spectral
invariant subspaces. An A-invariant subspace . is called spectral with
respect to a subset ¢ < 6(A), if & is a maximal A-invariant subspace with the
property that 6(A|y) < 0. If 6 = {A,} consists of only one point 4,, then a
spectral subspace with respect to ¢ is just the root subspace of 4 correspond-
ing to 4.

To describe spectral invariant subspaces, it is convenient to use Riesz
projectors. Consider the linear transformation

P, = i (IA — A~ 'dA, (S4.5)
27 Jr,
where I', is a simple rectifiable contour such that ¢ is inside I', and o(4)\ ¢
is outside I',. The matrix P, given by (S4.5) is called the Riesz projector of A
corresponding to the subset ¢ = g(A4).

We shall list now some simple properties of Riesz projectors. First, let
us check that (S4.5) is indeed a projector. To this end let f(1) be the function
defined as follows: f(4) = 1 inside and on ', f(4) = 0 outside I',. Then we
can rewrite (S4.5) in the form

1 _
Po=5- Lf(l)(bl — Ay tda,
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where I' is some contour such that a(A4) is inside I". Since f(4) is analytic in a
neighborhood of a(A), by Theorem S1.15 we have

_ L _ntan. L A
ﬁ_hdfwm mlﬂthwm AL da

_ L j (FA)AIA — At da
tJr

" 2mi
_ b Co-lgs -
_mﬁﬂmm A" ldi =P,

and we have used the fact that (f(4))®> = f(4). So P, is a projector. By
Corollary S1.16, P,A = AP,, so Im P is a reducing A-invariant subspace.

Proposition S4.3 below shows that Im P, is in fact the spectral A-invariant
subspace with respect to o.

Another way to show that P, is a projector, is to consider the linear
transformation A in a Jordan basis. By a Jordan basis we mean the basis in
which A is represented by a matrix in a Jordan normal form. The existence
of a Jordan basis follows from Theorem S1.13, if we take into account the
fact that similarity of two matrices means that they represent the same linear
transformation, but in different bases.

So, identifying A with its matrix representation in a Jordan basis, we can

write
J, 0
=|"° S4.6
a=q 1) 49

where J, (resp. J;) is a Jordan matrix with spectrum o (resp. @ = a(4)\0).
From formula (S4.6) we deduce then that

I 0
P =
o 3]
(in the matrix form with respect to the same basis as in (54.6)).

Using (S4.6) one can prove the following characterization of spectral
invariant subspaces.

Proposition S4.3. The subspace Im P is the maximal A-invariant sub-
space such that

a(A IlmP,,) < o.

Moreover, Im P, is characterized by this property, ie., if & is a maximal
A-invariant subspace such that o(A |y) < o, then ¥ = Im P,,.
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In particular, a spectral A-invariant subspace .# (with respect to a given
set ¢ < a(A)) is unique and reduces A; namely, the spectral A-invariant
subspace .Z; (where 6 = g(A)\ o) is a direct complement to £, in Z.

Let A, ..., A, be all the different eigenvalues of A, and let

W, = Ker(4 — A, 1), i=1...,k

where n = dim Z. The subspace #7; is the root subspace associated with
eigenvalue A;. Writing A as a Jordan matrix (in a Jordan basis) it is easily
seen that #”; coincides with the spectral subspace corresponding to ¢ = {1,}.
Clearly,

X =W, + -+, (S4.7)

decomposes & into the direct sum of root subspaces. Moreover, the follow-
ing proposition shows that an analogous decomposition holds for every A4-
invariant subspace.

Proposition S4.4. Let ¥ < Z be an A-invariant subspace. Then
L =& W)+ -+ (& HY, (S4.8)
where W', ..., W', are the root subspaces of A.

Proof. Let P; be the Riesz projector corresponding to 4;; then
#i=ImP;,i=1...,k On the other hand, P, + P, + --- + P, =1, so
any x € % can be written in the form

x=Px+ P,x+ -+ P.x. (S4.9)

From formula (S4.5) for Riesz projectors and the fact that . is A-invariant,
it follows that P;x € £ forx = 1, ..., k. Indeed, let I'; be a contour such that
A; is inside I'; and 4;, for j # i, is outside I';. For every A € I';, the linear
transformation I1 — A is invertible and (I1 — A)x € & for every x € .
Therefore,

L - A xeg forevery xe 2. (S4.10)
Now for fixed x € &, the integral

1 -1
(% fr.-(“ — A) d/l)x

is a limit of Riemannian sums, all of them belonging to & in view of (S4.10).
Hence the integral, as a limit, also belongs to .%, i.e., P,x € Z.

We have proved that P,x e & n #; for any x € ¥. Now formula (S4.9)
gives the inclusion & < (£ n#'y) + --- + (£ n #). Since the opposite
inclusion is obvious, and the sum in the right hand side of (S4.8) is direct
(because (S4.7) is a direct sum), Proposition S4.4 follows. [
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Proposition S4.4 often allows us to reduce consideration of invariant
subspaces of A to the case when a(A4) consists only of a single point (namely,
by considering the restrictions 4 |, to the root subspaces).

S4.3. The Gap between Subspaces

This section, and the next, are of an auxiliary character and are devoted
to the basic properties of the set of all subspaces in & = €". These properties
will be needed in Section S4.5 to prove results on stable invariant subspaces.

As usual, we assume that €" is endowed with the scalar product (x, y) =
YiixiViix =(xp ..., x) y=(y1,..., )" € C" and the corresponding
norm

n 1/2
x| = (lei|2> s ox = (X, x,) €L
i=1

The norm for an n x n matrix A (or a linear transformation 4: " — ")
is defined accordingly:

[All = max,¢nyo | AX/]1x]].
The gap between subspaces . and .# (in €") is defined as
oL, M) = |Py — Pyl (S4.11)

where P (P ,) is the orthogonal projector on Z(.#) (refer to Section S4.1).
It is clear from the definition that 8(.%, .#) is a metric in the set of all subspaces
in ", ie., (&, /) enjoys the following properties:

(i) 0L, M)>0ifF # M, 0Z,%)=0;
(i) &, M) = 0(M, L);
(i) O, M) <L, N)+ 0N, M).

Note also that (%, .#) < 1 (this property follows immediately from the
characterization (S4.12) below).

In what follows we shall denote by S, the unit sphere in a subspace
L < ie,S, = {x|xeZ,|x| = 1}. Weshall also need the concept of the
distance of d(x, Z) from x € €" to a set Z < ¢". This is defined by d(x, Z) =
inf,_z|x — tl.

Theorem S4.5. Let .4, ¥ be subspacesin C". Then

0L, M) = max{ sup d(x, &£), sup d(x, /%)}. (S4.12)

xeS_y xeSy
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If P,(P,) are projectors with Im P, = ¥ (Im P, = #), not necessarily
orthogonal, then
&, M) < ||P, — P,|. (S4.13)
Proof. For every x € S, we have
lx = Pyx| = [[(Py — Py)x| < [Py — P,,
therefore

sup d(x, #) < |P; — Pl

xeSy
Analogously, sup, s , d(x, £) < [P — P,||;so
max{pg, put < [Py — Py, (S4.14)

where po = sup,cs, d(X, M), p 4 = SuPycs ,d(x, L)
Observe that py = sup,cs, (I — P)x|l, py = supyes , I — Py)x|l.
Consequently, for every x € " we have

I = PAPuxl < pullPuxl, Il = PPyx| < polPyx|. (S415)
Now
IPu(I = Pp)x||> = (I = PP (I — Pg)x, (I —Pg)x)
< U = PP (I — Py)x|l- (I — Pg)x|;
hence by (S4.15)
1P = Pe)xll> < p yllPull — Pe)x|l-|(I = Po)x],
IP.aI = Po)x|| < pyll(I = Pg)x|. (54.16)
On the other hand, using the relation
Py—Py=P,I—-Py)—U—-P,Py
and the orthogonality of P ,, we obtain
[Py — Pe)x|? = [Pl = PL)X|* + I = P 4)Pox]||*
Combining with (S4.15) and (54.16) gives
1Py — Pe)x|I> < p2ull(I — Pp)XI? + pZlPox|I* < max{p%, pZ}lx]>

So

IP.u— Pyl < max{pe, p}.

Using (S4.14) (with P, = P,, P, = P ,) we obtain (S4.12). The inequality
(S4.13) follows now from (S4.14). O
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An important property of the metric 0(%, .#) is that in a neighborhood
of every subspace ¥ < €" all the subspaces have the same dimension (equal
to dim %). This is a consequence of the following theorem.

Theorem S4.6. If (&, M) < 1, then dim ¥ = dim /.

Proof. Condition 0(%, .#) < 1 implies that & n .#* = {0} and
LY A M = {0}. Indeed, suppose the contrary, and assume, for instance,
that & N 4+ # {0}. Let xe S, N 4*. Then d(x, .#) = 1, and by (S4.12),
0(&, M) = 1, a contradiction. Now £ n #* = {0} implies that dim ¥ <
dim # and ¥* n 4 = {0} implies that dim ¥ > dim .#. O

It also follows directly from this proof that the hypothesis 0(%, .#) < 1
implies " = ¥ + M* = ¥* § . In addition, we have

PAZL)= M, P M)=2.

To see the first of these, for example, observe that for any x € ./ there is the
unique decomposition x = y + z, ye &, ze #*. Hence,x = P,x = P,y
sothat # < P ,(%).Butthereverse inclusionisobvious andsowemust have
equality.

We conclude this section with the following result, which makes precise
the idea that direct sum decompositions of " are stable under small per-
turbations of the subspaces in the gap metric.

Theorem S4.7. Let M, #, = C" be subspaces such that
M+ M= C"
If A is a subspace in €" such that O(M, N") is sufficiently small, then

N+ M =C, (S4.17)
and
M, V)< ||P, — P, <COM N, (S4.18)

where P ,(P ) projects C" onto M (onto N") along M, and C is a constant
depending on M and M , but not on N,

Proof. Let us prove first that the sum 4" 4 .#, is indeed direct. The
condition that # 4+ #, = €" is a direct sum implies that |[x — y|| > 6 > 0
for every x € S 4, and every y € /. Here ¢ is a fixed positive constant. Take
A" so close to A that (4, /) < 6/2. Then ||z — y|| < §/2foreveryze S,
where y = y(z) is the orthogonal projection of z on .#. Thus for x € S ,, and
ze S, we have

lx =zl =[x =yl = Iz = yll = 9/2,
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so N N .#, = {0}. By Theorem S4.6 dim A" = dim .# if O(4, /") < 1, so
the dimensional consideration tells us that 4~ + #, = C"for O(MH, V) < 1,
and (S4.17) follows.

To establish the right-hand inequality in (S4.18) two preliminary remarks
are needed. First note that for any x € .#, y e M, x = P ,(x + ) so that

Ix + ylIl = 1P~ Ix]- (S4.19)
It is claimed that, for 8(.#, .#") small enough,
Iz + ylI = 3IP..l "zl (S4.20)

forallze A and y e .4 ,.
Without loss of generality assume ||z|| = 1. Suppose 6(.#, A7) < 6 and
let x € .#. Then, using (S4.19) we obtain

Iz + yll = lIx + yll = llz = x[ = 1P~ x| = o.
But then x = (x — z) + z implies ||x|| = 1 — d and so
Iz 4+ yl = IPafll™ (1 = 8) =0
and, for 6 small enough, (S4.20) is established.
The second remark is that, for any x € "

x — P x| < Cod(x, #) (S4.21)
for some constant C,,. To establish (S4.21), it is sufficient to consider the case
that x e Ker P, and |x|| = 1. But then, obviously, we can take C, =
maXxEKerﬁ,ﬂ. [Ix||=1 {d(xa =/”)- 1}‘

Now for any x € S -, by use of (S4.21) and (S4.12),
1Py = Pi)xll = lIx = Pyx|l < Cod(x, M) < Cof( M, N).
Then,ifwe €% |w||=1l,and w =y + z,ye N,z ./,,
1Py = Piowll = I(Pu — Py)yll < I¥ICobCM, N) < 2C||P 4|0, N

and the last inequality follows from (S4.20). This completes the proof of the
theorem. [

S4.4. The Metric Space of Subspaces

Consider the metric space @, of all subspaces in €" (considered in the gap
metric 0(%, .4)). In this section we shall study some basic properties of @,.
We remark that the results of the preceding section can be extended to
subspaces in infinite-dimensional Hilbert space (instead of €") and, with some
modifications, to the case of infinite-dimensional Banach spaces. The
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followingfundamental theorem is, in contrast, essentially “ finite dimensional”
and cannot be extended to the framework of subspaces in infinite dimensional
space.

Theorem S4.8. The metric space (¢, is compact and, therefore, complete
(as a metric space).

Recall that compactness of ¢, means that for every sequence ¥ & 2500
of subspaces in ¢, there exists a converging subsequence .%; , Z; 1.e.,
such that

i1 [PE IR

lim 68(%;

k—

Zo) =0

[

for some &, € ¢,. Completeness of ¢, means that every sequence of sub-
spaces &;,i = 1,2,...,for which lim, ;. , 0(Z;,%) = 0 is convergent.

Proof. In view of Theorem S4.6 the metric space %, is decomposed into
components @, ., m=0,..., n, where &, ,, is a closed and open set in &,
consisting of all m-dimensional subspaces in ".

Obviously, it is sufficient to prove the compactness of each @, ,,. To this
end consider the set §, ,, of all orthonormal systems u = {u, };— , consisting
of m vectors uy, ..., u,, in "

Foru = {u}p-,, v = {v,Jri= € $, . define

m 1/2
o(u, v) = (Z [l — vk”Z) :
k=1

It is easily seen that d(u, v) is a metric in §,, ,,, so turning §, ,, into a metric
space. For each u = {u,}y-, € 8, ,, define A,,u = Span{uy,...,u,} € G, .
In this way we obtain a map 4,,: $, ,,— &,.,, of metric spaces 3, ,, and G, ,,.

We prove now that the map A4,, is continuous. Indeed, let & € @, ,, and

let v, ..., v, be an orthonormal basis in #. Pick some u = {u}f-, € 8§, .
(which is supposed to be in a neighborhood of v = {y}i-, € §, ). For
v;,i =1, ..., m,wehave (where # = A, uand P , stands for the orthogonal

projector on the subspace A4):
(P — Pl = IP yvi — vill < [P y(vi — udll + [u; — vill
< Pl lloi = will + llug — vill < 26(u, v),

and therefore for x = Y7L, 0,0, € Sy

Py — Po)x| <2 ) 0|0(u, v).

i=1
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Now, since ||x|| = Y71 || = 1, we obtain that [;] < 1and Y I |o] < m,
and so
[Py — Po)lell < 2mo(u, v). (54.22)
Fix now some y € S .. We wish to evaluate P , y. For every x € %, write
(5, Pyy) =(Pux,y) =((Py — Pe)x,y) + (x,)) = (P — Pe)X, y),
and
(%, Py )| < 2mlx]| 5w, v) (S4.23)
by (S4.22). On the other hand, write
Pyy= Z o
i=1

1

then for every z € £+

(z, Pyy) = (Z’ iai(ui - Ui)) + (Z’ i aivi) = (Z, i o(u; — Ui)):

i=1 i=1

and
m
1z, Pup)| < Nzl X ou; = vl < llzlm max Jog] [lu; — vyl
i=1 1<i<m
But ||yl = 1 implies that ) 7_, |o;|* < 1, 50 max; <;<n || < 1. Hence,

[z, Pyy)| < |lz||md(u, v). (S4.24)
Combining (S4.23) and (S4.24) we obtain that
(6, P )| < 3md(u, v)
for every t € €" with [t|| = 1. Thus,
IPyyll < 3mé(u, v). (S4.25)

Now we can easily prove the continuity of 4,,. Pick x € ", ||x|| = 1. Then,
using (S4.22), (S4.25), we have

1P = Pe)xll < [(Py = PL)Pex|| + [Pulx — Pex)| < 5Sm-d(u, v),
SO
OAM, L) = ||Py— Pgl < Smo(u, v),

which obviously implies the continuity of 4,,.
It is easily seen that §, ,, is compact. Since 4,,: §,,.,, = G, ,, is a continuous
map onto &, ,,, the latter is also compact.
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Finally, let us prove the completeness of G, ,,. Let ¥, £,,... be a
Cauchy sequence in @, ,,, ie., 0(Z;, £;)— 0 as i, j > 0. By compactness,
there exists a partial sequence #;,_such that lim,_, , 0(Z;,, &) = Ofor some
% €@, . But then it is easily seen that in fact ¥ = lim,_,, %;. O

S4.5. Stable Invariant Subspaces: Definition and Main Result

Let A: €" — €" be a linear transformation. If 4, is an eigenvalue of 4, the
corresponding root space Ker(1,1 — A)" will be denoted by A"(4,).

An A-invariant subspace A" is called stable if given ¢ > 0O there exists
0 > Osuch that |B — A|| < dfora linear transformation B: " — " implies
that B has an invariant subspace .# with |P , — P, | < e Here P , denotes
the orthogonal projector with Im P = .#. The same definition applies for
matrices.

This concept is particularly important from the point of view of numerical
computation. It is generally true that the process of finding a matrix repre-
sentation for a linear transformation and then finding invariant subspaces
can only be performed approximately. Consequently, the stable invariant
subspaces will generally be the only ones amenable to numerical computation.

Suppose A" is a direct sum of root subspaces of A. Then .4 is a stable
invariant subspace for A. This follows from the fact that 4" appears as the
image of a Riesz projector

1
R, =—,f(1/1— A)~'d,
2ni Jr

where I is a suitable contour in € (see Proposition S4.3). Indeed, this formula
ensures that |Ryz — R,| is arbitrarily small if |B — A|| is small enough. Let
A = Im Rg;since P, and P , are orthogonal projectors with the same images
as R, and Ry respectively, the following inequality holds (see Theorem
S4.5)

[Py = Paull < [Rg = Ryl (54.26)

so |P, — P | is small together with ||[Rg — R 4.

It will turn out, however, that in general not every stable invariant
subspace is spectral. On the other hand, if dim Ker(4;/ — 4) > 1 and 4" is
a one-dimensional subspace of Ker(4;1 — A), it is intuitively clear that a
small perturbation of A can result in a large change in the gap between
invariant subspaces. The following simple example provides such a situation.
Let A be the 2 x 2 zero matrix, and let A" = Span{[}]} = €. Clearly, 4"
is A-invariant; but 4" is unstable. Indeed, let B = diag[0, ¢], where ¢ # 0 is
close enough to zero. The only one-dimensional B-invariant subspaces are
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M, = Span{[$]} and .#, = Span{[{]}, and both are far from .#": computa-
tion shows that

IPy— Pyl =1//2, i=12

The following theorem gives the description of all stable invariant
subspaces.

Theorem S4.9. Let Ay,..., A, be the different eigenvalues of the linear
transformation A. A subspace A of €" is A-invariant and stable if and only if
N =N +--- + N, where for each j the space N; is an arbitrary A-
invariant subspace of A'(A;) whenever dim Ker(A;I — A) = 1, while otherwise
N ;= {0} or /'j = N (A)).

The proof of Theorem S4.9 will be based on a series of lemmas and an
auxiliary theorem which is of some interest in itself.

In the proof of Theorem S4.9 we will use the following observation which
follows immediately from the definition of a stable subspace: the A-invariant
subspace .4 is stable if and only ifthe SAS ™ -invariant subspace S.4" is stable.
Here S: €" — C"is an arbitrary invertible linear transformation.

S4.6. Case of a Single Eigenvalue

The results presented in this subsection will lead to the proof of Theorem
S4.9 for the case when A has one eigenvalue only. To state the next theorem
we need the following notion: a chain .#, « M, <=--- < M,_, of A-
invariant subspaces is said to be complete if dim .#; = jforj=1,...,n — L.

Theorem S4.10. Given ¢ > 0, there exists 6 > 0 such that the following
holds true: If B is a linear transformation with |B — A|| < and {.#;} is a
complete chain of B-invariant subspaces, then there exists a complete chain
{A'} of A-invariant subspaces such that [P, — P, | <¢ for j=1,...,
n—1

In general the chain {4";} for A will depend on the choice of B. To see
this, consider

0 0 0 0 o v
R R S

where ve €. Observe that for v # 0 the only one dimensional invariant
subspace of B, is Span{(0, 1)} and for B/, v # 0, the only one-dimensional
invariant subspace is Span{(1, 0)T}.

Proof. Assume that the conclusion of the theorem is not correct. Then
there exists ¢ > 0 with the property that for every positive integer m there
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exists a linear transformation B,, satisfying ||B,, — 4| < 1/m and a complete
chain {#,,;} of B,-invariant subspaces such that for every complete chain
{/";} of A-invariant subspaces:

max [Py, — P, Il >¢ m=12,.... (S4.27)

1<j<k-1

Denote for brevity P,,; = P, .

Since |P,;ll = 1, there exists a subsequence {m;} of the sequence of
positive integers and linear transformations P, ..., P,_, on €", such that

limP, ,=P;, j=1,....,n—1 (S4.28)

Observe that Py, ..., P,_, are orthogonal projectors. Indeed, passing to the

limit in the equalities P, ; = (P,, ;)*, we obtain that P; = P}. Further
(S4.28) combined with P} ; = P, ;implies that P¥ = P;;so P;is an ortho-
gonal projector (Proposition S4.2).

Further, the subspace .4"; = Im P; has dimension j, j = 1,...,n — 1.
This is a consequence of Theorem S4.6.

By passing to the limits it follows from B,, P,,; = P,;B,,P,; that AP; =
P;AP;. Hence A"; is A-invariant. Since P,; = P,, ;. P,; we have P; =
PJHP and thus Af < A, It follows that A" is a complete chain of
A-invariant subspaces Finally, 0(A";, M, ;) = |P; — P,,;ll = 0. But this
contradicts (S4.27), and the proof is complete. []

Corollary S4.11. If A has only one eigenvalue, A, say, and if
dim Ker(1oI — A) = 1, then each invariant subspace of A is stable.

Proof. The conditions on A4 are equivalent to the requirement that for
each 1 <j <k — 1 the operator A has only one j-dimensional invariant
subspace and the nontrivial invariant subspaces form a complete chain. So
we may apply the previous theorem to get the desired result. [J

Lemma S4.12. If A has only one eigenvalue, A, say, and if
dim Ker(A,I — A) > 2, then the only stable A-invariant subspaces are {0}
and C".

Proof. Let J = diag(J,, ..., J;) be a Jordan matrix for A. Here J; is a
simple Jordan block with A, on the main diagonal and of size k;, say. As
dim Ker(1,1 — A) > 2 we have s > 2. By similarity, it suffices to prove that
J has no nontrivial stable invariant subspace.

Let ey, ..., e be the standard basis for €". Define the linear transforma-
tion T, on €" by setting

€e;_ fi=wx +--+x;+1, j=1...,5s—-1
T,e; = .
0 otherwise,
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andputB, = J + T,.Then |B, — J| tendsto Oas ¢ —» 0. For ¢ # 0 the linear
transformation B, has exactly one j-dimensional invariant subspace namely,
N ; = Span{ey, ..., e;}. Here 1 <j < k — 1. It follows that .4; is the only
candidate for a stable J-invariant subspace of dimension j.

Now consider J = diag(J,,...,J,). Repeating the argument of the
previous paragraph for J instead of J, we see that A ;is the only candidate
for a stable J-invariant subspace of dimension j. But J = SJS™!, where S is
the similarity transformation that reverses the order of the blocks in J. It
follows that §.47; is the only candidate for a stable J-invariant subspace of
dimension j. However, as s > 2, we have SA47; # A" ;for1 <j <k — 1,and
the proof is complete. [

Corollary S4.1 and Lemma S4.12 together prove Theorem S4.9 for the
case when A has one eigenvalue only.

S4.7. General Case of Stable Invariant Subspaces

The proof of Theorem S4.9 in the general case will be reduced to the case
of one eigenvalue which was considered in Section S4.6. To carry out this
reduction we will introduce some additional notions.

We begin with the following notion of minimal opening. For two sub-
spaces .# and A" of " the number

WM, V) =inf{|x + ylIxe ., ye N, max(|x], [yll) = 1}

is called the minimal opening between .# and 4". Note that always 0 <
n(A, /) < 1, except when both .# and .4 are the zero subspace, in which
case n(M, V) = oco. It is easily seen that y(.#, A") > 0 if and only if
M N = {0}

The following result shows that there exists a close connection between
the minimal opening and gap 0(.#, /") between subspaces.

Proposition S4.13. Let .#,,m = 1,2, ..., be a sequence of subspaces in
¢ If im,, ., , O(A,,, L) = 0 for some subspace &, then

WMy V') > (L, N) (S4.29)

for every subspace N.

Proof. Note that the set of pairs {(x, y)|x € A4, y € A", max(||x], [|y]]) =
1} < €" x ¢€" is compact for any pair of subspaces .#, .4". Since ||x + y|| is
a continuous function of x and y, in fact

N, N) =[x+ yll



370 S4. STABLE INVARIANT SUBSPACES

for some vectors x € .#, y e & such that max(||x||, |y]) = 1. So we can
choose x,, € A,,, yp€ N,m = 1,2,..., such that max(||x,,, [|y.]) = 1 and
WMy, N) = |IX,, + ymll. Pick convergent subsequences x,, — x, € ",
Y, = Vo € . Clearly, max([xoll, [¥ol) = 1 and n(,,, /) = %0 + Yol
It is easy to verify (for instance by reductio ad absurdum) that x, € . Thus

N M s A7) = X0 + Yoll = n(ZL, N). (54.30)
On the other hand
lim,,,  sup n(A,,, /') < n(&L, N). (S4.31)
Indeed, let x € &, y € A be such that max(||x|, ||y||) = 1 and
&, /) = llx + yll.

Assume first that x # 0. For any given ¢ > 0 there exists m, such that
d(x, #,) < eform = m,. Let x,, € #,, be such that d(x, #,,) = ||x — x,,|-
Then z,, & (||x]|x,)/|1 Xl € A,,, max(||z,|l, |y]) =1 and for m > m, we
obtain

x|l [lx]|
R L T 'x’ ’ ”x”|1 B
<t gl + X Tl = Dl
[l [,

Taking ¢ < | x||/2, we obtain that |z, + y|| < ||x + y|| + 2¢ + 5S¢, so
WMy V) < Nz + ] = llx + yll = (L, A),

and (S4.31) follows.

Combining (S4.30) and (S4.31) we see that for some subsequence m, we
have limy_, , (A, , V) = n&, A). Now by a standard argument one
proves (S4.29). Indeed, if (S4.29) were not true, then we could pick a sub-
sequence m;, such that

Limn(A s N) # (L, N). (S4.32)
k—
But then we repeat the above argument replacing .#,, by .#,,; . So it is possible
to pick a subsequence my, from my; such that lim, , , §(A y, V) = n(L, N),
a contradiction with (S.4.32). [

Let us introduce some terminology and notation which will be used in
the next two lemmas and their proofs. We use the shorthand A4,, - A for
lim,,., . |4, — A] = 0,where A,,,m = 1,2, ...,and A are linear transforma-
tions on €". Note that A,, » A4 if and only if the entries of the matrix repre-
sentations of A,, (in some fixed basis) converge to the corresponding entries
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of A (represented as a matrix in the same basis). Wesay that a simple rectifiable
contour I" splits the spectrum of a linear transformation T if o(T) N ' = (.
In that case we can associate with T and I' the Riesz projector

P(T;T) = % f(u — T)"'da
r

The following observation will be used subsequently. If T is a linear
transformation for which I' splits the spectrum, then I" splits the spectrum
forevery linear transformation S which is sufficiently close to T (i.e., ||S — T||
is close enough to zero). Indeed, if it were not so, we have det(4,,I — S,,) = 0
for some sequence 4,, € I' and S,, - T. Pick a subsequence 4,,, — 4, for some
Ao € I'; passing to the limit in the equality det(4,, I — S,,,) = O (here we use
the matrix representations of S,, and T in some fixed basis, as well as the
continuous dependence of det A4 on the entries of A) we obtain
det(AoI — T) = 0, a contradiction with the splitting of a(T).

We shall also use the notion of the angular operator. If P is a projector
of ¢" and A is a subspace of ¢" with Ker P 4 .# = ", then there exists a
unique linear transformation R from Im P into Ker P such that /4 =
{Rx + x|x € Im P}. This transformation is called the angular operator of ./
with respect to the projector P. We leave to the reader the (easy) verification
of existence and uniqueness of the angular operator (or else see [3c, Chapter

5).

Lemma S4.14. Let T be a simple rectifiable contour that splits the
spectrum of T, let T, be the restriction of T to Im P(T;T") and let A" be a
subspace of Im P(T; I'). Then A is a stable invariant subspace for T if and
only if /" is a stable invariant subspace for Ty.

Proof. Suppose A" is a stable invariant subspace for Ty, but not for T.
Then one can find ¢ > 0 such that for every positive integer m there exists a
linear transformation S,, such that

IS, — T|l < 1/m (S4.33)

and
N, M) = e, MeQ,,. (S4.34)
Here Q,, denotes the collection of all invariant subspaces for S,,. From
(S84.33) it is clear that S,, » T. By assumption I" splits the spectrum of
T Thus, for m sufficiently large, the contour T will split the spectrum of S,,,.

Moreover, P(S,,; I') » P(T; ') and hence Im P(S,,; I') tends to Im P(T; I')
in the gap topology. But then, for m sufficiently large,

Im P(T;T) + Im P(S,,;T) = ¢*
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(cf. Theorem S4.7).

Let R,, be the angular operator of Im P(S,,; T) with respect to P(T; I).
Here, as in what follows, m is supposed to be sufficiently large. As P(S,,; I') —»
P(T; T), we have R,, — 0. Put

I R
E, = "
0 I
where the matrix representation corresponds to the decomposition

¢" = Ker P(T;T) 4 Im P(T; ). (S4.35)

Then E,, is invertible with inverse

I -R
E;' = "
=10 )

E,Im P(T;T") = Im P(S,,; "), and E,, — I.

PutT,, = E,,'S.E,. Then T,,Im P(T;T) < Im P(T;T)and T,, - T. Let
T,,, be the restriction of T, to Im P(T; I'). Then T,,, » T,. As A" is a stable
invariant subspace for T, there exists a sequence {.4/",} of subspaces of
Im P(T;T) such that A", is T, -invariant and 6(4",,, A7) - 0. Note that
N ' 18 also T,,-invariant.

Now put .#,, = E,, AN ,,. Then .#,, is an invariant subspace for S,,. Thus
M, €Q,.FromE, — I onecaneasilydeducethat 0(#,,, /") — 0. Together
with 0(A",,,, /') — O this gives 8(#,,, /') - 0, which contradicts (S4.34).

Next assume that 4~ < Im P(T; I') is a stable invariant subspace for 7,
but not for T,. Then one can find ¢ > 0 such that for every positive integer
m there exists a linear transformation S,, on Im P(T; I') satisfying

1S, — Toll < 1/m (S4.36)
and
ON, M) = e, N eQ,,. (S4.37)

Here Q,,, denotes the collection of all invariant subspaces of S,,. Let T,
be the restriction of T to Ker P(T; I') and write

T, 0
S"‘ B [O Smo]

where the matrix representation corresponds to the decomposition (54.35).
From (S4.36) it is clear that S,, > T. Hence, as 4" is a stable invariant sub-
space for T, there exists a sequence {4",,} of subspaces of €" such that A", is
S,-invariant and 6(A",,, A") - 0. Put .#,, = P(T; I')./",,. Since P(T; I')
commutes with S,,, then .#,, is an invariant subspace for S, . We shall now
prove that 8(.#,,, /") — 0, thus obtaining a contradiction to (S4.37).
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Take y € .#,, with |y|| < 1. Then y = P(T; I')x for some x € .#,,. As
Iyl = IP(T; D)x|| = inf{llx — u|u e Ker P(T;T)}
> (AN, Ker (T T)) - [[x]l, (54.38)

where #(-, -) is the minimal opening. By Proposition S4.13, (A4",,, /") = 0
implies that n(.4",,, Ker P(T; ")) - o, where n, = n(4", Ker P(T; I')). So,
for m sufficiently large, n(A",,» Ker P(T; I')) > i5,. Together with (S4.38),
this gives

Iyl = 3mollxll,
for m sufficiently large. Using this it is not difficult to deduce that
O(M yy /') < (1 + 2/no) | P(T; DO(A > A7)

for m sufficiently large. We conclude that 6(.#,,, 4") — 0, and the proof is
complete. [

Lemma S4.15. Let A be an invariant subspace for T, and assume that the
contour T splits the spectrum of T. If A" is stable for T, then P(T; ')A is a
stable invariant subspace for the restriction Ty of T to Im P(T; T).

Proof. Itisclear that .# = P(T; ')A is Ty-invariant.

Assume that .# is not stable for T,. Then ./ is not stable for T either, by
Lemma S4.14. Hencethereexist¢ > 0and a sequence {S,,} suchthatS,, > T
and

&, M) = e, ZeQ,, m=12,..., (S4.39)

where Q,, denotes the set of all invariant subspaces of S,,,.

As " is stable for T, one can find a sequence of subspaces {4",,} such that
SpN m = Nyand O(AN,,, /) = 0. Further, since I splits the spectrum of T
and S,, —» T, the contour I" will split the spectrum of S,, for m sufficiently
large. But then, without loss of generality, we may assume that I splits the
spectrum of each S,,. Again using S,, — T, it follows that P(S,,; ') —» P(T;T).

Let & be a direct complement of A" in €". As 8(A",,, &) — 0, we have
" =% + A, for m sufficiently large (Theorem S4.7). So, without loss of
generality, we may assume that €" = & + A", for each m. Let R,, be the
angular operator of .4",, with respect to the projector of €" along % onto

A7, and put
E, - I R,
0 I

where the matrix corresponds to the decomposition " = & + A4". Note
that T,,= E_'S,,E,, leaves ./ invariant. Because R,,—»0 we have E,, — I,
andso T,, » T.
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Clearly, I' splits the spectrum of T|,. As T,, » T and .4 is invariant for
T,,, the contour I" will split the spectrum of T,,| ,- too, provided m is sufficiently
large. But then we may assume that this happens for all m. Also, we have

lim P(T,,| ;) —» P(T), ;).
Hence #,, = Im P(T,|,;T) - Im P(T|,; ') = .4 in the gap topology.

Now consider &#,, = E,,.#,,. Then &,, is an §,-invariant subspace.
From E, — I it follows that 0(%,, #,)— 0. This together with
oA, #)—0, gives (Z,,, #)— 0. So we arrive at a contradiction to
(S4.39), and the proof is complete. [

After this long preparation we are now able to give a short proof for
Theorem S4.9.

Proof of Theorem S4.9. Suppose A is a stable invariant subspace for 4.
Put #°; = P; /. Then #" = A" 4+ --- + A ,. By Lemma S4.15 the space
A;is a stable invariant subspace for the restriction 4; of A to ./7(4;). But 4;
has one eigenvalue only, namely, 4;. So we may apply Lemma S4.12 to prove
that .4"; has the desired form.

Conversely, assume that each .#”; has the desired form, and let us prove
that /" = A", + --- + A, is astable invariant subspace for A. By Corollary
S4.11 the space .4 is a stable invariant subspace for the restriction 4; of 4
to Im P;. Hence we may apply Lemma S4.14 to show that each .47 is a stable
invariant subspace for A. But then the same is true for the direct sum A" =
N+ + N O

Comments

Sections S4.3 and S4.4 provide basic notions and results concerning the
set of subspaces (in finite dimensional space); these topics are covered in
[32c, 48] in the infinite-dimensional case. The proof of Theorem S4.5 is from
[33, Chapter IV] and Theorem S4.7 appears in [34¢].

The results of Sections 4.5-4.7 are proved in [3b, 3c]; see also [12]. The
book [3c] also contains additional information on stable invariant sub-
spaces, as well as applications to factorization of matrix polynomials and
rational functions, and to the stability of solutions of the algebraic Riccati
equation. See also [3c, 4] for additional information concerning the notions
of minimal opening and angular operator.

We mention that there is a close relationship between solutions of matrix
Riccati equations and invariant subspaces with special properties of a certain
linear transformation. See [3c, 12, 15b, 16, 53] for detailed information.



Chapter S5

Indefinite Scalar Product Spaces

This chapter is devoted to some basic properties of finite-dimensional
spaces with an indefinite scalar product. The results presented here are used
in Part III. Attention is focused on the problem of description of all indefinite
scalar products in which a given linear transformation is self-adjoint. A
special canonical form is used for this description. First, we introduce the
basic definitions and conventions.

Let & be a finite-dimensional vector space with scalar product (x, y),
X,y € Z,and let H be a self-adjoint linear transformation in &; i.e., (Hx, y) =
(x, Hy)for all x, y € Z. This property allows us to define a new scalar product
[x, y], x, y € Z by the formula

[x,y] = (Hx, y)

The scalar product [ , ] has all the properties of the usual scalar product,
except that [x, x] may be positive, negative, or zero. More exactly, [x, y]
has the following properties:

(1) [ogxy +oyx,, y] = oy[xy, y] + o[x,, y1;
(2 [x, o0y + 09,0 = aylx, yi] + %lx, y,1;
(3) [x,y1=1[yx];

(4) [x, x]isreal for every x € Z.

375
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Because of the lack of positiveness (in general) of the form [x, x], the scalar
product [ , ] is called indefinite, and & endowed with the indefinite scalar
product [ , ] will be called an indefinite scalar product space.

We are particularly interested in the case when the scalar product
[, 1 is nondegenerate, ie., [x,y] = 0 for all y e & implies x = 0. This
happens if and only if the underlying self-adjoint linear transformation H
is invertible. This condition will be assumed throughout this chapter.

Often we shall identify & with €". In this case the standard scalar product
is given by (x, ) = Y1y ;i x = (xp,..., %) €y = (yy,...,y) €,
and an indefinite scalar product is determined by an n x n nonsingular
hermitian (or self-adjoint) matrix H:[x, y] = (Hx, y)forall x, y € €".

Finally, a linear transformation A:% — % is called self-adjoint with
respect to H (or H-self-adjoint) if [Ax, y] = [x, Ay] for all x, y € Z, where
[x, y] = (Hx, y). This means HA = A*H.

SS.1. Canonical Form of a Self-Adjoint Matrix and the Indefinite Scalar
Product

Consider the following problem: given a fixed n x n matrix A, describe
all the self-adjoint and nonsingular matrices H such that A4 is self-adjoint
in the indefinite scalar product [x, y] = (HXx, y), ie., [Ax, y] = [x, Ay], or,
what is the same, HA = A*H. Clearly, in order that such an H exist, it is
necessary that A is similar to A*. We shall see later (Theorem S5.1 below)
that this condition is also sufficient. For the spectral properties of 4 this
condition means that the elementary divisors of /A — A are symmetric
relative to the real line; ie., if 1o(#4,) is an eigenvalue of 1A — A with the
corresponding elementary divisors (A — Ag)™, i = 1,...,k, then 1, is also
an eigenvalue of 11 — A with the elementary divisor (1 — A))*, i = 1,...,k.
Now the problem posed above can be reformulated as follows: given a
matrix 4 similar to 4*, describe and classify all the self-adjoint nonsingular
matrices which carry out this similarity.

Consider first the case that A = I. Then any self-adjoint nonsingular
matrix H is such that I is H-self-adjoint. Thus, the problem of description
and classification of such matrices H is equivalent to the classical problem
of reduction of H to the form S*PS for some nonsingular matrix S and
diagonal matrix P such that P2 = I. Then the equation H = S*PS is nothing
more than the reduction of the quadratic form (Hx, x) to a sum of squares.

To formulate results for any 4 we need a special construction connected
with a Jordan matrix J which is similar to J*. Similarity between J and J*
means that the number and the sizes of Jordan blocks in J corresponding to
some eigenvalue 1q(# 4,) and those corresponding to 4, are the same. We



S5.1. CANONICAL FORM 377

now fix the structure of J in the following way: select a maximal set {4,,...,4,}
of eigenvalues of J containing no conjugate pair, and let {A,., ..., A,4p}
be the distinct real eigenvalues of J. Put 4,,,.; = 4;,forj = 1,...,a, and let

J = diag[JJ#7° (85.1)
where J; = diag[J;;]%, is a Jordan form with eigenvalue 4 and Jordan
blocks, J; {,...,J;, of sizeso; y = -+ = a; ,,, respectively.

Anoa x omatrix whose (p, g) entryis 1 orOaccordingasp + g = a + lor
p + q # a + 1 will be called a sip matrix (standard involuntary permutation).

An important role will be played in the sequel by the matrix P, ; con-
nected with J as follows:

0 0 P,
P.,=10 P, 0 (S5.2)
P, 0 0
where
P, = diag[diag[P;; 15 ,]¢-,
and

P = diag[diag[gijpij]’;’i=1 A

with sip matrices Py, of sizes ay X o, (s=1,...,a + b, t = 1,...,k) and
the ordered setof signse = (¢;;),i =a + 1,...,a+ b,j=1,...,k;,¢; = £1.

Using these notations the main result, which solves the problem stated
at the beginning of this section, can bow be formulated.

Theorem S5.1. The matrix A is self-adjoint relative to the scalar product
(Hx, y) (where H = H* is nonsingular) if and only if

T*HT = P, ,, T 'AT=1J (S5.3)
for some invertible T, a matrix J in Jordan form, and a set of signs e.

The matrix P, ; of (S5.3) will be called an A-canonical form of H with
reducing transformation S = T~ 1. It will be shown later (Theorem S5.6)
that the set of signs ¢ is uniquely defined by A and H, up to certain permuta-
tions. The proof of Theorem S5.1 is quite long and needs some auxiliary
results. This will be the subject matter of the next section.

Recall that the signature (denoted sig H) of a self-adjoint matrix H
is the difference between the number of positive eigenvalues and the number
of negative eigenvalues of H (in both cases counting with multiplicities).
It coincides with the difference between the number of positive squares and
the number of negative squares in the canonical quadratic form determined
by H.
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The following corollary connects the signature of H with the structure
of real eigenvalues of H-self-adjoint matrices.

Corollary S5.2. Let A be an H-self-adjoint matrix, and let s be the
signature of H. Then the real eigenvalues of A have at least |s| associated
elementary divisors of odd degree.

Proof. It follows from the relation (S5.3) that s is also the signature of
P, ;. It is readily verified that each conjugate pair of nonreal eigenvalues
makes no contribution to the signature; neither do sip matrices associated
with even degree elementary divisors and real eigenvalues. A sip matrix
associated with an odd degree elementary divisor of a real eigenvalue
contributes “+ 1” or “—1” to s depending on the corresponding sign in the
sequence ¢. The conclusion then follows. []

Another corollary of Theorem S5.1 is connected with the simultaneous
reduction of a pair of hermitian matrices A and B to a canonical form,
where at least one of them is nonsingular.

Corollary S5.3. Let A, Bbe n x n hermitian matrices, and suppose that B
is invertible. Then there exists a nonsingular matrix X such that

X*AX =P, ,J, X*BX =P, ,,
where J is the Jordan normal form of B~ ' A, and P, , is defined as above.

Proof. Observe that the matrix B~ 'A4 is B-self-adjoint. By Theorem
S5.1, we have

X*BX =P, ,, X 'B'AX =J
for some nonsingular matrix X. So 4 = BXJX ! and
X*AX = X*BXJ =P, ,J. O

In the case when B is positive definite (or negative definite) and A is
hermitian one can prove that the Jordan form of B~ !4 is actually a diagonal
matrix with real eigenvalues. In this case Corollary S5.3 reduces to the well-
known result on simultaneous reduction of a pair of quadratic forms, when
one of them is supposed to be definite (positive or negative), to the sum of
squares. See, for instance, [22, Chapter X] for details.

S5.2. Proof of Theorem S5.1

The line of argument used to prove Theorem S5.1 is the successive
reduction of the problem to the study of restrictions of A and H to certain
invariant subspaces of A. This approach is justified by the results of the
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next two lemmas. A subspace .# of €" is said to be nondegenerate (with
respect to H) if, for every x € .#\{0} there is a y € .# such that (Hx, y) # 0.
For any subspace .# the orthogonal companion of .4 with respect to H is

MY = {xeC"|(Hx,y)=0,ye M)}

The first lemma says that, for a nondegenerate subspace, the orthogonal
companion is also complementary, together with a converse statement.

Lemma S5.4. If ./ is a nondegenerate subspace of C", then " = M +
M and conversely, if M is a subspace and C" = M + M*, then M is non-
degenerate.

Proof. Note first that .#* is the image under H ! of the usual orthogonal
complement (in the sense of the usual scalar product ( , ))to .#. So
dim 4" + dim A = n.
Hence it is sufficient to prove that .# n .#* = {0} if and only if .# is non-
degenerate. But this follows directly from the definition of a nondegenerate
subspace. [

In the next lemma a matrix A is considered as a linear transformation
with respect to the standard basis in ¢".

Lemma S5.5. Let A be self-adjoint with respect to H and let M be a
non-degenerate invariant subspace of A. Then

(a) A% is an invariant subspace of A.

(b) If Q is the orthogonal projector onto M (ie., Q> = Q, Q* = Q,
Im Q = &), then A|, defines a linear transformation on M which is self-
adjoint with respect to the invertible self-adjoint linear transformation
QH| ;M — M.

Proof. Part (a) is straightforward and is left to the reader. For part (b)
note first that QH|, is self-adjoint since H = H*, Q = Q*, and QH|, =
QHQ| ,. Further, QH| , is invertible in view of the invertibility of H and-non-
degeneracy of 4. Then HA = A*H implies Q(HA)Q = Q(A*H)Q and, since
AQ = 049,

(QHQ)(QAQ) = (QA*Q)(QHQ),
from which the result follows. [

Now we can start with the proof of Theorem S5.1.

If (S5.3) holds, then one can easily check that A is self-adjoint relative to
H.Indeed, the equalities P, ,J = J*P, , are verified directly. Then

HA=T*'P,,T" ' . TJT ' = T* ‘P, ,JT ™' = T* 'J*P¥, T~}

= T* UXT*T* 'P, ,T~' = A*H,
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i.e., A is self-adjoint relative to H.

Now let A be self-adjoint relative to the scalar product [x, y] = (Hx, y).

Decompose €" into a direct sum

=24 F XA Zasr F o F Ty (85.4)
where &, is the sum of the root subspaces of 4 corresponding to the eigen-
values A;and 4;,i=1,...,a. Fori=a+ 1,...,a + b, &, is the root sub-
space of 4 corresponding to the eigenvalue 4.

We show first that Z; and Z'; (i # j,i,j = 1,...,a + b) are orthogonal
with respect to H, ie., [x,y] = 0 for every x € Z; and y € Z;. Indeed, let
xeXZ;, ye Z;and assume first that (4 — y;I)’x = (A — p;I)'y = 0, where
; (resp. u;) is equal to either A; or 4; (resp. 4; or 4)), for some nonnegative
integers s and t. We have to show that [x, y] = 0. It is easily verified that this
is so when s = t = 1. Now assume inductively that [x’, y'] = 0 for all pairs
x'e Z;and y' € Z; for which

(A= wIyx = (A - ;4j1)‘/y’ =0, with 8"+t <s+t.

Consider x" = (4 — p;I)x, ' = (A — p;I)y. Then, by the induction hypoth-
esis,
[x,y]=1[xy1=0
or
y’i[xa J’] = [Axa st ﬁj[xs ,V] = [‘x9 AJ’]
But [Ax,y] =[x, Ay] (since A is self-adjoint with respect to H); so
(u; — m)[x, y] = 0.Bythechoice of #;and Z'; we have u; # fi;;s0 [x,y] = 0.
As
Zi={x; + x,|(4 — i, I)**'x; = (A — g;I)*>x, = Ofor some s, and s,},
with an analogous representation for %', it follows from the above that
[x,y] = Oforall xe &, y € &;, where i # j. It then follows from (S5.4) and
Lemma S5.4 that each &'; is nondegenerate.

Consider fixed &;, wherei = 1,...,a(ie, A, # 1). Then &, = &} + &},
where 2 (resp. Z}) is the root subspace of 4 corresponding to A; (resp. 4,).
As above, it follows that the subspaces Z; and &} are isotropic with respect
to H,i.e., [x, y] = Oforeither x, y e & orfor x, y e Z7.

There exists an integer m with the properties that (4 — 4,1)"|4;= 0, but
(A — 4;D™ *a; # 0 for some a,; € ;. Since Z; is nondegenerate and Z;
is isotropic, there exists a b, € 27 such that [(4 — 4L,1)" 'a,, b,] = 1.
Define sequences ay,...,a,,€ Z;and by,...,b, € Z{ by

a;= (A — Ay lay, bj=A—-LIy ‘b, j=1,...,m

Observe that [a;, b,] = [a;, (A — ;D™ 'b,] = [(4 — A, D" 'a;, b,] =1,
in particular, b,, # 0. Further, for every x € &; we have
[x, (4 = Z:Db,] = [x,(4 = 4,D"b,] = [(4 — 4D)"x, b;] = 0;
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so the vector (4 — 4,1)b,, is H-orthogonal to ;. In view of (S5.4) we deduce
that (4 — 4;1)b,, is H-orthogonal to €", and hence

(4 — A;Db,, = 0.
Thenclearly a,,, ..., a, (resp.b,,, . .., b,)isaJordan chain of 4 corresponding
to A; (resp. ), ie,forj=1,2,...,m — 1,
Aa; — Aa; = aj. and Aa,, = A;a,,

with analogous relations for the b; (replacing 4; by 4;). Forj + k =m + 1
we have

[aj’ bl =[(4 - lil)j_lal’ (A4 - Zil)k_lbd =[(4 - lil)ﬂkizal,bd =1
(Ss5.5)
and analogously
[a;,b] =0 for j+k>m+ 1. (S5.6)
Now put
cp=a;+ Y oa;, Cyy=(A—-ADc, j=1,....m—1,
j=2
where a5, . .., a,, are chosen so that
[Cl! bm—l] = [cla bm—2] == [Cl, b]] =0.
Such a choice is possible, as can be checked easily using (S5.5) and (S5.6).
Now forj + k< m
[Cja b] =[(4 - /liI)j_lcls b = [c}, (A — zil)j_lbk] = [cy, bk+j—1] =0,
andforj + k > m + 1weobtain,using(4 — A;,1)"a, = Otogether with(S5.5),
(S5.6):
Lcj, bl = [(A — /lil)j_lcu (A — A1 'by]
=[(4 = A" %c;,b,] = [(4 - AdY 7 2ay, by]
L for j+k=m+1
0, for j+k>m+ 1.

Let 4", = Span{c,,...,Cp, by,...,b,}. The relations above show that
Aly, =J, ®J, in the basis cy,..., ¢, by,...,b,, where J, is the Jordan
block of size m with eigenvalue 4;;

0
[x,y] = y*[ Py

P, O]X, X,y €N,



382 S5. INDEFINITE SCALAR PRODUCT SPACES

in the same basis, and P, is the sip matrix of size m. We see from this represen-
tation that .4, is nondegenerate. By Lemma S54, ¢" = A", + 474, and
by Lemma S5.5, N{ is an invariant subspace for 4. If 4| ,4 has nonreal eigen-
values, apply the same procedure to construct a subspace A4, = A4 with
basis ¢\, ..., c,, b, ..., by, such that in this basis A|,, = J, ® J,, where J,

s ¥m>s

is the Jordan block of size m’ with nonreal eigenvalue, and

0 P,

] = p*
[x,y]=) [P2 0

]x, x, ye N,

with the sip matrix P, of size m'. Continue this procedure until the nonreal
eigenvalues of 4 are exhausted.

Consider now a fixed &;, where i = a + 1,...,a + b, so that 4, is real.
Again, let m be such that (4 — A, I)"|,, = 0 but (4 — A I)" |5, # 0. Let
Q; be the orthogonal projector on Z; and define F: Z; > %; by

F=QHA~ 4D 1,

Since A; is real, it is easily seen that F is self-adjoint. Moreover, F # 0;
so there is a nonzero eigenvalue of F (necessarily real) with an eigenvector
a,. Normalize a, so that

(Fay, ay) =&, e= +1.
In other words,
(4 - AaD" 'a,a] =e. (85.7)
Leta; = (4 — A1y 'ay,j = 1,...,m. It follows from (S5.7) that for j + k =
m+ 1
[a;, a] = [(A — Ail)j_lan(A - /lil)kflad =[4 - LD" tay,a] = e
(S5.8)
Moreover, for j + k > m + 1 we have:
laj 4] = [(A — 41" %a,a,]1 =0 (85.9)
in view of the choice of m. Now put
by =a, + a,a, + -+ + 0, ap, bj=(A—-AIY 'by, j=1,...,m,
and choose «; so that
[by, by] = [by, by] = -+ = [by, b, 1] = 0.
Such a choice of a; is possible. Indeed, equality [b,, b;] = 0(j = 1,...,m — 1)
gives, in view of (S5.8) and (S5.9),
0="[a, +aya;, + -+ 0,0y, a5 + 0011 + - 4 Uy 1%]
= [ay, a;] + 260, ;1 + (termsina,, ..., o, ;).
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Evidently, these equalities determine unique numbers a,, o3,...,d, Iin
succession.

Let A" = Span{b,,...,b,}. In the basis b,,...,b,, the linear trans-
formation 4], is represented by the single Jordan block with eigenvalue 4;,
and

[x9 )'] = y*£P0x7 x’yema

where P, is the sip matrix of size m.
Continue the procedure on the orthogonal companion to 4", and so on.
Applying this construction, we find a basis f}, ..., f, in €" such that 4 is
represented by the Jordan matrix J of (5.1) in this basis and, with P, ; as
defined in (S5.2),

[X, y] = y*Pe,Jx’ X, V€ @n’

where x and y are represented by their coordinates in the basis fi, ..., f,.
Let T be the n x n invertible matrix whose ith column is formed by the co-
ordinates of f; (in the standard orthonormal basis),i = 1,...,n Forsucha T,
the relation T~ 'AT = J holds because fi,...,f, is a Jordan basis for A4,
and equality T*HT = P, ; follows from (S5.5), (S5.6), and (S5.8). So (S5.3)
holds. Theorem S5.1 is proved completely. [

S5.3. Uniqueness of the Sign Characteristic

Let H be an n x n hermitian nonsingular matrix, and let A be some H-
self-adjoint matrix. If J is a normal form of 4, then in view of Theorem S5.1
H admits an A-canonical form P, ;. We suppose that the order of Jordan
blocks in J is fixed as explained in the first section. The set of signs ¢ in
P, ; will be called the A-sign characteristic of H. The problem considered in
this section is that of uniqueness of e.

Recall that e = {¢,.;;},i=1,2,...,k;;and j = 1, 2,...,b. in the nota-
tion of Section S5.1. Two sets of signs £ = {&J}; ;}, r = 1, 2, will be said to
be equivalent if one can be obtained from the other by permutation of signs
within subsets corresponding to Jordan blocks of J having the same size
and the same real eigenvalue.

Theorem S5.6. Let A be an H-self-adjoint matrix. Then the A-sign
characteristic of H is defined uniquely up to equivalence.

Note that in the special case 4 = I, this theorem states that in any
reduction of the quadratic form (Hx, x) to a sum of squares, the number of
positive coefficients, and of negative coeflicients is invariant, i.e., the classical
inertia law.



384 S5. INDEFNINITE SCALAR PRODUCT SPACES

Proof. Without loss of generality a Jordan form for 4 can be fixed, with
the conventions of Eq. (S5.1). It is then to be proved that if P, ;, P; ; are
A-canonical forms for H, then the sets of signs ¢ and ¢ are equivalent. It is
evident from the definition of an A-canonical form (Egs. (S5.1) and (S5.2))
that the conclusion of the theorem follows if it can be established for an 4
having just one real eigenvalue, say o

Thus, the Jordan form J for 4 is assumed to have k; blocks of size m;,
i=1,2,...,t,wherem; > m, > --- > m,. Thus, we may write

J = diag[diag[J;J5 ,Ji- |
and
P, , = diag[diag[e; P11 1=,

with a similar expression for P; ,, replacing ¢; ; by signs ¢; ;.
It is proved in Theorem S5.1 that, for some nonsingular S, H = S*P, ;S
and A = S~ 1JS. It follows that for any nonnegative integer k,

H(Io — A)¢ = S*P, ,(Io — J)*S, (S5.10)

and is a relation between hermitian matrices.

Observe that (Jo — J)™ ' =0 for i=23,...,t, and (Ja — J,)™ !
has all entries zeros except for the entry in the right upper corner, which is 1.
Consequently,

P, (Io — Jym !
= diagle, P (T — J )™ 1, .. ey o Py(To — J)™™1,0,...,0].

Using this representation in (S5.10) with k = m; — 1, we conclude that
Y%L, &, ; coincides with the signature of H(Ja — A)™ 1.

But precisely the same argument applies using the A-canonical form
P; ; for H and it is concluded that

ki ky
Yoeri= 3 61 (S5.11)
i=1 i=1

Consequently, the subsets {&; ;,...,&; ,,} and {6y ,...,d; ,,} of & J are

equivalent.
Now examine the hermitian matrix P, ,(Ia — J)"~'. This is found to
be block diagonal with nonzero blocks of the form

81,1P1(1a—J1)’"2_1, i=1,2,...,k
and

ey Py — J)y™7 1 j=1,2,...,k,.
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Consequently, using (S5.10) with k = m, — 1,thesignature of H(Ia — A)"2~!
is given by

ki k>
<Z£1,i>(5ig[P1(1°‘ —Jl)mz_l]) + 282,,’-
i=1 j=1
But again this must be equal to the corresponding expression formulated
using 0 instead of &. Hence, using (S5.11) it is found that

k> ky
262 = Z 92,

ji=1 ji=1

and thesubsets {¢, y,..., &, 4,} and {0, 1,...,J,,,} of eand 0 are equivalent.
Now it is clear that the argument can be continued for ¢ steps after which
the equivalence of ¢ and ¢ is established. [

It follows from Theorem S5.6 that the A-sign characteristic of H is
uniquely defined if we apply the following normalization rule: in every
subset of signs corresponding to the Jordan blocks of the same size and the
same eigenvalue, + Is (if any) precede — 1s (ifany).

We give a simple example for illustration.

all )

0 ¢ 0
Ps,J = dlag{[ é\l:Iy [ SZ:I} for &= (81’ 8Z)a & = i L
e 0 e 0

According to Theorem S5.1 and Theorem S5.6, the set Q = Q, of all invertible and self-
adjoint matrices H such that J is H-self-adjoint, splits into 4 disjoint sets Q,, Q,, Q;,Q,
corresponding to the sets of signs (+1, +1), (+1, —1), (=1, +1), and (—1, —1), re-
spectively:

ExampLE S5.1 Let

Then

Q=Q, uQ,u Q;uUQ,.

An easy computation shows that each set €; consists of all matrices H of the form

0 0
-aell, L0 5
ae; by a,e, b,

where a,, a, are positive and b,, b, are real parameters; ¢,, ¢, are + 1 depending on the
set Q,. Note also that each set Q, (i = 1,2, 3, 4) is connected. [
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S5.4. Second Description of the Sign Characteristic

Let H be an n x n hermitian nonsingular matrix, and let A be H-self-
adjoint. In the main text we make use of another description of the A-sign
characteristic of H, which is given below. In view of Theorem S5.1, H admits
an A-canonical form P, ; in some orthonormal basis, where J is the Jordan
form of 4:

H = S*P,,S. (85.12)

Here S is anonsingular matrix such that SA = JS and ¢1is the A-sign character-
istic of H. We can suppose that the basis is the standard orthonormal basis
in "

Let 4, be a fixed real eigenvalue of 4, and let ¥; — €" be the subspace
spanned by the eigenvectors of I1 — A corresponding to 4,. For x € ¥,\ {0}
denote by v(x) the maximal length of a Jordan chain beginning with the
eigenvector x. Let ¥;, i =1, 2,...,7, (y = max{v(x)|x € ¥;\{0}}) be the
subspace of ¥, spanned by all x € ¥, with v(x) > i. Then

Ker(Ilp —A)=¥,o¥,>---2VY,.

The following result describes the A-sign characteristic of H in terms of
certain bilinear forms defined on ¥,.

Theorem S5.7. Fori=1,...,y,let

where y =y, y 2y is a Jordan chain of IA — A corresponding to

real Ay with the eigenvector y. Then

(i)  fi(x, y) does not depend on the choice of y?, ..., y*;

(ii) for some self-adjoint linear transformation G;: ¥; - ¥;,

fix,y) =(x,Gy), x,ye¥;

(iii) for G;of (i), ¥;+, = Ker G, (by definition¥, ., = {0});

(vi) the number of positive (negative) eigenvalues of G;, counting multi-
plicities, coincides with the number of positive (negative) signs in the A-sign
characteristic of H corresponding to the Jordan blocks of J with eigenvalue A,
and size i.

Proof. By (S5.12) we have f{(x,y) = (Sx, P, ;Sy"”), x, y € ¥;. Clearly,
Sx and Sy'V, ..., Sy" are eigenvector and Jordan chain, respectively, of
IA — J corresponding to A,. Thus, the proof is reduced to the case 4 = J
and H = P, ,. But in this case the assertions (i)—(iv) can be checked without
difficulties. [
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Comments

The presentation in this chapter follows a part of the authors’ paper [34f].
Indefinite scalar products in infinite-dimensional spaces have been studied
extensively; see [8, 43, 51] for the theory of indefinite scalar product spaces
and some of its applications. Results close to Theorem S5.1 appear in [59,
Chapter 7], and [77].

Applications of the theory of indefinite scalar product spaces to solutions
of algebraic Riccati equations and related problems in linear control theory
are found in [53, 70d, 70f].



Chapter S6

Analytic Matrix Functions

The main result in this chapter is the perturbation theorem for self-
adjoint matrices (Theorem S6.3). The proof is based on auxiliary results
on analytic matrix functions from Section S6.1, which is also used in the main
text.

S6.1. General Results

Here we consider problems concerning existence of analytic bases in
the image and in the kernel of an analytic matrix-valued function. The
following theorem provides basic results in this direction.

Theorem S6.1. Let A(c), e€Q, be an n x n complex matrix-valued
Sfunction which is analytic in a domain Q < €. Let r = max,q rank A(e). Then
there exist n-dimensional analytic (in Q) vector-valued functions y (), . .., yu(€)
with the following properties:

(1) y(e),...,y[¢e) are linearly independent for every ¢ € Q;
(1) y, 44, ..., va(e) are linearly independent for every ¢ € Q;
(iii) Span{y,(e),..., y,(e)} = Im A(e) (S6.1)
and
Span{y,,(¢), ..., y.(e)} = Ker A(e) (S6.2)

388
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for every & € Q, except for a set of isolated points which consists exactly of
those ¢, € Q for which rank A(ey) < r. For such exceptional ¢, € Q, the in-
clusions

Span{y;(eo), - .., y{eo)} = Im A(e,) (56.3)

and

Span{y, ;1(eg), - - -, yle0)} = Ker A(eo) (56.4)
hold.

We remark that Theorem S6.1 includes the case in which A(e) is an
analytic function of the real variable ¢, i.e., in a neighborhood of every real
point &, the entries of A(¢) = (a;(€))! =, can be expressed as power series
ne— gy

0

ag(e) = Y aje — &) (S6.5)
ji=0
where o; are complex numbers depending on i, k, and ¢, and the power series
converge in some real neighborhood of ¢,. (Indeed, the power series (S6.5)
converges also in some complex neighborhood of ¢, so in fact A(¢) is analytic
in some complex neighborhood Q of the real line.) Theorem S6.1 will be used
in this form in the next section.
The proof of Theorem S6.1 is based on the following lemma.

LemmaS6.2. Let x,(¢),...,x,(¢), ¢ € Q be n-dimensional vector-valued
functions which are analytic in a domain Q in the complex plane. Assume that
for some ¢, € Q, the vectors x,(¢g), . .., X,(¢o) are linearly independent. Then
there exist n-dimensional vector functions y,(e),..., y(¢), ¢ €Q, with the
following properties:

1) y(e),...,yle) are analytic on Q;
(i) y,(e),...,ye) are linearly independent for every ¢ € Q;
(iii) Span{y,(e), ..., y(e)} = Span{x,(e),...,x,(e)} (=€")

Sfor every ee€ Q\Q,, where Q, = {¢€ Q|x,(¢),...,x,¢) are linearly de-
pendent}.

Proof. We shall proceed by induction on r. Consider first the case r = 1.
Let g(¢) be an analytic scalar function in Q with the property that every
zero of g(e) is also a zero of x,(¢) having the same multiplicity, and vice
versa. The existence of such a ¢g(¢) is ensured by the Weierstrass theorem
(concerning construction of an analytic function given its zeros with cor-
responding multiplicities); see, for instance, [63, Vol. III, Chapter 3].
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Put y,(e) = (g(e)) " 'x,(¢) to prove Lemma S6.2 in the case r = 1. We
pass now to the general case. Using the induction assumption, we can
suppose that x,(e),...,x,_(¢) are linearly independent for every ¢e Q.
Let Xo(¢) beanr x rsubmatrix ofthen x rmatrix [x,(¢),..., x,(¢)] such that
det Xy(gp) # 0. It is well known in the theory of analytic functions that the
set of zeros of the not identically zero analytic function det X j(¢) is discrete,
i.e., it is either empty or consists of isolated points. Since det X,(¢) # 0
implies that the vectors x,(¢),. .., x,(¢) are linearly independent, it follows
that the set

Q, = {e€Q|x,(¢),...,x,(¢) are linearly dependent}

is also discrete. Disregarding the trivial case when €, is empty, we can write

Qo = {(1,(5,...}, where ;e Q,i=1,2,...,is a finite or countable sequence
with no limit points inside Q.

Let us show that for every j=1, 2, ..., there exist a positive integer s;
and scalar functions a, (¢), . . ., a,_ ;, (¢) which are analytic in a neighborhood

of {; such that the system of n-dimensional analytic vector functions in Q
r—1
xy(e), -, Xp—q(e), (6 = { j)_Sj[xr(E) + X ai,-(S)xi(S)] (56.6)
i=1

has the following properties: for ¢ # {; it is linearly equivalent to the system
x(8),...,x,(¢) (ie, both systems span the same subspace in €"); for e = {;
it is linearly independent. Indeed, consider the n x r matrix B(g) whose
columns are formed by x,(¢),. .., x,(¢). By the induction hypothesis, there
exists an (r — 1) x (r — 1) submatrix By(e) in the first ¥ — 1 columns of
B(e) such that det By({;) # 0. For simplicity of notation suppose that B(e)
is formed by the first ¥ — 1 columns and rows in B(1); so

B(E) — [BO(E) Bl(g)]
By(¢) Bs(e)
where B,(¢), B,(¢), and B;(¢) are of sizes(r — 1) x L (n —r + 1) x (r — 1),
and(n — r + 1) x 1, respectively. Since By (¢) is invertible in a neighborhood
of {; we can write

B(£)=[ ! 0][’%(8) 0 ][I B3 '(0)B,()

B,(e)Bo'(e) I 0 Ze)flo I

where Z(g) = B,(e) — B,(¢)By '(¢)B,(e) is an (n — r + 1) x 1 matrix. Let
s; be the multiplicity of {; as a zero of the vector function Z(¢). Consider the
matrix function

= N 1 0] Bo(e) 0
B(e) = [BZ(S)B(; L(e) I][ 0 (e — Cj)—st(s)].

], (S6.7)
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Clearly, the columns b,(e), ..., b,(¢) of B(e) are analytic and linearly inde-
pendent vector functions in a neighborhood V({;) of {;. From formula
(S6.7) it is clear that Span{x,(e), ..., x,(¢)} = Span{b,(¢), ..., b,(e)} for
e € U({)\(;. Further, from (56.7) we obtain

= | Bo® 0
Bey = [Bz(e) 6 — c,-)-SfZ(s)]

and

0 _ —s; —B; '()B,(¢)
[8 _ Cj_sjz(g)] =(e—{)) B(S)[ I ]

So the columns b,(g),..., b(¢) of B(e) have the form (S6.6), where a;(e)
are analytic scalar functions in a neighborhood of {;.
Now choose y,(¢),. .., y{¢) in the form

13

yi(e) = x4(&), ..., Y 1(8) = x,_ (&), y(e) = gi(e)x(e),
=1

where the scalar functions g,(¢) are constructed as follows:

(@) g,(¢) is analytic and different from zero in Q except for the set of
poles {;, {,,..., with corresponding multiplicities sy, s,,...;

(b) the functions g,(¢) (fori = 1,...,r — 1) are analytic in Q except for
the poles {;, {,,..., and the singular part of g,(¢) at {; (for j = 1,2,...) is
equal to the singular part of a;(e)g,(¢) at {;.

Let us check the existence of such functions g;(¢). Let g,(¢) be the inverse
of an analytic function with zeros at {,, {,,..., with corresponding multi-
plicities s, s,,..., (such an analytic function exists by the Weierstrass
theorem mentioned above). The functions g, (), . . ., ¢,_ ;(¢) are constructed
using the Mittag-Leffler theorem (see [63, Vol. III, Chapter 3].

Property (a) ensures that y,(¢),..., y,(¢) are linearly independent for
everyee Q\{{,, {,,...}. Inaneighborhood of each {; we have

r—1

r—1
yie) = Z (9i(e) — a;(e)gn(e))xi(e) + g, (e)(x,(e) + Z a;(€)x(e))
i=1 i=1

r—1
= (e — Cj)—Sj[xr(S) + Z aij(s)xi(s)]
i=1

+ {linear combination of x,({;),...,x,—;({;)} +---,
(S6.8)

where the final ellipsis denotes an analytic (in a neighborhood of {;) vector
function which assumes the value zero at ;. Formula (S6.8) and the linear
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independence of vectors (S6.6) for ¢ = {; ensures that y,({),..., y/((;) are
linearly independent. [

The proof of Lemma S6.2 shows that if for some s (<r) the vector func-

tions x,(¢),...,x,(¢) are linearly independent for all ¢€ Q, then yJe),
i=1,...,r, can be chosen in such a way that (i)-(iii) hold, and moreover,
yi(e) = x,(e), ..., ye) = x(¢) forall ¢ € Q. We shall use this observation in

the proof of Theorem S6.1.

Proof of Theorem S6.1. Let Ay(¢) be an r x r submatrix of A(e), which
is nonsingular for some & € Q, i.e., det 4,(&) # 0. So the set Q, of zeros of the
analytic function det A,(¢) is either empty or consists of isolated points.
In what follows we assume for simplicity that 4,(¢) is located in the top left
corner of size r x r or A(e).

Let x,(¢), ..., x,(¢) be the first r columns of A(e), and let y,(¢),..., y,(€)
be the vector functions constructed in Lemma S6.2. Then for each ¢ € Q\Q,
we have

Span{y,(e),...,y(e)} = Span{x,(¢),..., x(¢)} = Im A(e) (S6.9)

(the last equality follows from the linear independence of x,(¢), . . ., x,(¢) for
e € Q\Q,). We shall prove now that
Span{y,(e),..., y,(e)} = Im A(g), ee Q. (S6.10)

Equality (S6.9) means that for every ¢ € Q\Q, there exists an r x r matrix
B(e) such that

Y(e)B(e) = A(e), ee Q\Q,, (S6.11)

where Y(¢) = [y,(¢), ..., y(¢e)]. Note that B(¢) is necessarily unique (indeed,
if B'(e) also satisfies (S6.11), we have Y(e)(B(¢) — B'(¢)) = 0, and, in view
of the linear independence of the columns of Y(¢), B(¢) = B'(¢)). Further,
B(e) is analytic in Q\Q,. To check this, pick an arbitrary ¢’ € Q\Q, ,and let
Yy(¢) be an r x r submatrix of Y (¢) such that det(Y,y(¢")) # 0 (for simplicity
of notation assume that Y,(e) occupies the top r rows of Y(eg)). Then
det(Yy(e)) # 0 in some neighborhood V of ¢, and (Yy(¢))~ ! is analytic on
ee V. Now Y(e)' ¥ [(Yy(e))~', 0] is a left inverse of Y(¢); premultiplying
(S6.11) by Y(&)' we obtain
B(e) = Y(e)!A(e), ee V. (S6.12)
So B(e) is analytic on ¢ € V; since ¢ € Q\Q, was arbitrary, B(e) is analytic
in Q\Q,.
Moreover, B(e) admits analytic continuation to the whole of Q, as follows.

Let gy € Q,, and let Y(e)!' be a left inverse of Y(e), which is analytic in a
neighborhood V, of &, (the existence of such Y(¢) is proved as above).
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Define B(e) as Y(e)'A(¢) for ¢ € V,. Clearly, B(e) is analytic in V;, and for
¢ € Vy\{¢o}, this definition coincides with (S6.12) in view of the uniqueness
of B(e). So B(e) is analytic in Q.

Now it is clear that (S6.11) holds also for ¢ € Q,, which proves (S6.10).
Consideration of dimensions shows that in fact we have an equality in
(S6.10), unless rank A(¢) < r. Thus (S6.1) and (S6.3) are proved.

We pass now to the proof of existence of y,.,(¢),..., y,(¢) such that
(i1), (S6.2), and (S6.4) hold. Let a,(¢),...,a,(¢) be the first r rows of A(e).
By assumption a,(§), . . ., a,(¢) are linearly independent for some ¢ € Q. Apply
Lemma S6.2 to construct n-dimensional analytic row functions b, (¢), . . ., b,(¢)
such that for all ¢ € Q the rows b, (¢), . . ., b,(¢) are independent, and

Span{b,(e)7,..., b (e)'} = Span{a,(e)",...,a,(e)"}, e€ Q\Q,. (S6.13)
Fix ¢y € Q, and let b, . 4, ..., b, be n-dimensional rows such that the vectors
bi(eo), ... b )", bl 1, ..., b form a basis in €". Applying Lemma S6.2
again (for XI(S) = bl(S)T7 ] X,(S) = br(B)Ts Xr+ 1(8) = bg—+ 150> X,,(S) = bnT)
and the remark after the proof of Lemma S6.2, we construct n-dimensional
analytic row functions b, , ,(¢), ..., b,(¢) such that the n x n matrix

by(e)
B(e) = bzz(fl)
b.(e)

is nonsingular for all ¢ € Q. Then the inverse B(e)~! is analytic on ¢ e Q.
Let y,, ;(¢), ..., ya(¢) be the last (n — r) columns of B(¢)~!. We claim that
(i1), (S6.2), and (S6.4) are satisfied with this choice.

Indeed, (ii) is evident. Take ¢ € Q\Q,; from (S6.13) and the construction
of y(e),i =r + 1,...,n, it follows that

a(e)

Ker az:(g) = Span{yr+ 1(8)5 LR yn(g)}

a,.(e)

But since ¢ ¢ Q,, every row of A(¢) is a linear combination of the first r
rows; so in fact

Ker A(e) = Span{y,, ((&), ..., ya(&)}. (S6.14)
Now (S6.14) implies

A@E) Y, 41€), ..., v(e)] =0, e e Q\Q,. (S6.15)
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Passing to the limit when ¢ approaches a point from Q,, we obtain that
(S6.15), as well as the inclusion (S6.14), holds for every ¢ € Q. Consideration
of dimensions shows that the equality holds in (S6.14) if and only if
rank A(e) = r,ee Q. 0

S6.2. Analytic Perturbations of Self-Adjoint Matrices

In this section we shall consider eigenvalues and eigenvectors of a self-
adjoint matrix which is an analytic function of a parameter. It turns out that
the eigenvalues and eigenvectors are also analytic. This result is used in
Chapter 11.

Consider an n x n complex matrix function A(g) which depends on the
real parameter ¢&. We impose the following conditions:

(i) A(e) is self-adjoint for every ¢ € R; i.e., A(¢) = (A(g))*, where star
denotes the conjugate transpose matrix;
(i) A(e) is an analytic function of the real variable .

Such a matrix function A(¢) can be diagonalized simultaneously for all
real e. More exactly, the following result holds.

Theorem S6.3. Let A(g) be a matrix function satisfying conditions (i)
and (ii). Then there exist scalar functions p(€),. .., u,(¢) and a matrix-valued
function U(g), which are analytic for real € and possess the following properties
for every e € R:

A(e) = (U(e))™ " diag[py(e), ..., m(e)]UCe),  Ue)U(e)y* = I.
Proof. Consider the equation
det(IA — A(e)) = A" + a,(e)" ' + -+ + a,_,(e)A + a,(e) =0, (S6.16)

which a,(¢) are scalar analytic functions of the real variable . In general,
the solutions pu(¢) of (S6.16) can be chosen (when properly ordered) as power
series in (¢ — €,)'/? in a real neighborhood of every ¢, € R (Puiseux series):

() = po + byle — £0)''? + byle — £0)*F + -+, (86.17)

(see, for instance, [52c]; also [63, Vol. III, Section 45]). But since A(e) is
self-adjoint, all its eigenvalues (which are exactly the solution of (S6.1)) are
real. This implies that in (S6.17) only terms with integral powers of ¢ — ¢, can
appear. Indeed, let b,, be the first nonzero coefficient in (S6.17): b, = --- =
by_1=0,b, #0.(If b =0foralli =1,2,...,then our assertion is trivial.)
Letting ¢ — &, — 0 through real positive values, we see that

by, — lim 1O~ Fo
s—*s?{ (8 - So)mp
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is real, because u(e) is real for ¢ real. On the other hand, letting & — ¢,
approach 0 through negative real numbers, we note that

oyl T we) — Ho
( 1) bm - Elir?a (80 _ S)m/p
isalsoreal. Hence (— 1)™? is a real number, and therefore m must be a multiple
of p. We can continue this argument to show that only integral powers of
& — &, can appear in (S6.17). In other words, the eigenvalues of A(¢), when
properly enumerated, are analytic functions of the real variable e.
Let u,(¢) be one such analytic eigenvalue of A(¢). We turn our attention
to the eigenvectors corresponding to pu,(¢). Put B(e) = A(e) — u,(e)l.
Then B(e) is self-adjoint and analytic for real ¢, and det B(¢) = 0. By Theorem
S6.2 there isan analytic(forreal e)nonzero vector x, (¢) such that B(g)x, (¢) = 0.
In other words, x,(¢) is an eigenvector of A(¢) corresponding to ().
Since A(e) = (A(g))*, the orthogonal complement {x,(¢)}* to x,(¢) in
" is A(e)-invariant. We claim that there is an analytic (for real ¢) orthogonal
basis in {x,(g)}*. Indeed, let

x1(e) = [x14(8),. .., xln(g)]T'

By Theorem S6.2, there exists an analytic basis y,(e),...,y,—(¢) In
Ker[x,,(€),...,x;,(¢)]. Then y,(¢),...,y,_,(¢) is a basis in {x,(¢)}* (the bar
denotes complex conjugation). Since ¢ is assumed to be real, the basis
y1(€),. .., y,—1(e) is also analytic. Applying to this basis the Gram-Schmidt
orthogonalization process, we obtain an analytic orthogonal basis z,(¢), . . .,
z,-1(e) in {x;(e)}*

In this basis the restriction A(e)|,,,()+ is represented by an (n — 1) x
(n — 1) self-adjoint matrix A(e), which is also analytic (for real ¢). Indeed,
A(e) is determined (uniquely) by the equality

A(e)Z(e) = Z(e)A(e), (S6.18)

where Z(e) = [z,(e),...,2,-1(¢)] Is an n x (n — 1) analytic matrix function
with linearly independent columns, for every real ¢. Fix ¢, € R, and let Z,(¢)
be an (n — 1) x (n — 1) submatrix in Z(¢) such that Z,(¢,) is nonsingular
(we shall assume for simplicity of notation that Z,(¢) occupies the topn — 1
rows of Z(¢)). Then Z,(¢) will be nonsingular in some real neighborhood of
&0, and in this neighborhood (Z,(¢))~ ! will be analytic. Now (S6.18) gives

A(e) = LZo(e)) ™", 0JA()Z(2);

so A(e) is analytic in a neighborhood of ¢,. Since ¢, € R is arbitrary, A(¢) is
analytic for real e.

Now apply the above argument to find an analytic eigenvalue u,(¢) and
corresponding analytic eigenvector x,(¢) for A(e), and so on. Eventually
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we obtain a set of n analytic eigenvalues p,(e),. .., u,(e) of A(e), with cor-
responding analytic eigenvectors x,(¢),...,X,(¢) and, moreover, these
eigenvectors are orthogonal to each other. Normalizing them (this does not
destroy analyticity because ¢ is real) we can assume that x,(¢),..., x,(¢)
form an orthonormal basis in €" for every ¢ € R. Now the requirements
of Theorem S6.3 are satisfied with U(e) = [x,(e),..., x,(e)] . O

Comments

The proofs in the first section originated in [37d]. They are based on the
approach suggested in [74]. For a comprehensive treatment of perturbation
problems in finite and infinite dimensional spaces see [48].

Theorem S6.1 can be obtained as a corollary from general results on
analytic vector bundles; see [39].
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List of Notations and Conventions

Vectors, matrices and functions are assumed to be complex-valued if not stated otherwise.
Linear spaces are assumed to be over the field € of complex numbers if not stated otherwise.

" linear space of all n-dimensional vectors written as columns

R the field of real numbers

I or I, identity linear transformation or identity matrix of size m x m
0or 0, zero linear transformation or zero matrix of size m x m

For a constant matrix A4,
g(A) = {A|I1 — A is singular}
For a nonconstant matrix polynomial L(4),
a(L) = {A|L(4) is singular}

Matrices will often be interpreted as linear transformations (written in a fixed basis, which in
" is generally assumed to be standard, i.e., formed by unit coordinate vectors), and vice versa.

LY(A) ith derivative with respect to A of matrix-valued function L(A)
Ker T = {x e €"|Tx = 0} for m x n matrix T

Im T = {y e €"|y = Tx for some x € "}, for m x n matrix T

AN image of a subspace .# under linear transformation 4

Al 4 The restriction of linear transformation A4 to the domain .#.
M+ N direct sum of subspaces

MO N orthogonal sum of subspaces

Span{x,..., X} subspace spanned by vectors xi, ..., X,
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404 LIST OF NOTATIONS AND CONVENTIONS

{0} zero subspace
AT transposed matrix
A* the conjugate transpose of matrix A, or the adjoint linear transformation
of A
IIxll = Gr=y 1x:1)*? euclidean norm of x = (xy,..., x,) e "
(6 0) =i X% scalar product of vectors x = (x,,...,x,)Tand y = (y,,..., y)T
1Al norm of a matrix or linear transformation, generally given by
41 = max{||Ax|[lIx]| = 1}
row(Z)n, =row(Zy,....Z,) =12, Z, ... Z,]

block row matrix with blocks Z,,...,Z,

A
Z, o

col(Z)yiv, =] . block column matrix with blocks Z,, ..., Z,,.
Zm

Z, 0 - 0
X . 0 Z .
diag(Z L, = diaglZ,,.... 2] =2, ® - ® Zy=| © 2 0

0 0 - Z,

block diagonal matrix with blocks Z,,...,Z,

ind(X, T) index of stabilization of admissible pair (X, T)
sig H signature of hermitian matrix H
sgn(x, A) asign (4 or —) associated with eigenvalue A and eigenvector x
I A, Re A imaginary and real partsof A€ €
yi complex conjugate of A € €
{1, i=j .
= 7 Kronecker index
0,i #j
GL(C") group of all nonsingular n x n matrices
| X| number of elements in a finite set X
AN\ The complement of set .# in set 4.
Od end of proof or example

def equals by definition



Index
A

Adjoint matrix polynomial, 55, 111, 253
Adjoint operator, 253
Admissible pair, 168
associated matrix polynomial, 169, 232
common extension, 233
common restriction, 235
extension of, 232-235
greatest common restriction, 235-238
kernel of , 204, 232
least common extension, 233
l-independent, 168
order of, 188, 203
restriction of , 204, 235-238
similar, 204, 232
special associated matrix polynomial, 176
Admissible splitting of Jordan form, 71, 74, 78
Analytic bases, 388-394
Analytic matrix functions, 83, 289, 341, 388-
396
Jordan chains for, 294-295
self-adjoint, 294
sign characteristics for, 294--298
Analytic perturbations of self-adjoint ma-
trices, 394-396
Angular operator, 371, 374

B

Baumgirtel, H., 156, 157, 165

Bernoulli’s method for matrix equations, 126
Biorthogonality condition, 52, 63, 208
Brodskii, M. S., 6

C

Canonical factorization, 133-145
right and left, 134
two-sided, 139-142, 145
Canonical form of matrix polynomial, see also
Resolvent form
left, 58
right, 58, 60
Characteristic function, 6
Characteristic polynomial, 329
Chrystal’s theorem, 323
Clancey, K., 145
Collar, A.R,, 1
Common divisor, 231
Common multiple, 231, 244-246, 251
Commuting matrices, 345-347
Comonic companion matrix, 187
Companion matrix, 4,44,47, 51,147, 186, 210,
255
comonic, 187, 206
Companion polynomial, 186, 195
Complementary contour, 133, 141
Complementary subspaces, 354
Complete pair of right divisors, 75-79, 82-83,
289, 307, 309
Control variable, 66
Coordinate vector, 31
c-set, 279, 309
maximal, 282

D

Damped oscillatory systems, 277
Decomposable linearization, 195-197
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Decomposable pair, 188-195, 219
parameter of, 188
of a regular matrix polynomial, 188
similar, 193
Difference equation, 18-19, 79-80, 325-330
bounded solution of, 226-227
initial value problem for, 79-80
inverse problem for, 228-230
matrix, 8081
nonmonic case, 225-227
Differential equation, see Ordinary differen-
tial equation
Distance from a set, 360
Division of matrix polynomials, 89-96, 201—
206
right and left, 90, 114, 217
Divisors, 96115, 201-206, see also Greatest
common divisor; Spectral divisor
analytic, 162-164
comonic, 211
complete pair of, 75-79
continuation of, 155
isolated and nonisolated, 164—165
linear, 125-129
perturbation of, 146-165
right and left, 4, S, 75, 92-115
Duncan, W.J., 1

E

Eigenvalue of matrix polynomial, 2, 14, 24, 25
Eigenvectors of matrix polynomials, 2, 24
generalized, 24
left, 3
linear independence of, 43
rank of, 31, 38
right, 3
Elementary divisor, 319-321, 331, 336-337,
378
offactors of self-adjoint matrix polynomial,
285
linear, 113, 165, 257, 287, 288, 305
of products, 86-89
Elementary matrix, 317
Elementary transformation, 315
Equivalence of matrix polynomials, 12, 333—
338, 341
Exceptional set, 157-165
Extension of admissible pairs, see Admissible
pair

INDEX

Extension problems, 166—179
Extensions via left inverses, 169-173

F

Factorization of matrix polynomials, 4, 82,
278-289
in linear factors, 112114
spectral, 116-145
stable, 152—155, 165
symmetric, 278-279, 287
Finite difference approximations, 326
Frazer,R. A, 1
Functions of matrices, 337-341

G

I'-spectral pair, 150

Gantmacher, F., 1

Gap between subspaces, 147, 360, 369

g.c.d., see Greatest common divisor

Generalized inverse, 174, 213, 351-352
special, 215, 228, 229

Greatest common divisor, 5, 231, 240

Green’s function, 71-75

I

Indefinite scalar product, 6, 256, 375-387
canonical form of, 376-378
nondegenerate, 376
self-adjoint matrices in, 256, 277, 376-387

Index of stabilization, 204, 209, 232

Inertia law, 383

Invariant polynomials, 319, 333

Invariant subspaces, 356, 379
chain of, 367
complete chain of , 367
maximal, 358
reducing, 356
spectral, 357-359
stable, 153, 366-374

Inverse matrices, 348-352, see also General-

ized inverse
left and right, 348-351
left and right, stability of, 350-351
Inverse problems, 3, 60, 183, 197-200, 227—
230
Isotropic subspaces, 380
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Jordan basis, 358
Jordan block, 336
Jordan chains, 2, 23-29, 49
canonical set of, 32-35, 59, 185
leading vectors of, 280
left, 28, 39, 55
length of, 25, 34, 35
for real self-adjoint matrix polynomials, 266
Jordan form, 2, 313, 336-337
admissible splitting of, 71, 74, 78
Jordan matrix, 336
Jordan pairs, 40-46, 184, 188
comonic, 206
corresponding to an eigenvalue, 40, 166
extension of, 167
finite, 184, 263
infinite, 185, 263
for real matrix polynomial, 267
restriction of,, 167
similarity of, 44
Jordan triples, 3, 50-57, 82, 85, 258, see also
Self-adjoint triples
similarity of, 51

K

Keldysh, M. V., 6, 49

K-indices of admissible pair, 209, 217
Krein, M. G, 6

Kronecker indices, 145

L

A-matrix, 1
Langer, H., 6
Laurent expansion, singular part of, 37-39,
59-60, 64
l.c.m., see Least common multiple
Least common multiple, 5, 231, 239-246
Left inverse, 169
special, 174, 208, 239
Linearization of matrix polynomials, 11-15,
46, 186188, 217
decomposable, 195-197
inverse problem for, 20-22, 52
Lipschitz continuity, 148
Livsic, M. S., 6
Lopatinskii, Ya. B., 145
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M

Marcus, A. S., 6
Matrix equations, 125-129
Matrix polynomial, 1, 9
adjoint, 55
codegree of, 202
comonic, 187, 206-217, 221
degree of, 9, 185
inverse of, 3
see also Laurent expansion; Resolvent
form
linearization of, 11-15, 186—188
monic, 1,9, 199
nonnegative, 301-303, 309
poles of the inverse, 65
quadratic, 74-77, 288, 304-310
rectangular, 28, 313-318
regular, 181, 219, 303
self-adjoint, see Self-adjoint matrix poly-
nomial
Wiener-Hopf factorization of, 142-145
McMillan degree, 69
Mereutsa, 1. V., 6
Metric space of matrix polynomials, 147
Metric space of subspaces, 363, 374
compactness, 364
completeness, 364
Minimal opening between subspaces, 369, 374
Monic, see Matrix polynomial; Rationai
matrix valued function
Multiplication of matrix polynomials, 8489,
114

N

Neutral subspace, 279

Newton identities, 81

Nonderogatory matrix, 20

Nonnegative matrix polynomials, see Matrix
polynomial, nonnegative

Nonnegative subspace, 279

Nonpositive subspace, 279

Numerical range, 276-277, 304

(0]

Operator polynomials, 6, 48-49, 144
Operator-valued functions, 6, 49, 83, 145
linearization of, 49
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Ordinary differential equation, 1, 11, 15-18,
23-29, 70-79, 218-225, 304-309, 321-
325
first order, 222-225
Green'’s functions for, 71-75, 308
initial value problems, 70-75, 218 -225
inverse problem for, 227-228
nonmonic case, 218-225
second order, 75-79, 304-309
singular, 218-225, 227-228, 230
stable solutions of, 129131
two-point boundary value problems, 71-79,
307 :
Orthogonal companion, 379
Orthogonal subspaces, 354
Output variable, 66
Overdamped systems, 305-308

P

Partial differential equations, 49
Partial indices, 7, 142, 145
Partial multiplicities, 31,34, 115, 330-333, 341
for analytic matrix functions, 295
for self-adjoint matrix polynomial, 299,302
Projector, 353
complementary, 355
orthogonal, 354
Riesz, 117, 151, 357, 371
Puiseux series, 394

Q

Quotients, 90, 104111
right and left, 90, 92, 334

R

Rank of a matrix polynomial, 319
Rational matrix valued function, 67, 69, 82,
115
canonical factorization of, 133—-142
local degree of, 69
McMillan degree of, 69
monic, 134
realization of, 67, 82
minimal, 67
Reducing transformation for indefinite scalar
product, 377
Reduction of quadratic forms, 377-378, 383

INDEX

Regular point, 117
Remainders, 90
right and left, 90, 92, 334
Remainder theorem, 91
Representation of matrix polynomials, 3, 50—
69, 82, 197-200, 206217
Resolvent form, 15, 58, 61, 65, 66-69, 82,
195-197
for self-adjoint matrix polynomials, 256,
262-263, 273
Resolvent triple, 219
Restriction ofadmissible pairs, see Admissible
pair
Resultant determinant of two scalar poly-
nomials, 159
Resultant matrix for matrix polynomials, 247,
251
kernel of, 247
Resultant matrix of two scalar polynomials,
159, 246
Riccati equation, 165, 374, 387
Riesz projector, 117, 151, 357, 371
Root polynomials, 29-31
order of, 29
Root subspace, 357, 359, 366-267

S

Scalar product, 404, see also Indefinite scalar
product
Self-adjoint matrix polynomial, 6, 129, 253—
310
monic, 255-310
quadratic, 288, 304-310
real, 266-273
Self-adjoint transformation, 355
Self-adjoint triples, 260273
Sgn (x,40), 274, 404
Shift operator, 326
Signature, 258, 300, 377-378
Sign characteristic, 383-387
connection with partial multiplicities, 299—
301
localization, 290-293
of overdamped system, 305
of a self-adjoint analytic matrix function,
294-298
of self-adjoint matrix polynomials, 6, 258,
262, 273-275, 290-293, 298-303
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stability, 293 metric space of, 363
uniqueness, 383 nondegenerate, 379
Similar matrices, 334 orthogonal, 354
s-indices of admissible pair, 209, 217 sum of, 354
Sip matrix, 261, 377 Supporting projector, 106111
Smith form, 313-318, 331, 341 associated right and left projection, 106
local, 33, 38, 330, 341 degree of, 106
Solvent of a matrix polynomial, 126 Supporting set, 147
dominant, 126 of order k, 147
Special associated polynomial, see Admissible ~ Supporting subspace, S, 6, 96-104, 107, 114,
pair 117
Special left inverse, 174, 208, 239 nested, 100, 109
Special matrix polynomial, 176 for self-adjoint matrix polynomial, 278
Spectral data, 183 Systems theory, 6, 66—69, 145, 303
badly organized, 213
Spectral divisor, 116145 T
continuous and analytic dependence, 150—
152 Toeplitz matrices, 7, 145, 268
I'-spectral divisor, 117-124, 150-152, 163 block, 122, 135, 145
Spectral theory, 2, 6 upper triangular, 347
Spectrum of matrix polynomial, 24 Transfer function, 7, 66-68
at infinity, 5
localization of, 5 U

Splitting the spectrum with a contour, 371
Square roots, 164
Standard pair, 4, 46-49, 60, 188

Unit sphere in a subspace, 360

degree of, 167 \
left, 53-54, 60 Vandermonde matrix, 240, 251, 329
similarity of, 48 comonic, 241
Standard triples, 4, 50-57 monic, 244
for self-adjoint matrix polynomials, 256 Vibrating systems, 6, 304-310
similarity of, 51
State variable, 66
. w
Subspaces, see also Invariant subspaces;
Metric space of subspaces Weakly damped systems, 309
complementary, 354 Wiener-Hopf equations, 7
direct sum of , 354 Wiener—Hopf factorization, 142-145

isotropic, Winding number, 136, 142





