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Preface  to the Classics Edition

This book provides a comprehensive treatment of  the theory of  matrix
polynomials. By a "matrix polynomial" we mean a polynomial in a com-
plex variable with matrix coefficients.  Basic matrix theory can be viewed
as the study of  the special case of  polynomials of  first  degree, IX  — A, 
where A is a general n x n complex matrix and I  is the n x n identity
matrix. The theory developed here is a natural extension of  this case to
polynomials of  higher degree, as developed by the authors thirty years ago.
It has applications in many areas, including differential  equations, systems
theory, the Wiener-Hopf  technique, mechanics and vibrations, and numer-
ical analysis. The methods employed are accessible to undergraduates
with a command of  matrix theory and complex analysis. Consequently,
the book is accessible to a wide audience of  engineers, scientists, mathe-
maticians, and students working in the areas mentioned, and it is to this
audience that the book is addressed.

Recent intensive interest in matrix polynomials, and particularly in those
of  second degree (the quadratic  matrix polynomials), persuades us that a 
second edition is appropriate at this time. The first  edition has been out of
print for  several years. We are grateful  to Academic Press for  that earlier
life,  and we thank SIAM for  the decision to include this second edition
in their Classics series. Although there have been significant  advances
in some quarters, this book remains (after  almost thirty years) the only 
systematic development of  the theory of  matrix polynomials. The com-
prehensive spectral theory, beginning with standard pairs and triples—and
leading to Jordan pairs and triples—originated in this work. In particular,

xv



xvi PREFACE TO THE CLASSICS EDITION

the development of  factorization  theory and the theory for  self-adjoint  sys-
tems, including Jordan forms  and their associated sign characteristics, are
developed here in a wide-ranging analysis including algebraic and analytic
lines of  attack.

In the first  part of  the book it is assumed, for  convenience, that polyno-
mials are monic. However, polynomials with singular leading coefficients
are studied in the second part. Part three contains analysis of  self-adjoint
matrix polynomials, and part four  contains useful  supplementary chapters
in linear algebra.

The first  edition stimulated further  research in several directions. In par-
ticular, there are several publications of  the authors and their collaborators
which are strongly connected with matrix polynomials and may give the
reader a different  perspective on particular problem areas. In particular,
connections with systems theory and the analysis of  more general matrix-
valued functions  stimulated the authors' research and led to the volume
[4], which is now in its second (SIAM) edition.

Concerning more recent developments involving the authors, a self-
contained account of  the non-self-adjoint  theory appears as Chapter 14
of  [6], and broad generalizations of  the theory to polynomials acting on
spaces of  infinite  dimension are developed in [9]. There is a strong con-
nection between the quadratic equation and "algebraic Riccati equations,"
and this has been investigated in depth in [5].

The fundamental  idea of  linearization  has been studied and its applica-
bility extended in several recent papers, of  which we mention [8]. Simi-
larly, the study of  the numerical range of  matrix polynomials began with
Section 10.6 of  the present work and has been further  developed in [7] and
subsequent papers. Likewise, the notion of  the pseudospectrum  has been
developed in the context of  matrix polynomials (see [1], for  example).

In Chapter 10 of  [2] there is another approach to problems of  factoriza-
tion and interpolation for  matrix polynomials. Also, the appendix to [2]
contains a useful  description of  Jordan pairs and triples for  analytic matrix
functions.  Self-adjoint  matrix polynomials are given special treatment in
the context of  indefinite  linear algebra as Chapter 12 of  [3].

It is a pleasure to reiterate our thanks to many colleagues for  comments
and assistance in the preparation of  the first  edition—and also to the sev-
eral sources of  research funding  over the years. Similarly, the continuing
support and encouragement from  our "home" institutions is very much ap-



PREFACE TO THE CLASSICS EDITION xvii

preciated, namely, Tel Aviv University and the Nathan and Lilly Silver
Family Foundation (for  IG), the University of  Calgary (for  PL), and the
College of  William and Mary (for  LR).

Finally, our special thanks to SIAM and their staff  for  admitting this
volume to their Classics series and for  their friendly  and helpful  assistance
in producing this edition.
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Preface

This book provides a comprehensive treatment of  the theory of  matrix
polynomials. By a matrix polynomial (sometimes known as a A-matrix) is
understood a polynomial of  a complex variable with matrix coefficients.
Basic matrix theory (including the Jordan form,  etc.) may be viewed as a 
theory of  matrix polynomials IX  — A of  first  degree. The theory developed
here is a natural extension to polynomials of  higher degrees, and forms  an
important new part of  linear algebra for  which the main concepts and results
have been arrived at during the past five  years. The material has important
applications in differential  equations, boundary value problems, the Wiener-
Hopf  technique, system theory, analysis of  vibrations, network theory,
filtering  of  multiple time series, numerical analysis, and other areas. The
mathematical tools employed are accessible even for  undergraduate students
who have studied matrix theory and complex analysis. Consequently, the
book will be useful  to a wide audience of  engineers, scientists, mathema-
ticians, and students working in the fields  mentioned, and it is to this audience
that the work is addressed.

Collaboration among the authors on problems concerning matrix poly-
nomials started in early 1976. We came to the subject with quite different
backgrounds in operator theory and in applied mathematics, but had in
common a desire to understand matrix polynomials better from  the point
of  view of  spectral theory. After  bringing together our points of  view,
expertise, and tools, the solution to some problems for  monic polynomials
could be seen already by the summer of  1976. Then the theory evolved
rapidly to include deeper analysis, more general (not monic) problems on
the one hand, and more highly structured (self-adjoint)  problems on the
other. This work, enjoyable and exciting, was initially carried out at Tel-Aviv
University, Israel, and the University of  Calgary, Canada.

xix
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Very soon after  active collaboration began, colleagues in Amsterdam, The 
Netherlands, and Haifa,  Israel, were attracted to the subject and began 
to make substantial contributions. We have in mind H. Bart and M. A. 
Kaashoek of  the Free University, Amsterdam, and L. Lerer of  the Technion, 
Haifa.  It is a pleasure to acknowledge their active participation in the 
development of  the work we present and to express our gratitude for  thought-
provoking discussions. This three-way international traffic  of  ideas and per-
sonalities has been a fruitful  and gratifying  experience for  the authors. 

The past four  years have shown that, indeed, a theory has evolved with 
its own structure and applications. The need to present a connected treatment 
of  this material provided the motivation for  writing this monograph. How-
ever, the material that we present could not be described as closed, or com-
plete. There is related material in the literature which we have not included, 
and there are still many open questions to be answered. 

Many colleagues have given us the benefit  of  discussion, criticism, or 
access to unpublished papers. It is a pleasure to express our appreciation for 
such assistance from  E. Bohl, K. Clancey, N. Cohen, M. Cowen, P. Dewilde, 
R. G. Douglas, H. Dym, C. Foias, P. Fuhrmann, S. Goldberg, B. Gramsch, 
J. W. Helton, T. Kailath, R. E. Kalman, B. Lawruk, D. C. Lay, J. D. Pincus, 
A. Ran, B. Rowley, P. Van Dooren, F. Van Schagen, J. Willems, and H. K. 
Wimmer. 

The authors acknowledge financial  support for  some or all of  them from 
the Natural Sciences and Engineering Research Council of  Canada, and the 
National Science Foundation of  the United States. We are also very grateful 
to our home departments at Tel-Aviv University, the Weizmann Institute, 
and the University of  Calgary for  understanding and support. In particular, 
the second author is grateful  for  the award of  a Killam Resident Fellowship 
at the University of  Calgary. At different  times the authors have made 
extended visits to the Free University, Amsterdam, the State University of 
New York at Stony Brook, and the University of  Minister. These have been 
important in the development of  our work, and the support of  these institu-
tions is cordially acknowledged. 

Several members of  the secretarial staff  of  the Department of  Mathe-
matics and Statistics of  the University of  Calgary have worked diligently 
and skillfully  on the preparation of  drafts  and the final  typescript. The 
authors much appreciate their efforts,  especially those of  Liisa Torrence, 
whose contributions far  exceeded the call of  duty. 



Errata

p. 13, line 12 down: insert “polynomial” at the end of the line
p. 17, line 4 down: replace Cn by Cn�

p. 18, line 5 up: replace xj−k by xj+k

p. 22: Replace d by d̃ in many places: line 8 (once), line 9 (2 x), line 20 (6 x),
line 23 (5 x), line 24 (once).

p. 22, line 3 up: polynomial

p. 31, line 3 up: (1.40) (instead of (1.15))

p. 59, line 13 down: Cj
2 instead of C�

2

p. 59, line 15 down: C�
2 instead of Cj

2

p. 59, line 17 down: C2 instead of the first T

p. 70, line 4 up: xl−1 instead of xi−1

p. 71, line 6 down: (2.11) (instead of (2.6))

p. 75, the bottom line: interchange right brace and −1

p. 81, line 7 down: replace St by Sl

p. 87, line 6 down: delete “real”

p. 87, line 1 down: insert at the beginning of the line “is invertible,”

p. 108, line 1 up: replace P̃Y.P̃ T iP̃ by P̃ T iP̃ Y

p. 117, line 11 down: replace “support” by “supporting”

p. 117, (4.1): replace
∮
Γ by

∫
Γ

p. 117, lines 16, 17 down: replace MΓ by MΓ (2 times)

p. 117, line 8 up: replace
∮
Γ by

∫
Γ

p. 118, bottom line: replace
∮
Γ by

∫
Γ

p. 119, line 14 down: delete |

xxi 



ERRATA

p. 120, line 16 up: replace XT i with X1T
i
1

p. 124, line 9 down: replace
∮

by
∫
Γ

p. 132, line 4 up: replace L with T

p. 133, line 17 up: observation

p. 144, line 10 up: replace B−j−m−1 by B−j−m+1

p. 145, line 7 down: replace “[36e]” by “[36a], I. Gohberg, L. Lerer, and L.
Rodman, On factorization, indices, and completely decomposable ma-
trix polynomials, Tech. Report 80-47, Department of Mathematical Sci-
ences, Tel Aviv University, 1980”.

p. 148, line 5 down: replace + by +̇
p. 149, line 8 down: replace comma with period.

p. 155, line 14 down: replace ⊕ by +̇
p. 156, line 12 up: insert “at most” before “countable”

p. 158, line 13 down: replace S2 by S3

p. 165, line 4 down: replace N (μ0) by N0

p. 170, line 3 down: replace “from” by “for”

p. 174, line 23 down: replace 1 in the subscript by i (2 times)

p. 174, line 24 down: replace Cn(�−i) by Cr

p. 177, line 3 up: insert “κi determined by” after “multiplicities”

p. 178, line 8 down: replace “defined” by “determined”

p. 178, line 15 down: replace “defined” by “determined”

p. 185, line line 7 up: replace Al by AlX̂ .

p. 187, line 3 down: delete “the”.

p. 188, (7.4): replace T �−2
1 by T �−2

2

p. 189, line 7 up: replace “(7.5) and (7.6)” by “(7.6) and (7.7)”

p. 191, (7.14): replace � by � − 1 everywhere in the formula

p. 196, end of line 1: replace l = 0 by i = 0.

p. 206, line 4 up: “col” should be in roman

p. 217, line 13 down: insert “and N. Cohen, Spectral analysis of regular ma-
trix polynomials, Integral Equations and Operator Theory 6, 161–183,
(1983)” after “[14]”

p. 228, line 18 up: λ instead of α

p. 235, line 2 up: M instead of K
p. 241, displayed formula in the bottom line: replace J everywhere in the formula

by T

p. 247, line 5 up: replace [Xi, Ti] with (Xi, Ti)

xxii 



ERRATA

p. 249, line 2 down: replace Fq−2� with Fq−2,�

p. 257, line 4 down: replace S− with S−1.

p. 264, line 10 up: replace “It” by “If”.

p. 271, line 3 down: replace Vji by V T
ji

p. 271, line 4 down: replace < by ≤
p. 271, (10.42): replace m1, by k1, and j = k1 + 1, . . . , kp

p. 271, line 12 down: replace period by comma

p. 271, line 15 up: replace m1 by k1; replace m + 1, . . . , mkp by k1 + 1, . . . , kp

p. 274, line 14 up: replace J. by J,

p. 274, line 8 up: replace X by “X and Y ”

p. 274, (10.50): replace j = 0 by j = 1

p. 287, line 16 down: replace “eigenvalues” by “eigenvalue”

p. 307, (13.11): replace
( ∫

Γ±
L−1(λ)dλ

)−1 ∫
Γ±

λL−1(λ)dλ

by
∫
Γ±

λL−1(λ)dλ
( ∫

Γ±
L−1(λ)dλ

)−1

p. 308, line 19 up: replace “Theorem 4.2” by “Theorem 4.11”

p. 327, line 10 down: (S1.27)

p. 328, line 17 down: (S1.30)

p. 363, line 2 down: replace θ(M,N ) < 1 with θ(M,N ) ≤ δ/2
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reference 5: add: English Translation: Analytic perturbation theory for matrices
and operators, Birkhäuser, Basel, 1985.
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Introduction 

This is probably the first book to contain a comprehensive theory of 
matrix polynomials. Although the importance of matrix polynomials is quite 
clear, books on linear algebra and matrix theory generally present only a 
modest treatment, if any. The important treatise of Gantmacher [22] , for 
example, gives the subject some emphasis, but mainly as a device for develop­
ing the Jordan structure of a square matrix. The authors are aware of only 
two earlier works devoted primarily to matrix polynomials, both of which are 
strongly motivated by the theory of vibrating systems : one by Frazer, 
Duncan, and Collar in 1 938 [ 1 9] ,  and the other by one of the present authors 
in 1966 [S2b] . 

By a matrix polynomial, sometimes known as a A.-matrix, we understand 
a matrix-valued function of a complex variable of the form L(A.) = Ll = 0 A)i, 
where Ao, AI, ... , Al are n x n matrices of complex numbers. For the time 
being, we suppose that Al = I, the identity matrix, in which case L(A.) is said 
to be monic. Generally, the student first meets with matrix polynomials when 
studying systems of ordinary differential equations (of order 1 >  1) with 
constant coefficients, i.e., a system of the form 

I (d)i 
.L Ai d- u(t) = O . 
• = 0 t 

1 
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Looking for solutions of the form u(t) = X o  e"ot, with x o , A.o independent of t, 
immediately leads to the eigenvalue-eigenvector problem for a matrix 
polynomial : L(A.6) X o = o. 

More generally, the function 

is a solution of the differential equation if and only if the set of vectors 
X o , X l ' ... , Xb with X o  ¥- 0, satisfies the relations 

f, 1 (P)(' ) - 0 L.. ,L 11.0 X j_p - , p=o p . 
j = 0, 1 ,  . . .  , k. 

Such a set of vectors X o , X l ' ... , Xk is called a Jordan chain of length k + 1 
associated with eigenvalue A.o and eigenvector X o. 

It is this information on eigenvalues with associated multiplicities and 
Jordan chains which we refer to as the spectral data for the matrix polynomial, 
and is first to be organized in a concise and systematic way. The spectral 
theory we are to develop must include as a special case the classical theory for 
polynomials of first degree (when we may write L( A.) = H - A). Another 
familiar special case which will be included is that of scalar polynomials, 
when the Ai are simply complex numbers and, consequently, the analysis 
of a single (scalar) constant coefficient ordinary differential equation of 
order l. 

Now, what we understand by spectral theory must contain a complete and 
explicit description of the polynomial itself in terms of the spectral data. When 
L(A.) = I A. - A, this is obtained when a Jordan form J for A is known together 
with a transforming matrix X for which A = XJX-l, for we then have 
L(A.) = X(lA. - J)X-l. Furthermore, X can be interpreted explicitly in terms 
of the eigenvector structure of A (or of H - A in our terminology). The full 
generalization of this to matrix polynomials L(A.) of degree I is presented here 
and is, surprisingly, of very recent origin. 

The generalization referred to includes a Jordan matrix J of size In which 
contains all the information about the eigenvalues of L(A.) and their multi­
plicities. In addition, we organize complete information about Jordan chains 
in a single n x In matrix X. This is done by associating with a typical k x k 
Jordan block of J with eigenvalue A.o k columns of X in the corresponding 
(consecutive) positions which consist of the vectors in an associated Jordan 
chain of length k. When I = 1 ,  J and X reduce precisely to the classical case 
mentioned above. The representation of the coefficients of L(A.) is then obtained 
in terms of this pair of matrices, which we call a Jordan pair for L(A.). In fact, if 
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we define the In x In matrix 

[X 1 Q = x.J , XJ1-1 
then Q is necessarily nonsingular and the coefficient matrices of L(A) are 
given by 

Such a representation for the polynomial coefficients gives a solution ofthe 
inverse problem : to determine a matrix polynomial in terms of its spectral 
data. It also suggests further problems. Given only partial spectral data, when 
can it be extended to complete spectral data for some monic matrix poly­
nomial? Problems of this kind are soluble by the methods we develop. 

There is, of course, a close connection between the systems of eigenvectors 
for L(A) (the right eigenvectors) and those of the transposed polynomial 
U(A) = Il=o AtAi (the lejt eigenvectors). In fact, complete information ab out 
the left Jordan chains can be obtained from the In x n matrix Y defined in 
terms of a Jordan pair by 

[X 1 [°1 XJ : 
: 

Y = o. XJ1-1 I 

The three matrices X, J, Y are then described as a Jordan triple. 
A representation theorem can now be formulated for the inverse of a 

monic matrix polynomial. We have 

Results of this kind admit compact closed form solutions of the correspond­
ing differential equations with either initial or two-point boundary con­
ditions. 

It is important to note that the role of a Jordan pair X, J can, for many 
aspects of the theory, be played by any pair, say V, T related to X, J by 
similarity as follows : 
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Any such pair V, T is called a standard pair for L(A). In particular, if C 1 is the 
companion matrix for L(A) defined by 

o 
I 

then J is also a Jordan form for e l and there is an invertible S for which 
C 1 = SJS-1. But more can be said. If U is the n x in matrix [I 0 . . .  0] , 
and Q is the invertible matrix introduced above, then 

Thus U, C1 is a standard pair. This particular standard pair admits the 
formulation of several important results in terms of either spectral data 
or the coefficients of L. Thus, the theory is not limited by the difficulties 
associated with the calculation of Jordan normal forms, for example. 

A standard triple V, T, W is obtained by adjoining to a standard pair V, T 
the (unique) in x n matrix W for which 

r :T t � r!1 lVT1-1J LJ 
The next main feature of the theory is the application of the spectral 

analysis to factorization problems. In terms of the motivation via differential 
equations, such results can be seen as replacing an lth-order system by a 
composition of two lower-order systems, with natural advantages in the 
analysis of solutions. However, factorizations arise naturally in several other 
situations. For example, the notion of decoupling in systems theory requires 
such a factorization, as also the design of filters for multiple time series, and the 
study of Toeplitz matrices and Wiener-Hopf equations. 

An essential part of the present theory of factorization involves a geo­
metrical characterization of right divisors. To introduce this, consider any 
standard pair V, T of L(A). Let g be an invariant subspace of T, let Vo, To 
denote the restrictions of V and T to //, and define a linear transformation 
Qk : g -+ (lnk (1 ::::; k ::::; 1 - 1) by 
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Then Y is said to be a suppo:·ting subspace (with respect to T) if Qk is invertible. 
It is found that to each such supporting subspace corresponds a monic right 
divisor of degree k and, conversely, each monic right divisor has an associated 
supporting subspace. Furthermore, when Y is a supporting subspace with 
respect to T, the pair Yo , To is a standard pair for the associated right divisor. 

This characterization allows one to write down explicit formulas for a 
right divisor and the corresponding quotient. Thus, if the coefficients of the 
monic right divisor of degree k are Bo , B 1 , • • •  , Bk - 1 , then 

[Bo B l . . .  Bk - 1 ] = - Vo T� Qkl . 

To obtain the coefficients of the corresponding monic quotient of degree 
I - k, we introduce the third component W of the standard tiple V, T, W and 
any projector P which acts along the supporting subspace Y, i .e . , Ker P = Y. 
Then define a linear transformation Rl -k :  �n(l - k) --+ 1m P by 

Rl -k = [PW PTPW . . . PTI - k - 1pW] . 
This operator i s  found to  be  invertible and, i f  Co , C1 , • • •  , CI - k - 1 are the 
coefficients of the quotient, then 

Several applications concern the existence of divisors which have spectrum 
localized in the complex plane in some way (in a half-plane, or the unit circle, 
for example). For such cases the geometrical approach admits the trans­
formation of the problem to the construction of invariant subspaces with 
associated properties. This interpretation of the problem gives new insights 
into the theory of factorization and admits a comprehensive treatment of 
questions concerning existence, perturbations, stability, and explicit repre­
sentations, for example. In addition, extensions of the theory to the study of 
systems of matrix polynomials provide a useful geometrical approach to least 
common multiples and greatest common divisors. 

The spectral theory developed here is also extended to include matrix 
polynomials for which the leading coefficient is not necessarily the identity 
matrix, more exactly, the case in which det L(il) ¥= 0. In this case it is necessary 
to include the possibility of a point of spectrum at infinity, and this needs 
careful treatment. It is easily seen that if det L(ilo) #- 0, and we define f.1. = 
il + ilo, then M(f.1.) = f.1.IL - l (ilo)L(f.1.- I ) is monic. Such a transformation is 
basic, but it is still necessary to analyze the effect of this transformation on the 
original problem. 
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Several important problems give rise to self-adjoint polynomials, i .e . , in 
which all coefficients Ao, A i > . . . , Al are hermitian matrices. The prototype 
problem of this kind is that of damped vibrations, when I = 2 and A2 is 
positive definite. The more familiar special cases which a theory for the self­
adjoint case must include are L(A) = IA - A with A * = A and the case of a 
scalar polynomial with real coefficients. The general theory developed 
leads to the introduction of a new invariant for a self-adjoint polynomial called 
the sign characteristic. 

For self-adjoint matrix polynomials it is natural to seek the corresponding 
symmetry in a Jordan triple. What is going to be the simplest relationship 
between X and Y in a Jordan triple X, J, Y ?  It turns out that knowledge of the 
sign characteristic is vital in providing an answer to this question. Also, when 
a factorization involves a real eigenvalue common to both divisor and 
quotient, then the sign characteristic plays an important part. 

The account given to this point serves to clarify the intent of the theory 
presented and to describe, in broad terms, the class of problems to which it is 
applied. This is the content of the spectral theory of matrix polynomials, as 
understood by the authors. Now we would like to mention some related 
developments which have influenced the authors' thinking. 

In the mathematical literature many papers have appeared in the last 
three decades on operator polynomials and on more general operator-valued 
functions. Much of this work is concerned with operators acting on infinite­
dimensional spaces and it is, perhaps, surprising that the complete theory 
for the finite-dimensional case has been overlooked. It should also be 
mentioned, however, that a number of important results discussed in this 
book are valid, and were first discovered, in the more general case. 

On reflection, the authors find that four particular developments in 
operator theory have provided them with ideas and stimulus. The first is the 
early work of Keldysh [49aJ, which motivated, and made attractive, the study 
of spectral theory for operator polynomials ; see also [32b] . Then the work of 
Krein and Langer [5 1 J  led to an appreciation of the importance of monic 
divisors for spectral theory and the role of the methods of indefinite scalar 
product spaces. Third, the theory of characteristic functions developed by 
Brodskii and Livsic [9] gave a clue for the characterization of right divisors by 
supporting subspaces. Finally, the work of Marcus and Mereutsa [62aJ was 
very helpful in the attack on problems concerning greatest common divisors 
and least common multiples. In each case, the underlying vector spaces are 
infinite dimensional, so that the emphasis and objectives may be rather 
different from those which appear in the theory developed here. 

In parallel with the operator theoretic approach, a large body of work on 
systems theory was evolving, mainly in the engineering literature. The 
authors learned about this more recently and although it has had its effect 
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on us, the theory presented here is largely independent of systems theory. 
Even so, several formulas and notions have striking similarities and we know 
the connection to be very strong. The most obvious manifestation of this is the 
observation that, from the systems theory point of view, we study here systems 
for which the transfer function is the inverse of a matrix polynomial. However, 
this is the tip of the iceberg, and a more complete account of these connections 
would take us too far afield. 

Another influential topic for the authors is the study of Toeplitz matrices 
and Wiener-Hopf equations. Although we do not pursue the connections in 
this book, they are strong. In particular, the spectral theory approach admits 
the calculation of the " partial indices " ;  a concept of central importance in 
that theory. 

Finally, a short description of the contents of the book is presented. There 
are 19 chapters which are grouped into four parts. In Part I, consisting of six 
chapters, the spectral theory for monic matrix polynomials is developed 
beginning with the basic ideas of linearization and Jordan chains. We then go 
on to representation theorems for a monic polynomial and its inverse, followed 
by analysis of divisibility problems. These sections are illustrated by applica­
tions to differential and difference equations. The last three chapters are 
concerned with special varieties of factorization, perturbation and stability of 
divisors, and extension problems. 

Part II consists of three chapters and is devoted to more general problems 
in which the " monic " condition is relaxed. The necessary extensions to the 
spectral theory are made and applied to differential and difference equations. 
Problems concerning least common multiples and greatest common divisors 
are then discussed in this context. 

Further concepts are needed for the analysis of self-adjoint polynomials, 
which is presented in the four chapters of Part III. After developing the addi­
tional spectral theory required, including the introduction of the sign 
characteristic, some factorization problems are discussed. The last chapter 
provides illustrations of the theory of Part III in the case of matrix polynomials 
of second degree arising in the study of damped vibrating systems. 

Finally, Part IV consists of six supplementary chapters added to make this 
work more self-contained. It contains topics not easily found elsewhere, or for 
which it is useful to have at hand a self-contained development of concepts 
and terminology. 





Part I 

Monic Matrix Polynom.ials 

Introduction. If Ao , AI, . . . , Al are n x n complex matrices and Al =I 0, the 
zero matrix, then the matrix-valued function defined on the complex numbers 
by L(A.) = Il=o AiA.i is called a matrix polynomial of degree I. When Al = I, 
the identity matrix, the matrix polynomial is said to be monic. 

In Part I of this book our objective is the de·velopment of a spectral theory 
for monic matrix polynomials. In particular, this will admit representation of 
such a polynomial in terms of the spectral data, and also the characterization 
of divisors, when they exist, in terms of spectral data. 

This theory is then put to use in studies of perturbation problems and the 
inverse problem of admissible extensions to incomplete spectral data. Applica­
tions to the solution of differential and difference equations are included. 

We begin our analysis with monic polynomials for two reasons. First, 
matrix polynomials frequently occur in analysis and applications which are 
already in this form. Second, the study of monic polynomials allows one to see 
more clearly the main features of the spectral theory. 

9 





Chapter 1 

Linearization and Standard Pairs 

The fundamental notions in the spectral theory of matrix polynomials 
are " linearization " and " Jordan chains." We start this chapter with the 
detailed analysis of linearization and its applications to differential and 
difference equations. The definition of a Jordan chain will be seen to be a 
natural extension of the notion of a chain of generalized eigenvectors associated 
with a Jordan block of a matrix. 

One of the objectives here is to analyze the connection between lineariza­
tion and Jordan chains. 

1 . 1 .  Linearization 

Let L(A) = /A' + �}:� AjA/ be a monic n x n matrix polynomial of 
degree /, where the Aj are n x n matrices with complex entries . Consider the 
following differential equation with constant coefficients : 

d'x ' - 1 djx 
dt' + JoAj dtj = J(t), - 00 < t < 00, (Ll) 

where J (t) is a given n-dimensional vector function and x = x( t) is an n-dimen­
sional vector function to be found. Let us study the transformation of the 

1 1  
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matrix polynomial L(A), analogous to the linearization of the differential 
equation (Ll). By the linearization of (Ll) we mean the reduction to a 
first-order equation, using the substitution 

Xo = x, dX/-2 X/-1 = ----;It' 
in which case the equation takes the form 

dX/-1 
-- + A/-1x/-l + . . .  + A1x1 + Aoxo = f· dt 

Note that we increased the dimension of the space containing the unknown 
function, which is now an In-dimensional vector 

The corresponding transformation in the case of monic matrix poly­
nomials resolves the following problem : Find a linear matrix polynomial 
IA. - A which is " equivalent " to a given monic matrix polynomial L(A). 
It is clear that there is no such linearization if attention is confined to n x n 
matrices (the size of L(A) itself). To make the equivalence of L(A) to a linear 
polynomial IA. - A possible, we have to extend the size of our matrices, and 
choose A and B as matrices of size (n + p) x (n + p), where p 2 0 i s  some 
integer. In this case, instead of L(A) we consider the matrix polynomial 

[LbA) �J 

of size (n + p) x (n + p), where I is the p x p unit matrix. So we are led to 
the following definition. 

A linear matrix polynomial IA. - A of size (n + p) x (n + p) is called a 
linearization of the monic matrix polynomial L(A) if 

IA. - A '" [LbA) �J ( 1 .2) 

where '" means equivalence of matrix polynomials. Recall (see also Section 
S 1 .6) that matrix polynomials M 1 (,1.) and MiA) of size m x m are called 
equivalent if 

M 1 (A) = E(A)M 2(A)F(A) 
for some m x m matrix polynomials E(A) and F(A) with constant nonzero 
determinants. Admitting a small abuse of language we shall also call matrix A 
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from ( 1 .2) a linearization of L(A.). Comparing determinants on both sides of 
( 1 .2) we conclude that det(IA. - A) is a polynomial of degree nl, where I is the 
degree of L(A.). So the size of a linearization A of L(A.) is necessarily nl. 

As an illustration of the notion of linearization, consider the linearizations 
of a scalar polynomial (n = 1). Let L(A.) = n�= 1 (A. - A.iY' be a scalar 
polynomial having different zeros ..1. 1 , . . .  , A.k with multiplicities (X l ' . . .  , (Xb 
respectively. To construct a linearization of L(A.), let Ji (i = 1 ,  . . .  , k) be the 
Jordan block of size (Xi with eigenvalue A.i , and consider the linear polynomial 
A./ - J of size L�= l (Xi ' where J = diag[JJ�= l . Then 

A./ 
- J � 

[L(A.) OJ o / ' 

because both have the same elementary divisors. 
The following theorem describes a linearization of a monic matrix 

in terms of its coefficients. 

Theorem 1 . 1 .  For a monic matrix polynomial of size n x n, L(A.) = 

H' + �}: 5 A j A.j, define the nl x nl matrix 
0 / 0 0 
0 0 / 0 

C1 = 

/ 
- Ao - A 1 - A, - 1 

Then 

H - C1 ""' [LbA.) OJ / . 
Proof Define nl x nl matrix polynomials E(A.) and F(A.) as follows : 

/ 0 0 
- A./ / 0 

F(A.) = 

0 0 I 
0 0 - A./ 

B, - 1 (A.) B, - iA.) 
- /  0 

E(A.) = 0 - /  

o 

0 
0 

. , 

0 
/ 

- /  

Bo(A.) 
o 

o 
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where Bo(A) = I and Br + I (A) = ABr(A) + Al - r - I for r = 0, 1 ,  .. . , I - 2. It is 
immediately seen that det F(A) == 1 and det E(A) == ± 1. Direct multiplication 
on both sides shows that 

E(A)(A.J - CI ) = [LbA) �JF(A) ' 

and Theorem 1 . 1  follows. 0 

( 1 . 3) 

The matrix C I from the Theorem 1 . 1  will be called the (first) companion 
matrix of L(A), and will play an important role in the sequel. From the defini­
tion of C I it is clear that 

det(lA - C I ) = det L(A). 
In particular, the eigenvalues of L(A) , i.e., zeros of the scalar polynomial 
det L(A) , and the eigenvalues of H - Cl are the same. In fact, we can say 
more: since 

H - C '" 
[L(A) 0J I ° I

' 

it follows that the elementary divisors (and therefore also the partial multi­
plicities in every eigenvalue) of H - CI and L(A) are the same. 

Let us prove here also the following important formula. 

Proposition 1 .2. For every A E fl which is not an eigenvalue of L(A) , the 
following equality holds : 

where 

is an n x nl matrix and 

is an nl x n matrix. 

(L(A» - I = PI (lA - CI ) - IR I , ( 1 .4) 

PI = [I ° . . .  0] 

( 1 . 5) 

Proof Consider the equality ( 1 .3) used in the proof of Theorem 1 . 1 .  We 
have 

(1.6) 
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It is easy to see that the first n columns of the matrix (E(A» - 1 have the form 
( 1 . 5). Now, multiplying the equality (1.6) on the left by PI and on the right by 
PI' and using the relation 

we obtain the desired formula ( 1 .4). 0 

The formula ( 1 .4) will be referred to as a resolvent form of the monic matrix 
polynomial L(A). We shall study the resolvent form in Chapter 2 more 
thoroughly. The following proposition gives another useful linearization of a 
monic matrix polynomial. 

Proposition 1 .3. The matrix 

[� : : :  0 =�:1 C2 = . " . . . . 
o . . .  I -AI - 1 

is a linearization of a matrix polynomial L(A) = HI + �}:& AjAj . 

The proof is left to the reader as an exercise. 
The matrix C2 from Proposition 1.3 will be called the second companion 

matrix of L(A). 
The following result follows directly from the definition of a linearization 

and Theorem S 1 . 12 .  

Proposition 1 .4. Any two linearizations of a monic matrix polynomial 
L(A) are similar. Conversely, if a matrix T is a linearization of L(A) and matrix S 
is similar to T, then S is also a linearization of L(A). 

1 .2.  Application to Differential and Difference Equations 

In this section we shall use the companion matrix C 1 to solve the homo­
geneous and nonhomogeneous differential and difference equations con­
nected with the monic matrix polynomial L(A) = HI + L}:& AjAj of size 
n x n. 

We start with the differential equation ( d ) dlX 1 - 1 dix L -d x(t) = -d I + .L Aj -d j = f(t), t t j=O t ( 1 .7) 
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where f(t) is a given piecewise continuous n-dimensional vector function on 
t E ( - 00, (0). A general solution x(t) of ( 1 .7) can be represented as a sum 
xo(t) + XI (t), where xo(t) is a general solution of the homogeneous equation 

L(:t)X = 0, ( 1 .8) 

and xl(t) is some particular solution of the nonhomogeneous equation ( 1 .7). 
The solutions of the homogeneous equation ( 1 .8) form a linear space, which 
we denote by Y(L), and we have 

dim Y(L) = nl. ( 1 .9) 
In other words, the general solution of ( 1 .8) depends on nl independent 
complex variables. This statement follows at once from Theorem S 1 .6, 
bearing in mind that det L(A) is a scalar polynomial of degree nl. 

We now give a formula for the general solution of ( 1 .7). 
In the proof of Theorem 1 . 5 and elsewhere we shall employ, when con­

venient, the notation col(ZJf= m to denote the block column matrix 

Theorem 1 .5. The general solution of equation ( 1 . 7) is given by the formula 

x(t) = P1etC,xo + PI f�e(t-S)C'Rd(S) ds, ( 1 . 10) 

where 

PI = [I 0 . . .  0] , 

and Xo E (In' is arbitrary. In particular, the general solution of the hom ogeneous 
equation ( 1 .8) is given by the formula 

x(t) = PletC,xo . ( 1 . 1 1 ) 
Proof Let u s  first prove ( 1 . 1 1) . We shall need the following simple 

observation : 

o I 0 . . .  0] with I in the (k + l )th 

place for k = 0, .. . , 1 - 1 
for k = I. ( 1 .12) 
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The verification of ( 1 . 1 2) we leave to  the reader. Using these results, i t  i s  not 
hard to check that 

x(t) = PIetC,xo 
is a solution of ( 1 .8) for any Xo E ([n. Indeed, 

dix(t) 
_ P Ci tC, dti - I Ie Xo , i = 0, 1 , . . .  , I. 

So using ( 1.1 2), 

L(:t)X(t) = PICietC,xo + (AI_IPICi-1 + . . .  + AOPI )etC,xo 

= [-Ao -AI -AI_I]etC,xO 
+ ([0 ... 0 AI - I ] + ... + [Ao 0 . . .  O])etC,xo = O. 

We show now that ( 1 . 1 1 )  gives all the solutions of the homogeneous 
equations ( 1 .8). In view of ( 1 .9) it is sufficient to prove that if 

( 1 . 1 3) 

then Xo = O. Indeed, taking derivatives of the left-hand side of ( 1.1 3) we see 
that 

for every i = 0, 1, . . . . 

In particular, [col(PICDI:A]etC,xo == o. But ( 1 . 1 2) implies that col(PICDI:A 
= I (identity matrix of size nl x nl) ; so the equality etC,xo == 0 follows. Since 
etC, is nonsingular, Xo = O. 

To complete the proof of Theorem 1 . 5 it remains to prove that 

x(t) = PI f:e(t-S)C'Rd(S) ds ( 1 . 14) 

is a solution of the nonhomogeneous equation (1.7). Using the familiar sub­
stitution Xo = X, Xi = dxi_ ddt, i = 1 , . . . , 1 - 1 , we reduce the system ( 1 .7) 
to the form 

where 

di C � ( )  dt = IX + g t , 

[ Xo 1 
i = : 

Xl-I 
and g(t) = r � ]. f(t) 

( 1 . 1 5) 
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The formula 

x(t) = Le(t-S)C'g(S) ds 
gives a solution of ( 1 . 1 5), as one can check by direct verification. Multiplying 
the last formula by P I on the left and bearing in mind that g(t) = Rd(t), 

we find that ( 1 . 14) gives a solution of ( 1 .7). 0 
We pass now to the difference equation 

j = 0, 1, . . . . ( 1 . 1 6) 

where (Yo, Y 1, . . .  ) is a given sequence of vectors on n-dimensional space and 
( Xo , X l ' . • •  ) is a sequence to be found. 

We regard the set of all sequences (xo, X l > • • •  ), Xm E fln as a complex linear 
space where the sum, and multiplication by a complex number, are defined in 
the natural way, i .e . , coordinatewise. We claim that a general solution X = 

(xo, X l ' • • .  ) can be represented in the following form (a complete analog ofthe 
case of differential equations) 

X = x(O) + x( 1 ), 

where X( l ) is a fixed particular solution of ( 1 . 1 6) and x(O) is a general solution of 
the homogeneous equation 

j = 0, 1, . . . . ( 1 . 1 7) 

Indeed, if x( 1 ) is the fixed solution of ( 1 . 1 6) and X is any solution, then the 
difference x(O) = X - X( l ) satisfies the homogeneous equation ( 1 . 1 7) . Con­
versely, for every solution x(O ) of ( 1 . 1 7), the sum X = x(O) + x( l ) is a solution of 
( 1 . 1 6) . 

Let us focus first on the homogeneous equation ( 1 . 1 7). Clearly, its set of 
solutions !J(L) is a linear space. Further, dim !J(L) = nl . Indeed, we can 
choose Xo , . . •  , XI _  1 arbitrarily, and then compute XI' XI + 1, • . .  sequentially 
using the relation 

1- 1 X j+ 1 = - L Ak X j-k ' k=O 
Thus, the general solution of ( 1 . 1 7) depends on nl independent complex 
variables, i.e., dim !J(L) = nl . 

H is not hard to give a formula for the general solution of ( 1 . 1 7) ;  namely, 

i = 0, 1, . . .  , ( 1 . 18) 
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where C 1 and PI are as in Theorem 1 .5 and Zo E (f;nl is an arbitrary vector. The 
proof of this formula is by substitution and using ( 1 . 1 2) . As for differential 
equations, one proves that ( 1 . 1 8) gives all the solutions of ( 1 . 1 7). 

More generally, the following result holds. 

Theorem 1 .6. The general solution of the nonhomogeneous equation ( 1 . 1 6) 
is given by the formula : 

i -I P C i P '" C i -k - 1 R X i = 1 l Z0 + 1 L... 1 l Yk , k=O 
i = 0, 1 , . . .  , ( 1 . 1 9) 

where R l  is as in Theorem 1 . 5. 
Proof We have only to check that 

i -I X (I) - P '" C i -k - 1 R Y i - l L., 1 l k > k =O 
i = 1 , 2, . . .  , ( 1 .20) 

is a particular solution of ( 1 . 1 6) . Thus, 

i -I A P '" C i -k - 1 R + . . .  + OIL... 1 l Yk ' k =O 
Put together the summands containing Yo , then the summands containing Yt> 
and so on, to obtain the following expression (here C{ for j < 0 will be 
considered as zero) : 

(P 1 Ci+I- 1 R 1 + AI - I P I Q
+I-2Rl + ... + AOPI C l- I R 1)Yo 

+ (PIC�+ 1 -2R l + AI _IPIC�+ 1 -3RI + . . .  + AOPIC�-2R l) Y l 
+ . . .  + (PIC ll - l R l  + AI _IPICi-2RI + . . .  + AOPICl 1 R l) Y i 
+ (P 1 C\-2R 1 + AI _IPICi-3R l + . . .  + AOPIC12Rt) Y i + l 
+ . . .  + P1 CYR 1 Y i +I - 1 . ( 1 .2 1 ) 

From (1 . 12) i t  follows that 

and 

( 1 .22) 

k {O for k = 0, . . .  , l - 2 P1 C 1 R 1 = I for k = l _ 1 .  ( 1 .23) 

Equalities ( 1 .22) and ( 1 .23) ensure that expression ( 1 .2 1) is just Y i . So ( 1 .20) is a 
particular solution of the nonhomogeneous equation ( 1 . 1 6). 0 
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1 .3.  The Inverse Problem for Linearization 

Consider the following problem : Let T be a matrix of size m x m ;  when 
is T a linearization of some monic matrix polynomial L(A) of degree I and 
size n x n ?  

Clearly, a necessary condition for existence of such an L(A) is that m = nl. 
But this is not all. We can discover the additional necessary condition if we 
examine dim Ker L(A) for different A. Evidently, dim Ker L(A) ::;; n for any 
A E fl. On the other hand, since H - T is similar to 

we have 

[L(A) 0J 
o I

' 

dim Ker(IA - T) = dim Ker L(A), 

Thus, the additional necessary condition is that 

dim Ker(IA - T) ::;; n for all A E fl. 
As the following result shows, both necessary conditions are also sufficient. 

Theorem 1 .7. Th em x m matrix T is a lineari zation qfsome monic matrix 
polynomial of degree I and si ze n x n if and only if the two following conditions 
hold : 

( 1 ) m = n l ; 
(2) max).E¢ dim Ker(IA - T) ::;; n. 

The second condition means that for every eigenvalue .10 of H - T, the 
number of elementary divisors of H - T which correspond to .10 does not 
exceed n. 

For the scalar case (n = 1 ), Theorem 1 .7 looks as follows : 

Corollary 1 .8. The m x m matrix T is a linearization of a monic scalar 
polynomial of degree m if and only if 

max dim Ker(I A - T) ::;; 1 .  
).EIf 

This condition is equivalent to the following : There exist complex numbers 
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am _ l ' am - 2, • . .  , ao such that T is similar to a matrix of the form 

0 1 0 0 
0 0 1 0 

0 0 0 1 
-ao -a l - a2 -am - l  

In this case, the matrix T is also said to be nonderogatory. 

Proof of Theorem 1.7. The necessity of both conditions was explained 
above. Let us prove their sufficiency. Suppose that T is given, satisfying both 
conditions ( 1 )  and (2). Consider fA. - T and its Smith form D(A): 

fA. - T = E(A)D(A)F(A), 

where (E(A»± l and (F(A»± 1 are matrix polynomials (see Section S l . 1 ) . It is 
sufficient to prove that 

D(A) � 
[In<l- l ) 0 ] 

o L(A) 

for some monic matrix polynomial L(A) of degree l. Let 

[Inl-k 0 ] D(A) = 0 diag[d/A)] �= I ' 

( 1 .24) 

where d i(A) are the nonconstant invariant polynomials of D(A), and, as usual, 
di + I (A) is divisible by d;(A). Note that D(A) does not contain zeros on its main 
diagonal because det D(A) = det(l A - T) t= O. 

The condition (2) ensures that k ::; n. Indeed, if Ao is a zero of d I (A), then 

dim Ker D(Ao) = k, 

and, in view of (2), we have k ::; n. Now represent 

D(A) = 

[InO -1 ) _0 ] 
o diag[d/A)] j= 1 ' 

where dI(A) == . . .  == dn -k(A) == 1 and dn -k + P) = d P) for j = 1 ,  . . .  , k. 
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Observe that (since m is the degree of det(IA - T) = det D(A» 
n 'L,Ij = m, j= 1 

where Ij is the degree of diA) . If all the degrees Ij are equal, then diag[diA)] j= 1 
is a monic polynomial of degree I = m in, and ( 1 .24) is trivial. Suppose not all 
the degrees Ij are equal. Then 1 1 < I and In > I. Now there is a j such that 
Ij -1 < Ij and Ij - 1 S II + (In - l) < Ij• �o there is a m�nic scalar poly­
nominal SeA) of degree In - I such that d 1(A)S(A) divides d/A) and dj_ 1(A) 
divides d 1(A)S(A). Then let q(A) be a polynomial for which d 1(A)S(A)q(A) = 

-dn(A), and observe that the degree of d1(A)q(A) is I. 
Now perform the following sequence of elementary transformations on 

the matrix D(A) = diag[di(A)]7= 1: 
(a) Add S times the first column to the last column. 
(b) Add q times the first row to the last row. 
(c) Interchange the first and last columns. 
(d) Row k goes to row k + 1 for k = 1,2, . . . , j  - 2 and row j - 1 goes 

to row one. 
(e) Permute the first j - 1 columns as the rows are permuted in (d). 

The resulting matrix, which is equivalent to D(A), may be written in the 
form D' + D" where 

and D" has all its elements zero except that in position (j - 1, n) which is d1. 
Now consider the leading (n - 1) x (n - 1) partition of D': 

Since the degree of d1q is I, the determinant of D 1 has degree (n - 1)/. Further­
more, by the choice of s, D1 is in the Smith canonical form. This enables us 
to apply the argument to D J already developed for D. After a finite number 
of repetitions of this argument it is found that D is equivalent to an upper 
triangular matrix polynomial B whose diagonal elements all have degree I. 
It is easily seen that such a matrix jj is equivalent to a monic matrix poly­
nominal, say L(A). As required in (1.24) we now have 

D(A) '" [In<ol -I) 0 ] [In<I- 1 ) 0 J D(A) '" 0 L(A) , 

and the theorem is proved. D 
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1 .4.  Jordan Chains and Solutions of Differential Equations 

Consider a monic n x n matrix polynomial L (A) = HI + L�:& A jA.i and 
the associated homogeneous differential equation 

L(:t)U(t) = o. ( 1 .25) 

Here u(t) is an n-dimensional vector-valued function to be found. We already 
have a formula (namely, ( 1 . 1 1 »  for the general solution of ( 1 .25), but now we 
shall express it through elementary vector-valued functions of the real variable 
t .  It turns out that such an expression is closely related to the spectral properties 
of L(A). 

It is well known that in the scalar case (n = 1) the solutions of ( 1 .25) are 
linear combinations of the simple solutions of the form 

j = 0, . . .  , s - 1 ,  

where A o i s  a complex number and s = S(Ao) i s  a positive integer. I t  turns out 
that Ao must be a root of the scalar polynomial L(A), and s is just the multi­
plicity of Ao as a root of L(A). 

We now wish to generalize this remark for monic matrix polynomials. 
So let us seek for a solution of ( 1. 25) in the form 

u(t) = p(t)eAot, ( 1 .26) 

where pet) is an n-dimensional vector-valued polynomial in t, and Ao is a 
complex number. It will be convenient for our purposes to write the representa­
tion ( 1 .26) as follows : 

u(t) = (:! Xo + (k
t: :) ! X l + . . .  + xk)e;.ot 

with Xj E en and Xo =f: O. 

( 1 .27) 

Proposition 1 .9. The vector function u(t) given by ( 1 .27) is a solution of 
equation ( 1 .25) if and only if the following equalities hold : 

� � L(P)(A ) - 0 L" 0 xi-p - , 
p = o p .  

i = 0, . . .  , k. ( 1 .28) 

Here and elsewhere in this work VP)(A) denotes the pth derivative of L(A) 
with respect to A. 

Proof Let u(t) be given by ( 1 .27). Computation shows that 
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More generally, (d ) j ( t k- j t k- j- l ) 
dt - Ao I u(t) = (k_j) ! xo + (k_j_l) ! x l + ···+ x k-j e .l.ot 

for j = 0, . . .  , k, and (:t - Ao IYU(t) = 0 for j = k + 1 ,  k + 2, . . . . 

Write also the Taylor series for L(A) : 

L(A) = L(Ao) + 1\ L '(Ao) (A - Ao) + . . .  + A L(I)(Ao) (A - Ao Y· 

Then, replacing here A by d/dt, we obtain : 

L(:t)X(t) = L(Ao)u(t) + 1\ L'(Ao) (:t - Ao I )U(t) + . . .  
1 ( I) (d ) 1 

+ l! L (Ao) dt - Ao u(t). 

( 1 .29) 

( 1 .30) 

( 1 . 3 1  ) 

Now substitution of ( 1 .29) and ( 1 . 30) in the formula ( 1 . 3 1 )  leads to Propo­
sition 1 .9 .  0 

The sequence of n-dimensional vectors Xo ,  X b  . . .  , X k  (xo #- 0) for which 
equalities ( 1 .28) hold is called a Jordan chain of length k + 1 for L(A) cor­
responding to the complex number Ao . Its leading vector Xo ( #- 0) is an 
eigenvector, and the subsequent vectors X l ' . . .  , X k  are sometimes known as 
generali zed eigenvectors. A number Ao for which a Jordan chain exists is called 
an eigenvalue of L(A), and the set 

a(L) = {Ao E (l';I Ao is an eigenvalue of L(A)} 
is the spectrum of L(A). 

This definition of a Jordan chain is a generalization of the well-known 
notion of a Jordan chain for a square matrix A . Indeed, let xo , X l ' . . .  , X k  be 
the Jordan chain of A , i .e. , 

Then these equalities mean exactly that xo ,  Xl' . . .  , Xk is a Jordan chain of the 
matrix polynomial fA - A in the above sense. We stress that for a matrix 
polynomial of degree greater than one, the vectors in its Jordan chains need 
not be linearly independent, in contrast to the linear matrix polynomials of 
type I A - A (with square matrix A) .  Indeed, the zero vector is admissible as a 
generali zed eigenvector. Examples 1 .2 and 1 .4 below provide such a matrix 
polynomial. 
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Note that from the definition of a Jordan chain xo , X l ' . . .  ' Xk it follows 
that L(A.o)xo = 0, i.e., Xo E Ker L( A.o) . Hence ..1.0 is an eigenvalue of L(A.) if and 
only if Ker L(A.o) -:f. {O} .  

We shall sometimes use the evident fact that the solutions of the linear 
system 

L(A.o) 0 0 

I X' L'( A.o) L( A.o) 0 X l = 0  

� £1")(..1.0) 1 £1"-1)(..1.0) L( A.o) X" 
a! (a - I )! 

form the set of all Jordan chains xo , X l ' . • .  , X" of L( A.) with lengths not ex­
ceeding a + 1 corresponding to ..1.0 (after we drop the first zero vectors 
Xo = . . .  = Xi = 0). 

Consider now some examples to illustrate the notion of a Jordan chain. 

EXAMPLE 1. 1 . Let 

Since det L(A) = A4, there exists one eigenvalue of L(A), namely, AO = O. Every nonzero 
vector in (/;1 is an eigenvector of L(A). Let us compute the Jordan chains which begin with 
an eigenvector Xo = G::;] E (/;2\{0}. For the first generalized eigenvector XI = [�:�] E 
(/;2 we have the following equation: 

L'(O)xo + L(O)xI = 0, 
which amounts to 

[0 -IJ [xolJ = O. 
o 0 XOl 

So X I exists if and only if X02 = 0, and in this case Xo I can be taken completely arbitrary. 
For the second generalized eigenvector Xl = G;;] we have 

�L"(O)xo + L'(O)xI + L(O)Xl = 0, 
which amounts to 

or XOI = X12 . If this equality is satisfied, the vector X2 can be arbitrary. Analogous 
consideration of the third generalized eigenvector X3 = G;;] gives 

[1 OJ [XlIJ + [0 -IJ [X2IJ = 0, 
o 1 Xl2 0 0 X12 
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which is contradictory, because it implies that X12 = 0 ; but as we have seen before, 
X12 = XOI, and therefore X12 # 0 (since Xo # 0). 

Summarizing the investigation of this example, we obtain the following : the length 
of a Jordan chain Xo, XI' . . .  , Xk-I of L(A) cannot exceed 3 (i .e. , k � 3). All Jordan chains 
can be described as follows : 

( 1 )  Jordan chains o f  length 1 are Xo = [���], where XOI, X02 E rt are not both zero ; 
(2) Jordan chains of length 2 are Xo = [X81], X I, where XOI # 0 and XI is arbitrary ; 
(3) Jordan chains of length 3 are Xo = [X81], XI = G�:], X2, where XOI # 0, and 

Xl l, X2 are arbitrary. 0 

The next example is somewhat more complicated. 

EXAMPLE 1 .2. Let 

Compute the determinant : det L(A) = A7(A - 1)3 . Thus, there exist only two eigenvalues 
of L(A): Al = 0 and A2 = 1. Since L(O) = L( 1 )  = 0, every nonzero two-dimensional 
vector is an eigenvector of L(A) corresponding to the eigenvalue zero, as well as an eigen­
vector of L(A) corresponding to the eigenvalue A2 = 1 .  

Let u s  find the Jordan chains o f  L(A) corresponding t o  Al = O .  Since L'(O) = 0 ,  every 
pair of vectors Xo, XI E rt with Xo # 0 forms a Jordan chain of L(A) corresponding to 
Al = O. An analysis shows that this chain cannot be prolonged unless the first coordinate 
of Xo is zero. If this is the case, then one can construct the following Jordan chain of 
length 5: 

[-X02], X12 [-X12], X2 2 ( 1 .32) 

where X02, X12, X2 2, X3b X3 2' X41' X42 are arbitrary complex numbers and X02 # O. 
The Jordan chain (1.32) is of maximal length. 

Consider now the eigenvalue A2 = 1 . It turns out that the Jordan chains of length 2 
corresponding to A2 are of the following form : 

[ XUI J - 2xol 
' ( 1 .33) 

where XOI # 0, and XII, X12 are arbitrary complex numbers. These Jordan chains cannot 
prolonged. 

Using Proposition 1 .9, we can find solutions of the system of differential equations : [ dS d4 d3 d2 d4 d3 1 ( d ) dtS - dt4 + dt3 - dt2 dt4 - dt3 [UI(t)] L - u(t) = = O. dt d4 d3 d2 d5 d4 d3 U2(t) 
- - 2- + - - - 2- + -dt4 dt3 dt2 dtS dt4 dt3 
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For instance, the solution corresponding to the Jordan chain ( 1 .32) is 

t3 t2 - 6 X02 - 2 X\2 + tX3! + X41 

t4 t3 (2 
24 X02 + 6 X12 + 2- X22 + tX32 + X42 

and the solution corresponding to the Jordan chain ( 1 .33) is 

27 

These examples show that the structure of Jordan chains for matrix 
polynomials can be quite complicated. To understand this structure better, it 
is useful to define canonical systems, which may be regarded as basic Jordan 
chains in the set of all Jordan chains corresponding to a fixed eigenvalue, and 
they play a role analogous to a basis in a finite-dimensional linear space. This 
will be done in Section 1 .6 . 

A convenient way of writing a Jordan chain is given by the following 
proposition. 

Proposition 1 . 10. The vectors xo , . . . , Xk- 1 form a Jordan chain of the 
matrix polynomial L(A) = l};;� A jAJ + J.l.l corresponding to Ao if and only if 
Xo i= 0 and 

( 1 .34) 

where 
Xo = [xo . . . Xk- l] 

is an n x k matrix, and J 0 is the Jordan block of size k x k with Ao on the main 
diagonal. 

Proof By Proposition 1 .9, xo , . . .  , Xk- 1 is a Jordan chain of L(A) if and 
only if the vector function 

satisfies the equation 

But then also 

(k- 1 P ) 
uo(t) = I; Xk- p- l eAot 

p= o p . 

j = 1 ,  7, . .. , k - 1 ,  
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where 

uit) = (d d - AO I)i
UO(t) = (k-f- 1 t� Xk_i_p_l)eAot. t p= O p. 

Consider the n x k matrix 

U(t) = [Uk- l(t) 

From the definition of U(t) it follows that 

Uo(t)J. 
\ 

1 t 
I 

1 k- l 
(k_1)!

t 

U(t) = Xo 
t 

0 1 

eAot. 

Using the definition of a function of a matrix (see Section S 1 . 9), it is easy to see 
that 

(1 .35) 

Now write 

L(:t)U(t) = 0, 

and substitute here formula (1 .35) to obtain [Ao Xo + A IXOJO + . . . + 
A'_IXOJ�-l 

+ Xo JoJeJot = O. Since eJot is nonsingular, (1 .34) follows. 
Reversing the arguments above, we obtain that the converse is also true : 

formula (1 .34) implies that [xo , ... , Xk- lJ is a Jordan chain of L(A) cor­
responding to Ao. 0 

Observe that in this section, as well as in the next two sections, monicity of 
the matrix polynomial L(A) is not essential (and it is not used in the proofs). 
In fact, Propositions 1 .9 and 1 . 10 hold for a matrix polynomial of the type 
L}=o Ai Ai, where Ai are m x n rectangular matrices (in formula (1 .34) the 
summand X 0 J� should be replaced in this case by A, X 0 J�). 

We conclude this section with a remark concerning the notion of a left 
Jordan chain of a matrix polynomial L(A). The n-dimensional row vectors 
Yo, ... , Yk form a left Jordan chain of L(A) corresponding to the eigenvalue Ao 
if the equalities 

i � Yi- pVPl(Ao) = 0, 
p = O p . 

hold for i = 0, 1 ,  . . .  , k. The analysis of left Jordan chains is completely 
similar to that of usual Jordan chains, since Yo, ... , Yk is a left Jordan chain of 
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L(A) if and only if the transposed vectors Y6, ... , yl form a usual Jordan chain 
for the transposed polynomial (L(A» T, corresponding to the same eigenvalue. 
Thus, we shall deal mostly with the usual Jordan chains, while the left Jordan 
chains will appear only occasionally. 

1 .5.  Root Polynomials 

In order to construct a canonical system of Jordan chains of a monic 
matrix polynomial L(A) corresponding to a given eigenvalue Ao , and for other 
purposes too, it is convenient to describe the Jordan chains in terms of root 
polynomials, which we now define. 

Given an n x n matrix polynomial L(A) (not necessarily monic), an 
n-dimensional vector polynomial cp(A), such that cp(Ao) =F ° and L(Ao)cp(AO) 
= 0, is called a root polynomial of L(A) corresponding to AO ' The order of Ao as 
a zero of L(A)cp(A) is called the order of the root polynomial cp(A). Develop the 
root polynomial in powers of A - Ao : 

q 
cp(A) = L (A - Ao)icpi ' i=O 

and it follows that the vectors CPo ,  CPI ' . • .  , CPk - 1 (where k is the order of cp(A» 
form a Jordan chain of L(A) corresponding to AO ' To see that, write 

L(A)cp(A) = lto� LUl(Ao){A - AO)i] It (A - AO)iCPi] 
and equate to zero the coefficients of (A - Ao)i for j = 0, . . .  , k - 1, in this 
product. The converse is also true : if CPo ,  CPI"'" CPk - 1 is a Jordan chain of 
L(A) corresponding to Ao , then the vector polynomial of type 

k - l 
cp(A) = L (A - Ao)icp i + (A - Ao)kt/l(A), 

i=O 

where t/I(A) is some vector polynomial, is a root polynomial of L(A) of order k 
corresponding to the same Ao . 

The notion of a root polynomial makes it easy to prove the following 
proposition, which will be frequently used in what follows. 

Proposition 1 . 1 1 .  Let L(A) be an n x n matrix polynomial (not necessarily 
monic) and let A(A) and B(A) be n x n matrix polynomials such that A(AO) and 
B(AO) are nonsingular for some Ao E fl. Then Yo ,  ... , Yk is a Jordan chain of the 
matrix polynomial A(A)L(A)B(A) corresponding to Ao if and only if the vectors 

_ � 1 (i) Zi - L., � B (Ao)Yi - ;, i=O z . 
j = 0, ... ,k 

form a Jordan chain of L(A) corresponding to AO ' 

(1.36) 
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Proof Suppose that Zo , ... , Zk given by ( 1 . 36) form a Jordan chain of 
L(A) corresponding to ..10 , Then 

k 
<p(A) = L (A - Ao)jZj 

j = O 

is a root polynomial of L(A) and L(A)<p(A) = (A - Ao)k+ 101 (..1) for some vector 
polynomial 01 (..1). From ( 1 . 36) it follows that 

<p(A) = B(A)IjJ(A), 

where IjJ(A) = L�= o (A - Ao)jh So 

[A(A)L(A)B(A)]IjJ(A) = A(A) [L(A)<p(A)] = (A - Ao)k+1A(A)01 (A), 

so IjJ(A) is a root polynomial of A(A)L(A)B(A) of order not less than k + 1 ,  and, 
consequently, Yo ,  ... , Yk is a Jordan chain of A(A)L(A)B(A) corresponding to 
..10 , 

Conversely, let Yo ,  ... , Yk be a Jordan chain of A (A)L(A)B(A) correspond­
ing to ..10 , Then 

A(A)L(A)B(A)IjJ(A) = (A - Ao)k + 102(..1) 

for some vector polynomial O2(..1) (here IjJ(A) = L�= o (A - Ao)iy). So 

L(A)<p(A) = (A - Ao)k + 1 A - 1 (A)0z(A). ( 1 .37) 

Since A(Ao) is nonsingular, the right-hand part in ( 1 . 37) is a vector polynomial 
for which A = ..10 is a zero of multiplicity not less than k + 1 .  Thus <p(A) is a 
root polynomial of L(A) of order not less than k + 1 ,  and Zo , ... , Zk is a 
Jordan chain of L(A) (corresponding to ..10)' 0 

In particular, it follows from Proposition 1 . 1 1  that the matrix poly­
nomials L(A) and A(A)L(A) (where A(A) is square and det A(Ao) =f. 0) have the 
same set of Jordan chains corresponding to ..10 , 

In many cases, Proposition 1 . 1 1  allows us to reduce the proofs of results 
concerning Jordan chains for monic matrix polynomials to the diagonal 
matrix 

L(A) = diag[(A - ..10)"1, ... , (A - Ao)"n] , ( 1 . 38) 

by using the local Smith form (see Theorem SUO). Here we rely on the fact 
that det L(A) =1= 0 for a monic matrix polynomial L(A) (so Theorem S 1. 10  is 
appl icable). 

As a demonstration of this reduction method, we shall prove the next 
result . It also helps to clarify the construction of a canonical set of Jordan 
chains given in the next section. 
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We shall say that an eigenvector Xo of a monic matrix polynomial L(A) cor­
responding to the eigenvalue Ao is of rank k if the maximal order of a root 
polynomial ep(A) with ep(Ao) = Xo is k. This notion can be applied to nonmonic 
matrix polynomials as well. 

Theorem 1 .12. Let L(A) be a monic matrix polynomial, and let Ao be an 
eigenvalue. Denote by ?l"k C ftn (k = 1 , 2, . . .  ) the maximal linear subspace in 
ftn with the property that all its nonzero elements are eigenvectors of L(A) of rank 
k corresponding to Ao. Then 

(i) there exists afinite set {k l ' . . .  , kp} c { I ,  2, . . .  } such that ?l"k ¥- {OJ 
ifand only ifkE {k1 , • • •  , kp} ;  

(ii) the subspace Ker L(Ao) c ftn is decomposed into a direct sum: 

( 1 .39) 

(iii) if x = L}'= 1 X j E Ker L(Ao), where x j E ?l" kJ ' then the rank of x is equal 
to min{kj l xj ¥- OJ. 

Proof Let 

where 

is the local Smith form of L(A) and EAO(A) and FAo(A) are matrix polynomials 
invertible at A = Ao (Theorem SUO). By Proposition 1 . 1 1 ,  Yo is an eigenvector 
of L(A) if and only if Zo = F Ao(Ao)Yo is an eigenvector of D Ao(A) and their ranks 
coincide. So it is sufficient to prove Theorem 1 . 1 2  for DAO(A). 

Denote by e; the ith coordinate vector in ftn . Then it is easy to see that 
e;, 0, . . .  , 0  (K; - 1 times zero) is a Jordan chain of DAO<-�.), provided K; 2:: 1 .  
S o  the rank of the eigenvector e; i s  greater than o r  equal to K;. I n  fact, this rank 
is exactly K;, because if there were a root polynomial ep(A) = "Lj=o (A - Ao)jepj 
with epo = e; of order greater than K;, then 

( 1 .40) 

which is contradictory (the ith entry in the left-hand side is different from 
zero). It follows that?l"k is spanned by the eigenvectors e; such that K; = k (if 
such exist). So (i) and (ii) become evident. To prove (iii), assume that there 
exists a root polynomial ep(A) with ep(A) = x and of order greater than 
min{kj l xj ¥- OJ; then we obtain again the contradictory equality ( 1 . 1 5). D 

The proof of Theorem 1 . 1 2  shows that the integers k l ' . . .  , kp coincide with 
the nonzero partial multiplicities of L(A) at .10 (see Section S 1 .5) . 
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1 .6. Canonical Set of Jordan Chains 

We construct now a canonical set of Jordan chains of a given monic 
matrix polynomial L(A). Since det L(A) is a scalar polynomial not identically 
zero, it has only a finite number of roots. It follows that the number of 
different eigenvalues of L(A) i s  finite and does not exceed the degree nl of 
det L(A), where I is the degree of L(A). 

Let ,1.0 be a fixed eigenvalue of L(A). In the construction of a canonical set 
of Jordan chains given below, all the root polynomials correspond to the 
eigenvalue ,1.0 of the matrix polynomial L(A). First we remark that the order of 
any root polynomial does not exceed the multiplicity of ,1.0 as a zero of det L(A). 
Indeed, using the Smith form of L(A) and Proposition 1 . 1 1 ,  it is sufficient to 
prove this statement for a diagonal matrix polynomial ; but then it is easily 
checked. Let now </Jl (A) = Lj!:"(/ (A - Ao)j</J lj be a root polynomial with the 
largest order K l' It follows from the preceding remark that the orders of the 
root polynomials are bounded above (by the multiplicity of ,1.0 as a zero of 
det L(A» , so such a </Jl (A) exists .  Further, let </JiA) = Lj;,o 1 (A - Ao)j</J2j be a 
root polynomial with the largest order among all the root polynomials whose 
eigenvector is not a scalar multiple of </JI 0 '  (In particular, K2 � Kl ') If 
</Jl (A), . . .  , </Js - l (A) are already chosen, 

K j - l 
</JlA) = L (A - Ao)j</J;j ' i = 1 ,  . . .  , s - 1 ,  

j=O 

let </JiA) = Lj�(/ (A - Ao)j</Jsi be a root polynomial with the largest order Ks 
among all the root polynomials whose eigenvector is not in the span of the 
eigenv:.::ctors </JI 0 ,  • • •  , </Js - l . o · We continue this process until the set Ker L(Ao) 
of all the eigenvectors of L(A) corresponding to ,1.0 is exhausted. Thus, r root 
polynomials 

Ki - 1 
</JlA) = L (A - AO)i</Jii ' 

j=O 
i = 1 ,  . . .  , r, 

are constructed, where r = dim(Ker L(Ao» . In this case the Jordan chains 

are said to form a canonical set of Jordan chains of L(A) corresponding to ,1.0 ' 
Note that the canonical set is not unique ; for instance, we can replace </J2(A) by 
</JiA) + Lj;,o 1 (A - Ao)i</J l j in the above construction to obtain another 
canonical set of Jordan chains. As we shall see later, the numbers Kl > • • •  , K, 
are uniquely defined (i.e . , do not depend on the choice of the canonical set). 
In fact, Kl ' . . .  , K, are the nonzero partial multiplicities of L(A) at ,1.0 (see 
Section S 1 . 5). 

Let us illustrate the notion of a canonical set by examples. 
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EXAMPLE 1 . 3 .  Let 

L(A) = (A - AoY, 

be a scalar matrix polynomial, where p is a positive integer. The sole eigenvalue of L(A) 
is ,10 ' From the definition of a Jordan chain it is seen that the sequence 1 ,  0, . . .  , 0 (p - 1 
zeros) forms a Jordan chain of L(A) corresponding to ,10 (in this case the vectors in a 
Jordan chain are one-dimensional, i .e. , are complex numbers). This single Jordan chain 
forms also a canonical set. Indeed, we have only to check that there is no jordan chain of 
L(A) of length greater than p. If such a chain Yo , . . .  , Yp were to exist, then, in particular, 

1 
- L(P)(Ao)Yo + . . .  + L(Ao)Yp = O. 
p !  

But L W(Ao) = 0 for j = 0, . . .  , p - 1 ;  L (P)(Ao) = p !  and Y oF 0, so this equality is con­
tradictory (cf. the proof of Theorem 1 . 1 2). 0 

The scalar polynomial 

L(it) = (it - itoYa(it), (1 .41 )  

has the same Jordan chains, and, consequently, the same canonical set of 
Jordan chains, as the polynomial (it - itoY (see the remark following after 
Proposition 1 . 1 1 ) .  Since any scalar polynomial can be represented in the form 
(1 .41), we have obtained a description of Jordan chains for scalar poly­
nomials, which is quite trivial. However, in view of the local Smith form for 
matrix polynomials (see Section S 1 . 5), this description plays an important 
role in the theory. 

EXAMPLE 1 .4. Let 

be the matrix polynomial from Example 1 .2. This polynomial has only two eigenvalues : 
,10 = 0 and ,10 = 1 .  Let us construct a canonical set of Jordan chains for the eigenvalue 
,10 = O. We have seen in Example 1.2 that the order of an eigenvector [:;�] is 2 if ({J I O  oF 0 
and 5 if ({J1O = 0, ({J20 oF O. So, using formula ( 1 .32) we pick the following canonical set of 
Jordan chains for ,10 = 0 :  

Another canonical set of Jordan chains would be, for instance, the following one : 

GJ 
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Analogous considerations for the eigenvalue Ao = 1 gives rise, for instance, to the 
following canonical set of Jordan chains : 

qJ ! !  = 0 ; qJ20 = [�l 0 

We shall study now some important properties of a canonical set of 
Jordan chains. 

Proposition 1 . 13. Let L(A) be a monic matrix polynomial. Then the lengths 
" I '  ... , "" of the Jordan chains in a canonical set of Jordan chains of L(A) 
corresponding to Ao , are exactly the nonzero partial multiplicities ofL(A) at Ao . 

For the definition of partial multiplicities we refer to Section S 1 . 5 .  

Proof We use the local Smith form for L(A): 

( 1 .42) 

where E;'o(A), F ;'o(A) are matrix polynomials which are nonsingular at Ao , 

D ;'o(A) = diag[(A - AoY']i= 1 
and ° � V I � . . .  � vn are the partial multiplicities of L(A) at Ao . A canonical 
system of Jordan chains of D;.oCA.) (which is defined in the same way as for 
monic matrix polynomials) is easily constructed : if, for instance, ° = 

V I = . . .  = Vio - 1 < Vio ' then 

en , 0, . . .  , 0, en - t o 0, . . .  , 0, eio ' 0, . . .  , ° 

is the canonical system, where ej = (0, . . . , 1 ,  0, . . .  , 0) T with 1 in the jth place, 
and the length of the chain ej ' 0, . . .  , ° is Vj U = io , io + 1, ... , n). It follows 
immediately that Proposition 1 . 1 3  holds for D;'o(A). 

On the other hand, observe that the system 

i = 1, ... , r, 

is a canonical set of Jordan chains of L(A) corresponding to Ao if and only if the 
system 

({JiO"' " ({Ji , J( , - I '  i = 1 ,  ... , r 

is a canonical system of Jordan chains of D;'o(A) corresponding to Ao , where 

({Jij = t � F��)(Ao)tfJ i , j - m ' 
m=O m. 

j = 0, . . .  , "i - 1 ,  i = 1 ,  ... , r. 

Indeed, this follows from Proposition 1 . 1 1  and the definition of a canonical 
set of Jordan chains, taking into consideration that ({JiO = F ;'o(Ao)tfJ iO ' 
i = 1 ,  . .. , r, and therefore l/I I O '  . . .  , l/Iro are linearly independent if and only if 
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CPI O '  . . .  , CPrO are linearly independent. In particular, the lengths of Jordan 
chains in a canonical set corresponding to ilo for L(il) and D ;'o(il) are the same, 
and Proposition 1 . 1 3  follows. 0 

Corollary 1 . 14. The sum L�= 1 Ki of the lengths of Jordan chains in a canon­
ical set corresponding to an eigenvalue ilo of a monic matrix polynomial L(il) 
coincides with the multiplicity of ilo as a zero of det L(il). 

The next proposition shows that a canonical system plays the role of a 
basis in the set of all Jordan chains of L(il) corresponding to a given eigenvalue 
ilo · 

Let Jl be the length of the longest possible Jordan chain of L(il) cor­
responding to ilo . It will be convenient to introduce into consideration the 
subspace .AI c q;n/l consisting of all sequences (Yo ,  .. . , Yr I ) of n-dimen­
sional vectors such that 

L(ilo) ° ° Yo 
L'(ilo) L(ilo) ° YI 

= 0. ( 1 .43) 
1 L(/l - I )(ilo) 

(Jl - 1) ! 
1 Vr 2)(ilo) 

(Jl - 2) ! 
L(ilo) Yr 1 

We have already mentioned that .AI consists of Jordan chains for L(il) cor­
responding to ilo , after we drop first zero vectors (if any) in the sequence 
(Yo ,  . . .  , Y/l - l ) E .AI. 

Proposition 1 . 15. Let 

CPiO , · · · , CPi , /l i - 1 ' i = 1 ,  . .  " s ( 1 .44) 

be a set of Jordan chains of a monic matrix polynomial L(il) corresponding to ilo ' 
Then the following conditions are equivalent :  

(i) the set ( 1 .44) is canonical; 
(ii) the eigenvectors cP 1 0 ,  . . . , CPso are linearly independent and 

D= 1 Jli = (J, the multiplicity of ilo as a zero of det L(il) ; 
(iii) the set of sequences 

Yij = (0, ' , . , 0, CP;o ,  ' . , , CPij)' j = 0, ' . , , Jli - 1 ,  i = 1 ,  . . .  , s, ( 1 .45) 

where the number of zero vectors preceding CP;o in Yij is Jl - (j + 1 ),form a basis 
in . k'. 

Proof Again, we shall use the reduction to a local Smith form. For 
brevity, write L for the matrix appearing on the left of ( 1 .43). Similarly, 
A, B will denote the corresponding matrices formed from matrix polynomials 
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A(A), B(A) at ,10 ' respectively. First let us make the following observation : let 
A(A) and B(A) be matrix polynomials nonsingular at ,1 =  ,10 ' Denote by 
% c fln/L the subspace defined by formula ( 1 .43) where L(A) is replaced by 
£(,1) = A(A)L(A)B(A). Then 

% = B%. ( 1 .46) 

(Note that according to Proposition 1 . 1 1 the length of the longest Jordan 
chain corresponding to ,10 of L(A) and £(,1) is the same Jl.) Indeed, ( 1 .46) follows 
from the following formula (here [ is the matrix on the left of ( 1 .43) with 
VP)(Ao) replaced by Dp)(Ao), p = 0, . . .  , Jl - 1 ) :  

[ =  ALB, 

which can be verified by direct computation. Now the reduction to the case 
where 

L(A) = diag[(A - AoY'Ji= b ( 1 .47) 

follows from the local Smith form ( 1 .42) of L(A) and formula ( 1 .46). 
Thus it remains to prove Proposition 1 . 1 5  for L(A) given by ( 1 .47). The 

part (i) = (ii) follows from the definition of a canonical set and Corollary 1 . 1 4. 
Let us prove (ii) = (iii). Let the chains ( 1 .44) be given such that ({JI 0 ' • . • , ({Jso 
are linearly independent and Ii= 1 Jli = (J. From the linear independence of 
({J I 0 ' • . • , ({Jso it follows that the vectors 

Yij = (0, . . .  , 0, ({JiO ' • . • , ((Ji), j = 0, . . .  , Jli - 1 ,  i = 1 ,  . . .  , s  ( 1 .48) 

are linearly independent in %. On the other hand, it is easy to see that 

n 
dim % = I Vj ' 

j = 1 
( 1 .49) 

which coincides with the multiplicity of ,10 as a zero of L(A), i.e., with (J = 
D= 1 Jli ' It follows that the sequences ( l .48) form a basis in %, and (iii) is 
proved. 

It remains to prove that (iii) = (i), Without loss of generality we can sup­
pose that Jli are arranged in the non increasing order : JlI � . . .  � Jls ' Sup­
pose that Vr > Vr + I = . . .  = Vn = ° (where Vi are taken from ( 1 .47» . Then 
necessarily s = r and Jli = Vi for i = 1, . . .  , s .  Indeed, s = r follows from the 
fact that the dimension of the subspace spanned by all the vectors of the form 
(0, . . . , 0, X)T, which belong to .AI; is just r. Further, from Theorem 1.12 it 
follows that the dimension of the subspace spanned by all the vectors of the 
form (0, . . .  , Xo , . . .  , Xj - I )T, which belong to % is just 

j - l 
I j . I {k I Vk = p} I + I p . I {k I Vk = p} I , 
p� j p = l 

j = 1 ,  . . .  , n, ( 1 . 50) 
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where I A I denotes the number of elements in a finite set A. On the other hand, 
from (iii) it follows that this dimension is 

j - l 
L j . I { k I Ilk = p} I + L p . I {k I Ilk = p} I , j = 1 ,  . . .  , n. ( 1 . 5 1 )  

p= l 

Comparing ( 1 . 50) and ( 1 . 5 1 ), we obtain eventually that Ili = Vi ' Now (i) 
follows from the definition of a canonical set of Jordan chains. 0 

The following Proposition will be useful sometimes in order to check that 
a certain set of Jordan chains is in fact a canonical one. 

Proposition 1 . 16. Let 

i = 1, . . .  , s ( 1 . 52) 

be a set of Jordan chains of L(A) corresponding to Ao such that the eigenvectors 
qJ I O '  • . • , qJiO are linearly independent. Then 

( 1 .53) 

where (J is  the multiplicity of Ao as a zero of det L(A). The equality in ( 1 .53) holds 
if and only if the set ( 1 . 52) is canonical. 

The proof of Proposition 1 . 1 6  uses the same ideas as the proof of Pro­
position 1 . 1 5  and is left for the reader. 

1 .7 .  Jordan Chains and the Singular Part of the Laurent 
Expansion 

Let L(A) be a monic matrix polynomial, and let Ao E (J(L). Consider the 
singular part of the Laurent expansion of L - 1 (A) in a neighborhood of Ao : 

SP(L - leA»� = (A - Ao) - VK I  + (A - AO) - v + IK1 + . . .  + (A - Ao) - IKv , 

( 1 . 54) 

and define mn x mn matrices Sm (m = 1, . . .  , v) : 

K l  0 0 
Kl K l  0 

S = m ( 1 .55) 
Km - l Km- 1 K I  0 

Km Km - 1 K2 K I  
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It is convenient to introduce the following notation : Given n x n matrices 
A I , A2 , . . .  , Ap , we shall denote by L\(A 1 , • • . , Ap) the block triangular 
np x np matrix 

o 0 
o 0 

AP - l Ap - 2 A l 0 
Ap Ap- 1 A2 A l 

For example, Sm = L\(Kb K2 , · . .  , Km). 
For an eigenvector x E Ker L(Ao)\{O}, the rank of x (denoted rank x) is 

the maximal length of a Jordan chain of L(A) corresponding to ..1.0 with an 
eigenvector x. 

Proposition 1 . 17. Under the notation introduced above, 

Ker L(Ao) = {x E �n l col(O, . . .  , 0, x) E 1m S.} ( 1 . 56) 

and for every x E Ker L(Ao), 

rank x = max{r I col(O, . . .  , 0, x) E 1m Sv - r + d . ( 1 . 57) 

If x E Ker L(Ao)\ {O}, rank x = r and Sv - r + 1 Col(Y l ' Y2 , . . .  , Yv - r + 1 ) = 

col(O, . . . , 0, x), then the vectors 

Xo = x, Xl = K2 Yv - r + l + K3 Yv - r + . . . + Kv - r + 2 YI , 
Xr - l = KrYv - r + 1 + Kr+ IYv - r + . . .  + KvYl 

. .  " '  

( 1 .58) 

form a Jordan chain of L(A) corresponding to ..1.0 • 

Proof Use the local Smith form of L(A) in a neighborhood of ..1.0 (see 
Section S 1 .5) : 

L(A) = E(A)D(A)F(A), ( 1 .59) 

where D(A) = diag[(A - ..1.0)" 1 ,  . . . , (A - Ao)"n] , and E(A), F(A) are matrix 
polynomials such that E(Ao) and F(Ao) are nonsingular (we shall not use in 
this proof the property that det F(A) == const #- 0). Using ( 1 .58) we shall 
reduce the proof of Proposition 1 . 1 7  to the simple case L(A) = D(A), when it 
can be checked easily. 

Let 

SP(D - 1 (AO» = (A - Ao) - VLI + (A - AO) - v + lL2 + . . .  + (A - Ao) - lLv . 
It is easy to check that 

Sm = L\(Po ,  PI , . . .  , Pm - I ) · L\(Ll ' L2 , · · · , Lm) · L\(Eo ,  E1 , • • • , Em - I ), 
m = 1, . . .  , v, 
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where 

F · = 
� (F- I )(j)(A ) ) . , 0 , 
J . 

Let now 

E . = 
� (E- I)(j)(A ) ) . , 0 , 
J . 

j = 0, 1 ,  . . . . 

col(O, O, . . .  , x) E 1m Sv = 1m [.!l(Fo ,  FI , . . .  , Fv - I ) · .!l(LI '  L2 , • • •  , Lv)] , 

so 
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col(O, 0, . . .  , x) = .!l(Fo ,  FI , . . .  , Fv - I ) ·  .!l(L I ' L2 , • • •  , Lv)col(z l ' . . .  , zv) 

for some n-dimensional vectors z I , . . .  , Zv . Multiplying this equality from the 
left by .!l(Fo , F I , . . .  , Fv - I ), where Fj = ( l /j !)F(j)(Ao), we obtain that 
col(O, . . .  , 0, Fo x) E 1m .!l(LI ' L2 , • . • , Lv). Applying Proposition 1 . 1 7  for 
D(A) it then follows that Fo x E Ker D(Ao), or x E Ker L(Ao). We have proved 
inclusion ::::J in ( 1 . 56). Reversing the line of argument, we obtain the opposite 
inclusion also, so ( 1 . 56) is proved. By an analogous argument one proves 
( 1 . 57), taking into account that the rank of an eigenvector x of L(A) is equal to 
the rank of the eigenvector Fo X of D(A) (see Proposition 1 . 1 1 ). 

It remains to prove that the vectors ( 1 .58) form a Jordan chain of L(A) 
corresponding to ..1.0 • By the definition of xo , . . .  , Xr - I , we have 

° 
Kl ° 0 

° 
K2 Kl 0 LU� Kv - r - I Kv - r  K I  

Xo 
X I 

Kv Kv - I Kr xr- 1 
Multiplying this equality on the left by .!l(Ao ,  A I , . . .  , Av - I ), where Aj = 

( l /j !)L(j)(Ao), we obtain (in view of the equality L(A) · L - 1 (..1.) = J) that 
.!l(Ao ,  . . .  , Av - I ) col(O, . . .  , 0, Xo , . . .  , xr - I ) = 0. This equality means, by 
definition, that Xo ,  . • . , Xr - I is a Jordan chain of L(A) corresponding to ..1.0 . 

o 
It is clear that Jordan chains of L(A) do not determine the singular part 

SP(L - 1 (..1.0» uniquely. For instance, the monic matrix polynomials L(A) and 
AL(A) have the same Jordan chains for every nonzero eigenvalue, but different 
singular parts. One can show that the knowledge of Jordan chains of L(A) at ..1.0 
is equivalent to the knowledge ofthe subspace 1m Sv , where Sv is given by (1 .55). 
However, as we shall see later (Corollary 2.5) by using left Jordan chains as 
well as the usual Jordan chains, one can recover the singular part entirely, 
provided it is known how to match Jordan chains with their left counterparts. 
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1 .8. Definition of a Jordan Pair of a Monic Polynomial 

Let L(A) = HI + I}: � AjAj be a monic matrix polynomial. In this sec­
tion, we shall describe spectral properties of L(A) in terms of the Jordan pairs 
which provide a link between linearizations and Jordan chains of L(A). 

Recall that det L(A) is a scalar polynomial of degree nl; so it has exactly nl 
zeros (counting multiplicities). Let us denote by A i > . . .  , A" the different zeros 
of det L(A), and let (Xi be the multiplicity of Ai ' i = 1, . . .  , r. So Ir = 1 (Xi = nl. 
Clearly, the points A i >  . . .  , A" form the spectrum of L(A) : a{L) = {A i >  . . .  , Ar} . 

Now for every Ai choose a canonical set of Jordan chains of L(A) cor­
responding to Ai: 

j = 1, . . .  , Si ' ( 1 .60) 

According to Proposition 1 . 1 5  the equality L1'= 1 Jl�
i> = (Xi holds. It is con­

venient for us to write this canonical form in terms of pairs of matrices 
(Xi ' J;), where 

is a matrix of size n x (Ij'= 1 JlY» = n x (Xi (we just write down the vectors 
from the Jordan chains ( 1 .60) one after the other to make the columns of Xi) ; 
and Ji is block-diagonal 

( 1 .6 1 )  

where Jij i s  the Jordan block o f  size JlY> x JlY> with eigenvalue Ai ' 
The pair (Xi ' Ji) constructed above will be called a Jordan pair of L(A) 

corresponding to Ai ' Clearly, it is not uniquely defined, because the canonical 
set of Jordan chains is not uniquely defined. We mention the following impor­
tant property of the Jordan pair corresponding to Ai : 

( 1 .62) 

which follows from Proposition 1 . 10 .  
Now we are able to give the key definition of a Jordan pair. A pair of 

matrices (X, J), where X is n x nl and J is an nl x nl Jordan matrix is called 
a Jordan pair for the monic matrix polynomial L(A) if the structure of X and J 
is as follows : 

X = [X l ' . . .  , Xr] , J = diag[J 1 , • . .  , Jr] , ( 1. 63) 

where (Xi ' Ji), i = 1 ,  . . .  , r ,  is a Jordan pair of L(A) corresponding to Ai ' 
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In the sequel, a block-row matrix 

[ZI  Zp] 

41 

will often be written in the form row(Zi)f= 1 . For example, the matrix X from 
( 1 .63) will be written as row(XJi= 1 . 

For a Jordan pair (X, J) of L(A.) an equality analogous to ( 1 .62) holds also : 

Ao X + A 1XJ + . . .  + AI _ IXJ' - 1 + XJ' = o. ( 1 .64) 

Let us illustrate the notion of a Jordan pair by a simple example. 

EXAMPLE 1 . 5. Let 

Compute 

so (J(L) = {O, I, - I } . 
Let us compute the Jordan pairs (X 0 '  J 0), (X b J I ), and (X - I ' J - I ) corresponding to 

the eigenvalues 0, I , and - I , respectively. 
Note that L(O) = 0 ; so there exists a set of two linearly independent eigenvectors 

lp\O ), lpiO )  corresponding to Ao = O. For instance, we can take 

lp�O )  = [�J 
In view of Proposition 1 . 1 5, the set ( 1 .65) is canonical. So 

is a Jordan pair of L(A) corresponding to the eigenvalue zero.  
Consider now the eigenvalue I .  

L( I ) = [ r/ y' 2 + 1 
J2 - I ] 

1 ' 
and the corresponding eigenvector is 

( I ) _ [- J2 + I ] lp l O - 1 . 
To find the first generalized eigenvector lpW, let us solve the equation 

L'( I )lp\
I
J + L( I )lpW = 0, 

or 

( 1 .65) 

[ 3 2J2 - 1] [-J2 + I] + [ I J21
- l ]lpW = O . ( 1 .66) 2J2 + 1 3 1 J2 + 1 
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This equation has many solutions (we can expect this fact in advance, since if cpW is a 
solution of ( 1 .66), so is cpW + aqNJ , for any a E <l'). As the first generalized eigenvector cpW, we can take any solution of ( 1 .66) ; let us take 

So, 

( I ) _ [fi - 2J CP11 - 0 
. 

x = [-fi + 1 fi - 2J I 
1 0 '  

Consider now the eigenvalue - 1 .  Since 

[ 1 fi_+l 
I J , L( - I ) = fi - 1 

as an eigenvector we can take 

( - I ) _ [fi + IJ CP I O  - 1 
. 

The first generalized eigenvector cp\ I I )  is defined from the equation 

L'( - l )cp\o l )  + L( - I )cp\l l )  = 0, 

and a computation shows that we can take 

( - I )  _ [fi + 2J CP11 - 0 
. 

So the Jordan pair of L(A) corresponding to the eigenvalue - 1 is 

X_ = [ fi + l fi + 2J I 
1 0 ' [- 1 I J J _ I = 0 - 1 . 

Finally, we write down a Jordan pair (X, J) for L(A) : 
X = [ 1 0 -fi + 1 fi - 2 fi + 1 fi + 2J 

o 1 1 0 0 ' 

o 
o 

J = 
- 1 

- 1 

One can now check equality ( 1 .64) for Example 1 . 5  by direct computation. 0 

Consider now the scalar case, i .e . , n = 1 .  In this case the Jordan pair is 
especially simple and, in fact, does not give any additional information apart 
from the multiplicity of an eigenvalue. 
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Proposition 1 . 18. Let L(A) be a monic scalar polynomial, and Ao be an 
eigenvalue of L(A) of multiplicity v. Then 

X;'o = [ 1  0 . . .  0] , 

is a Jordan pair of L(A) corresponding to Ao. Here X;'o is 1 x v and J;.o is the 
v x v Jordan block. 

Proof Let L(A) = (A - AoY · L 1 (A), where L1 (A) is a scalar polynomial 
not divisible by A - Ao. It is clear that 1 , 0, . . .  , 0  (v - 1 zeros) is a Jordan 
chain of L(A) corresponding to Ao. By Proposition 1 . 1 5, this single Jordan 
chain forms a canonical set of Jordan chains corresponding to Ao. Now 
Proposition 1 . 1 8  follows from the definition of a Jordan pair. 0 

In general, the columns of the matrix X from a Jordan pair (X, J) of the 
monic matrix polynomial L(A) are not linearly independent (because of the 
obvious reason that the number of columns in X is nl, which is greater than 
the dimension n of each column of X, if the degree I exceeds one). It turns out 
that the condition I = 1 is necessary and sufficient for the columns of X to be 
linearly independent. 

Theorem 1 .19. Let L(A) be a monic matrix polynomial with Jordan pair 
(X, J). Then the columns of X are linearly independent if and only if the degree I 
of L(A) is equal to 1 .  

Proof Suppose L(A) = H - A i s  o f  degree 1 ,  and let (X, J )  be  its Jordan 
pair. From the definition of a Jordan pair, it is clear that the columns of X 
form a Jordan basis for A, and therefore they are linearly independent. 

Conversely, if the degree of L(A) exceeds 1, then the columns of X cannot 
be linearly independent, as we have seen above. 0 

1 .9.  Properties of a Jordan Pair 

The following theorem describes the crucial property of a Jordan pair. 

Theorem 1 .20. Let (X, J) be a Jordan pair of a monic matrix polynomial 
L(A) = HI + 2:}: 6  AjAj. Then the matrix of size nl x nl 

col(XJ'll : :  � r � 1 lXJI - 1 

is nonsingular. 
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Proof Let C 1 be the first companion matrix for L(A) (as in Theorem 1 . 1 ) .  
Then the equality 

( 1 .67) 

holds. Indeed, the equality in all but the last block row in ( 1 .67) is evident ; the 
equality in the last block row follows from ( 1 .64). Equality ( 1 .67) shows that 
the columns of col(XJi): : �  form Jordan chains for the matrix polynomial 
H - C1 • 

Let us show that these Jordan chains of H - C1 form a canonical set for 
every eigenvalue Ao of H - C 1 . First note that in view of Theorem 1 . 1 ,  
a(L(A:» = a(I A - C 1 ), and the multiplicity o f  every eigenvalue A o  i s  the same, 
when Ao is regarded as an eigenvalue of L(A) or of H - C 1 . Thus, the number 
of vectors in the columns of col(XJi): : �  corresponding to some Ao E 
a(H - C 1 ) coincides with the multiplicity of Ao as a zero of det(H - C 1 ). 
Let Xl ' ... , Xk be the eigenvectors of L(A) corresponding to Ao and which 
appear as columns in the matrix X ;  then COl(A� Xl ): : � '  ... ' col(A� xk): : � will 
be the corresponding columns in col(XJ i): : � . By Proposition 1 . 1 5, in order 
to prove that col(XJi): : �  forms a canonical set of Jordan chains of H - C1 
corresponding to Ao we have only to check that the vectors 

1( 1 i )1 - 1 iT'nl • 1 k co AO Xj i = o E lL- , ] = , . . .  , 

are linearly independent. But this is evident, since by the construction of a 
Jordan pair it is clear that the vectors Xl '  . . .  , Xb are linearly independent. 

So col(XJi): : �  forms a canonical set of Jordan chains for H - C1 , and by 
Theorem 1 . 1 9, the nonsingularity of col(XJi)I : �  follows. 0 

Corollary 1 .21 .  ff (X, J) is a Jordan pair of a monic matrix polynomial 
L(A), and C 1 is its companion matrix, then J is similar to C 1 . 

Proof Use ( 1 .67) bearing in mind that, according to Theorem 1 .20, 
col(XJi): : �  is invertible. 0 

Theorem 1 .20 allows us to prove the following important property of 
Jordan pairs. 

Theorem 1 .22. Let (X, J) and (X 1 , J 1 ) be Jordan pairs of the monic matrix 
polynomial L(A). Then they are similar, i.e., 

where 

X = X1S, ( 1 .68) 

S = [col(X lJD: : �r 1 col(XJi): : � .  ( 1 .69) 

We already know that (when J is kept fixed) the matrix X from a Jordan 
pair (X, J) is not defined uniquely, because a canonical set of Jordan chains is 
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not defined uniquely. The matrix J itself is not unique either, but, as Corollary 
1 . 2 1  indicates, J is similar to C1 • It follows that J and J 1 from Theorem 1 .22 are 
also similar, and therefore one of them can be obtained from the second by a 
permutation of its Jordan blocks. 

Proof Applying ( 1 .67) for (X, J) and (X 1 , J 1 )' we have 

C1 · col(X 1JDl : b  = cOI(X 1J1)l : b · Jb 
C1 . col(xY) l : b = col(XJ i) l : b ·  J. 

Substituting C 1 from the second equality in the first one, it is found that 

col(XJi)l : b · J[col(XJi)l : br l  col(X1JDl : b  = col(X1JDl : b · J1 • 

Straightforward calculation shows that for S given by ( 1 . 69), the equalities 
( 1 .68) hold true. 0 

Theorem 1 .22 shows that a Jordan pair of a monic matrix polynomial is 
essentially unique (up to similarity). It turns out that the properties described 
in equality ( 1 .64) and Theorem 1 .20 are characteristic for the Jordan pair, as 
the following result shows. 

Theorem 1 .23. Let (X, J) be a pair of matrices, where X is of size n x nl 
and J is a Jordan matrix of size nl x nl. Then (X, J) is a Jordan pair of the 
monic matrix polynomial L(A.) = HI + I�: � A jA.j if and only if the two follow­
ing conditions hold: 

(i) col(xY)l : b  is a nonsingular nl x nl matrix ; 
(ii) Ao X + A 1 XJ + . . . + AI _ 1 Xf - 1 + XJI = o. 
Proof In view of ( 1. 64) and Theorem 1 .20, conditions (i) and (ii) are 

necessary. Let us prove their sufficiency. 
Let J 0 = diag[J 0 1 , . . .  , J Ok] be the part of J corresponding to some eigen­

value A.o with Jordan blocks JOb . . .  , JOk . Let Xo = [X0 1 , • • •  , XOk] be the 
part of X corresponding to Jo and partitioned into blocks X0 1 , • • •  , XOk 
according to the partition of J 0 = diag[J 0 1 , . . .  , J Ok] into Jordan blocks 
J0 1 ' · . • ' JOk . Then the equalities 

hold for i = 1 , 2, ... , k. According to Proposition 1 . 10, the columns of XOi , 
i = 1 ,  . . .  , k, form a Jordan chain of L(A.) corresponding to A.o . 

Let us check that the eigenvectors fb . . .  , h of the blocks X 0 1 , . . .  , X Ok > 
respectively, are linearly independent. Suppose not ; then 

k 
L a;}; = 0, 

i = 1 



46 1. LINEARIZATION AND STANDARD PAIRS 

where the lXi E fl are not all zero. Then also L: = 1 1X;A.b .f; = 0 for j = 1, . . .  , 
1 - 1 ,  and therefore the columns of the matrix 

COI(Ab fl " ' "  Ab J,,)�: A 
are linearly dependent. But this contradicts (i) since col(Ab .f;)�-: � is the left­
most column in the part col(Xo; 1b;)�: � of col(XJj)�-: � .  

In order to prove that the Jordan chains X01 ' . . . , XOk represent a canon­
ical set of Jordan chains corresponding to Ao , we have to prove only (in view 
of Proposition 1 . 1 5) that L� = 1 flOi = (J, where n x flOi is the size of X O i and (J 
is the multiplicity of Ao as a zero of det L(A). This can be done using Prop­
osition 1 . 1 6. Indeed, let A I , . . .  , Aq be all the different eigenvalues of L(A), and 
let flpi ' i = 1, . . .  , kp, be the sizes of Jordan blocks of J corresponding to Ap , 
p = 1 ,  . . .  , q. If (J p is the multiplicity of Ap as a zero of det L(A), then 

kp 
L flpi :$ (Jp' p = 1 ,  . . .  , q ( 1 .70) i = 1 

by Proposition 1 . 1 6. On the other hand, L� = 1 (J P = L� = 1 L�� 1 flpi = nl, so 
that in ( 1 .70) we have equalities for every p = 1 ,  . . .  , q. Again, by Proposition 
1 . 1 6, we deduce that the system X 0 1 , . . .  , X Ok of Jordan chains corresponding 
to ,.1.0 (where ,.1.0 is an arbitrary eigenvalue) is canonical. 0 

1 .10. Standard Pairs of a Monic Matrix Polynomial 

Theorem 1 .23 suggests that the spectral properties of a monic matrix 
polynomial L(A) = JAI + L�-: � AjAj can be expressed in terms of the pair of 
matrices (X, J) such that (i) and (ii) of Theorem 1 .23 hold. The requirement 
that J is Jordan is not essential, since we can replace the pair (X, J) by 
(XS, S - 1 JS) for any invertible nl x nl matrix S and still maintain conditions 
(i) and (ii). Hence, if J is not in Jordan form, by suitable choice of S the matrix 
S - 1 JS can be put into Jordan form. This remark leads us to the following 
important definition. 

A pair of matrices (X, T), where X is n x nl and T is nl x nl, is called a 
standard pair for L(A) if the following conditions are satisfied : 

(i) col(XTi)� : A  is nonsingular ; 
(ii) L� : A  A i X Ti + X TI = o. 
It follows from Theorem 1 .20 and formula ( 1 .64), that every Jordan pair 

is standard. Moreover, Theorem 1 .23 implies that any standard pair (X, T), 
where T is a Jordan matrix, is in fact a Jordan pair. 

An important example of a standard pair appears naturally from a linear­
ization of L(A), as the following theorem shows (cf. Theorem 1 . 1) .  
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Theorem 1 .24. Let PI = [I 0 0] and let 

0 1 0 
0 0 1 0 

C1 = 
0 0 0 1 

- Ao - A I - AI - 1 

be the companion matrix of L(A). Then (P 1 , C 1 ) is a standard pair of L(A). 

Proof Direct computation shows that 

P I ci = [0 . . . 0 1 0 . . .  0] , 

with 1 in the (i + l )th place, and 

i = 0, . . .  , 1  - 1 

P1 ci = [ - Ao - A I . . .  - AtJ · 

So 

col(p l CDl : �  = 1, 

and condition (i) is trivially satisfied. Further, 
1 - 1 1 - 1 
I A i P 1 C1 + P1 Cll = I Ai[O . . .  0 1 0 . . .  0] 
i = O i = O 

+ [ - Ao - A I . . .  - AtJ = 0, 

and (ii) follows also. D 

EXAMPLE 1 .6. For the matrix L(A) from Example 1.5 the pair (P I ' C I ) looks as 
follows : 

0 0 0 0 0 
0 0 0 0 0 

PI = [� 0 0 0 0 �l 0 0 0 0 0 
0 

0 0 0 
CI =  0 0 0 0 0 1 

0 0 0 1 0 -j2 
0 0 - 1  0 -j2 0 

Observe the following important formula for a standard pair (X, T) of 
L(A) : 

C1 . col(XTi)l : �  = col(XTi)l : � ' T. ( 1 . 7 1 )  

So  T i s  similar to  C l '  The following result shows in  particular that this trans­
formation applies to X also, in an appropriate sense. 
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Theorem 1 .25. Any two standard pairs (X, T) and (X', T') of L(A.) are 
similar, i.e., there exists an invertible nl x nl matrix S such that 

X' = XS, T' = S - l TS. ( 1 .72) 

The matrix S is defined uniquely by (X, T) and (X', T') and is given by the 
formula 

( 1 .73) 

Conversely, iffor a given standard pair (X, T) a new pair of matrices (X' , T') is 
defined by ( 1 .72) (with some invertible matrix S), then (X', T') is also a standard 
pair for L(A.). 

Proof The second assertion is immediate : If (i) and (ii) are satisfied for 
some pair (X, T) (X and T of sizes n x nl and nl x nl, respectively), then (i) 
and (ii) are satisfied for any pair similar to (X, T). 

To prove the first statement, write 

Cl . col(XTi)l : c3  = col(XTi)l : c3 · T, 

C l . col(X'T'i) l : c3  = col(X'T'i) l : c3 · T', 

and comparison of these equalities gives 

T' = S - l TS 

with S given by ( 1 .73) . 
From the definition of the inverse matrix it follows that 

X · [col(XTi)l : c3r l = [I 0 . . .  0] ; 

so 

XS = X · [col(XTi)l : c3r l · col(X'T'i) l : c3  = X', 

and ( 1 .72) follows with S given by ( 1 .73). Uniqueness of S follows now from 
the relation 

col(X 'T'i) l : c3  = col(XTi)l : c3  . S. D 
Until now we have considered polynomials whose coefficients are matrices 

with complex entries. Sometimes, however, it is more convenient to accept the 
point of view of linear operators acting in a finite dimensional complex space. 
In this way we are led to the consideration of operator polynomials L(A.) = 
JA.' + L}: � AjA.j, where Aj: fln --+ fln is a linear transformation (or operator). 
Clearly, there exists a close connection between the matricial and operator 
points of view : a matrix polynomial can be considered as an operator poly­
nomial, when its coefficients are regarded as linear transformations generated 
by the matricial coefficients in a fixed basis (usually the standard orthonormal 
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( 1 , 0, . . .  , 0)T, (0, 1, . . .  , O)T, . . .  , (0, . . .  , 0, 1?). Conversely, every operator 
polynomial gives rise to a matrix polynomial, when its coefficients are written 
as a matrix representation in a fixed (usually standard orthogonal) basis. 

So in fact every definition and statement concerning matrix polynomials 
can be given an operator polynomial form and vice versa. In applying this rule 
we suppose that the powers «(lny are considered as Euclidean spaces with the 
usual scalar product : 

I 
[(X l > . . .  , XI), (Y 1 , . . .  , YI)] = L (x; , Yi), 

i = 1 
where Xi ' Yj E (In. For example, a pair of linear transformations (X, T), where 
X :  (In � (In, T: (lnl � (lnl is a standard pair for the operator polynomial L(A) 
if col(XTi)l = A  is an invertible linear transformation and 

1 - 1 
L AiX Ti + X TI = 0. 

i = O  

Theorem 1 .25 in the framework o f  operator polynomials will sound as 
follows : Any two standard pairs (X, T) and (X', T') of the operator poly­
nomial L(A) are similar, i.e., there exists an invertible linear transformation 
s :  (lnl � (lnl such that X' = XS and T' = S - l TS. In the sequel we shall often 
give the definitions and statements for matrix polynomials only, bearing in 
mind that it is a trivial exercise to carry out these definitions and statements 
for the operator polynomial approach. 

Comments 
A good source for the theory of linearization of analytic operator func­

tions, for the history, and for further references is [28] . Further developments 
appear in [7, 66a, 66b] . The contents of Section 1 . 3  (solution of the inverse 
problem for linearization) originated in [3a] . 

The notion of a Jordan chain is basic. For polynomials of type H - A, 
where A i s  a square matrix, this notion i s  well known from linear algebra (see, 
for instance, [22]). One of the earliest systematic uses of these chains of gener­
alized eigenvectors is by Keldysh [49a, 49b] , hence the name Keldysh chains 
often found in the literature. Keldysh analysis is in the context of infinite­
dimensional spaces. Detailed exposition of his results can be found in [32b, 
Chapter V] . Further development of the theory of chains in the infinite­
dimensional case for analytic and meromorphic functions appears in [60, 
24, 38] ; see also [5] .  Proposition 1 . 1 7  appears in [24] . 

The last three sections are taken from the authors' papers [34a, 34b] . 
Properties of standard pairs (in the context of operator polynomials) are used 
in [76a] to study certain problems in partial differential equations. 



Chapter 2 

Representation of Monic Matrix 
Polynotnials 

In Chapter 1 ,  a language and formalism have been developed for the full 
description of eigenvalues, eigenvectors, and Jordan chains of matrix poly­
nomials. In this chapter, triples of matrices will be introduced which determine 
completely all the spectral information about a matrix polynomial. It will then 
be shown how these triples can be used to solve the inverse problem, namely, 
given the spectral data to determine the coefficient matrices of the polynomial. 
Results of this (and a related) kind are given by the representation theorems. 
They will lead to important applications to constant coefficient differential 
and difference equations. In essence, these applications yield closed form 
solutions to boundary and initial value problems in terms of the spectral 
properties of an underlying matrix polynomial. 

2 . 1 .  Standard and Jordan Triples 

Let L(2) = HI + 2:}: b A j2j be a monic matrix polynomial with standard 
pair (X, T). By definition (Section 1 . 10) of such a pair a third matrix Y of size 

50 
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nl x n can be defined by 

(2. 1 )  

Then (X, T, Y)  i s  called a standard triple for L(A). I f  T = J i s  a Jordan matrix 
(so that the standard pair (X, T) is Jordan), the triple (X, T, Y) will be called 
Jordan. 

From Theorem 1 .25 and the definition of a standard triple it follows 
immediately that two standard triples (X, T, Y) and (X', T', Y') are similar, 
i.e., for some nl x nl invertible matrix S the relations 

X' = XS, T' = S - I TS, Y' = S - l y (2.2) 

hold. The converse statement is also true : if (X, T, Y) is a standard triple of 
L(A), and (X', T', Y') is a triple of matrices, with sizes of X', T', and Y' equal to 
n x nl, nl x n l, and nl x n, respectively, such that (2.2) holds, then (X', T', Y') 
is a standard triple for L(A). This property is very useful since it allows us to 
reduce the proofs to cases in which the standard triple is chosen to be especially 
simple. For example, one may choose the triple (based on the companion 
matrix C I ) 

X = [I 0 . . .  0] , (2.3) 

In the next sections we shall develop representations of L(A) via i ts 
standard triples, as well as some explicit formulas ( in terms of the spectral 
triple of L(A)) for solution of initial and boundary value problems for differ­
ential equations with constant coefficients. Here we shall establish some simple 
but useful properties of standard triples. 

First recall the second companion matrix C2 of L(A) defined by 

0 0 0 - Ao 
I 0 0 - A I 

C2 = 0 I 0 - A2 (2.4) 

0 0 I - A' - l 
The following equality is verified by direct multiplication : 

C2 = BCIB- I , 
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where 

A 1 A 2 AI - 1 I 
A 2 I 0 

B = (2.5) 

AI - 1 I 
I 0 0 

is an invertible nl x nl matrix. In particular, C2 is, like C 1 , a linearization of 
L(il) (refer to Proposition 1 . 3). . 

Define now an n l x nl invertible matrix R from the equality R = V1Q)- l  
with B defined by (2.5) and Q = col(XT')l : &  or, what is equivalent, 

RBQ = I. (2.6) 

We shall refer to this as the biorthogonality condition for R and Q. 
We now have 

whence 

RC2 = TR. (2.7) 

Now represent R as a block row [R 1 . . .  R,J, where R i is an nl x n 
matrix. First observe that R 1 = Y, with Y defined by (2. 1) .  Indeed, 

(2.8) 

where the matrix B- 1 has the following form (as can be checked directly) : 

0 0 Bo 
B1 

B- 1 = (2.9) . . , 

0 Bo 
Bo B1 B' - l  

with Bo = I and B 1 , . . .  , Bl - 1 defined recursively by 

r = 0, . . .  , 1 - 2. 
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Substituting (2.9) in (2.8) yields 

by definition. Further, (2.7) gives (taking into account the structure of C2) 

Ri = Ti - 1 y 

and 

for i = 1 ,  . . . , I 

YAo + TYA 1 + . . . + TI - 1 YAI _ 1 + Tl y = o. (2. 10) 

We have, in particular, that for any standard triple (X, T, Y) the n l x nl 
matrix row (Ti Y)l : A  is invertible. 

Note the following useful equalities : r fT l E Y 

XT I - 1 

and B- 1 is given by (2.9). In particular, 

for i = 0, . . .  , I - 2 
for i = 1 - 1 .  

(2. 1 1 ) 

(2. 1 2) 

We summarize the main information observed above, in the following 
statement : 

Proposition 2. 1 .  If (X, T, Y) is a standard triple of L(A), then : 
(i) row (Tjy)}: �  = [ Y  TY . . .  TI - 1 YJ is an nl x nl nonsingular 

matrix, 
(ii) X is uniquely defined by T and Y: X = [0 . . .  0 I] · [row 

( TjY )J : Ar l , 
(iii) YAo + T YA 1 + . . . + TI - 1 YAI _ 1 + Tl y = o. 
Proof Parts (i) and (iii) were proved above. Part (ii) is just equalities 

(2. 1 2) written in a different form. D 
For the purpose of further reference we define the notion of a left standard 

pair, which is dual to the notion of the standard pair. A pair of matrices (T, Y), 
where T is nl x nl and Y is nl x n, is called a left standard pair for the monic 
matrix polynomial L(A) if conditions (i) and (iii) of Proposition 2. 1 hold. An 
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equivalent definition is (T, Y) is a left standard pair of L(A) if (X, T, Y) is a 
standard triple of L(A), where X is defined by (ii) of Proposition 2. 1 .  Note that 
(T, Y) is a left standard pair for L(A) iff ( yT, TT) is a (usual) standard pair for 
LT(A), so every statement on standard pairs has its dual statement for the left 
standard pairs. For this reason we shall use left standard pairs only occasional­
ly and omit proofs of the dual statements, once the proof of the original state­
ment for a standard pair is supplied. 

We remark here that the notion of the second companion matrix C2 
allows us to define another simple standard triple (X 0 ,  To , Yo), which is in a 
certain sense dual to (2.3), as 

Xo = [0 . . .  0 I] , (2. 1 3) 

It is easy to check that the triple (Xo , To , Yo) is similar to (2.3) : 

So (X 0 ,  To , Yo) itself is also a standard triple for L(A). 
If the triple (X, J, Y) is Jordan (i .e. , J is a Jordan matrix), then, as we 

already know, the columns of X, when decomposed into blocks consistently 
with the decomposition of J into Jordan blocks, form Jordan chains for 
L(A). A dual meaning can be associated with the rows of Y, by using Pro­
position 2. 1 .  Indeed, it follows from Proposition 2. 1 that the matrix 
col( yT(JT)i)�: � is nonsingular and 

AJ yT + AI yT JT + . . . + A!- 1 yT(JT)' - 1 + yT(JT)' = O. 

So ( yT, JT) is a standard pair for the transposed matrix polynomial LT(A). 
Let J = diag[J p];= 1 be the representation of J as a direct sum of its Jordan 
blocks J 1 , • • •  , Jm of sizes OC 1 , • • •  , OCm ' respectively, and for p = 1 , 2, . . .  , m, 
let 

K = p 

o 

o 1 
1 0 

o 1 
1 0 

o 
be a matrix of size ocp x ocp • It is easy to check that 

KpJJKp = Jp . 
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Therefore, by Theorem 1 .22, ( yTK, J) is a Jordan pair for U(il), where 
K = diag[Kp];= l '  So the columns of yTK, partitioned consistently with the 
partition J = diag[J p];= 1, form Jordan chains for LT(il) . In other words, the 
rows of y, partitioned consistently with the partition of J into its Jordan 
blocks and taken in each block in the reverse order form left Jordan chains for 
L(il). 

More generally, the following result holds. We denote by L *(il) (not to be 
confused with (L(il» *) the matrix polynomial whose coefficients are adjoint 
to those of L(il) : if L(il) = L�= o Ajilj, then L*(il) = L�= o Ajilj. 

Theorem 2.2. ff(X, T, Y) is a standard triple for L(il), then ( yT, TT, XT) 
is a standard triple for LT(il) and ( Y* ,  T*, X*) is a standard triple for L*(il). 

This theorem can be proved using, for instance, Theorem 1 .23 and the 
definitions of standard pair and standard triple. The detailed proof is left to 
the reader. 

We illustrate the constructions and results given in this section by an 
example. 

EXAMPLE 2. 1. Let 

A Jordan pair (X, J) was already constructed in Example 1 . 5: 

X = 
[ 1 0 - fi + 1 fi - 2 fi + 1 fi + 2] 
0 1 1 0 I 0 ' 

Let us now construct Y in such a way that (X,  J, Y) is a Jordan triple of L(Ao). Computation 
shows that 

0 - fi + 1 fi - 2 fi + 1 fi + 2 
0 1 0 1 0 [ :1 1 � 0 0 - fi + 1 - 1  - fi - 1 - 1  

XJ2 0 0 1 1 - 1  1 
0 0 - fi + 1 - fi fi + 1 - fi 
0 0 2 - 2 
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and 

0 
0 [ :1 1' 0 

XJ2 

0 

0 

0 

0 

0 

0 

0 

fi 
0 

-4 
1 - -4 

4 

4 

0 0 
-)2 - I  

2)2 + 3 
-y 2 + 2  

4 4 
-)2 - 1 h - y 2 - 1  

4 4 
2)2 - 3 - y'2 + 2 

4 4 
)2 - 1 - y'2 + 1 

4 4 
So the Jordan triple (X,  J, Y )  is completed with 

It is easy to check that 

o 
- I  0 

)2 + 2 0 
4 

-)2 - 1 
4 

- )2 + 2 
4 

-)2 + 1 

-4 
o 

4 4 

0 
0 
-4 
0 

4 

(-)2 - 1 �) ()2 + 2 0) 4 ' 4 ' 4 ' ( (-fi + 1 _ �) (-)2 + 2 )) resp. 4 ' 4 ' 4 ' 0 
are left Jordan chains (moreover, a canonical set of left Jordan chains) of L(A) cor­
responding to the eigenvalue Ao = I (resp. Ao = - 1 ), i .e. ,  the equalities 

(-v; - l ' �)L( 1 )  = 0, 
( -V; - I ' �)L'( 1 ) + ()24

+ 2 , 0)L( I ) = 0 
hold, and similarly for Ao = - 1 .  0 
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We conclude this section with a remark concerning products of type 
XTi y, where (X, T, Y) is a standard triple of a monic matrix polynomial L(A) 
of degree I, and i is a nonnegative integer. It follows from the similarity of all 
standard triples to each other that X Ti Y does not depend on the choice of the 
triple. (In fact, we already know (from the definition of Y) that XTi y = 0 for 
i = 0, . . .  , I - 2, and XTI - 1 Y = I.) Consequently, there exist formulas 
which express XTi y directly in terms of the coefficients Aj of L(A). Such 
formulas are given in the next proposition. 

Proposition 2.3. Let L(A) = HI + �}: b AjAj be a monic matrix poly­
nomial with standard triple (X, T, Y). Then for any nonnegative integer p, 

where, by definition, A i = Of or i < O. 

Proof It is sufficient to prove Proposition 2.3 for the case that X = 
[I 0 . . .  0] , T = C1 (the companion matrix), 

Observe (see also the proof of Theorem 2.4 below) that 

[I 0 . . . O]q = [ - Ao - A l 
so Proposition 2.3 is proved for p = O (in which case the sum L�= 1 disappears). 
For the general case use induction on p to prove that the pth block entry in 
the matrix [I 0 . . . O]q+ 1' is equal to 

P [ k q ] k�l q�l i l + " � iq = k}Jl ( - A l - i) ( - Ap + k - p - 1 ) + ( - Ap - p - l )' 
ij > O 

p = 1, . . .  , I .  
For a more detailed proof see Theorem 2.2 of [30a] . 

2.2. Representations of a Monic Matrix Polynomial 

The notion of a standard triple introduced in the preceding section is the 
main tool in the following representation theorem. 
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Theorem 2.4. Let L(A) = HI + L}: � AjAj be a monic matrix polynomial 
of degree I with standard triple (X, T, Y). Then L(A) admits the following 
representations. 

( 1 )  right canonical form : 

L(A) = HI - XTI( VI + V2 A + . . .  + lIlAI - 1 ), (2. 14) 

where Vi are nl x n matrices such that 

[ VI . . .  111] = [col(XTi)l : Ar 1 ; 

(2) left canonical form : 
L(A) = AI] - (WI + AW2 + . . .  + AI - 1 Jt;)Tl y, (2. 1 5) 

where W; are n x nl matrices such that 

col(W;)l = 1 = [row(Ti Y)l : Ar 1 ; 

(3) resolvent form : 
A E �\(J{L). (2. 1 6) 

Note that only X and T appear in the right canonical form of L(A), while 
in the left canonical form only T and Y appear. The names " right " and " left " 
are chosen to stress the fact that the pair (X, T) (resp. (T, Y» represents right 
(resp. left) spectral data of L(A). 

Proof Observe that all three forms (2. 14), (2. 1 5), (2. 1 6) are independent 
of the choice of the standard triple (X, T, Y). Let us check this for (2. 14), for 
example. We have to prove that if (X, T, Y) and (X', T', Y') are standard 
triples of L(A), then 

where 

X TI[ VI . . . 111] = X'(T'Y[ V'l . . . V;] , (2. 1 7) 

But these standard triples are similar : 

X' = XS, T' = S - I TS, 

Therefore 

[ Vi V;] = [col(X'T' i) l : Ar 1 = [col(XTi)l : A Sr 1 

and (2. 1 7) follows. 

= S - l [ Vl . . . 111] ,  
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Thus, it suffices to check (2. 14) and (2. 1 6) only for the special standard 
triple 

X = [I 0 . . .  0] , T = CI , Y = col(o il l)l = I ' 

and for checking (2. 1 5) we shall choose the dual standard triple defined by 
(2. 1 3). Then (2. 1 6) is just Proposition 1 .2 ;  to prove (2. 14) observe that 

[I 0 . . .  O]C'I = [ - Ao - A I . . .  - A' - I ] 

and 

[VI ' " Jt;] = [col([I 0 . . .  0]CDl : 6r l = J, 
so 

[I 0 . . .  O]Ci [ VI V2 • • •  Jt;] = [ - Ao - A I . . .  - A' - I ] ,  

and (2. 14) becomes evident. To prove (2. 1 5), note that by direct computation 
one easily checks that for the standard triple (2. 1 3 )  

j = 0 ,  . . .  , I - 1 

and 

So 

and 

[row(Ci colton 1)1 _ , )j= �r '  T' Y � [:'1 T' Y � r _=} J 
so (2. 1 5) follows. 0 

We obtain the next result on the singular part of the Laurent expansion 
(refer to Section 1. 7) as an immediate consequence ofthe resolvent form (2. 1 6) . 
But first let us make some observations concerning left Jordan chains. A 
canonical set of left Jordan chains is defined by matrix Y of a Jordan triple 
(X, J, Y) provided X is defined by a canonical set of usual Jordan chains. The 
lengths of left Jordan chains in a canonical set corresponding to .10 coincide 
with the partial multiplicities of L(A) at .10 , and consequently, coincide with 
the lengths of the usual Jordan chains in a canonical set (see Proposition 1 . 1 3). 
To verify this fact, let 

L(A) = E(A)D(A)F(A) 
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be the Smith form of L(A) (see Section S 1 . 1 ) ; passing to the transposed matrix, 
we obtain that D(A)i s  also the Smith form for LT(A). Hence the partial 
multiplicities of L(A) and LT(A) at every eigenvalue .10 are the same. 

Corollary 2.5. Let L(A) be a monic matrix polynomial and .10 E a{L). 
Then for every canonical set cp�), cp<j>, . . .  , CP�j)- 1 (j = 1, . . .  , oc) of Jordan 
chains of L(A) corresponding to .10 there exist; a canonical set z�), zV), . . . , 
Z�1- 1 (j = 1 ,  . . .  , oc) of left Jordan chains of L(A) corresponding to .10 such that 

IX Tj rj - k 
SP(L - 1 (.10)) = L L (A - Ao) - k L CP��)- k - r · z�j) . 

j = l k = 1 r = O 
(2. 1 8) 

Note that cpV) are n-dimensional column vectors and zV) are n-dimensional 
rows. So the product CP��)- k - r · z�j) makes sense and is an n x n matrix. 

Proof Let (X, J, Y) be a Jordan triple for L(A) such that the part X 0 of X 
corresponding to the eigenvalue .10 consists of the given canonical set 
cp�), . . .  , CP��)- l (j = 1, . . .  , oc). Let Jo be the part of J with eigenvalue .10 , and 
let Yo be the corresponding part of Y. Formula (2. 1 6) shows that 

(L(A)) - 1 = Xo(A.J - JO) - 1 yo + . . .  , 

where dots denote a matrix function which is analytic in a neighborhood of .10 . 
So 

(2. 1 9) 

A straightforward computation of the right-hand side of (2. 1 9) leads to 
formula (2. 1 8), where z�), . . .  , Z��)- 1 ' for j = 1, . . .  , oc, are the rows of Yo taken 
in the reverse order in each part of Yo corresponding to a Jordan block in J o . 
But we have already seen that these vectors form left Jordan chains of L(A) 
corresponding to .10 . It is easily seen (for instance, using the fact that 
[Y J Y  . . .  JI - 1 Y] is a nonsingular matrix ; Proposition 2 . 1 )  that the 
rows Zbl ), . . .  , z�) are linearly independent, and therefore the left Jordan 
h · (j) (j) so · - 1 so · 1 ( f P  . .  c ams Zo , • . •  , Zrr 1 , lOr ] - , . . .  , oc lorm a canomca set c .  roposltton 

1 . 1 6). D 
The right canonical form (2. 14) allows us to answer the following question : 

given n x nl and nl x nl matrices X and T, respectively, when is (X, T) a 
standard pair of some monic matrix polynomial of degree I ?  This happens if 
and only if col(XT i)L : & is nonsingular and in this case the desired monic 
matrix polynomial is unique and given by (2. 14) . There is a similar question : 
when does a pair (T, Y) of matrices T and Y of sizes nl x nl and nl x n, 
respectively, form a left standard pair for some monic matrix polynomial of 
degree I ?  The answer is similar : when row(T i Y)l : &  is nonsingular, for then 
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the desired matrix polynomial is unique and given by (2. 1 5). The reader can 
easily supply proofs for these facts. 

We state as a theorem the solution of a similar problem for the resolvent 
form of L(A). 

Theorem 2.6. Let L(A) be a monic matrix polynomial of degree I and assume 
there exist matrices Q, T, R of sizes n x nl, nl x nl, nl x n, respectively, such 
that 

A ¢ a(T) (2.20) 

Then (Q, T, R) is a standard triple for L. 
Proof Note that for I A I sufficiently large, L - 1 (A) can be developed into a 

power series 

L - 1 (A) = A - I] + A - I - 1Z 1 + A - I - 2Z2 + . . . 

for some matrices Z 1 , Z 2 , . • . . It is easily seen from this development that if r 
is a circle in the complex plane having a(L) in its interior, then 

if i = 0, 1, . . .  , I - 2 
if i = l - l . 

But we may also choose r large enough so that (see Section S 1 .8) 

i = 0, 1 , 2, . . . . 

Thus, it follows from (2.20) that 

col(QTi) I : & [R TR ' "  TI - 1R] = _1_ r [ � 
2ni Jr Al � 1 

A . . . 

and, in particular, both col(QTi) I : & and row(TiR)I : & are nonsingular. 
Then we observe that for i = 0, . . .  , I - 1 ,  

o = � 1 AiL(A)L - l (A) dA = � 1 AiL(A)Q(H - T) - 1 R dA 
2m Jr 2m Jr 

= (Ao Q  + A 1QT + . . . + QTI)TiR, 

(2.2 1 )  
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and, since [R TR . . .  TI - 1R] is nonsingular, we obtain Ao Q  + . . .  + 
AI _ 1Q TI - 1 + Q TI = o. This is sufficient to show that, if S = col(QTi)l;: A ,  
then 

Q = [J 0 . . .  O]S, 

i .e. , Q, T, R is a standard triple of L(}'). D 

EXAMPLE 2.2. For the matrix polynomial 

described in Examples 1 . 5  and 2. 1 ,  the representations (2. 1 4)-(2. 1 6) look as follows, using 
the Jordan triple (X, J, Y) described in Example 2. 1 :  

(a) right canonical form : 

L(,l.) = J}.3 - [� o - j2 + 1 j2 - 2  j2 + 1 j2
0

+ 2J 1 1 0 1 

0 0 0 0 0 0 0 ji 0 0 

0 0 0 0 0 0 0 0 -j2 - 1  0 

0 0 3 0 0 0 0 -
2j2 + 3 j2 + 2  

0 
4 4 4 

+ 1 -j2 - 1  ). + -j2 - 1  
,l.2 

0 0 0 0 0 0 0 -
4 4 4 4 

1 2j2 - 3 -j2 + 2  
0 0 0 0 - 1  3 0 0 

4 4 
0 

4 

1 j2 - 1  -j2 + 1 
0 0 0 0 o - 1  0 0 

4 4 4 4 

(b) left canonical form : we have to compute first 

[Y J Y  J2Y] -1. 
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It is convenient to use the biorthogonality condition (2.6). RBQ = I, where 

(as given in Example 2. 1 )  and 

[" , Az H B = 
�

2 I 
0 

So it is found that 

o - 1 0 0 0 0 
1 0 0 0 0 0 

[ Y  J Y J2 Y] - 1  = BQ = 
0 12 - \ - 1 - 1 

c 
12 - 1 - 212 + 3 12 + 1 212 + 3 y' 2 0 

1 0 - 12 + 1 �i - 2 12 + 1 12 + 2 
0 0 1 0 

and the left canonical form of L(A) is 

+ [fi )2 \ - 1 - 1 - 1  ] 0 12 - 1 - 212 + 3 �i + 1 2v0. + 3 A 

C 0 - V2 + 1 12 - 2 )2 + 1 12
o
+ 2}2} + 0 1 0 1 

0 
0 

\ 3 

- I  3 

- \  

0 

- \ 

y/i + 2 
4 

-)2 - 1 
-----�--

4 

-12 + 2 
�------.-

4 

-12 + 1 
-�--

4 

0 

0 

1 
-

4 

0 

1 
- -

4 
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(c) resolvent form : 

L(,W 1 
= 
[
0
1 0 -fi + 1 fi - 2 fi + 1 fi + 2] 

1 1 0 1 0  
A - 1  

A 

A - I - 1  

A - I 

A + 1 - 1 

A + l 

0 
- 1 0 fi + 2 

0 
4 

-fi - 1 1 
4 4 

-fi + 2 0 
4 

-fi + 1 1 
4 4 

D 

We have already observed in Section 1 . 7  and Corollary 2.5 that properties 
of the rational function L - l eA) are closely related to the Jordan structure of 
L(A). We now study this connection further by using the resolvent form of 
L(A). Consider first the case when all the elementary divisors of L(A) are linear. 
Write the resolvent form for L(A) taking a Jordan triple (X, J, Y) 

Since the elementary divisors of L(A) are linear, J is a diagonal matrix J = 
diag[A l . . .  Ani] , and therefore (IA. - J) - l = diag[(A - AJ- l] i� l . So 

(2.22) 

Clearly the rational matrix function L(A) - 1 has a simple pole at every point in 
a(L). Let now Ao E a(L), and let Ai l ' . . .  , Ai k be the eigenvalues from (2.22) 
which are equal to Ao . Then the singular part of L(A) - 1 at Ao is just 

where Xo ( Yo) is n x k (k x n) submatrix of X ( Y) consisting of the eigen­
vectors (left eigenvectors) corresponding to Ao . 

Moreover, denoting by Xi ( Y;) the ith column (row) from X ( Y), we have 
the following representation : 

L(A) - l = I Xi Y; 
. 

i = l A - Ai 
(2.23) 
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In general (when nonlinear elementary divisors of L(A) exist) it is not true 
that the eigenvalues of L(A) are simple poles of L(A) - I . We can infer from 
Proposition 1 . 1 7  that the order of .10 E a(L) as a pole of L - 1 (.1) coincides with 
the maximal size of a Jordan block of J corresponding to .10 . 

Next we note that the resolvent form (2. 1 6) can be generalized as follows : 

Ar - 1L(A) - 1 = Xyr - l (fA - T)- l y, r = 1 ,  . . . , l, 

A1L(A) - 1 = X T1(H - T) - l y + I. (2.24) 

To verify these equalities, write 

according to (2. 1 6), and use the following development of (H - T) - 1 into a 
power series, valid for I A I large enough ( I A I > I I  T I l ) :  

(fA - T) - 1 = A - I I + A - 2 T + A- 3 T2 + . . . . (2.25) 

The series L� 1 A - iTi - 1 converges absolutely for I A I  > I I  T i l ,  and multiplying 
it by H - T, it is easily seen that (2.25) holds. So for I A I > I I T I l 

Ar - 1 L(A) - 1 = Ar - 1 X(A - 1 I + A - 2 T + r 3 T2 + . .  ·) Y 
= Ar - 1X(A - ryr - l  + A - r - 1 Tr + . . ·) Y  

+ Ar - 1X(A - 1 I + A- 2 T + . . .  + A- (r - l ) yr - 2) y' 

The last summand is zero for r = 1 ,  . . .  , I and / for r = I + 1 (since X Ti y = ° 
for i = 0, . . .  , I - 2 and XT1 - 1 Y = I by the definition of Y), and the first 
summand is apparently Xyr - l (AI - T) - 1 Y, so (2.24) follows. 

The same argument shows also that for r > I + 1 the equality 

holds. 

r - 2 
Ar - 1 L(A) - 1 = xyr - l (AI - T )- l y + L Ar - 2 - iXTi y 

i = I - 1 

Another consequence of the resolvent form is the following formula (as 
before, (X, T, Y) stands for a standard triple of a monic matrix polynomial 
L(A» :  

-2
1 

. r f(A)L - 1 (.1) dA = Xf(T) Y, 
1tl Jr (2.26) 

where r is a contour such that a(L) is inside r, and f(A) is a function which is 
analytic inside and in a neighborhood of r. (Taking r to be a union of small 
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circles around each eigenvalue of L(A), we can assume thatf(A) is analytic in a 
neighborhood of a{L).) The proof of (2.26) is immediate : 

-
2
1 

. r f(A)L - 1 (,1) dA = -
2
1 

. r f(A)X(U - T) - 1 Y dA 
n z  Jr n z  Jr 

= X . -
2
1 

. r f(A) (U - T) - 1 dA Y = Xf(T) Y  
m Jr 

by the definition of f(T) (see Section S 1 .8) . 
We conclude this section with the observation that the resolvent form 

(2. 1 6) also admits another representation for L(A) itself. 

Proposition 2.7. Let (X, T, Y) be a standard triple for the monic matrix 
polynomial L(A). Then the functions E(A), F(A) defined by 

E(A) = L(A)X(/A. - T)- I , F(A) = (fA - T) - I YL(A) 

are n x In, In x n matrix polynomials whose degrees do not exceed I - 1 ,  and 

L(A) = E(A) (/A. - T)F(A). 

Proof It follows from (2.24) that 

L(A) - I [I U . . .  AI - I I] = X(fA - T) - 1 row(Tjy)�: � . 

Since the rightmost matrix is nonsingular, it follows that 

E(A) = L(A)X(fA - T)- 1 = [I AI . . .  AI - II] [row(TjY)�: �r l 

and the statement concerning E(A) is proved. The corresponding statement 
for F(A) is proved similarly. 

Now form the product E(A) (fA - T)F(A) and the conclusion follows from 
(2. 1 6). D 

2.3. Resolvent Form and Linear Systems Theory 

The notion of a resolvent form for a monic matrix polynomial is closely 
related to the notion of a transfer function for a time-invariant linear system, 
which we shall now define. 

Consider the system of linear differential equations 

dx dt = Ax + Bu , y = Cx, x(O) = 0 (2.27) 

where A,  B, C are constant matrices and x, y, u are vectors (depending on t), 
which represent the state variable, the output variable, and the control 
variable, respectively. Of course, the sizes of all vectors and matrices are such 
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that equalities in (2.27) make sense. We should like to find the behavior of the 
output y as a function of the control vector u. Applying the Laplace trans­
form 

z(s) = fo'" e - S1z(t) dt 
(we denote by z the Laplace image of a vector function z), we obtain from 
(2.27) 

sx(s) = Ax + Bu, y = ex, 
or 

y = C(ls - A) - IBu. 
The rational matrix function F(s) = C(ls - A) - IB is called the transfer 
function of the linear system (2.27). Conversely, the linear system (2.27) is 
called a realization of the rational matrix valued function F(s). Clearly, the 
realization is not unique ; for instance, one can always make the size of A bigger : 
if F(s) = C(ls - A) - IB, then also 

The realization (2.27) is called minimal if A has the minimal possible size. All 
minimal realizations are similar, i.e., if A, B, e and A', B', C are minimal 
realizations of the same rational matrix function F(s), then A = S- l A'S, 
B = S- l B', e = CS for some invertible matrix S. This fact is well known in 
linear system theory and can be found, as well as other relevant information, 
in books devoted to linear system theory ; see, for instance [80, Chapter 4] . 

In particular, in view of the resolvent representation, the inverse L - 1 (A) of 
a monic matrix polynomial L(A) can be considered as a transfer function 

L - 1 (A) = Q(lA. - T) - l R, 
where (Q, T, R) is a standard triple of L(A). The corresponding realization is 
(2.27) with A = T, B = R, e = Q. Theorem 2.6 ensures that this realization 
of L - 1 (A) is unique up to similarity, provided the dimension of the state 
variable is kept equal to nl, i.e., if (A', B', C) is another triple of matrices such 
that the size of A' is nl and 

then there exists an invertible matrix S such that C = QS, A' = S- 1 TS, 
B' = S- IR . Moreover, the proof of Theorem 2.6 shows (see in particular 
(2.2 1 » , that the realization of L - 1 (A) via a standard triple is also minimal. 
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We now investigate when a transfer function F(A.) = Q(lA. - T) - 1 R is the 
inverse of a mot:li!;  matrix polynomial. When this is the case, we shall say that 
the triple (Q, T, R) is a polynomial triple. 

Theorem 2.8. A triple (Q, T, R) is polynomial if and only iffor some integer 
I the following conditions hold : 

and 

Q TiR = {� [ QR 
Q TR 

rank . 

Q Tm·
- 1R 

for i = 0, . . .  , I - 2 
for i = 1 - 1 ,  

Q TR 
Q T2R 

Q TmR 

Q T· � 'R 1 
Q TmR 

. = nl 

Q T2�- 2R 

for all sufficiently large integers m. 

(2.28) 

(2.29) 

Proof. Assume F(A.) = Q(l A. - T) - 1 R is the inverse of a monic matrix 
polynomial L(A.) of degree l. Let (Qo , To , Ro) be a standard triple for L(A.) ; then 
clearly 

i = 0, 1, . . . . (2.30) 
Now equalities (2.28) follow from the conditions (2. 1 2) which are satisfied by 
the standard triple (Qo , To , Ro). Equality (2.29) holds for every m � I in 
view of (2.30). Indeed, 

[Q;Y�R ::: 
(2.3 1 ) 

and since rank col(Qo T�)in=-ol = rank col(T� Ro)i=-Ol = nl for m � I, rank 
Zm S nl, where Zm is the mn x mn matrix in the left-hand side of (2. 3 1) . On 
the other hand, the matrices col(Qo n)l ;;; � and row(T� Ro)l ;;; � are nonsingular, 
so (2.3 1 ) implies rank Zl = nl. Clearly, rank Zm � rank Zl for m � I, so in fact 
rank Zm = nl (m � I) as claimed. 

Assume now (2.28) and (2.29) hold ; then 

(2.32) 
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In particular, the size v of T is greater or equal to nl. If v = nl, then (2.32) 
implies nonsingularity of col(QTi)l;;; 6 .  Consequently, there exists a monic 
matrix polynomial of degree I with standard triple (Q, T, R), so (Q, T, R) 
is a polynomial triple. (Note that in this argument (2.29) was not used.) 

Assume v > nl. We shall reduce the proof to the case when v = nl. To this 
end we shall appeal to some well-known notions and results in realization 
theory for linear systems, which will be stated here without proofs. 

Let W(A) be a rational matrix function. For a given AO E fl define the local 
degree (j(W ;  AO) (cf. [3c, Chapter IVJ), [W_q 

J(W ;  An) � rank ! W_q + 1 . . .  W_ 1 ] 
W_ q • • •  W- 2 

· . , 
· . 
· . 

o W_q 

where W(A) = I1= _ q (A - AO)jUj is the Laurent expansion of W(A) in a 
neighborhood ofAo . Define also (j( W ;  00 )  = (j( W ; 0), where W(A) = W(A -

1 ) . 

Evidently, (j(W ;  AO) is nonzero only for finitely many complex numbers AO . 
Put 

(j(W) = I (j(W ;  A). 
A E ( U { OO )  

The number (j(W) is called the McMillan degree of W(A) (see [3c ,  80J) .  For 
rational functions W(A) which are analytic at infinity, the following equality 
holds (see [8 1 J  and [3c, Section 4.2J ) :  

(2.33) 

where Dj are the coefficients of the Taylor series for W(A) at infinity, W(A) = 
I1= o  DjA - j, and m is a sufficiently large integer. In our case F(A) = 
Q(H - T) - 1 R, where (Q, T, R) satisfies (2.28) and (2.29). In particular, 
equalities (2.29) and (2.33) ensure that (j(F) = nl. 

By a well-known result in realization theory (see, for instance, [ 1 5a, 
Theorem 4.4] or [ 14, Section 4.4]), there exists a triple of matrices (Qo , To , Ro) 
with sizes n x nl , nl x nl, nl x n , respectively, such that Qo(l A - To) - 1 Ro  = 
Q(l A - T) - 1 R. Now use (2.32) for (Qo , To , Ro) in place of (Q, T, R) to prove 
that (Qo , To , Ro) is in fact a standard triple of some monic matrix polynomial 
of degree I. D 
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2.4. Initial Value Problems and Two-Point Boundary Value 
Problems 

In this section we shall obtain explicit formulas for the solutions of the 
initial value problem and a boundary value problem associated with the 
differential equation 

L(�) ( )  = 
dlx(t) I�l . d

jx(t) 
= f( ) d x t d I + L... A) d j t ,  t t j = O t t E [a, b] (2.34) 

where L(A) = UI + l}: � AjAj is a monic matrix polynomial, J(t) is a known 
vector function on t E [a, b] (which will be supposed piecewise continuous), 
and x(t) is a vector function to be found. The results will be described in terms 
of a standard triple (X, T, Y) of L(A). 

The next result is deduced easily from Theorem 1 . 5  using the fact that all 
standard triples of L(A) are similar to each other. 

Theorem 2.9. The general solution of equation (2.34) is given by the 
formula 

t E [a, b], (2.3 5) 

where (X, T, y) is a standard triple of L(A), and c E f[;nl is arbitrary. 
In particular, the general solution of the homogeneous equation 

(2.36) 

is given by the formula 

Consider now the initial value problem : find a function x(t) such that 
(2.34) holds and 

x(i )(a) = Xi ' 
where Xi are known vectors. 

i = 0, . . .  , 1 - 1 , (2.37) 

Theorem 2.10. For every given set qf vectors xo , . . .  , Xi _ 1 there exists a 
unique solution x(t) of the initial value problem (2. 34), (2. 37). It is given by the 
formula (2.35) with [ Al 

I 1 A2 
C = [Y TY . . .  T - Y] 

A I - 1 
I 

I 
o 

o 
o 

1 1 [ �: 1 · (2.38) 
o XI - 1 
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Proof Let us verify that x(t) given by (2 .35) and (2.38) is indeed a solu­
tion of the initial value problem. In view of Theorem 2.9 we have only to 
verify the equalities x(i)(a) = Xi ' i = 0, . . .  , I - 1. Differentiating (2.35) it is 
seen that 

:,�� 1 r :T 1 
xa -

:
I )(a)J = lxii - If' (2.39) 

Then substitute for c from (2.38) and the result follows from the biortho­
gonality condition (2.6). 

To prove the uniqueness of the solution of the initial value problem, it is 
sufficient to check that the vector c from (2.35) is uniquely determined by 
x(i)(a), i = 0, . . .  , I - 1 . But this follows from (2.39) and the invertibility of 
col(XTi) l : � . D 

Theorems 2.9 and 2. 1 0 show that the matrix function 

_ 
{xeT(t - S) y 

G(t, s) - ° 
for t ;:::: s 
for t < s 

is the Green's function for the initial value problem. Recall that the Green's 
function is characterized by the following property : 

x(t) = LG(t, s)f(s) ds 
is the solution of (2.34) such that x(i)(a) = ° for i = 0, . . .  , I - 1 .  

We pass now t o  two-point boundary value problems. I t  will b e  convenient 
for us to assume that T = J is a Jordan matrix (although this restriction is not 
essential). 

To facilitate this analysis we begin with the construction of what might be 
called the pre-Green's function. First, let J 1 and J 2 be Jordan matrices with 
the property that J = diag[J I , J 2] is a Jordan matrix associated with the 
monic matrix polynomial L(A.) = L�= o AjA.j (AI = 1). Such a direct-sum 
decomposition of J will be called an admissible splitting. Thus, each ele­
mentary divisor of L(A.) is associated with either a block of J 1 or J 2 ,  but not 
with both. Let J i be p x p and J z be q x q, so that p + q = In. Then there are 
blocks X 1 , X 2 of X and Y1 , Yz of Y compatible with the partition of 1. With 
these understandings we have 

Lemma 2.1 1 .  The matrix-valued function defined on [a, b] x [a , b] by 
if a ::;, t ::;' r 
if r ::;, t ::;, b  (2.40) 
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satisfies the following conditions : 

(a) Different iating with respect to t, L(d/dt)Go = 0, for (t, T) E [a, b] x 
[a, b] , as long as t of- T. 

(b) Differentiating with respect to t, 

G(r) 1 _ G(r) I _ {O o t = t + 0 t = r - - I 

(c) The function 

for r = 0, 1 ,  . . .  , I - 2 
for r = 1 - 1 .  

u(t) = f Go(t, T)f(T) dT 
is a solution of L(d/dt)u = f. 

Proof (a) We have 

T < t � b. 

Proposition 1 . 1  ° implies that the summation applied to each elementary 
divisor associated with J 1 or J 2 is zero, and it follows that L(d/dt)Go = ° 
if t of- T. 

(b) We have 

and the conclusion follows from (2. 1 2). 
(c) This part is proved by verification. For brevity we treat the case 

I = 2. The same technique applies more generally. Write 

u(t) = -XleJ 1 t {e - J , t Yd(T) dT + X2 eht Le -htY2 f(T) dT. 
Differentiating and using the fact that XI Y1 + X 2 Y2 = X Y = 0, we obtain 

u( l )(t) = -XIJ l eJ , t {e - J 1 t Yd(T) dT + X2 J2 eht Le -ht Y2 f(T) dT. 
Differentiate once more and use XY = 0, XJY = I to obtain 

U(2 )(t) = -X1JieJ 1 t {e - J 1 t Yd(T) dT + X2 J� eht Le -htY2 f(T) d, + f(t). 
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Then, since 2:;= 0 Ar XJr = 0 for i = 2, we obtain 

L(�)U = ± Ar u (r) = f. 0 dt r = O 

73 

We now seek to modify Go in order to produce a Green's function G which 
will retain properties ( a), (b), and (c) of the lemma but will, in addition, satisfy 
two-point boundary conditions. To formulate general conditions of this kind, 
let Yc denote the In-vector determined by Yc = col(y(c), y( 1 )(c), . . .  , y(l - 1 )(c» 
where yet), t E [a, b] , is an ( I - i )-times continuously differentiable n-dimen­
sional vector function, and c E [a, b] . Then let M, N be In x In constant 
matrices, and consider homogeneous boundary conditions of the form 

MYa + NYb = o. 
Our boundary value problem now has the form 

L(:t)U = f, (2.4 1 ) 

for the case i n  which the homogeneous problem 

L(:t)U = 0, (2.42) 

has only the trivial solution. 
The necessary and sufficient condition for the latter property is easy to 

find. 

Lemma 2.12. The homogeneous problem (2.42) has only the trivial 
solution if and only if 

(2.43) 
where Q = col(XJi)� : b . 

Proof We have seen that every solution of L(d/dt)u = 0 is expressible 
in the form u(t) = XeJtc for some c E q;'n , so the boundary condition implies 

MUa + NUb = (MQeJa + NQeJb)c = o. 
Since this equation is to have only the trivial solution, the In x In matrix 
MQeJa + NQeJb is nonsingular. 0 

Theorem 2. 13. If the homogeneous problem (2.42) has only the trivial 
solution, then there is a unique In x n matrix K(r) independent oft and depend­
ing analytically on 't", in [a, b ] ,for which the function 

(2.44) 
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satisfies conditions (a) and (b) of Lemma 2. 1 1  (applied to G) as well as 

(d) V(G) � M [ ��, � 1 + N [ :, � 1 = O. 

GO - i )(a , r) G(l - i )(b, r) 
In this case, the unique solution of(2.4 1) is given by 

u(t) = f G(t, r)f(r) dr . (2.45) 

Proof It is easily seen that G inherits conditions (a) and (b) from Go for 
any K(r). For condition (d) observe that V(G) = 0 if and only if V(XeJtK(r» 
= - V(Go). This may be written 

(2.46) 

where Q = col(XJi)I : � .  We have seen that our assumption on the homo­
geneous problem implies that the matrix on the left is nonsingular, so that a 
unique K is obtained. The analytic dependence of K on r (through V(Go» is 
clear. 

Finally, with u defined by (2.45) we have the boundary conditions satisfied 
for u in view of (d), and 

L(�t)U = L(�t) {f Go{t, r)f(r) dr + XeJt fK(r)f(r) dr} 
The first integral reduces to f by virtue of condition (c) in Lemma 2 . 1 1 , and 
L(d/dt)XeJt = (L� = o ArXJr)eJt is zero because of Theorem 1 .23. This 
completes the proof. 0 

We remark that there is an admissible splitting of J implicit in the use of 
Go in (2.44). The representation of the solution in the form (2.45) is valid for 
any admissible splitting. 

As an important special case of the foregoing analysis we consider second­
order problems : 

L(�t)U = Ao + A idi )  + lu(2 ) = f 

with the boundary conditions u(a) = u(b) = O. These boundary conditions 
are obtained by defining the 2n x 2n matrices 
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where the blocks are all n x n. Insisting that the homogeneous problem have 
only the trivial solution then implies that the matrix 

[)(eJa] [ 0 ] [)(eJa] MQeJa + NQeJb = 0 + )(eJb = )(eJb 

appearing in (2.43) is nonsingular. 
In this case we have 

V(Go) = -M[ )(1 ] eJ 1 (a - t) Y1 + N[ )(2 ]eJ,(b - t) ¥2 )( lJ 1 )(2 J2 

= [-)( 1 eJ 1 (a - t) y1] )( 2 eJ,(b - t) Y2 
and the solution of (2.46) is 

[)(eJa] - l [ )(leJ l (a - t) Y1 ] K(r) = )(eJb -)(2�2(b - t) Y2 ' 

(2.47) 

(2.48) 

yielding a more explicit representation of the Green's function in (2.44). 
The condition on a, b, and the Jordan chains of L(A), which is necessary 

and sufficient for the existence of a unique solution to our two-point boundary 
value problem is, therefore, that the matrix (2.47) be nonsingular. 

2.5. Complete Pairs and Second-Order Differential Equations 

If L(A) = H2 + A lA + A2 and there exist matrices S, T such that L(A) = 
(I A - T) (I A - S), then H - S is said to be a (monic) right divisor of L. More 
general divisibility questions will be considered in subsequent chapters but, 
for the present discussion, we need the easily verified proposal : I A - S is a 
right divisor of L if and only if 

L(S) = S2 + A 1S + A2 = O. 

In general, L(A) may have many distinct right divisors but pairs of divisors 
of the following kind are particularly significant : right divisors H - Sl , 
H - S2 for L(A) = H2 + A lA + A2 are said to form a complete pair if 
S2 - S 1 is invertible. 

and 

Lemma 2.14. If H - S l >  H - S2 form a complete pair for L(A), then 
L(A) = (S2 - Sl ) (H - S2) (S2 - Sl ) - l (IA - Sl ) 
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Proof By definition of right divisors, there exist matrices T1 , T2 such that 

L(A) = (fA - T1 ) (fA - Sl ) = (fA - T2) (IA - S2)' 

Consequently, T1 + S l = Tz + S2 and T1S 1 = T2 S2 • It follows from these 
two relations, and the invertibility of S 2 - S 1 that we may write Tl = 

(S2 - Sl )Sz(S2 - Sl ) � l , and the first conclusion follows immediately. Now it 
is easily verified that 

(IA - Sl ) � l - (fA - S2) � 1 = - (fA - Sl ) � 1 (S2 - S l ) (IA - S2) � 1 . 

If we take advantage of this relation, the second conclusion of the lemma now 
follows from the first. D 

The importance of the lemma is twofold : It shows that a complete pair 
gives a complete factorization of L(A) and that (J(L) = (J(S d U (J(S2)' Indeed, 
the first part of the proof of Theorem 2. 1 6 will show that S J ,  Sz determine a 
Jordan pair for L. 

We shall see that complete pairs can also be useful in the solution of 
differential equations, but first let us observe a useful sufficient condition 
ensuring that a pair of right divisors is complete. 

Theorem 2.15. Let IA - SJ ,  IA - S2 be right divisors of L(A) such that 
(J(S l ) (\ (J(S2) = 0. Then fA - S l ' fA - S2 form a complete pair. 

Proof Observe first that 

L(A) [(I A - Sl ) � l - (fA - S2) � l ] = S l - S2 ' (2.49) 
Indeed, since L(A) (IA - SJ� 1 is a monic linear polynomial for i = 1 , 2, the 
left-hand side of (2.49) is a constant matrix, i.e., does not depend on A. Further, 
for large I A I we have 

so 
(IA - SJ� l = IA � l + Si A � 2 + s;r 3 + " ' , i = 1 , 2 ;  

Since limA� oc { A  � 2 L(A)} = I, equality (2.49) follows. 
Assume now that (S 1 - S 2)X = 0 for some x E (tn. Equality (2.49) implies 

that for A ¢:  (J(L), 

(2.50) 
Since (J(S 1 ) (\ (J(S2) = 0, equality (2.50) defines a vector function E(A) which 
is analytic in the whole complex plane : 

A E e:\(J(S 1 ) 
A E C\(J(Sz) . 
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But limA"" 00 E(A) = 0. By Liouville's theorem, E(A) is identically zero. Then 
x = (H - S l )E(A) = 0, i.e., Ker(S l - S2) = {0} and S 1 - S2 is nonsingular. 

D 

Theorem 2.16. Let Sb S2 be a complete pair of solutions of L(S) = 0, 
where L(A) = H2 + A lA + Ao . Then 

(a) Every solution of L(d/dt)u = ° has the form 

for some C l ' C2 E (In. 
(b) If, in addition, eS2(b - a) - eS1 (b - a) is nonsingular, then the two-point 

boundary value problem 

L(:t)U = f, u(a) = u(b) = 0, (2.5 1 ) 

has the unique solution 

u(t) = ib Go(t, 1:)f(1:) d1: - [eS 1 (t - a) , eS2(t - a)] W  fb [eS 1 (a - t)JZf(1:) d1: a eS2(b - t) 

where 

and 

I J - l 

eS2(b - a) , 

(2.52) 

(2.53) 

The interesting feature of this result is that the solutions of the differential 
equation are completely described by the solutions Sb S2 of the algebraic 
problem L(S) = 0. 

Proof Let S l ' S2 have Jordan forms J 1 , J2 , respectively, and let S l = 
X1J 1X1

1 , S2 = X2 J2 Xi 1 and write 

We show first that S 1.' Sz a complete pair implies that X, J is a Jordan pair for 
L(A). We have 
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So the non singularity of the first matrix follows from that of S 2 - S l '  Then 
sf + A 1S; + Ao = 0, for i = 1 , 2, implies x;Jf + A 1X; Ji + Ao X; = 0 
for each i and hence that XJ2 + A 1XJ + Ao X  = O. Hence (by Theorem 
1 .23) X, J is a Jordan pair for L(A.) and, in the terminology of the preceding 
section, J 1 and J 2 determine an admissible splitting of J. 

To prove part (a) of the theorem observe that 

u(t) = [eS , t �2t] [�:J = [X 1eJ , t  X2 eht] [�� :�:J = XeJtrJ., 

where rJ. is, in effect, an arbitrary vector of (IY". Since X, J is a standard pair, the 
result follows from Theorem 2.9. 

For part (b) observe first that, as above, 

so that the matrix of (2.47) can be written 

and the hypothesis of part (b) implies the nonsingularity of this matrix and 
the uniqueness of the solution for part (b). 

Thus, according to Theorem 2. 1 3 and remarks thereafter, the unique 
solution of (2. 5 1 ) is given by the formula 

where 

and 

if a :::;; t :::;; ., 
if . :::;; t :::;; b. 

It remains to show that formulas (2.52) and (2. 54) are the same. 
First note that Y1 = - X1 1Z, Y2 = X2" 1Z. Indeed, 

(2.55) 
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Furthermore, the function Go of (2.53) can now be identified with the function 
Go of (2.55). To check this use the equality Xi eJ, (t - t)Xi- 1 = es, (t - t), i = 1 , 2 
(cf. Section S 1 .S) . Further, 

So 

= 
_ [es l (t - a) eS2(t - bJ] [e

aS
o
lXl 0 ] [XeJa]

- l [eS I (a - t)]z 
ebS2Xz XeJb eS2(b - tJ '  

and in order to prove that formulas (2.52) and (2.54) are the same, we need 
only to check that 

or 

W =  1 [ea
S IX 
o 

W-l'� [eS I� - aJ eS2� - a)
] = [�:�:] [

X
j
l
;
- aS I 

X2 1� - bS2l 

But this follows from the equalities Si = XJiXi- 1 , i = 1 , 2 . D 

2.6. Initial Value Problem for Difference Equations, and the 
Generalized Newton Identities 

Consider the difference equation 

r = 0, 1, . . .  , (2.56) 

where L(A) = /AI + L}: 6 AjAj is a monic matrix polynomial with a standard 
triple (X, T, Y). 

Using Theorem 1 .6 and the similarity between any two standard triples 
of L(A), we obtain the following result. 

Theorem 2.17. Every solution of (2.56) is given by Uo = Xc and for 
i = 1 , 2, . . .  , 

i - I ui = XTic + X L Ti - k - 1 Yfk o k = O 
(2.57) 
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where c E renl is arbitrary. In particular, the general solution of the homogeneous 
problem (with J,. = 0, r = 0, 1, . . .  ) is given by 

i = 0, 1, . . .  , C E renl . 

Corollary 2.18. The solution of(2.56) which satisfies the prescribed initial 
conditions 

r = 0, . . . , 1 - 1 , 

i s unique and given by putting 

A t A 2 A I - t I [5,] A2 
c = [ Y  T Y  . . .  TI - t YJ 

AI - t I 0 
I ° 0 

in Theorem 2. 1 7. 

Proof Write 

(2.58) 

where Ui is given by (2.57). Since X Ti y = ° for i = 0, . . .  , 1 - 2, we obtain 
Ui = XTic for i = 0, . . .  , I - 1, and (2.58) becomes 

col(XTi)l : � . c = col(ai)l : � . 

Since col(X Ti)l : �  is invertible, c E renl is uniquely defined and, by the 
biorthogonality condition (2.6), 

c = [col(X Ti)l : �r t . col(ai)l : � = [roW(Ti Y)l : �JB · col(aJl : � . 0 

As an application of Theorem 2. 1 7, we describe here a method of evalua­
tion of the sum (Jr of the rth powers of the eigenvalues of L(A) (including 
multiplicities). 

Consider the matrix difference equation connected with the polynomial 
L(A) = HI + L}:: &  AjAj : 

r = 1 , 2, . . .  , 
(2.59) 
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where { U  r}:; 1 is a sequence of n x n matrices U r to be found. In view of 
Theorem 2. 1 7  the general solution of (2.59) is given by the following formula : 

Ur = XTr- 1Z, r = 1 , 2, . . .  , (2.60) 

where (X, T) is a part of the standard triple (X, T, Y) of L(A.) and Z is an 
arbitrary In x n matrix. Clearly, any particular solution of (2.59) is uniquely 
defined by the initial values U 1 , . . .  , UI • 

We now define matrices S I , Sz , . . .  , St by the solution of 

(2.6 1 )  

and we observe that, in practice, they would most readily be computed re­
cursively beginning with S 1 . Note that the matrix on the left is nonsingular. 
Define {Sr };'; 1 as the unique solution of (2.59) determined by the initial values 
Ui = Si , i = 1, . . .  , l. 

Let (Jr be the sum of the rth powers of the eigenvalues of L (including 
multiplicities), and let Tr(A) of a matrix A denote the trace of A, i.e., the sum of 
the elements on the main diagonal of A, or, what is the same, the sum of all 
eigenvalues of A (counting multiplicities). 

Theorem 2.19. If {Sr}:; 1 is defined as above, then 

(Jr = Tr(Sr), r = 1 , 2, . . . . (2.62) 

The equalities (2.62) are known as the generalized Newton identities. 

Proof By Corollary 2. 1 8, 

or 

where rr = XT' - 1 Y. 
Now we also have (see Proposition 2. l (iii» 

r = 1 , 2, . . .  , 
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and this implies that (2.63) can be written 

r = 1, 2, . . .  . (2.64) 

To approach the eigenvalues of L we observe that they are also the eigen­
values of the matrix M = Q TQ - l . Since Q - l = RB, where 

R = [Y TY . . .  T 1 - 1 y] 

and B is given by (2.5), we have : 

Mr = QT'Q - l = Q T'RB 

rr + l + 1 . . .  

rr + l ] [A l Az . .  : I ] 
rr + l + l  Az . . 

: : I 
. 

. . 
rr + Z l - l I ° 

Now observe that the eigenvalues of Mr are just the rth powers of the eigen­
values of M (this fact can be easily observed by passing to the Jordan form of 
M). Hence 

(Jr = Tr(Mr) = Tr(rr + 1A l + . . .  + rr + 1 A l) + . . .  

+ Tr(rr + l - 1A l - l + rr + 1 Al) + Tr(rr + 1 A l) 
= Tr(tr + 1A l + 2rr + z Az + . . .  + lrr + 1 Al) 
= Tr(Sr) 

by (2.64). 0 

Comments 

The systematization of spectral information in the form of Jordan pairs 
and triples, leading to the more general standard pairs and triples, originates 
with the authors in [34a, 34b] , as do the representations of Theorem 2.4. The 
resolvent form, however, has a longer history. More restrictive versions appear 
in [40, 52a] .  As indicated in Section 2.3 it can also be seen as a special case of 
the well-known realization theorems of system theory (see [80, Chapter 4] 
and [47]). However, our analysis also gives a complete description of the 
realization theorem in terms of the spectral data. For resolvent forms of 
rational matrix functions see [3c, Chapter 2] . Corollary 2.5 was proved in 
[49a] ; see also [38, 55] .  

Factorizations o f  matrix polynomials a s  described in  Proposition 2 . 7  are 
introduced in [79a] . 

Our discussion of initial and two-point boundary value problems in 
Sections 2.4 and 2 .5 is based on the papers [34a, 52e] . The concept of " com-
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plete pairs " is introduced in [5 1 ] .  Existence theorems can be found in that 
paper as well as Lemma 2. 14  and Theorem 2. 1 5. Existence theorems and 
numerical methods are considered in [54] . The applications of Section 2.6 are 
based on [52f] . 

Extensions of the main results of this chapter to polynomials whose 
coefficients are bounded linear operators in a Banach space can be found in 
[34c] . 

Some generalizations of this material for analytic matrix functions appear 
in [37d, 70c] . 



Chapter 3 

Multiplication and Divisibility 

In Chapter 2 we used the notion of a standard triple to produce repre­
sentation theorems having immediate significance in the solution of differ­
ential and difference equations. It turns out that these representations of 
matrix polynomials provide a very natural approach to the study of products 
and quotients of such polynomials. These questions are to be studied in this 
chapter. 

There are many important problems which require a factorization of 
matrix- or operator-valued functions in such a way that the factors have 
certain spectral properties. Using the spectral approach it is possible to 
characterize right divisors by specific invariant subspaces of a linearization, 
which are known as supporting subspaces for the right divisors. This is one of 
the central ideas of the theory to be developed in this chapter, and admits 
explicit formulas for divisors and quotients. These formulas will subsequently 
facilitate the study of perturbation and stability of divisors. 

!f a monic matrix polynomial L(A) = LiA)L l (A) and L 1 (A) and Lz(A) are 
also monic matrix polynomials, then L l (A), L2(A) may be referred to as a right 
divisor and left quotient of L(A), respectively (or, equally well, as a right 
quotient and left divisor, respectively). It is clear that the spectrum of L must 
" split " in some way into the spectra of L 1 and L2 • Our first analysis of pro­
ducts and divisors (presented in this chapter), makes no restriction on the 

84 
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nature of this splitting. Subsequently (in the next chapter) we consider in more 
detail the important special case in which the spectra of L I and Lz are disjoint. 

3.1 . A Multiplication Theorem 

The notion of a standard triple for monic matrix polynomials introduced 
in the preceding chapter turns out to be a useful and natural tool for the 
description of multiplication and division of monic matrix polynomials. In 
this section we deal with the multiplication properties. First we compute the 
inverse L - I (A) of the product L(A) = L2(A)L 1 (A) of two monic matrix poly­
nomials L l (A) and L2(A) in terms of their standard triples. 

Theorem 3. 1 .  Let LlA) be a monic operator polynomial with standard 
triple (Qi ' Ii , R;) for i = 1 , 2, and let L(A) = LiA)L l (A). Then 

where 

L - l eA) = [Q I O] (/A - T) - l [;J , (3 . 1 )  

T = [� R�; 2J 
Proof It is easily verified that 

(IA _ T) - l 
= [(/A -

O
TI ) - l (/A - Tl ) - lR l Qz(/A - Tz) - I] 

(/A - TZ) - l . 

The product on the right of (3 . 1 )  is then found to be 

Q l (/A - Tl ) - lR l Q2(/A - TZ) - IR2 · 

But, using Theorem 2.4, this is just Li I (A)L2 1 (A), and the theorem follows 
immediately. D 

Theorem 3.2. If L;(A) are monic matrix polynomials with standard triples 
(Qi' Ii , R;) for i = 1 , 2, then L(A) = L2(A)L l (A) has a standard triple (Q, T, R) 
with the representations 

Q = [Q l 0] , 

Proof Combine Theorem 2.6 with Theorem 3. 1 .  D 

Note that if both triples (Qi , Ii ,  RJ, i = 1 , 2, are Jordan, then the triple 
(Q, T, R) from Theorem 3.2 is not necessarily Jordan (because of the presence 
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of R 1 Q2 in T). But, as we shall see, in some cases it is not hard to write down a 
Jordan triple for the product, by using Theorem 3.2 . 

Consider, for instance, the case when a{T1 ) n a(T2) = 0. In this case one 
can construct a Jordan triple of the product L(A) = LiA)L1 (A), provided the 
triples (Qi ' 7;, Ri) for Li(A) (i = 1 , 2) are also Jordan. Indeed, there exists a 
unique solution Z of the equation 

(3 .2) 

(see Section S2. 1 ) ;  so 

Hence, the triple 

(Q 1 , Q 1Z) = [Q 1 OJ [� �l [� �l [-::2J = [� -JZJ [;J (3 .3) 

is similar to the standard triple (Q, T, R) of L(A) constructed in Theorem 3 .2, 
and therefore it is also a standard triple of L(A). Now (3.3) is Jordan provided 
both (Q 1 ' T1 , R 1 ) and (Q2 ' T2 , R2) are Jordan. 

Recall that equation (3.2) has a solution Z if and only if 

. · · 1 [T1 O J IS sImI ar to 
° T2 

(see Theorem S2. 1 ) ; then the arguments above still apply, and we obtain the 
following corollary. 

Corollary 3.3. Let L1 (A), LiA) be monic matrix polynomials such that, if 
(A - Aoy iJ, i = 1 ,  . . .  , kj ' is the set of the elementary divisors of LiA) U = 1 , 2) 
corresponding to any eigenvalue of L(A) = L2 (A)L 1 (A), then (A - Ao)aiJ, 
i = 1, . . .  , kj ,j = 1 , 2, is the set ofthe elementary divisors ofL(A) corresponding 
to ,10 . Let (Qi ' 7; ,  R;) be a Jordan triple of L,(A), i = 1 , 2 . Then Eq. (3 .2) has a 
solution Z, and the triple 

is a Jordan triple for L(A). 
If the structure of the elementary divisors of L(A) is more complicated than 

in Corollary 3 .3 ,  it is not known in general how to find the Jordan triples for 
the product. Another unsolved problem is the following one (see [27, 7 1 a, 
76bJ) : Given the elementary divisors of the factors L 1 (A) and LiA) (this means, 
given Jordan matrices Tb T2 in the above notation), find the elementary 
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divisors of the product L(A.) = Lz(A.)L I (A.) (this means, find the Jordan form of 
the matrix 

In some particular cases the solution of this problem is known. For instance, 
the following result holds : 

Lemma 3.4. Let J I , . . .  , Jk be Jordan blocks having the same real eigen­
value and sizes et l � . . .  � etb respectively. Let 

T = [diag[J;]7= I To ] 
o diag[JtJ�= I 

where To = (tij)f. j = I is a matrix of size et x et (et = et l + . . .  + etk). Let 
f3i = et l + . . .  + eti (i = 1 ,  . . . , k), and suppose that the k x k submatrix 
A = (tp iP)L= 1 of To is invertible and A = A IA2 , where A I is a lower triangular 
matrix and A 2 is an upper triangular matrix. Then the degrees of the elementary 
divisors of fA. - Tare 2et I , . . .  , 2etk · 

The proof of Lemma 3.4 is quite technical. Nevertheless, since the lemma 
will be used later in this book, we give its proof here. 

Proof We shall apply similarity transformations to the matrix T step by 
step, and eventually obtain a matrix similar to T for which the elementary 
divisors obviously are 2et t > . . .  , 2etk ' For convenience we shall denote block 
triangular matrices of the form 

by triang[K, M, Nl 
Without loss of generality suppose that J = diag[J;]�= I is nilpotent, i .e . , 

has only the eigenvalue zero. Let i ¢: {f3l , 132 , . . .  , 13k} be an integer, 1 :s; i :s; et. 
Let V i i be the et x et matrix such that all its rows (except for the (i + l )th row) 
are zeros, and its ( i + 1 )th row is [ti l ti2 . . .  tial Put Si i = triang[I, 
Vi i '  J] ; then Si l TSi1 1  = triang[J, 7;0 , JT] ,  where the ith row of 7;0 is zero, 
and all other rows (except for the (i + 1 )th) of 7;0 are the same as in To . Note 
also that the submatrix A is the same in 7;0 and in To . Applying this trans­
formation consequently for every i E { l ,  . . .  , et} \{f3l , . . .  , 13k} ,  we obtain that 
T is similar to a matrix of the form TI = triang[J, V, JT] ,  where the ith row 
of V is zero for i ¢: { f3 l '  . . .  , 13k } '  and VPp Pq = tpp Pq ' 

p, q = 1, . . . , k, where V = 

(vi)f. 1 = t ·  
We shall show now that, by applying a similarity transformation to TI , it is 

possible to make vij = 0 for i ¢: {f3 l , . . .  , f3d or j ¢: {f3l , " "  13k} ' Let � = 
col(vi)f= 1 be the jth column of V. For fixed j ¢:  {f3 l ' . ' . ' f3d we have v ij = 0 
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for i r!. {P I ' . . .  , 13k } ,  and, since A is invertible, there exist complex numbers 
(J I , . . .  , (Jk such that 

k 
Vj + L (J Pi VPi 

= O. 
i= I 

Let S 2j = diag[I, I + U 2j] ,  where all but the jth column of U 2j are zeros, and 
the ith entry in the jth column of U 2j. is (J Pm if i = Pm for some m, and zero 
otherwise. Then S2/ TIS2j = triang[J, V - ZI ' JT - Z2] with the following 
structure of the matrices Z I and Z 2 :  Z I = [0 . . .  0 Vj 0 . . .  0] , 
where Vj is in the jth place ; Z2 = [0 . . .  0 Z2 , j - 1  0 . . .  0] , where 
Z2 , j - 1 = col(col( - bp, a.q (Jq)�"= 1 ): = I is an (J( x 1 column in the (j - 1 )th place 
in Z2 (bp, a.q denotes the Kronecker symbol). Ifj = Pm + l for some m, then we 
put Z 2 = O. It is easy to see that S 2/ TI S 2j can be reduced by a similarity 
transformation with a matrix of type diag[I, U 3J to the form triang[J, W, JT] ,  
where the mth column o f  WI coincides with the mth column o f  V - Z I for 
m � j and for m E { P I " ' "  13k } '  Applying this similarity consequently for every 
j r!. {P I ' . . .  , 13k} (starting withj = 13k - 1 and finishing withj = 1 ), we obtain 
that TI is similar to the matrix T2 = triang[J, W2 , JT] ,  where the (Pi ' pj) 
entries of W2 (i, j = 1 ,  . . .  , k) form the matrix A, and all others are zeros. 

The next step is to replace the invertible submatrix A in W2 by I. We have 
A l iA = A2 , where Al l = (bij)�, j = I ' bij = 0 for i < j, is a lower triangular 
matrix ; A2 = (Ci)�, j =  I, cij = 0 for i > j, is an upper triangular matrix. Define 
the 2(J( x 2(J( invertible matrix S3 = (sj] » �a.j =  I as follows : S��bj = bij for i, j = 
1 ,  . . .  , k ;  s:;� = 1 for m r!. {P I , . . .  , 13k} ; sj] >  = 0 otherwise. Then S3 T2 S3 1 = 
triang[J + Z3 ' W3 , JT] ,  where the (Pi ' 13) entries of W3 (i, j = 1 ,  . . .  , k) form 
the upper triangular matrix A2 , and all other entries of W3 are zeros ; the 
(J( x (J( matrix Z3 can contain nonzero entries only in the places (Pi - 1, 13) 
for i > j and such that (J(i > 1. It is easy to see that S3 T2 S3 I is similar to T3 = 

triang[J, W3 , JT] .  Define the 2(J( x 2(J( invertible matrix S4 = (sjjl)�j= I by 
the following equalities : S��bj = Cij for i, j = 1, . . .  , k ;  s!:� = 1 for m r!. 
{p'b . . .  , p�} , where Pi = 13k + Pi ; sjjl = 0 otherwise. Then S4 T3 S4 1 = 
triang[J, W4 , JT + Z4] , where the (Pi ' pj) entries of W4 form the unit matrix 
I, and all other entries are zeros ; the (J( x (J( matrix Z4 can contain nonzero 
entries only in the places (Pi ' Pj - 1 )  for i < j and such that (J(j > 1 .  Again, it 
is easy to see that S4 T3 S4 1 is similar to T4 = triang[J, W4 , JT] .  

Evidently, the degrees o f  the elementary divisors o f  T4 are 2(J(b  . . .  , 2(J(k ' 
So the same is true for T. 0 

In concrete examples it is possible to find the Jordan form of T by con­
sidering the matrix [�I R�;2J 
as we shall now show by example. 
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EXAMPLE 3. 1 . Let 

[ A 3 j2A2 - AJ LI (A) = 
}2A'Z 

+ A A3 . 

89 

U sing the computations in Example 2.2 and Theorem 3.2, we find a linearization T for the 
product L(A) = (L I (A))2 : 

T = [J YXJ O J ' 

where 

x = [� 0 - j2 +  1 )2 - 2 }2 + 1 }2+2J 0 I o ' 
0 1 0 
- 1 0 0 

}(}2 + 2) 0 
Y =  *( -}2 - 1 ) I ' J =  

4 0 
*< -}2 + 2) 0 - 1 
*( - }2 + 1 )  I 0 - 1  - 4 

By examining the structure of Twe find the partial multiplicities of L(A) at Ao = 1 . To this 
end we shall compute the 4 x 4 submatrix To of T formed by the 3rd, 4th, 9th, and 10th 
rows and columns (the partial multiplicities of L(A) at Ao = 1 coincide with the degrees of 
the elementary divisors of fA. - Yo). We have 

[1 1 - :\:}2 

-
! 1 T = 

0 1 

! 
�2}2 - 3) . 

o 
0 0 1 1 
o 0 0 1 

Since rank(7� - /) = 3, it is clear that the single partial multiplicity of L(A) at Ao = 1 
is 4. 0 

3.2. Division Process 

In this section we shall describe the division of monic matrix polynomials 
in terms of their standard triples. 

We start with some remarks concerning the division of matrix polynomials 
in general. 

Let M(A) = I}= o MjAj and N(A) = IY= o NjAj be matrix polynomials of 
size n x n (not necessarily monic). By the division ofthese matrix polynomials 
we understand a representation in the form 

M(A) = Q(A)N(A) + R(A), (3.4) 
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where Q(A) (the quotient) and R(A) (the remainder) are n x n matrix poly­
nomials and either the degree of R(A) is less than the degree of N(A) or R(A) is 
zero. 

This definition generalizes the division of scalar polynomials, which is 
always possible and for which the quotient and remainder are uniquely 
defined. However, in the matricial case it is very important to point out two 
factors which do not appear in the scalar case : 

( 1 )  Because of the noncommutativity, we have to distinguish between 
representation (3.4) (which will be referred to as right division) and the 
representation 

(3 .5) 

for some matrix polynomials Q 1 (A) and R 1 (A), where the degree of R(A) is less 
than the degree of N(A), or is the zero polynomial. Representation (3 .5) will be 
referred to as left division. In general, Q(A) =1= Q 1(A) and R(A) =1= R 1(A), so we 
distinguish between right (Q(A» and left (Q 1 (A» quotients and between right 
(R(A» and left (R 1 (A» remainders. 

(2) The division is not always possible. The simplest example of this 
situation appears if we take M(A) = M 0 as a constant nonsingular matrix 
and N(A) = No as a constant nonzero singular matrix. If the division is 
possible, then (since the degree of N(A) is 0) the remainders R(A) and R 1(A) 
must be zeros, and then (3 .4) and (3 .5) take the forms 

(3 .6) 

respectively. But in view of the invertibility of M 0 '  neither of (3 .6) can be 
satisfied for any Q(A) or Q1 (A), so the division is impossible. 

However, in the important case when N(A) (the divisor) is monic, the 
situation resembles more the familiar case of scalar polynomials, as the follow­
ing proposition shows. 

Proposition 3.5. If the divisor N(A) is monic, then the right (or left) division 
is always possible, and the right (or left) quotient and remainder are uniquely 
determined. 

Proof We shall prove Proposition 3 .5  for right division ; for left division 
the proof is similar. 

Let us prove the possibility of division, i.e., that there exist Q(A) and R(A) 
(deg R(A) < deg N()"» such that (3 .4) holds. We can suppose I � k ;  otherwise 
take Q(A) = 0 and R(A) = M(A). Let N(A) = Uk + L};;J NjA

i, and write 

(3 .7) 
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with indefinite coefficients Qj and Rj . Now compare the coefficients of 
A.', ,1.' - 1 , . . .  , A.k in both sides : 

M, = Q' - k ' 
Mt - 1 = Qt - k - l + Qt - kNk - l , 

(3 .8) 
k - l 

Mk = Qo + L Qk - iNi · i = O  
From these equalities we find in succession Qt - k > Qt - k - l , . . .  , Qo , i .e . , we have 
found Q(A.) = L}:i A.jQj . To satisfy (3 .7), define also 

j 
Rj = Mj - L QqNj_ q q = O  

for j = 0, . . .  , k - 1 .  (3.9) 

The uniqueness of the quotient and remainder is easy to prove. Suppose 

M(A.) = Q(A.)N(A.) + R(A.) = Q(A.)N(A.) + R(A.), 
where the degrees of both R(A.) and R(A.) do not exceed k - 1 . Then 

(Q(A.) - Q(A.» N(A.) + R(A.) - R(A.) = 0. 

Since N(A.) is monic of degree k, it follows that Q(A.) - Q(A.) = 0, and then also 
R(A.) = R(A.) = 0. 0 

An interesting particular case of Proposition 3 .5  occurs when the divisor 
N(A.) is linear : N(A.) = fA. - X. In this case we have extensions of the re­
mainder theorem : 

Corollary 3.6. Let 
t 

L MjA.j = Q(A.) (fA. - X) + R = (fA. - X)Q l (A.) + R I • j = O  

Proof Use formulas (3 .8) and (3 .9). It turns out that 

According to (3 .9), 
t 

R = Mo + QoX = L MjXj. j = O  
For R l the proof i s  analogous. 0 

i = 1 ,  . . .  , l. 
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We go back now to the division of monic matrix polynomials . It follows 
from Proposition 3.5 that the division of monic matrix polynomials is always 
possible and uniquely determined. We now express the left and right quotients 
and remainders in terms of standard triples. This is the first important step 
toward the application of the spectral methods of this book to factorization 
problems. 

Theorem 3.7. Let L{A) = Ul + LJ: � Aj Aj be a monic matrix polynomial 
of degree 1, and let 

L 1 {A) = Uk - X 1 T�( Vl + . . .  + v"Ak - 1 ) 

be a monic matrix polynomial of degree k � 1 in the right canonical form, where 
(X l' TI ) is a standard pair of LlA), and [VI . . .  v,,] = [col(X 1 TD�,;:-Jr 1 . 
Then 

L{A) = Q{A)L1 {A) + R{A), (3. 1 O) 
where 

(3. 1 1) 

and 

(3 . 1 2) 

where we put AI = 1. 
Before we start to prove Theorem 3 .7, let us write down the following 

important corollary. We say that L1 {A) is a right divisor of L{A) if 
L{A) = Q{A)L1 {A), 

i .e . , the right remainder R{A) is zero. 

CoroUary 3.8. LI {A) is a right divisor of L{A) if and only if,for a standard 
pair (X 1 , TI) of LI (A), the equality 

holds. 
AO XI + A 1X 1 TI + . . .  + AI _ 1X 1 Ti-

1 + X1 Ti = 0 (3 . 1 3) 

Proof If (3 . 1 3) holds, then according to (3 . 1 2), R{A) = 0 and LI {A) is a 
right divisor of L{A). Conversely, if R(A) = 0, then by (3 . 1 2) 

( .± AiX 1 T�) J.j = 0 
, = 0 

for j = 1 ,  . . .  , k. 

Since [ VI . . .  v,,] is nonsingular, this means that (3 . 1 3) holds. D 
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Proof of Theorem 3. 7. We shall establish first some additional properties 
of standard triples for the monic polynomials L(Ie) and L1 (Ie). 

Define 

G�p = X1 T'i Vp , 1 ::;; f3 ::;; k, oc = 0, 1 , 2, . . . . (3 . 1 4) 

Then for each i, 1 ::;; i ::;; k, we have 

Gp+ 1 , i = Gpk Gki + Gp, i - 1 , P = 0, 1 , 2, . . .  (3 . 1 5) 

(and we set Gpo = 0, P = 0, 1 ,  . . .  ). Indeed, from the definition of Vi we deduce 

l Xl 1 X1 T1 
v2 . .  · Y,.] : . 

X 1 T�- l 
(3 . 1 6) 

Consider the composition with X 1 T� on the left and T1 [V1 • • • Y,.] on the 
right to obtain 

: . (3 . 1 7) 
G1 ' k

] Gk, k 
Reversing the order of the factors on the right of (3 . 1 6), we see that Gij = 
bi , j - 1 I for i = 1 , 2, . . .  , k - 1 andj = 1 , 2, . . .  , k. The conclusion (3 . 1 5) then 
follows immediately. 

Now we shall check the following equalities : 
k - j l) = L: T,{,Y,.Bj+ m ' j = 1 ,  . . .  , k, (3 . 1 8) 
m = O 

where Bp are the coefficients o f  L t (A) : L t (A) = L�=o Bj Aj with Bk = I . Since 
the matrix col(X 1 TD�':-d is nonsingular, it is sufficient to check that 

k - j 
X 1 T� l) = X 1 T� L: T,{,Y,.Bj+ m ' j = 1 ,  . . .  , k, (3 . 1 9) 

m = O 
for i = 0, 1 ,  . . . . Indeed, using the matrices Gij and the right canonical form 
for L1 (A) rewrite the right-hand side of (3 . 1 9) as follows (where the first 
equality follows from (3. 1 5» : 

k - j - 1 
Gi + k - j, k - L: Gi +m , k Gk , j + m + 1 m= O 

k- j- 1 = Gi + k - j, k - L (Gi + m + 1 , j + m + 1 - Gi + m. j + m) m= O 
= Gi + k - j, k - (Gi + (k - j- 1 ) + 1 , k - Gij) = Gij ' 

and (3 . 1 8) is proved. 
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Define also the followingmatrixpolynomials : L1 ,p.) = Bj + Bj+ 1A + . . .  
+ BkAk - j, j = 0, 1 , . . .  , k. In particular, L1 , o(A) = L1 (A) and L1 , k(A) = I. We 
shall need the following property of the polynomials L1 , iA) : (k - l ) Y,.L1 (A) = (IA - T1 ) 

j�O T{ Y,.L1 , j + l (A) . (3.20) 

Indeed, since AL1 , j + l (A) = L1 , /A) - Bj (j = 0, . ' "  k - 1), the right-hand 
side of (3.20) equals 
k- l k- l k 
L T{ Y,.(L1iA) - B) - L T{+ 1 Y,.L1 , j + 1 (A) = - L T{ Y,.Bj + Y,.Ll O(A). j= O j= O j= O 
But since (X 1 , T1 , Y,.) is a standard triple ofL l (A), in viewof(2. 1O),L�= o T{ Y,.Bj 
= 0, and (3.20) follows. 
We are now ready to prove that the difference L(A) - R(A) is divisible by 

Ll (A). Indeed, using (3. 1 8) and then (3 .20) 

R(A) (L1 (A» - 1 = (toAiX 1 T� ) ' Ct: T{ Y,.L1 , j + l (A») · Ll 1 (A) 
I 

= L AiX 1 T�(IA - T1 ) - 1 Y,. . i = O 
Thus, 

I 
L(A) (L1 (A» - 1 = L AjAj , X 1 (IA - T1) - I Y,. i = O 

(and here we use the resolvent form of Ll (A» . So 
I 

L(A) (L1 (A» - 1 - R(A) (L 1 (A» - 1 = L AiX1 (IAi - Ti) (IA - T1 ) - I Y,. . i = O 
Using the equality Hi - T� = (L��� APTi - 1 - p) . (AI - T1 ) (i > 0), we 
obtain 

I i - I 
L(A) (L 1 (A» - 1 - R(A) (L 1 (A» - 1 = L AiXI L APTi - 1 - Pf!c i = 1 p = O 

1 - 1 I 
= L AP L AiX1 T�- I - py" . (3.2 1 ) p=O i = p + l 

Because of the biorthogonality relations Xl T{ Y,. = 0 for j = 0, . . .  , k - 1, all 
the terms in (3.2 1 ) with p = I - k + 1, . . .  , p = I - 1 vanish, and formula 
(3. 1 1 ) follows. D 
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In terms of the matrices Gap introduced in the proof of Theorem 3 .7 , the 
condition that the coefficients of the remainder polynomial (3 . 1 2) are zeros 
(which means that Ll (A) is aright divisor of L(A» can be conveniently expressed 
in matrix form as follows. 

Corollary 3.9. Ll (A) is a right divisor of L(A) if and only if 
[Gi l G12 Glk] = - [Ao ' "  AI - I ] 

G02 
X Gl l G 1 2 G l k . , 
r Go o 

Gl � l . l GI - 1 • 2  

GOk 1 
GI � l . k 

where Gap are defined by (3 . 14). 

The dual results for left division are as follows. 
Theorem 3.10. Let L(A) be as in Theorem 3.7, and let 

L1 (A) = Ak[ - (WI + . . .  + Vf/,Ak- 1 )T1 Y1 
be a monic matrix polynomial of degree k in its left canonical form (2. 1 5) (so 
(Tl ' Y1) is a left standard pair of L1(A) and 

col(W;)�= l = [ Y1 T1 Y1 . . .  T1 - 1 y1r 1). 
Then 

where 

and 

where Al = [. 
Theorem 3 . 10  can be established either by a parallel line of argument from 

the proof of Theorem 3 .7, or by applying Theorem 3 .7 to the transposed 
matrix polynomials LT(A) and LIcA) (evidently the left division 

L(A) = L1 (A)Q l (A) + R 1 (A) 
of L(A) by Ll (A) gives rise to the right division 

LT(A) = QIcA)LIcA) + RIcA) 
of the transposed matrix polynomials). 
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The following definition is now to be expected : a monic matrix poly­
nomial Ll (A) is a left divisor of a monic matrix polynomial L(A) if L(A) = 
LI(A)Q l (A) for some matrix polynomial Q l (A) (which is necessarily monic). 

Corollary 3.1 1 .  Ll (A) is a left divisor of L(A) if and only if for a left 
standard pair (Tl ' Yl ) of Ll (A) the equality 

holds. 

1 - 1 L Y1 T {A j + YI T il = 0 
j = O  

This corollary follows from Theorem 3 . 1 0  in the same way as Corollary 
3.8 follows from Theorem 3.7 .  

3.3. Characterization of Divisors and Supporting Subspaces 

In this section we begin to study the monic divisors (right and left) for a 
monic matrix polynomial L(A) = HI + D=b AjAj. The starting points for 
our study are Corollaries 3 .8  and 3 . 1 1 .  As usual, we shall formulate and prove 
our results for right divisors, while the dual results for the left divisors will be 
stated without proof. The main result here (Theorem 3 . 12) provides a geo­
metric characterization of monic right divisors. 
A hint for such a characterization is already contained in the multiplica­

tion theorem (Theorem 3 .2). Let L(A) = LzCA)L , (A) be a product oftwo monic 
matrix polynomials Ll (A) and LiA), and let (X, T, Y) be a standard triple of 
L(A) such that 

X = [Xl OJ, Y = [�J, (3 .22) 

and (X; , 7;, Y;) ( i = 1 , 2) is a standard triple for LiCA) (cf. Theorem 3 .2). The 
form of T in (3 .22) suggests the existence of a T-invariant subspace : namely, 
the subspace .A spanned by the first nk unit coordinate vectors in ([nl (here I 
(resp. k) is the degree of L(A) (resp. LI (A» ) . This subspace .A can be attached 
to the polynomial Ll (A), which is considered as a right divisor of L(A), and this 
correspondence between subspaces and divisors turns out to be one-to-one. 
It is described in the following theorem. 

Theorem 3.12. Let L(A) be a monic matrix polynomial of degree I with 
standard pair (X, T). Then for every nk-dimensional T-invariant subspace 
.A c ([nl, such that the restriction col(X IAt(T IAtY)7� J is invertib le, there exists 
a unique monic right divisor Ll (A) of L(A) of degree k such that its standard pair 
is similar to (X IAt , T IAt). 
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Conversely, for every monic right divisior L1 (A) of L(A) of degree k with 
standard pair (X 1 , T\ ), the subspace 

At = Im([col(XTi)l ;; Ar 1 [col(X 1 TDl ;; AJ) (3.23) 

is T-invariant, dim At = nk, col(X I..tt(T I ..ttY)�':-6 is invertib le and (X I..tt , T I..tt) 
is similar to (X 1 , T1). 
Here X l..tt (resp. T l..tt) is considered as a linear transformation At -+ fln 

(resp. At -+ At). Alternatively, one can think about X l..tt (resp. T l..tt) as an 
n x nk (resp. nk x nk) matrix, by choosing a basis in At (and the standard 
orthonormal basis in fln for representation of X l..tt). 

Proof Let At c flnl be an nk-dimensional T-invariant subspace such 
that col(X 1..tt(T I..ttY)�':-6 is invertible. Construct the monic matrix polynomial 
L1(A) with standard pair (X I..tt , T I..tt) (cf. (2. 14» : 

L1 (4) = Uk - X 1..tt(T l..ttl(V1 + V2 A + . . .  + JikAk - 1 ), 
where [V1 . . .  JikJ = [col(X I ..tt(T I ..ttY)�':-6r 1 . Appeal to Corollary 3 .8  
(bearing in mind the equality 

AoX + A 1XT + . . .  + AI _ 1XTI -
1 + XTI = 0, 

where Aj are the coefficients of L(A» to deduce that L1(A) is a right divisor of 
L(A). 
Conversely, let L1 (A) be a monic right divisor of L(A) of degree k with 

standard pair (X 1 , Y1). Then Corollary 3 .8 implies 

C1 col(X 1 TDl ;; A = col(X 1 TD: ;; A T1 , 

where C 1 is the first companion matrix for L(A). Also 

C1 col(XTi): ;; A = col(XTi): ;; A T. 

Eliminating C 1 from (3 .24) and (3 .25), we obtain 

(3 .24) 

(3 .25) 

T[col(XTi)l ;; AJ - 1 [col(X 1 TD: ;; AJ ={col(XTi): ;; AJ - 1 [col(X 1 TD: ;; AJ T1 · 
(3 .26) 

This equality readily implies that the subspace At given by (3 .23) is T­
invariant. Moreover, it is easily seen that the columns of [col(XTi): ;; Ar 1 
[col(X 1 TDl ;; AJ are linearly independent ; equality (3.26) implies that in the 
basis of At formed by these columns, T l..tt is represented by the matrix T1 • 
Further, 
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SO X L41 is represented in the same basis in .A by the matrix Xl ' Now it 
is clear that (X IAt , T I At) is similar to (X l ' Tl)' Finally, the invertibility of 
col(X IAt(T IAtY)I : A follows from this similarity and the invertibility of 
col(X 1 TD�':-6 · 0 

Note that the subspace .A defined by (3 .23) does not depend on the choice 
of the standard pair (X 1 , T1 ) of L1 (.�.), because 

1m col(X 1 TDI : A  = 1m col(X I S · (S - l TISY)I : A  
for any invertible matrix S. Thus, for every monic right divisor LI (A) of L(A) of 
degree k we have constructed an nk-dimensional subspace .A, which will be 
called the supporting subspace of LI(A). As (3 .23) shows, the supporting sub­
space does depend on the standard pair (X, T) ; but once the standard pair 
(X, T) is fixed, the supporting subspace depends only on the divisor L 1 (A). If 
we wish to stress the dependence of .A on (X, T) also (not only on LI (A» , we 
shall speak in terms of a supporting subspace relative to the standard pair 
(X, T). 
Note that (for fixed (X, T» the supporting subspace .A for a monic right 

divisor LI (A) is uniquely defined by the property that (X IAt , T IAt) is a standard 
pair of LI (A). This follows from (3 .23) if one uses (X IAt , T IAt) in place of 
(Xl ' TI)' 
So Theorem 3 . 1 2  gives a one-to-one correspondence between the right 

monic divisors of L(A) of degree k and T-invariant subspaces .A c q;nl, such 
that dim .A = nk and col(X IAt(T IAt)i)�':-6 is invertible, which are in fact the 
supporting subspaces of the right divisors. Thus, Theorem 3 . 1 2  provides a 
description of the algebraic relation (divisibility of monic polynomials) in a 
geometric language of supporting subspaces. 
By the property of a standard pair (Theorem 2.4) it follows also that for a 

monic right divisor L l (A) with supporting subspace .A the formula 

LI (A) = JAk - X IAt ' (T IAt)k(VI + Vz A + . . .  + v"Ak - l ) (3.27) 

holds, where [VI . . .  v,,] = [col(X IAt · (T IAtY)�':-6r l . 
If the pair (X, T) coincides with the companion standard pair (P 1 , C1 ) 

(see Theorem 1 . 24) of L(A), Theorem 3 . 1 2  can be stated in the following form : 

Corollary 3.13. A subspace .A c q;nl is a supporting subspace (relative 
to the companion standard pair (P 1 , C1»for some monic divisor L 1 (A) ofL(A) of 
degree k if and only if the following conditions hold : 

(i) dim .A = nk ; 
(ii) .A is C I- invariant ; 
(iii) the n(l - k)-dimensional subspace of q;nl spanned by all nk-dimen­

sional vectors with the first nk coordinates zeros, is a direct complement to .A. 
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In this case the divisor L l (A) is uniquely defined by the subspace ,A and is g iven 
by (3.27) with X = Pl and T = C1 • 

In order to deduce Corollary 3 . 1 3  from Theorem 3 . 1 2  observe that 
COI(Pl (ClY)�':-J has the form [I *] , where I is the nk x nk unit matrix. 
Therefore condition (iii) is equivalent to the invertibility of 

COI(Pl l .AiCl IAt)i)�':-J . 

We point out the following important property of the supporting subspace, 
which follows immediately from Theorem 3 . 1 2. 

Corollary 3.14. Let L1 (A) be a monic divisor of L(A) with supporting 
subspace ,A. Then a(L 1 ) = a(J IAt) ;  moreover, the elementary divisors of L 1 (A) 
coincide with the elementary divisors of I A - J lAt . 

Theorem 3 . 1 2  is especially convenient when the standard pair (X, T) 
involved is in fact a Jordan pair, because then it is possible to obtain a deeper 
insight into the spectral properties of the divisors (when compared to the 
spectral properties of the polynomial L(A) itself). 
The theorem also shows the importance of the structure of the invariant 

subspaces of T for the description of monic divisors. In the following section 
we shall illustrate, in a simple example, how to use the description of T­
invariant subspaces to find all right monic divisors of second degree. 
In the scalar case (n = 1), which is of course familiar, the analysis based on 

Theorem 3 . 1 2  leads to the very well-known statement on divisibility of scalar 
polynomials, as it should. Indeed, consider the scalar polynomial L(A) = 
Df= 1 (A - A;)"' ;  ,1.1 '  . • .  , Ap are different complex numbers and ('J.i are positive 
integers. As we have already seen (Proposition 1 . 1 8), a Jordan pair (X, J) of 
L(A) can be chosen as follows : 

where Xi = [ 1  0 . . .  0] is a 1 x ('J.i row and Ji is an ('J.i x ('J.i Jordan block 
with eigenvalue Ai ' Every J -invariant subspace,A has the following structure : 

,A = ,AlB . . .  (f),A p ' 

where ,A i C e:'" is spanned by the first Pi coordinate unit vectors, i = 1 ,  . . .  , p, 
and Pi is an arbitrary nonnegative integer not exceeding ('J.i ' It is easily seen that 
each such J-invariant subspace ,A is supporting for some monic right 
divisor LAt(A) of L(A) of degree P = Pl + . . .  + Pp : the pair (X IAt , J IAt) = 
([X 1 , At  . . .  Xp, At] , J 1 , At  (f) . . .  (f)Jp, At), where Xi, At = [ 1 0 . . .  0] 
of size 1 x Pi and Ji, At is the Pi x Pi Jordan block with eigenvalue Ai ' is a 
Jordan pair for polynomial Df= 1 (A - A;)Pi , and therefore col(X IAt(J IAtY)f,;;J 
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is invertible . In this way we also s.ee that the divisor with the supporting 
subspace A is just Ilf= 1 (A - ,1;)11 ; . So, as expected from the very begin­
ning, all the divisors of L(A) are of the form Ilf= 1 (A - ,1;)'\ where 0 s: P i s: lXi ' 
i = 1 ,  . . . , p. 
For two divisors of L(A) it may happen that one of them is in turn a divisor 

of the other. In terms of supporting subspaces such a relationship means 
nothing more than inclusion, as the following corollary shows. 

Corollary 3.15. Let Ll l (A) and LdA) be monic right divisors of L(A) then 
Ll l (A) is a right divisor of Ll iA) if and only if for the supporting subspaces Al 
and A2 of Ll l (A) and L1 2(A), respectively, the relation Al C A2 holds. 

Proof Let (X, T) be the standard pair of L(A) relative to which the 
supporting subspaces AI and A2 are defined. Then, by Theorem 3. 12, 
(X IAt; , T IAt) (i = 1 , 2) is a standard pair of LIlA). If Al e A 2 ,  then, by 
Theorem 3. 12 (when applied to LdA) in place of L(A)), L l l (A) is a right 
divisor of L1 2(A). Suppose now L l l (A) is a right divisor of L 1 2(A). Then, by 
Theorem 3. 12, there exists a supporting subspace A 1 2  c A 2 of L l l  (A) as a 
right divisor of LdA), so that (X IAt1 2 ' T IAt , ,) is a standard pair of L l l (A). 
But then clearly A 1 2  is a supporting subspace of L1 1 (A) as a divisor of L(A). 
Since the supporting subspace is unique, it follows that Al = A 1 2  C A 2 '  

o 
It is possible to deduce results analogous to Theorem 3. 12 and Corollaries 

3. 14 and 3. 1 5 for left divisors of L(A) (by using left standard pairs and Corollary 
3. 1 1) . However, it will be more convenient for us to obtain the description for 
left divisors in terms of the description of quotients in Section 3.5. 

3.4. Example 

Let [,1(,1 - 1 )2 bA ] 
L(A) = 0 ,12(,1 _ 2) ' b E  fl. 

Clearly, a(L) = {O, 1 , 2} . As a Jordan pair (X, J) of L(A), we can take 

_ [- b  0 1 1 0 - bJ X - 1 0 0 0 0  l '  

J = 

o 1 
o 

o 
1 1 
1 
2 
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So, for instance, [ - n, ° and [6] form a canonical set of Jordan chains of L(A) 
corresponding to the eigenvalue Ao = 0. 
Let us find all the monic right divisors of L(A) of degree 2. According to 

Theorem 3 . 1 2  this means that we are to find all four-dimensional J-invariant 
subspaces A such that L{,] 1.At' is invertible. Computation shows that 

- b  ] + 
We shall find first all four-dimensional J-invariant subspaces A and then 

check the invertibility condition. Clearly, A = A 0 + Al + A 2 , where Ai 
is J-invariant and a(J I.At') = {i} , i = 0, 1, 2. Since dim Ao � 3, dim Al � 2, 
and dim A 2 � 1, we obtain the following five possible cases : 

Case dim .Ito dim .ltl dim .lt2 

1 3 1 0 

2 3 0 1 

3 2 2 0 

4 2 1 

5 1 2 

Case 1 gives rise to a single J-invariant subspace 
Al = {(X 1 , X2 , X3 , X4 , 0, 0)T l xj E ct, j = 1 , 2, 3 , 4} .  

Choosing a standard basis in AI , we obtain [ - b ° 1 1 ] 
X 1 ° ° ° [XJ }.At'l = ° - b  ° l ' 

° 1 ° ° 

which is nonsingular for all b E ct. So Al is a supporting subspace for the right 
monic divisor L.At'l(A) of L(A) given by 

L.At'JA) = U2 - X I .At'J2 1.At' l (V\I ) + V�l )A), (3 .28) 
where 

[VI" vl' ll � [[:J"T' � [! 1 ° - �l ° ° 
b - 1  
° 1 
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Substituting in (3 .28) also 

1 [0 X IAt , (J I .4tJ = 
0 

o 0 I J 
o 0 0 ' 

we obtain 

Case 2 also gives rise to a single J-invariant subspace 

Al = {(X l , Xl , X3 , 0, 0, X6)T I Xj E €, j = 1 , 2, 3, 6 } .  

But in this case 

(written in the standard basis) is singular, so A 1 is not a supporting subspace 
for any monic divisor of L(A) of degree 2. 
Consider now case 3 .  Here we have a J-invariant subspace 

A3 = {(X l ' 0, X3 , X4 , XS , O)T l xj E  €, j = 1 , 3, 4, 5 }  

and a family of J-invariant subspaces 

. 1fJ (a) = Span i e l 0 0 0 0 O)T, (0 1 a 0 0 O)T, 
(0 0 0 1 0 O)T, (0 0 0 0 1 O)T} , (3 .29) 

where a E € is arbitrary. For A 3 we have 

[L }.; � n � � !J 
which is singular, so there are no monic divisors with supporting subspace A 3 ; 
for the family ji 3(a) in the basis which appears in the right-hand side of 
(3 .29) 
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which is nonsingular for every a E fl. The monic divisor LAt3(al.1) with the 
supporting subspace vIt 3(a) is 

LAt3(a)(.1) = JA2 - X IAt3(a) · (J IAt3(a» 2 . ( Vl3 ) + V�3 ).1), 
where [ V\3 ) V�3 ) J = [co l(X I .Al3 (a) (J I .4h (a)Y)l= or 1 , and computation shows 
that 

Case 4. Again, we have a single subspace 

vlt4 = {(X l ,  0, X3 , X4 ' 0, xo)T l xj E  fl, j  = 1 , 3, 4, 6} 
and a family 
vlt4(a) = Span {( 1 0 0 0 0 O)T, (0 1 a 0 0 O)T, 

Now 
(0 0 0 1 0 O)T, (0 0 0 0 0 1 )T} . [ - b 1 1 -b 1 

X 1 0 0 1 [XJ}At4 = 0 0  1 - 2b ' 
0 0 0  2 

which is nons in gular, and the monic divisor LAt4 (A) with the supporting 
subspace vIt 4 is 

We pass now to the family vitia). 

a 1 - b 
o 0 1 
- b 1 -2b 
1 0 2 
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This matrix is nonsingular if and only if a "# o. So for every complex value of a, 
except zero, the subspace A 4(a) is supporting for the monic right divisor 
LAt4(alA) of degree 2 .  Computation shows that 

LAt4(a)(A) = 

Case 5 . 

[A 2 + ( _ 1 + 2b)A _ 2b ab + 2b2 
A _ 2b2 

a a a a _ � A + � A2 _ 2(a + b) 
A + 2b 

a a a a 

(a "# 0). 

As = As(rt.., f3) = Span{(rt.. 0 f3 0 0 O)T, (O 0 0 1 O O)T, 
(0 0 0 0 1 O)T, (0 0 0 0 0 l )T} ,  (3 .30) 

where rt.., f3 are complex numbers and at least one ofthem is different from zero. 
Then 

X rt.. 0 0 1 
r- rt..b + f3 1 0 - b 1 

[XJ}Ats = 0 1 1 - 2b 
' 

o 0 0 2 

which is invertible if and only if rt.. "# o. So As is a supporting subspace 
for some monic divisor of degree 2 if and only if rt.. "# O. In fact, for rt.. = 0 
we obtain only one subspace As (because then f3 "# 0 and we can use 
(0 0 1 0 0 O)T in place of (rt.. 0 f3 0 0 O? in (3 .30» . Suppose 
now rt.. "# 0 ;  then we can suppose that rt.. = 1 (using ( 1 /rt..) (rt.. 0 f3 0 0 O)T 
in place of (rt.. 0 f3 0 0 Of in (3 .30» ; then with the supporting sub­
space A s (f3) is 

L (A) = [A
2 - 2A + 1 tf3A + b - f3] 

Ats(P) 0 A2 - 2A 
. 

(Note for reference that 

X IAts(PP I Ats (p) 2 = [� � � - :b] .) 
According to Theorem 3 . 1 2, the monic matrix polynomials LAt " LAt3 (a) , 
LAt4 , LAt4(ala "# 0), LAt,(p) form the complete set of right monic divisors of 
L(A) of degree 2. 

3.5. Description of the Quotient and Left Divisors 

In Section 3 .3 we have studied the monic right divisors L 1 (A) of a given 
monic matrix polynomial L(A). Here we shall obtain a formula for the quotient 
L2(A) = L(A)Ll 1 (A). At the same time we provide a description of the left 
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monic divisors LiA.) of L(A.) (because each such divisor has the form 
L(A.)Ll l (A.) for some right monic divisor L l (A.» . 

We shall present the description in terms of standard triples, which allow 
us to obtain more symmetric (with respect to left and right) statements of the 
main results. 

Lemma 3. 16 .  Let L(A.) be a monic matrix polynomial of degree I with 
standard triple (X, T, Y), and let P be a projector in q;nl . Then the linear 
transformation 

col(XTi - l )7= 1 1 Im p : 1m P -+ q;nk 

(where k < l) is invertible if and only if the linear transformation 
(l - P) [row(T l - k - i Y) I : � ] : q;n(l - k) --+ Ker P 

is invertible. 

(3 .3 1 )  

(3 .32) 

Proof Put A = col(XTi - l )l = 1 and B = row(T1 - i Y)l = 1 .  With respect to 
the decompositions q;nl = 1m P + Ker P and q;nl = q;nk ED q;n(! - k) write 

Thus, Ai are linear transformations with the following domains and ranges : 
A I : 1m P -+ Ck ; A2 : Ker P --+ q;nk ; A 3 : 1m P --+ q;n(! - k) ; A4 :  Ker P --+ q;n(l - k) ; 
analogously for the Bi • 

Observe that A l and B4 coincide with the operators (3 .3 1 )  and (3 .32), 
respectively. In view of formula (2. 1 1 ), the product AB has the form 

AB = [�l �J 
with D l and D2 as invertible linear transformations. Recall that A and B are 
also invertible (by the properties of a standard triple). But then A 1 is invertible 
if and only if B4 is invertible. This may be seen as follows. 

Suppose that B4 is invertible. Then 

B[ - B� lB3 B� lJ = [!: !:J [ _ B� lB3 B� l J 
= [Bl - �2 Bi lB3 B2�i l J 

is invertible in view of the invertibility of B, and then also Bl - B2 Bi lB3 is 
invertible. The special form of AB implies A lB2 + A2 B4 = O. Hence Dl = 
A lB l + A2 B3 = A lBl - A l B2 Bi lB3 = A l (B l - B2 Bi lB3) and it follows 
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that A 1 is invertible. A similar argument shows that invertibility of A 1 implies 
invertibility of B4 . This proves the lemma. 0 

We say that P is a supporting projector for the triple (X, T, y) if 1m P is a 
nontrivial invariant subspace for T and the linear transformation (3.3 1 ) is 
invertible for some positive integer k. One checks without difficulty that k is 
unique and k < l. We call k the degree of the supporting projector. It follows 
from Theorem 3 . 1 2  that P is a supporting projector of degree k if and only if 
its image is a supporting subspace of some monic divisor of L(A) of degree k. 
Let P be a supporting projector for (X, T, Y) of degree k. Define T1 : 1m P 

-+ 1m P and XI : 1m P -+ fln by 

X1y = Xy. 

The invertibility of (3. 3 1 ) now implies that col(X 1 T�- 1 )f= 1 :  1m P -+ flnk is 
invertible. Hence there exists a unique linear transformation Y1 : fln -+ 1m P 
such that the triple (X 1 , T1 , Yt ) is a standard triple of some monic matrix 
polynomial Ll (A) of degree k. The triple (X b Tb Y1 ) will be called the right 
projection of (X, T, Y) associated with P. It follows from Theorem 3. 12 that 
the polynomial L l  (A) defined by (X b Tl ' Y1 ) is a right divisor of L(A), and 
every monic right divisor of L(A) is generated by the right projection con­
nected with some supporting projector of (X, T, Y). 
By Lemma 3. 16 the linear transformation (3.32) is invertible. Define 

T2 : Ker P -+ Ker P and Y2 : fln -+ Ker P by 

T2 y = (l - P)Ty, 

Since 1m P is an invariant subspace for T, we have (l - P)T(l - P) = 
(l - P)T. This, together with the invertibility of (3.32) implies that 

roW(T�- 1 Y2) l :: � : fln( l - k) -+ Ker P 

is invertible. Therefore there exists a unique X 2 :  Ker P -+ fln such that the 
triple (X 2 ,  T2 , Y2) is a standard triple for some monic matrix polynomial 
L2(A) (which is necessarily of degree 1 - k). The triple (X 2 ,  Tz , Yz ) will be 
called the left projection of (X, T, Y) associated with P. 
Suppose that P is a supporting projector for (X, T, Y) of degree k, and let 

pi : fln1 -+ fln1 be another projector such that 1m pi = 1m P. Then it follows 
immediately from the definition that pi is also a supporting projector for 
(X, T, Y) of degree k. Also the right projections associated with P and pi 

coincide. Thus what really matters in the construction of the left projection is 
the existence of a nontrivial invariant subspace .� 1 for T such that for some 
positive integer k 



3 . 5 .  DESCRIPTION OF THE QUOTIENT AND LEFT DIVISORS 107 

i .e . , the existence of a supporting subspace (cf. Section 3 .3). The preference for 
dealing with supporting projectors is due to the fact that it admits a more 
symmetric treatment of the division (or rather factorization) problem. 
The next theorem shows that the monic polynomial LiA) defined by the 

left projection is just the quotient L(A)Ll l (A) where LI (A) is the right divisor 
of L(A) defined by the right projection of (X, T, Y) associated with P. 

Theorem 3.17.  Let L(A) be a monic matrix polynomial with standard triple 
(X, T, Y). Let P be a supporting projector of (X, T, Y) of degree k and let 
L I (A) (resp. L2(A» be the monic matrix polynomial of degree k (resp. 1 - k) 
generated by the right (resp. left) projection of (X, T, Y) associated with P. 
Then 

(3 .33) 

Conversely, every factorization (3 .33) of L(A) into a product of two monic factors 
L2(A) and LI (A) of degrees I - k and k, respectively, is obtained by using some 
supporting projector of (X, T, Y) as above. 

Proof Let P' : ([nl --+ ([nl be given by 
Ply = [col(X I Til- l )�; lr I . [col(XTi - I )�; l ]y, 

where Xl = X l1m p ; Tl = T lhn P ' Then P' is a projector and 1m P' = 1m P. 
Also { I - k } Ker P' = .L TI - k - i Yxi _ t l xO , . . .  , XI _ k _ I E ([n . 

, ;  I 

The proof of this based on formulas (2. 1) .  
Define s: ([nl --+ 1m P + Ker P by 

(3 .34) 

where P' and I - P are considered as linear transformations from enl into 
1m P' and Ker P, respectively. One verifies easily that S is invertible. We shall 
show that 

[X l O]S = X, (3 .35) 

which in view of Theorem 3 .1 means that (X, T) i s a standard pair for the 
product LiA)L 1 (A), and since a monic polynomial is uniquely defined by its 
standard pair, (3 .33) follows. 
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Take y E (':'nl. Then Ply E 1m P and col(X I Til- I pIY)7= I = col(XTi - ly)7= I . 
In particular X I Ply = X y. This proves that [X I 0JS = X. The second 
equality in (3 .35) is equivalent to the equalities 

(3 .36) 

and (I - P)T = T2(I - P). The last equality is immediate from the definition 
of T2 and the fact that 1m P is an invariant subspace for T. To prove (3 .36), take 
y E (':'nl. The case when y E 1m P = 1m P' is trivial. Therefore assume that 
y E Ker P'. We then have to demonstrate that P'Ty = Y1 X 2 (1 - P)y. Since 

K PI th . t /T'n h th t ,l - k T1 - k - i y y E er , ere eXlS xo , . . .  , Xl - k - l E � suc a y = L.,i = 1 Xi - I · 
Hence 

Ty = T1 - k yxo + T1 - k - 1 YX 1 + . . . + TYX1 - k - 1 = T1 - k yxo + u 
with U E Ker P' and, as a consequence, P'Ty = P'T1 - k Yxo . But then it follows 
from the definition of P' that 

P'Ty = [roW(T�- iYI )�= I J col(O, . . .  , 0, xo) = YIXo . 
On the other hand, putting X = col(xi - I )l;= 1 , 

(I - P)y = (I - P) roW(Tl - k - i Y)l : �x = roW(T�- k - i Y2)l : � x  
and so YI X if - P)y i s also equal to YI Xo . This completes the proof. D 

Using Theorem 3 . 1 7, it is possible to write down the decomposition 
L(A) = Lz(A)L I (A), where L2(A) and LI (A) are written in one of the possible 
forms : right canonical, left canonical, or resolvent. We give in the next 
corollary one such decomposition in which LiA) is in the left canonical form 
and LI (A) is in the right canonical form. 

Corollary 3.1S. Let L(A) and (X, T, Y) be as in Theorem 3 . 1 7. Let L I (A) 
be a right divisor of degree k of L(A) with the supporting subspace A. Then 

where 

L(A) = [IA1 - k - (Z I + . . . + ZI _ k A1 - k -
I )PT1 - kpy] 

. [Uk - X IAf(T I Aft(WI + . . .  + vv"Ak - I )J , 

[WI vv"J = [col(X IAf(T IAfY)��Jr l , 
P is some projector with Ker P = A, the linear transformation [PY PTPY 

PT1 - k - 1 PYJ :  (,:,n ( l - k) � 1m P is invertible, and [ � I 1 = (row(PY . PTip)l : �- I ) - I : 1m P � (,:,n ( l - k) . 
Zl - k 
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Proof. Let P be the supporting projector for the right divisor Ll (A). 
Then, by Theorem 3 . 1 7, (T2 '  Y2) is a left standard pair for L2(A), where 
T2 : Ker P � Ker P and Y2 : ([n � Ker P are defined by T2 y = (I - P)Ty, 
Y2 x = (I - P)Yx. Choose P = I - P ; then Y2 = PY and T2 = PT IIm P ' 
So Corollary 3 . 1 8 will follow from the left standard representation of L2(A) if 
we prove that 

i = 0, 1 , 2, . . . . (3.37) 

But (3.37) follows from the representation of T relative to the decomposition ([nl = A + Im P : 

where T22 = PT 11m i" So 

Ti = [6 1 
T:J i = 0, 1 , . . .  , 

i.e., (PT IImi'Y = PTi 11m i' , which is exactly (3.37). 0 

Note that Corollary 3. 1 8 does not depend on the choice of the projector P. 
Using Corollary 3. 1 8 together with Corollary 3 . 1 5, one can deduce results 

concerning the decomposition of L(A) into a product of more than two 
factors : 

where Li(A) are monic matrix polynomials. 
It turns out that such decompositions are in one-to-one correspondence 

with sequences of nested supporting sub spaces Am - l ::J Am - 2 ::J • • .  ::J Al , 
where Ai is the supporting subspace of LlA) ' " L l (A) as a right divisor of 
L(A). We shall not state here results of this type, but refer the reader to 
[34a, 34b] . 
For further reference we shall state the following immediate corollary of 

Theorem 3. 1 7 (or Corollary 3. 1 8). 

Corollary 3.19. Let L(A) be a monic matrix polynomial with linearization 
T and let Ll (A) be a monic right divisor with supporting subspace A. Thenfor 
any complementary subspace A' to A, the linear transformation PT 1 .At ' is a 
linearization ofL(A)L1 1 (A), where P is a projector on A' along A. In particular, 
(J(LL1 1 ) = (J(PT I.At'). 
We conclude this section with a computational example. 



1 10 3 .  MULTIPLICATION AND DIVISIBILITY 

EXAMPLE 3.2. Let 

be the polynomial from Section 3.4. We shall use the same canonical pair (X, J) as in 
Section 4. Consider the family 

vlt4(rx) = Span {( l 0 0 0 0 0)\ (0 1 a 0 0 O)T, 

(0 0 0 1 0 O)T, (0 0 0 0 0 1 )T } ,  

of supporting subspaces and let 

l 2 ( 2b) 2b 
_ 

,1. + - 1 +
-;

,1. -
-; 

LJ/4(a )(A) -
2 2 

- - ,1. + ­
a a 

ab + 2b2 
A 

_ 2b2 j 
a a 

2 2(a + b) 2b 
A - ,1. + -

a a 

a ,e 0, 

be the family of corresponding right divisors (cf. Section 3.4). We compute the quotients 
Ma(A) = L(A) (LJ/4(a)(A» - 1 = J). - Va ' According to Corollary 3. 1 8, 

Va = Za ' Pa JPa '  Y, 

where Pa is a projector such that Ker Pa = vitia), 

and Za = (Pa y) - I : 1m Pa ..... fl2
. 

Computation shows that 

Y = 

o - !  
o I - 2 

b 
- 1  - b  

o 
b 
1 
4 

Further, let us take Pa the projector with Ker Pa = vlt4(a) and 1m Pa = {(O, X2 , 0, 0, 
XS ,  O)T E fl6 1 x2 , Xs E fl} .  In the matrix representation 

0 0 0 0 0 0 
0 1 - 1 /a 0 0 0 

P = 
0 0 0 0 0 0 

a 
0 0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 0 
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So ? a Y :  ([2 -> 1m ? a is given by the matrix 

and 

Z _ ' 
2 

. _ ') [ - 1 Ia - �  - b/aJ - I  [ b -2
1 + bllaJ . a - I b -

� - I - I/a 

1 1 1  

Now let us compute Fa.!?a : Im ?a -> 1m p". To this end we compute F"Je l and 
F" .!e2 ' where (' I = (0 I ° ° ° O)T and ('2 = (0 ° ° ° I O)T are basis 
vectors in 1m P,, : 

so 

- - [O OJ Pa .!?" = ° I . 

Finally, 

Ua = 2 [ bl � + b .. !aJ [0 OJ [- I /a - !  -. b/aJ = 
[ 1 + 2 

.. 
b la b + 2hZ/aJ . 

- - 1/(1 ° l i b  - 2/a - 2b/a 
By direct multiplication one checks that indeed 

3.6. Divisors and Supporting Subspaces for the Adjoint 
Polynomial 

Let L(A) = HI + D:::; � AjAj be a monic matrix polynomial of degree I 
with a standard triple (X. T, Y). Let 

1 - 1 
L *(A) = HI + I A jAj 

j = 0 

be the adjoint matrix polynomial. As we already know (see Theorem 2.2) 
the triple ( Y* ,  T*, X*) is a standard triple for L *(A). 
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On the other hand, if Ll(.�') is a monic right divisor of L(A), we have 
L(A) = L2(A)L 1 (A) for some monic matrix polynomial L2(A). So L *(A) = 
LHA)L!(A), and q(A) is a right divisor of L *(A). There exists a simple con­
nection between the supporting subspace for L 1 (A) (with respect to the standard 
pair (X, T) of L(A» and the supporting subspace of L!(A) (with respect to the 
standard pair (Y*, T*» . 

Theorem 3.20. rr L1 (A) (as a right divisor of L(A» has a supporting sub­
space ,A (with respect to the sta1'ldard pair (X, T» , then L!(A) (as a right 
divisor of L *(A» has supporting subspace ,A.l (with respect to the standard pair 
(Y*, T*»). 
Proof We use the notions and results of Section 3.5. Let P be the sup­

porting projector for the triple (X, T, Y) corresponding to the right divisor 
L1 , so ,A = 1m P. We can suppose that P is orthogonal, P = P* ; then 
1m (1 - P) = ,A.l. By Theorem 3 . 1 7  the quotient L2(A) = L(A)L1 1 (A) is 
determined by the left projection (X 2 , T2 , Y2) of (X, T, Y) associated with P : 

T2 = (1 - P)T : Ker P -+ Ker P, Y2 = (1 - P)Y : q;n --+ Ker P. 

Since W �' row(T�- l Y)l : � :  q;n(l - k) --+ Ker P is invertible (where k is the 
degree of Ll (A) , so is 

W* = col(Y! Tn IKer P : Ker P --+ q;n(l - k) . (3 .38) 

Clearly, Ker P is T*-invariant (because of the general property which can be 
checked easily : if a subspace N is A-invariant, then N.l is A*-invariant), and in 
view of (3 .38) and Theorem 3 . 1 2 ,A.l = Ker P is a supporting subspace such 
that (y! , Tn is a standard pair of the divisor M(A) of L *(A) corresponding to 
,A.l (with respect to the standard triple (Y*, T*, X*) of L *(A»). But (y! , Tn 
is also a standard pair for L!(A), as follows from the definition of a left pro­
jection associated with P. So in fact M(A) = L!(A), and Theorem 3.20 is 
obtained. D 

3.7. Decomposition into a Product of Linear Factors 

It is well known that a scalar polynomial over the complex numbers can 
be decomposed into a product of linear factors in the same field. Is it true also 
for monic matrix polynomials ? In general, the answer is no, as the following 
example shows. 

EXAMPLE 3.3. The polynomial [).2 I J 
L()') = 0 ).2 
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has a canonical triple determined by 

In order that L have a monic right divisor of degree one it is necessary and sufficient that 
J has a two-dimensional invariant subspace on which X is invertible. However, the only 
such subspace is A = Span(e j .  ez) and X is not invertible on A .  Hence L has no (non­
trivial) divisors. 0 

However, in the important case when all the elementary divisors of the 
polynomial are linear or, in other words, for which there is a diagonal 
canonical matrix J, the answer to the above question is yes, as our next result 
shows. 

Theorem 3.21 .  Let L(A) be a monic matrix polynomial having only linear 
elementary divisors. Then L(A) can be decomposed into a product of linear 
factors : 

L(A) = Il (fA - BJ, 

Proof Let (X, J) be a Jordan pair for L(A). Then, by hypothesis, J is 
diagonal. Since the In x In matrix 

is nonsingular, the (l - l)n x In matrix A, obtained by omitting the last term, 
has full rank. Thus, there exist ( l - l )n linearly independent columns of A, 
say columns i i '  i2 , . . • , i( ! - I )n ' Since J is diagonal, the unit vectors ei "  . . •  , 
ei( l - 1 )n in flln generate an (l - l)n-dimensional invariant subspace At of J 
and, obviously, A will be invertible on jf. Therefore, by Theorem 3 . 1 2  
L(A) has a monic right divisor L I (A) of degree I - 1 and we may write 
LCA) = (fA - B I )L I CA) . 
But we know (again by Theorem 3 . 1 2) that the Jordan matrix J I associated 

with LI CA) is just a submatrix of J and so L I (A) must also have all linear 
elementary divisors. We may now apply the argument repeatedly to obtain 
the theorem. 0 
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In the case n = 1 there are precisely I !  distinct decompositions of the 
polynomial into linear factors, provided all the eigenvalues of the polynomial 
are distinct. This can be generalized in the following way : 

Corollary 3.22. If L(A.) (of Theorem 3 .20) has all its eigenvalues distinct, 
then the number of distinct factorizat ions into products of linear factors is not 
less than TI�-: �  (nj + 1) . 

Proof It is sufficient to show that L(A.) has no less than n(l - 1 ) + 1 
monic right divisors of first degree since the result then follows by repeated 
application to the quotient polynomial. 

If (X, J) i s  a Jordan pair for L(A.), then each right divisor I A. - B of L(A.) has 
the property that the eigenvectors of B are columns of X and the correspond­
ing submatrix of J is a Jordan form for B. To prove the theorem it is sufficient 
to find n(l - 1) + 1 nonsingular n x n submatrices of X for, since all eigen­
values of L are distinct, distinct matrices B will be derived on combining these 
matrices of eigenvectors with the (necessarily distinct) corresponding sub­
matrices of J. 
By Theorem 3.21 there exists one right divisor fA. - B. Assume, without 

loss of generality, that the first n columns of X are linearly independent and 
correspond to this divisor. Since every column of X is nonzero (as an eigen­
vector) we can associate with the ith column (i = n + 1, . . .  , nl) n - 1 
columns i b . . .  , in - i , from among the first n columns of X, in such a way that columns i i '  . . .  , in - b i form a nonsingular matrix. For each i from n + 1 to In 
we obtain such a matrix and, together with the submatrix of the first n 
columns ofXwe obtain n(l - 1 ) + 1 nonsingular n x n submatrices ofX. D 

Comments 

The presentation in this chapter is based on the authors' papers [34a, 34b] . 
The results on divisibility and multiplication of matrix polynomials are 
essentially of algebraic character, and can be obtained in the same way for 
matrix polynomials over an algebraically closed field (not necessarily (/;), and 
even for any field if one confines attention to standard triples (excluding 
Jordan triples). See also [20] . These results can also be extended for operator 
polynomials (see [34c]). Other approaches to divisibility of matrix (and 
operator) polynomials via supporting subspaces are found in [46, 56d] . 
A theorem showing (in the infinite-dimensional case) the connection between 
monic divisors and special invariant subspaces of the companion matrix was 
obtained earlier in [56d] . Some topological properties of the set of divisors 
of a monic matrix polynomial are considered in [70e] . 
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Additional information concerning the problem of computing partial 
multiplicities of the product of two matrix polynomials (this problem was 
mentioned in Section 3. 1 ) can be found in [27, 71a, 75, 76b] . Our Section 3.3 
incorporates some simplifications of the arguments used in [34a] which are 
based on [73]. The notion of a supporting projector (Section 3.5) originated 
in [3a] . This idea was further developed in the framework of rational matrix 
and operator functions, giving rise to a factorization theory for such functions 
(see [4, 3c]). 
Theorem 3.20 (which holds also in the case of operator polynomials acting 

in infinite dimensional space), as well as Lemma 3.4, is proved in [34f] . 
Theorem 3.2 1 is proved by other means in [62b] . 
Another approach to the theory of monic matrix polynomials, which is 

similar to the theory of characteristic operator functions, is developed in [3b] . 
The main results on representations and divisibility are obtained there. 



Chapter 4 

Spectral Divisors and Canonical 
Factorization 

We consid.r here the important special case of factorization of a monic 
matrix polynomial L(A) = L2 (A)L 1 (A), in which LI(A) and L2(A) are monic 
polynomials with disjoint spectra. Divisors with this property will be called 
spectral. 
Criteria for the existence of spectral divisors as well as explicit formulas 

for them are given in terms of contouf integrals. These results are then applied 
to the matrix form of Bernoulli 's algorithm for the solution of polynomial 
equations, and to a problem of the stability of solutions of differential 
equations. 
One of the important applications of the results on spectral divisors is to 

canonical factorization, which plays a decisive role in inversion of block 
Toeplitz matrices. These applications are included in Sections 4.5 and 4.6. 
Section 4.7 is devoted to the more general notion of Wiener-Hopf factoriza­
tion for monic matrix polynomials. 

4.1 . Spectral Divisors 

Much of the difficulty in the study of factorization of matrix-valued 
functions arises from the need to consider a " splitting " of the spectrum, i.e. , the 

1 16 
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situation in which L(A) = L2(A)L 1 (A) and Lb L2 , and L all have common 
eigenvalues. A relatively simple, but important class of right divisors of 
matrix polynomials L(A) consists of those which have no points of spectrum in 
common with the quotient they generate. Such divisors are described as 
" spectral " and are the subject of this section. 

The point Ao E ([ is a regular point of a monic matrix polynomial L if 
L(Ao) is nonsingular. Let r be a contour in ([, consisting of regular points of 
L. A monic right divisor L1 of L is a r-spectral right divisor if L = L2L 1 and 
a{L 1 ), (J(L2) are inside and outside r, respectively. 

Theorem 4. 1 .  If L is a monic matrix polynomial with linearization T and 
L 1 is a r-spectral right divisor ofL, then the support subspace of L1 with respect 
to T is the image of the Riesz projector Rr corresponding to T and r :  

R = � l (U - T) - l dA. r 2m jr (4. 1 )  

Proof Let Ar be  the T-invariant supporting subspace of  Lb and let Ar 
be some direct complement to A r in ([nl (I is the degree of L(A» . By Corollary 
3 . 1 9  and the definition of a r-spectral divisor, (J(T I Atr) is inside r and 
(J(PT l. ll r) is outside r, where P is the projector on Ar along Ar . Write the 
matrix T with respect to the decomposition ([nl = Ar + Ar : 

(so that Tl l = T L4t� '  T1 2 = (I - P)T ! /It� ,  T2 2 = PT I.4t� , where P and 
I - P are considered as linear transformations on Ar and Ar respectively). 

Then 

and 

1 Rr = -2ni 
and so Im Rr = Ar . 0 

1 - 1 [I *] j (I A - T) dA = 0 0 ' 

Note that Theorem 4. 1 ensures the uniqueness of a r -spectral right divisor, 
if one exists. 

We now give necessary and sufficient conditions for the existence of monic 
r-spectral divisors of degree k of a given monic matrix polynomial L of 
degree I . One necessary condition is  evident : that det L(A) has exactly nk zeros 
inside r (counting multiplicities). Indeed, the equality L = L2 L1 , where 
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L1 (A) is a monic matrix polynomial of degree k such that a(L1 ) is inside r 
and a(L1 ) is outside r, leads to the equality 

det L = det L2 . det L1 , 

and therefore det L(A) has exactly nk zeros inside r (counting multiplicities), 
which coincide with the zeros of det L1 (A). For the scalar case (n = 1) this 
necessary condition is also sufficient. The situation is completely different for 
the matrix case : 

EXAMPLE 4. 1 . Let [,12 0 J L(A) = 
0 (A - V ' 

and let r be a contour such that 0 is inside r and 1 is outside r. Then det L(A) has 
two zeros (both equal to 0) inside r. Nevertheless, L(A) has no r-spectral monic right 
divisor of degree I . Indeed, 

[1 0 0 OJ X
=

0 0 1 0 ' 
J � [0 0 : 1 

is a Jordan pair of L(A). The Riesz projector is 

and 1m Rr = Span{ ( l 0 0 Of, (0 1 0 O)T} .  But 
X l1m Rr is not invertible, so Rr 

is not a supporting subspace. By Theorem 4. 1 there is no r -spectral monic right divisor of 
L(A). D 

So it is necessary to impose extra conditions in order to obtain a criterion 
for the existence of r-spectral divisors. This is done in the next theorem. 

Theorem 4.2. Let L be a monic matrix polynomial and r a contour 
consisting of regular points of L having exactly nk eigenvalues of L (counted 
according to multiplicities) inside r. Then L has a r-spectral right divisor if and 
only if the nk x nl matrix 

M _ 
1 

k , 1 - 211:i 
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has rank kn. If this condition is satisfied, then the r-spectral right divisor 
LI (.�,) = Hk + D:J LljAJ is given by the formula 

[L l o • • •  LI k- I] = -� r [AkL - I (A) . . . Ak + 1 - 1 L - I (A)] dA ' ML 1 ' , 
2m Jr 

(4.3 )  

where ML I i s any right inverse of Mk, l ' 
Proof Let X, T, Y be a standard triple for L. Define Rr as in (4. 1 ), and let 

"II = 1m Rr , Alz = Im(I - Rr). Then T = TI E8 Tz , where TI and Tz are 
the restrictions of T to . 11  I and .� z respectively. In addition, (J(TI ) and (J(Tz) 
are inside and outside r, respectively. 
Define X I = X l ii I ' Xz = X I 11 2 '  and YI = Rr Y, Yz = (I - Rr) Y. Then, 

using the resolvent form of L (Theorem 2.4) write 

L - I (A) = X(IA - T) - l y = XI (IA - T1) - I YI + Xz(H - TZ) - l yZ ' 
Since (l A - Tz) - 1 is analytic inside r, then for i = 0, 1 , 2, . . . we have 

where the last equality follows from the fact that (J(TI ) is inside r (see Section 
S1.8). Thus, 

(4. 5) 

and since the rows of the matrix, row(T� Ydl : 6 , are also rows of the non­
singular matrix, row(Ti Y)l : 6 , the former matrix is right invertible, i.e. , 
row(Til YI)l : 6 ' s = I for some linear transformation S :  .� --> €nl. Now it is 
clear that M k, I has rank kn only if the same is true of the left factor in (4.5), i .e . , 
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the left factor is nonsingular. This implies that A is a supporting subspace for 
L, and by Theorem 3 . 1 2  L has a right divisor of degree k. Furthermore, X l , T1 
determine a standard triple for L 1 > and by the construction (J(L 1 ) coincides 
with (J(T1 ) and the part of (J(L) inside r. 

Finally, we write L = Lz L 1 , and by comparing the degrees of det L, 
det L 1 and det Lz , we deduce that (J(Lz) is outside r. Thus, L 1 is a r-spectral 
right divisor. 

For the converse, if L 1 is a r-spectral right divisor, then by Theorem 4. 1 
the subspace A = 1m Rr c flln is a supporting subspace of L associated with 
L j ,  and the left factor in (4.5) is nonsingular. Since the right factor is right 
invertible, it follows that M k, l has rank kn. 

It remains to prove the formula (4.3). Since the supporting subspace for 
L 1 0.) is 1m Rr , we have to prove only that 

X 1 T� { l :T j r '
�

2
�i L[A'L -

'
(A) 

XTk - 1 I J  (4 ,6)  
(see Theorem 3 . 1 2). Note that 

M1, 1 = [row(Ti Y1 )l : 6] I , [col(X 1 TD��Jr t , 

where [row(Ti Y1 )l : 6]I is some right inverse of row(T� Y1 )l : 6 .  Using this 
remark, together with (4.4), the equality (4,6) becomes 

X 1 T� · (col(X Ti)��J ) - l 
= [X 1 T� Y1 . . .  X 1 T�+ 1 - 1 Y1 ] 

. [row(T� Y1 ) l : 6]I . « col(X 1 TD��J ) - 1 , 

which is evidently true. D 

The result of Theorem 4,2 can also be written in the following form, which 
is sometimes more convenient. 

Theorem 4.3. Let L be a monic matrix polynomial, and let r be a contour 
consisting of regular points of L. Then L has a r -spectral right divisor of degree k 
if and only if 

rank Mk, l = rank Mk + 1 , 1 = nk. (4.7) 

Proof We shall use the notation introduced in the proof of Theorem 4.2. 
Suppose that L has a r-spectral right divisor of degree k. Then col(X 1 T{ )'�J 
is invertible, and T1 , X l are nk x nk and n x nk matrices, respectively. Since 
row(T� Y1 )l : 6  i s  right invertible, equality (4.5) ensures that rank Mk, l = nk. 
The same equality (4,5) (applied to Mk + 1 , 1) shows that rank Mk + 1 , 1 � 
{size of Td = nk, But in any case rank M k + 1 , 1 � rank M k, , ;  so in fact 
rank Mk + 1 , 1 = nk. 
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Suppose now (4.7) holds. By (4.5) and right invertibility of row(T� Y1 )l : A 
we easily obtain 

rank col(X 1 TD�':-J = rank col(X 1 TD�= o = nk. (4.8) 

Thus, Ker col(X 1 TD7,:-J = Ker col(X 1 TD�= o . It follows then that 

Ker col(X 1 TD�':-J = Ker col(X 1 TDf= o (4.9) 

for every P � k. Indeed, let us prove this assertion by induction on p. For 
p = k it has been established already ; assume it holds for p = Po - 1 ,  
Po > k + 1 and let x E Ker col(X 1 TD7,:-J .  By  the induction hypothesis, 

x E Ker col(X 1 TDf�1
1 . 

But also 

so 
T1x E Ker col(X 1 Ti )�':-J ,  

and again by  the induction hypothesis, 

T1x E Ker col(X 1 TDf�o 
1 

It follows that 

or X E Ker col(X 1 TDf� l '  

X E Ker col(X 1 TDf� 0 , 

and (4.9) follows from p = Po .  
Applying (4.9) for p = I - 1 and using (4.8), we obtain that rank 

col(X 1 TDI : A = nk. But col(X 1 TDl : A is left invertible (as all its columns are 
also columns of the nonsingular matrix col(XTi)l : A), so its rank coincides 
with the number of its columns. Thus, T1 is of size nk x nk ; in other words, 
det L(A) has exactly nk roots inside r (counting multiplicities). Now we can 
apply Theorem 4.2 to deduce the existence of a r -spectral right monic divisor 
of degree k. D 

If, as above, r is a contour consisting of regular points of L, then a monic 
left divisor L2 of L is a r-spectral left divisor if L = L2L 1 and the spectra of 
L2 and L 1 are inside and outside r, respectively. It is apparent that, in this 
case, L 1 is a r 1 -spectral right divisor, where the contour r 1 contains in its 
interior exactly those points of a{L) which are outside r. Similarly, if L 1 is a 
r-spectral right divisor and L = L2 Lb then L2 i s  a r 1 -spectral left divisor. 
Thus, in principle, one may characterize the existence of r-spectral left 
divisors by using the last theorem and a complementary contour r l '  We shall 
show by example that a r -spectral divisor may exist from one side but not the 
other. 
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The next theorem is the dual of Theorem 4.2. It is proved for instance by 
applying Theorem 4.2 to the transposed matrix polynomial LT(A) and its 
right r-spectral divisor. 

Theorem 4.4. Under the hypotheses of Theorem 4.2 L has a r-spectral 
left divisor if and only if the matrix [ L - l(A) 

Ml• k = 2�i Ir AI - 1 � - l (A) 
has rank kn. In this case the r-spectral left divisor L1(A) = Uk + 2:}:J L1j Aj 
is given by the formula 

: = - Ml k • - r : dA, 
[ L10 1 1 

[ AkL � l (A) 1 
L2 . � - 1 

• 2rci Jr Ak + I - 1L - 1 (A) 

where Ml, k is any left inverse of Ml, k ' 
The dual result for Theorem 4.3 is the following : 

(4. 1 0) 

Theorem 4.5. Let L(A) be a monic matrix polynomial and r be a contour 
consisting of regular points of L. Then L has a r -spectral left divisor of degree k 
if and only if 

rank Ml, k = rank Ml, k +  1 = nk. 
Note that the left-hand sides in formulas (4.3) and (4. 10) do not depend on 

the choice of Mt l and Ml, b respectively (which are not unique in general). 
We could anticipate this property bearing in mind that a (right) monic divisor 
is  uniquely determined by its supporting subspace, and for a r-spectral divisor 
such a supporting subspace is  the image of a Riesz projector, which is fixed by 
r and the choice of standard triple for L(A). 

Another way to write the conditions of Theorems 4.2 and 4.4 is by using 
finite sections of block Toeplitz matrices. For a continuous n x n matrix­
valued function H(A) on r, such that det H(A) =I 0 for every A E r, deijne 
Dj = (2rci) - 1 Jr A - j - l H(A) dA. 1t is clear that if r is the unit circle then the Dj 
are the Fourier coefficients of H(A) : 

00 
H(A) = L AjDj (4. 1 1 ) 

j = - 00 

(the series in the right-hand side converges uniformly and absolutely to H(A) 
under additional requirements ; for instance, when H(A) is a rational matrix 
function). For a triple of integers rx � {3 � y we shall define T(Hr ; rx, {3, y) as 
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the following block Toeplitz matrix : 

r Dp . _ Dp + l T(Hr , 0(, p, y) - : 
D" 

DP - 1 
Dp 

D,, - 1 

123 

::
1 1 Dy_� + " 

. 

We mention that T(Hr ; 0(, 0(, y) = [D" D,, - 1 
and 

Dy] is a block row, 

is a block column. 
Theorem 4.2'. Let L(A) and r be as in Theorem 4.2. Then L(A) has 

a r-spectral right divisor L 1(A) = Uk + 2}: J L 1jAj if and only if rank 
T(Lr: 1 ; - 1, - k, - k  - I + 1) = kn. In this case the coefficients of Ll are 
given by the formula 
[L 1 , k - l L1 , k - 2 . . .  L 1 0] = - T(Lr: l ; - k  - 1 ,  - k  - 1 ,  - k - I) 

. (T(Lr: l ; - 1 , -k, - k - /  + 1)Y, (4. 1 2) 

where (T(Lr: 1 ; - 1 , - k. - k - I + lY is any right inverse of 
T(Lr: l ; - 1 , - k, - k - 1 + 1) .  

Note that the order of the coefficients L 1j in formula (4. 1 2) is opposite to 
their order in formula (4.3). 

Theorem 4.4'. Let L(A) and r be as in Theorem 4.4. Then L(A) has 
a r-spectral left divisor L2(A) = Uk + 2}:J L2j Aj if and only if rank 
T(Ii 1 ; - 1, - I, - k - I + 1) = kn. In this case the coefficients of L2 are 
given by the formula 

L2 1 = - (T(Lr: l ; - 1 ,  - I, - k - 1 +  l )Y 
[ L20 1 
L2 ' � - 1 

. T(Lr: 1 ; - k  - 1 ,  - k  - I, - k  - l), (4. 1 3) 

where (T(Lr: 1 ; - 1 , - I, - k - I + l )Y is any left inverse of 
T(Lr: l ; - 1 , - I, - k  - I + 1) .  

Of course, Theorems 4.3 and 4.5 can also be reformulated in terms of the 
matrices T(Lr: 1 ; 0(, p, y). 
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We conclude this section with two examples : 
EXAMPLE 4.2. Let [A? - 42Az 300Az - 30U + 42 J 

L(A) = 
- 6AZ A3 + 42AZ - 43A + 6 

. 

Then L has eigenvalues ° (with multiplicity three), 1 , 2, and - 3. Let r be the circle in 
the complex plane with centre at the origin and radius 1. We use a Jordan triple X, J, Y. It 
is found that we may choose [0 1 0] J l = ° ° 1 , 

° ° ° 

[- 7 
48] 

YI = - 6 42 , 
1 - 7 

and we have 

_I 1, - I [- 7  48J 2 n i 'f L (A) dA = X I YI = 1 - 7 ' 

which is invertible. In spite of this, there is no r-spectral right divisor. This is because 
there are, in effect, three eigenvalues of L inside r, and though M 1 , 3 of Theorem 4.2 has 
full rank, the first hypothesis of the theorem is not satisfied. Note that the columns of X I 
are defined by a Jordan chain, and by Theorem 3 . 1 2  the linear dependence of the first two 
vectors shows that there is no right divisor of degree one, Similar remarks apply to the 
search for a r-spectral left divisor. 0 

EXAMPLE 4.3 . Let a i' az , a3 , a4 be distinct complex numbers and 

Let r be a contour with al and az inside r and a3 and a4 outside r. If we choose 

then it is found that 

YI = _

1
_ 

[ 1 0pJ al - aZ - 1 
where p = (a2 - a3) (aZ - a4) - I (az - al) and 

X 
y 

= 
[0 p(al - a2) - I J [ 1 az P(alo -

az) - I J . 
I I ° ° ' X IJ 1 YI = ° 

Then, since M l , 2  = [Xl Yl X I J I YI ] and [ X I Y1 J M2, 1 = 
X I J I YI 

' 

it is seen that M 1 , Z has rank 1 and M 2 ,  I has rank 2. Thus there exists a r-spectral left 
divisor but no r-spectral right divisor. 0 
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4.2. Linear Divisors and Matrix Equations 

Consider the unilateral matrix equation 
1 - 1 

yl + I Aj yj = 0, 
j = O 

125 

(4. 14) 

where A/j = 0, . . .  , 1 - 1 )  are given n x n matrices and Y is an n x n matrix 
to be found. Solutions of (4. 14) are closely related to the right linear divisors 
ofthe monic matrix polynomial L(A) = HI + I;: 6  Aj Aj. Namely, i t  i s  easy to 
verify (by a straightforward computation, or using Corollary 3.6, for instance) 
that Y is a solution of (4. 14) if and only if H - Y is a right divisor of L(A). 
Therefore, we can apply our results on divisibility of matrix polynomials to 
obtain some information on the solutions of (4. 14). 

First we give the following criterion for existence of linear divisors (we 
have observed in Section 3 .7 that, in contrast to the scalar case, not every 
monic matrix polynomial has a linear divisor). 

Theorem 4.6. The monic matrix polynomial L(A) has a right linear 
divisor I A - X if and only if there exists an invariant subspace At of the first 
companion matrix C 1 of L(A) of the form 

I 
X 

At = 1m X2 

X I - 1  

Proof Let At b e  the supporting subspace o f  H - X relative t o  the 
companion standard pair (P 1 , C 1 )' By Corollary 3 . 1 3(iii) we can write 

At = Im[col(X;)l : 6J 

for some n x n matrices Xo = I and X l > " " XI - 1 • But Ccinvariance of At 
implies that Xi = XL i = 1 , . . .  , I - 1 .  Finally, formula (3 .27) shows that the 
right divisor ofL(A) corresponding to At is just H - X, so in fact X1 = X. 0 

In terms of the solutions of Eq. (4. 14) and relative to any standard pair 
of L(A) (not necessarily the companion pair as in Theorem 4.6) the criterion 
of Theorem 4.6 can be formulated as follows. 

Corollary 4.7. A matrix Y is a solution of (4. 14) if and only if Y has the 
form 

Y = X I .$I · T I4t , (X I 4t) - t , 

where (X, T) is a standard pair of the monic matrix polynomial L(A) and At 
is a T-invariant subspace such that X 1 .$1 is invertible. 
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To prove Corollary 4.7 recall that equation (4. 14) is satisfied if and only if 
H - Y is a right divisor of L(A), and then apply Theorem 3 . 1 2. 

A matrix Y such that equality (4. 14) holds, will be called a (right) solvent of 
L(A). A solvent S is said to be a dominant solvent if every eigenvalue of S exceeds 
in absolute value every eigenvalue of the quotient L(A) (H - S) - 1

. Clearly, 
in this case, I A - S is a spectral divisor of L(A). 

The following result provides an algorithm for computation of a dominant 
solvent, which can be regarded as a generalization of Bernoulli's method for 
computation of the zero of a scalar polynomial with largest absolute value 
(see [42]) . 

Theorem 4.8. Let L(A) = H' + �J;:; A  AiAi  be a monic matrix polynomial 
of degree 1. Assume that L(A) has a dominant solvent S, and the transposed matrix 
polynomial LT(A) also has a dominant solvent. Let { Ur}:;" 1 be the solution of the 
system 

r = 1 , 2, . . .  (4. 1 5) 

where { Ur}:'= 1 is a sequence ofn x n matrices to befound, and is determined by 
the initial conditions U 0 = . . .  = U, _ I = 0, U, = I. Then Ur + 1 ur- 1 exists for 
large r and Ur + 1 u; 1 --+ S as r --+ 00 .  

We shall need the following lemma for the proof o f  Theorem 4.8 . 

Lemma 4.9. Let WI and W2 be square matrices (not necessarily of the same 
size) such that 

(4. 1 6) 

Then WI is nonsingular and 
lim I I Wi l l · l l w!m l l  = o. (4. 1 7) 

Proof Without loss of generality we may assume that WI and W2 are in 
the Jordan form ; write 

W; = Ki + Nb i = 1 , 2 

where Kj is a diagonal matrix, Ni is a nilpotent matrix (i .e. , such that N'i' = 0 
for some positive integer ri), and K iNi = Ni Ki .  Observe that a{K;) = a(W;) 
and condition (4. 16) ensures that WI (and therefore also K I )  are nonsingular. 
Further, 

I I K!
1
1 1  = [inf{ I A I I A E a(W1 )}r l , I IK2 1 1  = SUp{ I A I I A E a(W2)} . 

Thus (again by (4. 1 6» 

I I Ki l 1 . I I K 1m l l  :5: ym, o < y < 1 ,  m = 1 ,  2 ,  . . . . (4. 1 8) 
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Let r 1 be so large that N;1 = 0, and put 6 1  = maxO '; k $ r l � l I I K l kN� I I .  Using 
the combinatorial identities 

f 
( _ l )k

( n ) (n + k - 1 )  = {O 
k = O P - k k 1 

for p > ° 
for p = 0, 

it is easy to check that 

So 

[r l � 1 (m + k - 1) J :s; I I K1 rn l l · 
k�O k 6 1 :S; I I K1rn l l i) t r l (m + r 1 - 2)' 1 . 

(4. 19) 

The same procedure applied to W� yields 

I I  W� I I  :s; I I K� I I . 62 r2 m'>, (4.20) 

where r 2 is such that N;2 = ° and 62 = maxo ,; k ,; '2 � 1 I I K� N� I I . Using (4. 1 8)� 
(4.20), we obtain 

lim I I W� I I . I I  W1m l l  :s; 6 1 62 r l r2 . l im [(m + r l - 2)' lm'2ym] = 0. D 
m .... oo 

Proof of Theorem 4. 8 .  Let (X, J, Y) be a Jordan triple for L(A). The 
existence of a dominant solvent allows us to choose (X, J, Y) in such a way 
that the following partition holds : 

J = [Js O J 
° Jt

' Y = [il 
where sup { I A I I A E  (j(Jt)}  < inf{ I A I I A E  (j(J.)} ,  and the partitions of X and Y 
are consistent with the partition of J. Here Js is the part of J corresponding to 
the dominant solvent S, so the size of Js is n x n. Moreover, Xs is a non­
singular n x n matrix (because I A - S is a spectral divisor of L(A)), and X s is 
the restriction of X to the supporting subspace corresponding to this divisor 
(cf. Theorems 4. 1 and 3 . 1 2). Since LT(A) has also a dominant solvent, and 
(yT, JT, XT) is a standard triple of LT(A), by an analogous argument we obtain 
that Y, is also nonsingular. 
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Let { Ur };� l be the solution of (4. 1 5) determined by the initial con­
ditions U 1 = . . .  = UI - 1 = 0 ;  UI = I. Then it is easy to see that 

r = 1 , 2, . . . . 

Indeed, we know from the general form (formula (2.57)) of the solution of 
(4. 1 5) that Ur = XJr - 1Z, r = 1 , 2, . . .  for some nl x n matrix Z. The initial 
conditions together with the invertibility of col(XJit:': 6 ensures that in fact 
Z = Y. 

Now 

Ur = XJr - 1 y = XsJ� - l Ys + XtJ� - 1 r; 
= [XsJ� - lXs- 1 + (XtJ;- l r;) Ys- IXs- I ]Xs Ys . 

Write M = Xs Ys and Er = XJ� r; ,  r = 1 , 2, . . .  , so that (recall that S = 
Xs1� - l Xs- l ) 

Ur = (sr - l + E, _ l M - 1 )M = (1 + Er _ 1 M- 1s -r + l )sr - lM. 

Now the fact that S is a dominant solvent, together with Lemma 4.9, implies 
that Er M - 1S - r � 0 in norm as r � 00 (indeed, 

by Lemma 4.9). So for large enough r, Ur will be nonsingular. Furthermore, 
when this is the case, 

and it i s  clear, by use of the same lemma, that Ur + 1 ur- 1 � S as r � oo. D 

The hypothesis in Theorem 4.8 that LT().,) should also have a dominant 
solvent may look unnatural, but the following example shows that it is 
generally necessary. 

EXAMPLE 4.4. Let [,F - I O ] 
L(A) = 

A - I ),2 ' 

with eigenvalues I .  - 1 , 0. 0. We construct a right spectral divisor with spectrum { I , - I } . 
The following matrices form a canonical triple for L :  

l � OJ _ l ° 
Y _ 2 -

I 0 ' 

- 1 1 
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and a dominant solvent is defined by 

Indeed, we have 

- I  [1 - IJ . S = X1J 1 X 1 = 
0 - 1 

L(A) = 
[A + 1 - 1 J [A - 1 1 J 1 A - I 0 A + l · 

However, since the corresponding matrix Y1 is singular, Bernoulli's method breaks down. 
With initial values U 0 = U 1 = 0, U 2 = I it is found that 

so that the sequence { Ur}:'= o oscillates and, (for r > 2) takes only singular values. 0 
An important case where the hypothesis concerning L T (A.) is redundant is 

that in which L is self-adjoint (refer to Chapter 10). In this case L(A.) = L *(..1) 
and, if L(A.) = Q(A.) (H - S), it follows that LT(A.) = Q(A.) (H - S) and, if S 
is dominant for L, so is S for LT. 

4.3. Stable and Exponentially Growing Solutions of Differential 

Equations 

Let L(A.) = HI + .D: &  AjA.j be a monic matrix polynomial, and let 

dlx(t) 1 - 1 djx(t) -d l + I Aj -d j 
= 0, t E [a, co) (4.2 1 )  t j = O t 

be the corresponding homogeneous differential equation. According to 
Theorem 2.9, the general solution of (4.2 1 )  is given by the formula 

x(t) = XetJc, 
where (X, J) is a Jordan pair of L(A.), and c E q;nl . Assume now that L(A.) has no 
eigenvalues on the imaginary axis . In this case we can write 

X = [Xl X2] , J = 
[J� JOJ, 

where a(J 1 ) (resp. a(J 2» lies in the open left (resp. right) half-plane. Ac­
cordingly, 

(4.22) 

where x 1 (t) = X1ethc 1 ' X2(t) = X2 ethc2 '  and c = [��] . Observe that 
limt� oo I l x 1 (t) 1 1 = ° and, if C2 -# 0, limt� oo I l x2(t) 1 1 = co. Moreover, xit) is 



130 4. SPECTRAL DIVISORS AND CANONICAL FACTORIZATION 

exponentially growing, i .e . , for some real positive numbers J1 and v (in fact, J1 
(resp. v) is the real part of an eigenvalue of L(A) with the largest (resp. smallest) 
real part among all eigenvalues with positive real parts) such that 

for some positive integer p, but l imt_ oo I l e - (V - e)txit) 1 1 = 00 for every (; > 0 
(unless C2 = 0). Equality (4.22) shows that every solution is a sum of a stable 
solution (i.e., such that it tends to 0 as t --+ 00) and an exponentially growing 
solution, and such a sum is uniquely determined by x(t). 

The following question is of interest : when do initial conditions (i .e. , 
vectors x(j)(a), j = 0, . . .  , k - 1 for some k) determine a unique stable 
solution x(t) of (4.2 1 ), i .e . , such that in (4.22), X2(t) == o? It turns out that the 
answer is closely related to the existence of a right spectral divisor of L(A). 

Theorem 4. 10. Let L(A) be a monic matrix polynomial such that a{L) does 
not intersect the imaginary axis. Then for every set of k vectors xo(a), . . .  , 
xbk - l )(a) there exists a unique stable solution x(t) of(4.2 1 ) such that x(j)(a) = 
x�)(a), j  = 0, . . .  , k - 1 , if and only if the matrix polynomial L(A) has a monic 
right divisor Ll (A) of degree k such that (J(Ll ) lies in the open left half-plane. 

Proof Assume first that Ll (A) is a monic right divisor of L(A) of degree k 
such that (J(L l ) lies in the open left half-plane. Then a fundamental result of 
the theory of differential equations states that, for every set of k vectors 
xo(a), . . .  , x� - l )(a) there exists a unique solution x l (t) of the differential 
equation Lt (d/dt)x t (t) = 0, such that 

xV)(a) = x�)(a), j = 0, . . .  , k - 1 . (4.23) 
Of course, x l (t) is also a solution of (4.2 1 ) and, because (J(L l ) is in the open 
left half-plane, 

(4.24) 
t-"oo 

We show now that X l (t) is the unique solution of L(A) such that (4.23) and 
(4.24) are satisfied. Indeed, let X l (t) be another such solution of L(A). Using 
decomposition (4.22) we obtain that X l (t) = XletJ 1c J ,  x l (t) = XletJ l cl for 
some C l > cl . Now [X I (t) - xl (t)] (j)(a) = 0 for j = 0, . . .  , k - 1 implies that [ Xl 1 

Xt J l aJ l _ 

: 
e (C l - c t ) = o. 

XlJ1 - l 
(4.25) 

Since (X 1 , 1 1 ) is a Jordan pair of Ll (A) (see Theorems 3 . 1 2 and 4. 1 ), the matrix 
col(X lJDf,:-J is nonsingular, and by (4.25), C t = C t ,  i .e . , X t (t) = X l (t). 
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Suppose now that for every set of k vectors xo(a), . . .  , x� - l )(a) there exists 
a unique stable solution x(t) such that x(j)(a) = x�)(a), j = 0, . . .  , k - 1 . 
Write x(t) = X lethc I for some C I ; then 

(4.26) 

For every right-hand side of (4.26) there exists a unique C I such that (4.26) 
holds. This means that COI(XI JD�';;-6 i s  square and nonsingular and the 
existence of a right monic divisor L I (A) of degree k with O'(L I ) in the open left 
half-plane follows from Theorem 3. 1 2. D 

4.4. Left and Right Spectral Divisors 

Example 4.3 indicates that there remains the interesting question of when 
a set of kn eigenvalues-and a surrounding contour r -determine both a 
r -spectral right divisor and a r -spectral left divisor. Two results in this 
direction are presented. 

Theorem 4. 1 1 . Let L be a monic matrix polynomial and r a contour 
consisting of regular points of L having exactly kn eigenvalues of L (counted 
according to multiplic ities) inside r. Then L has both a r-spectral right divisor 
and a r-spectral left divisor if and only if the nk x nk matrix Mk. k defined by 

1 I '  . d '  
[ L - 1 (A) Ak - IL - I (A) ] 

M k = _ .  
. /I. (4.27) . k 2ni r Ak - IL - 1 (A) AZk - zL - 1 (A) 

is nonsingular. If this condition is satisfied, then the r-spectral right (resp. left) 
divisor L I (A) = Uk + �};;:J Llj Aj (resp. LzCA) = Uk + D,;;-J LZj Aj) is g iven 
by the formula : 

[L I O  . . . LI k - l ] = --
2
1 . f [AkL - 1 (A) . . .  AZk - IL - 1 (A)] dA ' M,;-t 

' n l Jr 
' (resp. [ L� o ] = _ Mk- � . _

1 [ AkL � I (A) ] dA) . 
LZ •

•
k - 1 

' 2ni L AZk - 1 L - 1 (A) 
Proof Let X, T, Y be a standard triple for L, and define Xl , TJ , YI and 

X z ,  Tz , Yz as in the proof of Theorem 4.2. Then, as in the proof of that theorem, 
we obtain 

(4.28) 
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Then nonsingularity of M k, k implies the non singularity of both factors and, 
as in the proof of Theorem 4.2 (Theorem 4.4), we deduce the existence of a 
r-spectral right (left) divisor. 

Conversely, the existence of both divisors implies the nonsingularity of 
both factors on the right of (4.28) and hence the nonsingularity of M k, k ' The 
formulas for the r-spectral divisors are verified in the same way as in the proof 
of Theorem 4.2. 0 

In terms of the matrices T(Li 1 ; ex, p, y) introduced III Section 4. 1 ,  
Theorem 4. 1 1  can be restated a s  follows . 

Theorem 4. 1 1 ' .  Let L and r be as in Theorem 4. 1 1 . Then L has right 
and left r-spectral divisors L1 (A) = Uk + IJ=6 L1j Aj and L1(A) = Uk + 
.D=6  L1j Aj, respectively, if and only if det T(L - 1 ; - 1 , - k, - 2k + 1) =I- O. 
In this case the coefficients of L 1 (A) and L1(A) are given by the formulas 

[L 1 , k - 1 L1 , k - l . . .  L l O] = - T(Li 1 ; - k  - 1, - k  - 1 , - 2k) 
. (T(Li 1 ; - 1 , - k, - 2k + 1)) - 1 , 

l L��J � - (T(Li' , ; - 1 , - k, - 2k + 1 » - ' 

. T(Li 1 ; - k  - 1 , - 2k, - 2k). 

In the next theorem we relax the explicit assumption that r contains 
exactly the right number of eigenvalues. It turns out that this is implicit in the 
assumptions concerning the choice of I and k. 

Theorem 4. 12. Let L be a monic matrix polynomial of degree I :::; 2k, and 
let r be a contour of regular points ofL. Ifdet Mk, k =I- 0 (Mk, k defined by (4.27)) 
then there exist a r-spectral right divisor and a r-spectral left divisor. 

Proof We prove Theorem 4. 1 2 only for the case I = 2k ; in the general 
case I < 2k we refer to [36b] . Suppose that r contains exactly p eigenvalues of 
L in its interior. As in the preceding proofs, we may then obtain a factorization 
of M k, k in the form (4.28) where X l = X IAt , T1 = T IAt and A is the p­
dimensional invariant subspace of L associated with the eigenvalues inside r. 
The right and left factors in (4 .28) are then linear transformations from flnk to 
A and A to flnk respectively. The non singularity of Mk, k therefore implies 
p = dim A ;;::: dim flnk = kn . 
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With Y1 , X z ,  Tz , Yz defined as in Theorem 4.2 and using the biortho­
gonality condition (2. 14) we have 

XTY 
0 = X�Y 
[ XY 

XTk
'
- l y [ X z Yz X 2 T� - 1 Yz ] = Mk k + : : .  
X z T� - 1 Yz . . . X z nk - 2 Yz 

Thus, the last matrix is invertible, and we can apply the argument used in 
the first paragraph to deduce that In - p 2: kn. Hence p = kn, and the 
theorem follows from Theorem 4. 1 1 . 0 

A closed rectifiable contour 3, lying outside r together with its interior, is 
said to be complementary to r (relative to L) if 3 contains in its interior exactly 
those spectral points of L(A) which are outside r. Observe that L has right and 
left r-spectral monic divisors of degree k if and only if L has left and right 
3-spectral monic divisors of degree I - k. This obs�rvation allows us to use 
Theorem 4. 1 2  for 3 as well as for r. As a consequence, we obtain, for example, 
the following interesting fact. 

Corollary 4.13. Let L and r be as in Theorem 4. 1 2, and suppose I = 2k. 
Then Mk, k is nonsingular if and only if M�, k  is nonsingular, where 3 is a contour 
complementary to r and M�, k is defined by (4.27) replacing r by 3. 

For n = 1 the results of this section can be stated as follows. 

Corollary 4.14. Let p(A) = L}= o aj Aj be a scalar polynomial with al :f. 0 
and p(A) :f. Of or A E r. Then an integer k is the number of zeros ofp(A) (counting 
multiplicities) inside r if and only if 

rank Mk, k = k for k 2: 1/2 

or 
rank Mf- k, l - k = 1 - k for k :-s; 1/2, 

where 3 is a complementary contour to r (relative to p(A» .  

4.5. Canonical Factorization 

Let r be a rectifiable simple closed contour in the complex plane fl 
bounding the domain F + . Denote by F - the complement of F+ u r in 
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(/; U { oo } .  We shall always assume that O E F + (and 00 E F - ). The most 
important example of such a contour is the unit circle r 0 = {A. I 1 ). 1  = I } .  
Denote b y  C + (r) (resp. C - (r» the class o f  all n )( n matrix-valued functions 
G(A), A E r u F + (resp. A E r u F - )  such that G(A) is analytic in F + (resp. F - ) 
and continuous in F + u r (resp. F - u r). 

A continuous and invertible n x n matrix function H(A) (A E r) is said to 
admit a right canonical factorization (relative to r) if 

H(A) = H + (A)H _ (A), (A E r) (4.29) 

where H $ l (A) E C + (r), H� 1 (,1.) E C - (r). Interchanging the places of H + (,1.) 
and H _ (A) in (4.29), we obtain left canonical factorization of H. 

Observe that, by taking transposes in (4.29), a right canonical factoriza­
tion of H(A) determines a left canonical factorization of (H(A)l. This simple 
fact allows us to deal in the sequel mostly with right canonical factorization, 
bearing in mind that analogous results hold also for left factorization. 

In contrast, the following simple example shows that the existence of a 
canonical factorization from one side does not generally imply the existence of 
a canonical factorization from the other side. 

EXAMPLE 4.5 .  Let [..1. - 1 1 J H(..1.) = 0 A ' 

and let r = r 0 bc the unit circle. Then 

is a right canonical factorization of H(..1.), with 

H + (..1.) = [ 0 1J - 1  A 
and 

On the other hand, H(..1.) does not admit a left canonical factorization. 0 

In this section we shall consider canonical factorizations with respect to a 
rectifiable simple contour r of rational matrix functions of the type R(A) = 
L1= - r Aj Ai . 

We restrict our presentation to the case that R(A) is monic, i .e . , As = 1. This 
assumption is made in order to use the results of Sections 4. 1 and 4.4, where 
only monic matrix polynomials are considered ; but there is nothing essential 
in this assumption and most of the results presented below remain valid with­
out the requirement that As = I (cf. [36c, 36d, 73]) . 
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We introduce some notation. Denote by GL(€n) the class of all non­
singular n x n matrices (with complex entries). For a continuous n x n 
matrix-valued function H(A) : r -+ GL(€n) define 

Dj = (2ni) - 1 f/ - j - 1 H(A) dA, 

and define T(Hr ; IX, /3, y) to be the following block Toeplitz matrix : r Dp Dp - 1  
Dp + 1 Dp T(Hr ; IX, /3, y) = :  : 

D� D� - l 

(4.30) 

We have already used the matrices T(Hr ; IX, /3, y) in Sections 4. 1 and 4.4. For 
convenience, we shall omit the subscript r whenever the integration is along 
r and there is no danger of misunderstanding. 

The next theorem provides the characterization of right factorization in 
terms of some finite sections of the infinite Toeplitz matrix T( · ;  00, 0, - 00 ). 

Theorem 4.15. A monic rational matrix Junction R(A) = 2}: :' r Aj Aj + 
lAs : r -+ GL(€n) admits a right canonicalJactorization if and only if 

rank T(Ri 1 ;  r - 1 , 0, - r - s + 1 ) 
= rank T(Ri 1 ; r  - 1 ,  - 1 , -r - s) = rn. (4.3 1 ) 

Proof We first note that the canonical factorization problem can be 
reduced to the problem of existence of r-spectral divisors for monic poly­
nomials. Indeed, let R(A) = l}: :' r Aj Aj + lAS be a monic rational function 
and introduce a monic matrix polynomial M(A) = ArR(A). Then a right cano­
nical factorization R(A) = W+ (A) W_ (A) for R(A) implies readily the existence 
of right monic r-spectral divisor ArW_ (A) of degree r for the polynomial M(A). 
Conversely, if the polynomial M(A) has a right monic r-spectral divisor N l (A) 
of degree r and M(A) = N 2(A)N 1 (A), then the equality R(A) = N 2(A) . 
A - rN 1 (A) yields a right canonical factorization of R(A). 

Now we can apply the results of Section 4. 1 in the investigation of the 
canonical factorization. Indeed, it follows from Theorem 4.3 that the poly­
nomial M(A) has a r-spectral right divisor if and only if the conditions of 
Theorem 4. 1 5  are satisfied (here we use the following observation : 

T(R - 1 ;  IX, /3, y) = T(M - 1 ;  IX + r, /3 + r, y + r)). 0 

The proof of the following theorem is similar to the proof of Theorem 4. 1 5  
(or one can obtain Theorem 4. 1 6 b y  applying Theorem 4. 1 5 to the transposed 
rational function). 



136 4. SPECTRAL DIVISORS AND CANONICAL FACTORIZATION 

Theorem 4.16. A monic rational function R(A) = 2}: � , AjAj + lAS : 
r --+ GL( (T:n) admits a left canonical factorization if and only if 

rank T(R - 1 ; r - 1 ,  - s, - r  - s + 1 )  
= rank T(R - 1 ; r  - 1 ,  - s, - r  - s) = rn. (4.32) 

In the particular case n = 1 Theorem 4. 1 5  implies the following char­
acterization of the winding number of a scalar polynomial. The winding 
number (with respect to r) of a scalar polynomial peA) which does not vanish 
on r is defined as the increment of( I/2n) [arg peA)] when A runs through r in a 
positive direction. It follows from the argument principle ([63], Vol. 2, 
Chapter 2) that the winding number of peA) coincides with the number of 
zeros of peA) inside r (with multiplicities). 

Let us denote by 3 a closed simple rectifiable contour such that 3 lies in 
F - together with its interior, and peA) i= 0 for all points A E F - \ { CfJ }  lying 
outside 3. 

Corollary 4. 17. Let peA) = D � o  ajAj be a scalar polynomial with 
al i= 0 and peA) i= 0 for A E r. An integer r is the winding number of peA) if and 
only if the following condition holds : 

rank T(p - l ; - 1 ,  - r, - 1 - r + 1 )  

= rank T(p - l ; - 1 , -r - 1 ,  - 1 - r ) = r. 
This condition is equivalent to the following one : 

rank T(Pa 1 ; - 1 ,  - s, - I  - s + 1 )  
= rank T(Pa 1 ; - 1 ,  - s - 1 ,  - I  - s) = s, 

where s = I - r. 
The proof of Corollary 4. 1 7  is based on the easily verified fact that r is the 

winding number of peA) if and only if the rational function A - 'peA) admits one­
sided canonical factorization (because of commutativity, both canonical 
factorizations coincide). 

The last assertion of Corollary 4. 1 7  reflects the fact that the contour 3 
contains in its interior all the zeros of peA) which are outside r. So peA) has 
exactly s zeros (counting multiplicities) inside 3 if and only if it has exactly r 
zeros (counting multiplicities) inside r. 

Now we shall write down explicitly the factors of the canonical factori­
zation. The formulas will involve one-sided inverses for operators of the form 
T(H ; rx, /3, y). The superscript I will indicate the appropriate one-sided inverse 
of such an operator (refer to Chapter S3). We shall also use the notation 
introduced above. 

The formulas for the spectral divisors and corresponding quotients 
obviously imply formulas for the factorization factors. Indeed, let 
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R(A) = IA.s + 2}: � r AjAj : r -+ GL(�n) be a monic rational function, and let 
W+ (A) = IA.s + IJ : A wt Aj and W_ (A) = I + Ii= 1 wr-- j A - j be the factors 
of the right canonical factorization of R(A) : R(A) = W+ (A)W_ (A). Then the 
polynomial ArW_ (A) is a right monic r-spectral divisor of the polynomial 
M(A) = ArR(A), and formulas (4. 1 2) and (4. 1 3) apply. It follows that 

[ Wr-- 1 W;- 2 . . .  Wo ]  = - T(Ri l ; - 1 , - 1, - r  - s) 
· [T(Ri 1 ; r - 1 , 0, - r  - s + 1 )] ', - (4.3 3) 

col( Wnj: A = - [T(Rs 1 ; r - 1 , - s, - 2s + 1 )] ' 
. T(Rs 1 ;  r - s - 1 ,  - 2s, - 2s) . (4.34) 

Let us write down also the formulas for left canonical factorization : let 
A + (A) = IA.s + Ij: A At Aj and A _ (A) = I + Ii= 1 Ar---- j A - j be the factors of 
a left canonical factorization of R(A) = IA.s + IJ : � r Aj Aj : r -+ GL(�n), i .e. , 
R(A) = A _ (A)A + (A). Then 

col(A;- X: J = - (T(Ri 1 ;  r - 1, - s, - r  - s + I » ' 
· T(Ri 1 ; - 1 , - r - s, - r - s), (4.35) 

[AS+- l AS+- 2 . . .  Ari ] = - T(Rs 1 ; - 1 , - 1 , - r - s) 
. (T(Rs 1 ;  r - 1 , 0, - r - s + 1 » '. (4.36) 

Alternative formulas for identifying factors in canonical factorization can 
be provided, which do not use formulas (4. 1 2) and (4. 1 3). To this end, we shall 
establish the following formula for coefficients of the right monic r -spectral 
divisor N(A) of degree r of a monic matrix polynomial M(A) with degree I : 

[Nr Nr - 1  
. . .  No] = [I 0 · · ·  0] . [ T(M - 1 ; 0, - r, - r - l)] i, 

(4.37) 
where Nj = Yo Nj (j = 0, 1 ,  . . .  , r - 1 )  and Nr = Yo .  Here Nj are the coef­
ficients of N(A) : N(A) = IA.r + Ii: A Nj Aj ; and Yo is the lower coefficient of 
the quotient M(A)N - 1 (A) : Yo = [M(A)N - 1 (A)] 1 ;' = 0 .  

It is clear that the matrix function yeA) = Yo N(A)M - l (A) is analytic in 
F + and YeO) = I. Then 

and 

for j = 0, 1 , . . .  

(4.38) 

(4.39) 
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Indeed, (4.39) is a consequence of analyticity of the functions 
,)JYo N(A)M - I (A) in F + for j = 0, 1 ,  . . . . Formula (4.38) follows from the 
residue theorem, since ,.1,0 = ° is the unique pole of the function 
A - I Yo N(A)M - 1(,.1,) in F + . Combining (4.38) with the first I equalities from 
(4. 39), we easily obtain the following relationship : 

Yo No] ' T(Mr: I ; O, - r, - r - I) = [I ° . . .  0] , 
which implies (4.37) immediately. 

A similar formula can be deduced for the left r-spectral divisor <1>(,.1,) = 
IA' + L'i: 6  <l>j Aj of M(A) : 

(4.40) 
where <Dj = <I>/ ¥o (j = 1 , 2, . . .  , r - 1) and <Dr = '¥o . Here '¥o = 
[<1> - I (A)M(A)] A = o . 

Formula (4.40) may be helpful if one is looking for the factorization 
R(A) = W+ (A)W_ (A) with factors 

W+ (A) = I + LJ= l wt Aj, W_ (A) = L'i= o  W;_ jA - j• 
Then (4.40) implies the following identification of W_ (A) : 

[ J¥,. J¥,. - I  Wo] = [I ° . . .  O] · [T(Rr: I ; r, O, - r - s)] '. 
One can use formula ( 4.39) in an analogous way for left canonical factoriza­
tion. 

We conclude this section with a simple example. 

EXA�PLE 4.6. Let 
R(A) = IA + [ -! �l + [- � - �}- I , 

and let r be the unit circle. In the notation used above, in our case r = s = I .  Let us 
compute ranks of the matrices T(Rr: I ; 0, 0, - I ) and T(Rr: 1 ; 0, - I , - 2). A computa­
tion shows that det R(A) = 02 - 4) ( 1  + tr 1 ), so 

_ 1 1 [A + 2 + 4A - I R (A) = (A2 _ 4) ( 1  + IX=!) - 4 _ 2r 1 

and, multiplying numerator and denominator by A, 

- 1 + 2A ' l l A - � - r l 

- I 1 [A 2 + 2A + 4 - A + 2 1 R (A) = (Xi � 4) (A + t) - 4A - 2 A2 - �A - 1 . 
Since Ao = - ! is the only pole of R - I (A) inside r. we can compute the integrals 

j = 0, I ,  - I  
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by the residue theorem. It turns out that 

So 

---: R - 1 (,1) d,1 = 
- 15 -

3 , I f [ 1 3  2J 
2nl r O O 

T(Ri l ; 0, 0, - 1 )  = [ -;s 
- 15 

T(Ri l ; O, - I ,  - 2) = _� l " 1 5  
1 

It is easily seen that 

l 3 
I 
"2 
2 -
3 
° 
l 3 
I 
"2 

1 3  - i] - 15 
° o ' 
1 3  -d 30 
° 
1 3  

- 15  
° 

rank T(Ri 1 ;  0, 0, - I ) = rank T(R i l ; O, - 1 , - 2) = 2, 

so according to Theorem 4. 1 5, R(,1) admits right canonical factorization. Also, 

rank T(R - I ; O, - 1 ,  - I ) = rank T(R - I ; O, - 1 ,  - 2) = 2, 

139 

so R(,1) admits a left canonical factorization as well. (In fact, we shall see later in Theorem 
4. 1 8  that for a trinomial R(,1) = H + Ro + R - I A - I the necessary and sufficient con­
dition to admit canonical factorizations from both sides is the invertibility of 

which holds in our example.) It is not difficult to write down canonical factorizations for 
R(,1) using formulas (4.33)  and (4.35) : 

R(,1) = 
[,1 � 2 

,1

�
2J [ 1 +:,1- 1 ,1 � I J 

is a right canonical factorization of R(,1), and 

is a left canonical factorization of R(,1). 0 

4.6. Theorems on Two-Sided Canonical Factorization 

We apply the results of Section 4.4 to obtain criteria for the simultaneous 
existence of left and right canonical factorization of a monic rational function. 
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The main criterion is the following : 

Theorem 4.18. Let R(A) = D: � ,  AjAj + Us : r --+ GL(C") be a monic 
rational function, and let qo = max(r, s). Then R(A) admits a right and a left 
canonical factorization if and only if the matrix T(Ri 1 ;  q - 1 , 0, - q  + 1 )  is 
nonsingular for some q � qo . If this condition is satisfied, then T(Ri 1 ; q - 1, 0, 
- q + 1) is nonsingular for every q � qo . 

The proof of Theorem 4. 1 8  is based on the following two lemmas, which 
are of independent interest and provide other criteria for two-sided canonical 
factorization. 

Lemma 4.19. A monic rational function R(A) = .D: � , AjAj + Us : 
r --+ GL(C") admits a right and a left canonical factorization if and only if the 
matrix T(R - 1 ;  r - 1, 0, - r + 1) is nonsingular and one of the two follOWing 
conditions holds : 

or 

rank T(Ri l ; r - 1 , 0, - r  - s - 1)  
= rank T(Ri 1 ; r - 1 ,  - 1 , -r - s) = rn (4.4 1 )  

rank T(Ri 1 ; r - 1 , - s, -r - s + 1 )  
= rank T(Ri l ; r - 1 ,  - s, -r - s) = rn. (4.42) 

Proof As usual, we reduce the proof to the case of the monic matrix 
polynomial M(A) = A'R(A). Let (X, T, Z) be a standard triple of M(A), and let 
(X + , T+ , Z + ) be its part corresponding to the part of (J(M) lying inside r. As 
it follows from Theorem 4. 1 ,  the right (resp. left) monic r-spectral divisor 
N(A) (resp. <I>(A» of degree r exists if and only if the matrix col(X + T� )j : 6  
(resp. the matrix [Z + T+ Z + T,+- l Z + J) is nonsingular. We therefore 
have to establish the nonsingularity of these two matrices in order to prove 
sufficiency of the conditions of the lemma. Suppose T(M - 1 ; - 1 , - r, 
- 2r + 1) is nonsingular and, for example, (4.4 1 )  holds. The decomposition 

T(Mi 1 ;  - 1 , - r, - 2r + 1) = col(X + T'+- 1 - j)j : 6  
· [Z + T+ Z + T,+- lZ + J (4.43) 

(cf. (4.5» allows us to claim the right invertibility of col(X + T� )j : 6 .  On the 
other hand, equality (4.4 1) implies that 

Ker col(X + Tj+ )f:J = Ker col(X + T� )j : 6  
holds for every p � r (this can be shown i n  the same way a s  i n  the proof of 
Theorem 4.3). But then 

Ker[col(X + T� )j : 6J = Ker[col(X + Tj+ )�: �J = {O} , 

which means invertibility of col(X + Tj+ )j : 6 .  The invertibility of 

[Z + T+ Z + T'; lZ + J 
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follows from (4.43). Conversely, suppose that the linear transformations 
col(X + Tj+ )'j : 6 and [Z + Z + T+ T�- IZ + ] are invertible. Then by 
(4.43) T(Mi 1 ; - 1 , - r, - 2r + 1) is also invertible, and by Theorems 4. 1 5  
and 4. 1 6 conditions (4.41 )  and (4.42) hold. D 

Given a contour r e fl and a monic matrix polynomial M(A) : r -+  
GL(fln), a closed rectifiable simple contour 3 will be called complementary to 
r (relative to M(A» if3 Iies in F- together with its interior, and M(A) E GL(fln) 
for all points A E F-\ { oo }  lying outside 3. In the sequel we shall use this 
notion for rational matrix functions as well. 

In the next lemma 3 denotes a contour complementary to r (relative to 
R(A» . 

Lemma 4.20. For a monic rational function R(A) = JAS + D: : r AjAj : 
r -+ GL(fln) to admit simultaneously a right and a left canonicalfactorization it 
is necessary and sufficient that the following condition holds : 

(a) in the case r � s, the matrix Tr = T(Ri I ; r - 1 , 0, - r + 1 )  is non­
singular ; 

(b) in the case r :::;; s, the matrix Ts = T(Rs I ; r - 1 ,  r - s, r - 2s + 1 ) 
is nonsingular. 
Moreover, in case (a), the nonsingularity ofTr implies the nonsingularity ofTs , 
while, in case (b), the nonsingularity of Ts leads to the nonsingularity of Tr . 

Proof Passing, as usual, to the monic polynomial M(A) = A'R(A) of 
degree 1 = r + s, we have to prove the following : M(A) has a right and a left 
monic r-spectral divisor of degree r if and only if, in the case 1 � 2r, the 
matrix T(Mi l ; - 1 , - r, - 2r + 1) is nonsingular, or, in the case 1 � 2r, the 
matrix T(Ms I ; - 1 , - (1 - r), - 2(/ - r) + 1) is nonsingular. 

This is nothing but a reformulation of Theorem 4. 1 2. The last assertion of 
Lemma 4.20 can be obtained, for instance , by applying Lemma 4. 1 9. D 

Note that in fact we can always realize case (a). Indeed, if r < s, regard 
R(A) as �}= : q  AjAj + JAs with A _ q  = . . .  = A _ r - I = 0, where q � s is an 
arbitrary integer. 

Proof of Theorem 4. 1 8 . First suppose s :::;; r, and let q be an arbitrary 
integer such that q � r. Consider R(A) as Ij;= : q  A j Aj + JAs with A _q = . . .  = 

A _ r - I = 0. In view of Lemma 4.20 (in case (a» existence of a two-sided 
canonical factorization of R(A) is equivalent to the nonsingularity of 
T(Rr.1 ; q - 1 , 0, - q  + 1 ). 

Suppose now s > r. Considering R(A) as Ij : : s Aj Aj + JAs with A _ s = . . .  

= A - r - I = 0, and applying the part of the theorem already proved (the case 
s = r), we obtain that R(A) admits a two-sided canonical factorization iff the 
matrix T(Ri 1 ; q - 1, 0, - q + 1) is invertible for some q � s. D 
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The following corollary from Theorem 4. 1 8 is also of interest. 

Corollary 4.21. Let M(A) = nl + �J: b MjAj : r -+ GL({;n) be a monic 
matrix polynomial. Then a{M) n F + = 0 if and only if the matrix T(M - 1 ; 
q - 1 , 0, - q  + 1 ) is nonsingular for some integer q 2: I. 
Proof Regard M(A) as a monic rational function with r = 0, and 

note that M(A) admits a two-sided canonical factorization if and only if 
a(M) n F + = 0. 0 

4.7. Wiener- Hopf Factorization for Matrix Polynomials 

We continue to use notations introduced in Section 4.5 . A continuous and 
invertible n x n matrix function H(A) (..1. E r) is said to admit a right Wiener­
H opf factorization (relative to r) if the following representation holds : [AK !  

AK2 
H(A) = H + (..1.) o . 

o 

(..1. E r), (4.44) 

where H + (A), (H + (..1.» - 1 E C + (r) ; H _ (A), (H _ (..1.» - 1 E C - (r), and K 1 :::;; • . .  :::;; 
Kn are integers (positive, negative, or zeros). These integers are called right 
partial indices of H(A). Interchanging the places of H + (..1.) and H _ (..1.) in (4.44), 
we obtain left factorization of H(A). So the left Wiener-Hopf factorization is 
defined by [AK ! 

H(A) � H'_ (A) 0 A<' 
. 

o 

(..1. E r), (4.45) 

where H'+ (A), (H'+ (A» - l  E C + (r) ; H'_ (A), (H'_ (A» - l  E C - (r), and K'l :::;; . . . 
:::;; K� are integers (in general they are different from K 1 ' . . .  ' Kn), which 
naturally are called left partial indices of H (..1.). For brevity, the words " Wiener­
Hopf" will be suppressed in this section (so " right factorization " is used 
instead of " right Wiener-Hopf factorization ") . 

In the scalar case (n = 1 ) there exists only one right partial index and only 
one left partial index ; they coincide (because of the commutativity) and will 
be referred to as the index (which coincides with the winding number intro­
duced in Section 4.5) of a scalar function H(A). Note also that the canonical 
factorizations considered in Sections 4.5-4.6 are particular cases of (right or 
left) factorization ; namely, when all the partial indices are zero. As in the case 
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of canonical factorization, right factorization of H(A) is equivalent to left 
factorization of HT (A). So we shall consider mostly right factorization, bearing 
in mind that dual results hold for left factorization. 

First we make some general remarks concerning the notion of right 
factorization (relative to r). We shall not prove these remarks here but refer to 
[25, Chapter VIII] , (where Wiener-Hopf factorization is called canonical) 
for proofs and more detail. The factors H + (A) and H _ (A) in (4.44) are not 
defined uniquely (for example, replacing in (4.44) H + (A) by aH + (A) and 
H _ (A) by a - I H _ (A), a E C\ {O} ,  we again obtain a right factorization of 
H(A)). But the right factorization indices are uniquely determined by H(A), i .e . , 
they do not depend on the choice of H ± (A) in (4.44). Not every continuous 
and invertible matrix-function on r admits a right factorization ; description 
of classes of matrix-functions whose members admit a right factorization, can 
be found in [25] . We shall consider here only the case when H(A) is a matrix 
polynomial ; in such cases H(A) always admits right factorization provided 
det H(A) -# 0 for all A E r. 

We illustrate the notion of factorization by an example. 

EXAMPLE 4.7 . Let 

H(A) = [� �] 
and r be the unit circle. Then 

is a right factorization of H(A), with 

H + (A) = [_ � �] and 

The right partial indices are K I = Kl = 1 .  A left factorization of H(A) is given by 

[1 r l] [ 1 0 ]  
H(A) = 0 1 0 Al ' 

where 

The left partial indices are K't = 0, K� = 2. 0 

H + (A) = I.  

This example shows that in general left and right partial indices are 
different. But they are not completely independent. For instance, the sums 
D = I Ki and Ii = I K; of all right partial indices K I � . . .  � Kn and all left 
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partial indices K'I S . . .  S K� , respectively, coincide. This fact is easily verified 
by taking determinants in (4.44) and (4.45) and observing that 2.:7= 1 Kb as 
well as D= I K; , coincides with the index of det H(A). 

Now we provide formulas for partial indices of matrix polynomials 
assuming, for simplicity, that the polynomials are monic. 

To begin with, consider the linear case L(A) = IA - A . Let A = diag[A I ' 
A z] be a block representation where the eigenvalues of A I are in p + and the 
eigenvalues of Az are in P - .  Then the equality 

IA _ A = [I ° J [AI OJ [I - r I A I 0
/J ° IA - Az ° 1 ° 

is a right factorization of 1 A - A and the partial indices are (0, 0, . . .  , 0, I ,  
1 ,  . . .  , 1 ), where the number o f  ones i s  exactly equal t o  rank A I ( =  rank 
1m Sr (I A - A)- I dA). For a matrix polynomial, this result can be generalized 
as follows. 

Theorem 4.22. Let L(A) be a monic matrix polynomial of degree m with 
det L(A) =1= ° for A E r. Then for the right partial indices K I S Kz S . . .  S Kn of L(A) the following equalities hold 

Ki = I {j I n + r j _ I - r j S i - I , j = 1 ,  2, . . .  , m} I (i = 1 ,  2, . . .  , n), 

where 

B _ j - m - I 

and I Q I denotes the number of elements in the set Q. 

The same formulas for Kj hold in case r is the unit circle and the Bj are the 
Fourier coefficients of L - I (A) : 

CD 
L - I (A) = L AjBj ( I A I = 1). 

j =  - CD 

In some special cases one can do without computing the contour integrals, 
as the following result shows. 

Theorem 4.23. Suppose that all the eigenvalues of L(A) = 2.:i= o A j Aj 

(Am = I) are inside r and L(O) = I. Then 

K j = I { i I n + q i - I - q i S j - 1, i = 1 ,  2, . . .  , n }  I 
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where 

l PC 1 PC, + l 
qi = rank : ' 

pcv + i - 1 

1 

o 

v � 0 is the minimal integer for which rank C = rank C+ 1 , and P is the 
projector on the first n coordinates. 

In fact, the assumption that L(A) be monic is not essential in Theorems 
4.22 and 4.23 and they hold for any matrix polynomial, whose spectrum does 
not intersect r. For the proofs of Theorems 4.22 and 4.23 we refer to [36e] 
(sec also [35b]). 

Comments 
The results of Sections 4. 1 and 4.4 originated in [34b, 36b] . Theorem 4.2 

(without formulas for the divisor) is due to Lopatinskii [58] ; however, his 
proof is quite different. Formula (4.3) appears for the first time in [36b] . 
Section 4.2 is based on the paper [52f] . Theorem 4.6 was first proved in [56c] , 
although historically results like Corollary 4.7 began with the search for 
complete sets of linearly independent generalized eigenvectors, as in [56b] . 
Sufficient conditions for the existence of a right divisor of degree one found by 
methods of nonlinear analysis can be found in [54] as well as references to 
earlier works in this direction. Lemma 4.9 is taken from [ 10] and Theorem 
4. 10 was suggested by Clancey [ 1 3] . 

Sections 4. 5 and 4.6 are based on [36b], where analogous results are 
proved in the infinite dimensional case. The problems concerning spectral 
factorization for analytic matrix and operator functions have attracted much 
attention. Other results are available in [36b, 6 1 a, 6 1  b, 6 1 c] . A generalization 
of spectral factorization, when the spectra of divisor and quotient are not 
quite separated, appears naturally in some applications ([3c, Chapter 6]). 

The canonical factorization is used for inversion of block Toeplitz 
matrices (see [25, Chapter VIII]). It also plays an important role in the theory 
of systems of differential and integral equations (see [3c, 25, 32a, 68]). 

Existence of a two-sided canonical factorization is significant in the anal­
ysis of projection methods for the inversion of Toeplitz matrices (see [25]). 

The last section is based on [36a] .  For other results connected with 
Wiener�Hopf factorization and partial indices see [36c, 36d, 70c, 73] .  More 
information about partial indices, their connection with Kronecker indices, 
and with feedback problems in system theory can be found in [2 1 ,  35b] .  

Extensions o f  the results o f  this chapter to  the more general case of 
spectral divisors, simply behaved at infinity, and quasi-canonical factoriza­
tion in the infinite dimensional case are obtained in [36c, 36d] . 



Chapter 5 

Perturbation and Stability of Divisors 

Numerical computation of divisors (using explicit formulas) leads in a 
natural way to the analysis of perturbation and stability problems. It is 
generally the case (but not always) that, if the existence of a right divisor 
depends on a " splitting " of a multiple eigenvalue of the parent polynomial, 
then the divisor will be practically impossible to compute, because random 
errors in calculation (such as rounding errors) will " blow up " the divisor. 
Thus, it is particularly important to investigate those divisors which are 
" stable " under general small perturbations of the coefficient matrices of L(A). 
This will be done in this chapter (Section 5 .3). 

More generally, we study here the dependence of divisors on the coef­
ficients of the matrix polynomial and on the supporting subspace. It turns out 
that small perturbations of the coefficients of the parent polynomial and of the 
supporting subspace lead to a small change in the divisor. For the special 
case when the divisor is  spectral, the supporting subspace is the image of a 
Riesz projector (refer to Theorem 4. 1 )  and these projectors are well known to 
be stable under small perturbations. Thus, small perturbations of the poly­
nomial automatically generate a small change in the supporting subspace, and 
therefore also in the divisor. Hence spectral divisors can be approximately 
computed. Generally speaking, nonspectral divisors do not have this property. 
The stable divisors which are characterized in this chapter, are precisely those 
which enjoy this property. 

146 
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We also study here divisors of monic matrix polynomials with coef­
ficients depending continuously or analytically on a parameter. We discuss 
both local and global properties of these divisors. Special attention is paid to 
their singularities. The interesting phenomenon of isolated divisors is also 
analyzed. 

5.1 . The Continuous Dependence of Supporting Subspaces and 

Divisors 

With a view to exploring the dependence of divisors on supporting sub­
spaces, and vice versa, we first introduce natural topologies into the sets of 
monic matrix polynomials of fixed size and degree. 

Let (l}Jk be the class of all n x n monic matrix polynomials of degree k. It i s  
easily verified that the function (Jk defined on (l}Jk x (l}Jk by 

is a metric, and (l}Jk will be viewed as the corresponding metric space. 
Let d be the class of all subspaces in ([;HI. We consider d also as a metric 

space where the metric is defined by the gap ()(At, JV) between the subspaces 
At, JV E ([;HI (see Section S4. 3). 

For a monic matrix polynomial L(A) = Ul + 2:}::& Aj Aj (Aj are n x n 
matrices) recall the definition of the first companion matrix CL : 

0 I 0 0 
0 0 I 0 

CL = 

0 0 0 I 

- Ao - A I - A2  - A I - I 

Consider the set fII c .91 X (l}JI consisting of pairs {At, L(A)} for which At 
is an invariant subspace in ([;HI for the companion matrix C L of L. This set 1(1 
will be called the supporting set and is provided with the metric induced from 
d x (l}JI (so an c-neighborhood of {At, L} E 1(1 consists of all pairs {Ji, L} E 
fII for which ()(Ji, At) + (J(L, L) < c). 

Then define the subset 1(Ik c 1(1 consisting of all pairs {At, L(A)} ,  where 
L(A) E (l}JI and At is a supporting subspace (with respect to the standard pair 
([I 0 . . .  OJ , CL) of L(A) ; see Section 1 .9), associated with a monic right 
divisor of L of degree k. The set fIIk will be called the supporting set of order k. 
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Theorem 5. 1 .  The set 1I"k i s open in 11". 

Proof Define the subspace W/ _ k of�n/ by the condition x = (X l , . . .  , X/) E 
W1 - k if and only if X l = . . .  = Xk = o. Suppose that vii is a supporting 
subspace for L(A) ; then by Corollary 3 . 1 3, {vii, L(A)} E 1I"k if and only if 
vii + W1 - k = �n/. 

Now let (vii, L) E 1I"k and let (.ii, £) E 11" be in an e-neighborhood of 
(vii, L). Then certainly B(vII, .ii) < e. By choosing e small enough it can be 
guaranteed, using Theorem S4.7, that .ii + � - k = �n/. Consequently, .ii is a 
supporting subspace for £ and (.ii, £) E 1I"k . 0 

We pass now to the description of the continuous dependence of the 
divisor and the quotient connected with a pair (vii, L) E � .  Define a 
map Fk : "If/i, -+ f!J/ - k X f!Jk in the following way : the image of (vii, L) E 1I"k is 
to be the pair of monic matrix polynomials (L2 ' L1 ) where L 1 is the right 
divisor of L associated with vii and L2 is the quotient obtained on division of 
L on the right by L 1 . It is evident that F k is one-to-one and surjective so that 
the map Fi: 1 exists. 

For (L2 ' L 1 ) , (I2 , II ) E f!J/ - k x f!Jk put 

P« L2 ' L 1 ), (I2 , I I » = (Jl - k(L2 , 12) + (Jk(I 1 , II ), 

where (Ji is defined by (5. 1 ) ; so f!J/ - k x f!Jk is a metric space with the metric p. 
Define the space f!Jo to be the disconnected union : f!Jo = UL� \ (£?lI/ - k x f!Jk)· 
In view of Theorem 5. 1 ,  the space 11"0 = U� � 11 11" k is also a disconnected 
union of its subspaces 11"1 ' . . .  , 1f!,- 1 . The map F between topological spaces 
11"0 and f!J 0 can now be defined by the component maps F 1 0 • . .  , F/ - 1 , and F 
will be invertible. 

If X 1 0 X 2 are topological spaces with metrics Ph P2 , defined on each 
connected component of Xl and X 2 , respectively, the map G : Xl -+ X 2 i s  
called locally Lipschitz continuous if, for every X E X 1 0 there is a deleted 
neighborhood U x of X for which 

sup (pz {Gx, GY)/P 1 (X, y» < 00 .  
y e Ux 

Theorem 5.2. The maps F and F- 1 are locally Lipschitz continuous. 
Proof It is sufficient to prove that F k and F i: 1 are locally Lipschitz 

continuous for k = 1 , 2, . . .  , I - 1 .  Let (vii, L) E 1I"k and 

Fk(vII, L) = (L2 ' L 1 ). 
Recall that by Theorem 3 . 12  the monic matrix polynomial L1 (A) has the 
following representation : 

L1 (A) = Uk 
- XCi( Wl + W2 A + . . .  + � Ak - 1 ), (5.2) 
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where X = [I 0 . . .  0] , W1 , . . .  , � are nk x n matrices defined by the 
equality 

(5 .3) 

and Qk = [Ikn 0] is a kn x In matrix. In order to formulate the analogous 
representation for L2(A), let us denote Y = [0 . . . 0 I]T, RI - k = 

[ Y  CL Y . . .  Ci- k - 1 Y] . Let P be the projector on 

1m RI - k = {x = (X l > . . .  , XI) E (['nl l x 1 = . . .  = Xk = O} 

along .A, Then (Corollary 3 . 1 8) 

where 

L2(A) = HI - k 
- (Z l + Z2 A + . . .  + ZI _ k AI - k - 1 )PCi- kp y, (5.4) [ Zl 1 

Z2 - 1 : = RI - k 

ZI - k 

(in the last equality RI - k is considered as a linear transformation from 
([,n( l - k) into 1m RI - k ; with this understanding the inverse RI-_1k : 1m RI - k 
� ([,n(l - k) exists). 

To prove the required continuity properties of Fk : "IfIk � fYJl - k X fYJk it is 
necessary to estimate the distance between pairs (L2 ' L 1 ), (L2 , Ld in 
fYJl - k x fYJk using the metric p defined above. Note first that if p", is the 
projector on .A along 1m RI - b then P = I - p", (the projector appearing in 
(5.4» , and that (Qk 1041) - 1 

= Poi1 Ckl in (5 .3), where Ckl : (['
kn � (['In is the im­

bedding of (['kn onto the first kn components of (['In. Then observe that in the 
representations (5 .2) and (5 .4) the coefficients of L 1 and L2 are uniformly 
bounded in some neighborhood of (.A, L). It is then easily seen that in order 
to establish the continuity required of F k it is sufficient to verify the assertion : 
for a fixed (.A, L) E "IfIk there exist positive constants <5 and C such that, for any 
subspace JV satisfying e(.A, .X) < <5, it follows that JV + 1m RI - k = (['nl and 

1 1 &i,tt - ;jJ .,v I I :5: C e(.A, JV), 
where P.,v is the projector of (['nl on JV along 1m RI _ k . But this conclusion can 
be drawn from Theorem S4.7, and so the Lipschitz continuity of Fk follows. 

To establish the local Lipschitz continuity of F; 1 we consider a fixed 
(L2 ' L 1 ) E fYJl - k x fYJk • It is apparent that the polynomial L = L2 L 1 will be a 
Lipschitz continuous function of L2 and L 1 in a neighborhood of the fixed 
pair. To examine the behavior of the gap between supporting subspaces 
associated with neighboring pairs we observe an explicit construction for Pit , 
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the projection on.f! along 1m Rl - k (associated with the pair L2 , L l )' In  fact, 
P it has the representation 

[ I OJ P = 4t F 0
' F = 

[ PI�L l '  
P CI - 1 1 1-1 

(5 .5) 

with respect to the decomposition (lIn = (lkn EEl (l(
l - k )n, where P I = 

[I ° . . .  0] . Indeed, Pit given by (5 .5) is obviously a projector along 
1m Rl - k •  Let us check that 1m PAt = Jt'i. The subspace Jt is the supporting 
subspace corresponding to the right divisor L 1(A) of L(A) ; by formula (3 .23), 
."It = 1m col(P 1CU l = b = 1m Pit . 

The local Lipschitz continuity of PI! as a function of Ll is apparent from 
formula (5. 5). 

Given the appropriate continuous dependence of L and Pit the con­
clusion now follows from the left-hand inequality of (S4. 1 8) in Theorem S4.7. 

o 
Corollary 5.3. Let L(A, fl) = L:l = b A;(fl)Ai + /AI be a monic matrix 

polynomial whose coefficients A;(p) depend continuously on a parameter fl in an 
open set (jj) of the complex plane. Assume that there existsfor each fl E :2: a monic 
right divisor L l (A, fl) = D= 0 BJfl)Ai ofL with quotient L2(A, fl) = L:l = �  Ci(fl)Ai• 
Let ./1!(fl) be the supporting subspace of L with respect to C I- and corresponding 
to L l ' 

(i) ff.�(p) is continuous on q, (in the metric 8), then both Ll and L2 are 
continuous on 9J. 

(ii) If one of Lj , L2 is a continuous function offl on ::2, then the second is 
also continuous on 9J, as is .tt(p). 

Proof Part (i) follows immediately from the continuity of (.�t, L) and of 
F since (L2 ' L 1 ) is the image of the composition of two continuous functions. 

For part (ii) suppose first that LJ is continuous in p on 9J. Then, using (5 .5) 
it is clear that .�(p) = 1m PIt (IL) depends continuously on p. The continuity 
of L2 follows as in part (i). 0 

5.2. Spectral Divisors : Continuous and Analytic Dependence 

We maintain here the notation introduced in the preceding section. 
We now wish to show that . if .,#1 corresponds to a r-spectral divisor of L 

(see Section 4. 1), then there is a neighborhood of (. ft, L) in wk consisting of 
pairs (./f!, L) for which the spectral property is retained . A pair (.,1!, L) for 
which JIt corresponds to a r -spectral divisor of L will be said to be r -spectral. 
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Recall (Theorem 4. 1 )  that for a r-spectral pair (A, L) E it' we have 

A = Im(2�i L(lA. - CL) - 1 dA) . 
Lemma 5.4. Let (A, L) E it' be r-spectral. Then there is a neighborhood 

of (A, L) in it' consisting ofr-spectral pairs. 
Proof Let Lo E &1 and be close to L in the (J metric. Then C Lo will be 

close to C L and, therefore, Lo can be chosen so close to L that I A - C Lo is 
nonsingular for all A E r. (This can be easily verified by assuming the contrary 
and using compactness of r and continuity of det(fA - CLo) as a function of A 
and CLo .) Let Ll be a closed contour which does not intersect with r and 
contains in its interior exactly those parts of the spectrum of L which are 
outside r. Then we may assume Lo chosen in such a way that the spectrum of 
Lo also consists of two parts ; one part inside r and the other part inside Ll. 

Define A', A' 0 , A 0 to be the images of the Riesz projectors determined by 
(Ll, L), (Ll, Lo), and (r, Lo), respectively, i .e . ,  

A' = Im (2�i L (lA. - CL) - 1 dA) ' 
Then A + A' = Ao + A'o = fln1, (Ao , Lo) is r-spectral, and if Lo -+ L 
then A 0 -+ A (the latter assertion follows from Theorem S4.7). 

Now let (Ab Lo) E it' be in a neighborhood rJtt of (A, L). We are 
finished if we can show that for rJtt small enough, Al = A o .  First, rJtt can 
be chosen small enough for both Lo to be so close to L (whence A 0 to A) and 
A 1 to be so close to A, that Al and A 0 are arbitrarily close. Thus the first 
statement of Theorem S4.7 will apply and, if rJtt is chosen small enough, then 
Al + A'o = flnl . 

Now Al invariant for C Lo implies the invariance of Al for the projector 

1 f - 1 Po = -
2 . (fA - CLo) dA. m r 

Since Ker Po = A' 0 ,  and Al n A'o = {O} ,  the Po-invariance of Al implies 
that Al c 1m Po = A o .  But since A' 0 is a common direct complement to 
Ao and AI , dim Ao = dim Al and therefore Al = j{o . D 

Theorem 5.5. Let (A, L) E it'k be r-spectral. Then there is a neighbor­
hood of (A, L) in ifI consisting ofr-spectral pairs from iflk • 

Proof This follows immediately from Theorem 5. 1 and Lemma 5.4. D 
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The following result is an analytic version of Theorem 5 .5 .  Assume that a 
monic matrix polynomial L(A) has the following form : 

[ - I 
L(A, f.1) = I Al + L A;(f.1)Ai, (5 .6) 

where the coefficients A;(f.1), i = 0, . . .  , I - 1 are analytic matrix-valued 
functions on the parameter f.1, defined in a connected domain n of the complex 
plane. 

Theorem 5.6. Let L(A, f.1) be a monic matrix polynomial of the form (5 .6) 
with coefficients analytic in n. Assume that,for each f.1 E n, there is a separated 
part of the spectrum of L, say (J 11 '  and a corresponding r Il-spectral divisor 
L1 (A, f.1) of L(A, f.1). Assume also that, for each f.10 E n, there is a neighborhood 
U(f.1o) such that,for each f.1 E U(f.1o), (J 11 is inside rllo' 

Then the coefficients of L l (A, f.1) and of the corresponding left quotient 
Lz(A, f.1) are analytic matrix functions of f.1 in n. 

Proof The hypotheses imply that, for f.1 E U(f.1o), the Riesz projector 
P(f.1) can be written 

from which we deduce the analytic dependence of P(f.1) on f.1 in U(f.1o). Let 
jt(f.1) = 1m P(f.1) be the corresponding supporting subspace of L(A, f.1). By 
Theorem S6. 1 ,  there exists a basis X l (f.1), . . .  , Xif.1) (q = nk) in jf(f.1) for every 
f.1 E n, such that x;(f.1), i = 1 ,  . . .  , q are analytic vector functions i n  f.1 E Q. 
Now formulas (5.2) and (5 .3) (where Qk IJfl is considered as matrix representa­
tion in the basis x 1 (f.1), . . .  , Xif.1)) show that L1 (A, f.1) is analytic for f.1 E n. 
The transpose (Lz(A, f.1))[ to the left quotient is the right spectral divisor of 
(L(A, f.1)? corresponding to the separate part (J(L)\(J I' of (J(L). Applying the 
above argument, we find that (Lz{A, f.1)? , and therefore also Lz(A, f.1), is an 
analytic function of f.1. 0 

5.3. Stable Factorizations 

In Section 5.2 it was proved that small perturbations of a polynomial lead 
to small pertubatjons in any spectral divisor. In this section we study and 
describe the class of all divisors which are stable under small perturbations. 
We shall measure small perturbations in terms of the metric (Jk defined by 
(5 . 1 ). 

Suppose L, Lb and Lz are monic n x n matrix polynomials of (positive) 
degree I, r, and q, respectively, and assume L = Lz LI . We say that this 
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factorization is stable if, given e > 0, there exists b > 0 with the following 
property : if L' E fYJ, and (1,(L', L) < b, then L' admits a factorization L' = 
L'z Li such that Li E fYJ" L'z E fYJ q and 

(1r(Li , L 1 ) < e, (1q(L'z , L2) < e. 
The aim of this section is to characterize stability of a factorization in 

terms of the supporting subspace corresponding to it. Theorem 5 .5 states that 
any spectral divisor is stable. However, the next theorems show that there also 
exist stable divisors which are not spectral. 

First, we shall relate stable factorization to the notion of stable invariant 
subspaces (see Section S4. 5). 

Theorem 5.7. Let L, L 1 , and L2 be monic n x n matrix polynomials and 
assume L = L2 L 1 • This factorization is stable if and only if the corresponding 
supporting subspace (for the companion matrix CL of L) is stable. 

Proof Let I be the degree of L and r that of L 1 , and put C = C L '  Denote 
the supporting subspace corresponding to the factorization L = L2 Ll by A. 
If A is stable for C then, using Theorem 5.2, one shows that L = L2 Ll is a 
stable factorization. 

Now conversely, suppose the factorization is stable, but A is not. Then 
there exists e > 0 and a sequence of matrices {Cm} converging to C such that, 
for all "f/" E Om , 

8("f/", A) ?: e, m = 1 , 2, . . . .  (5 .7) 

Here {Om} denotes the collection of all invariant subspaces for Cm . Put 
Q = col(bi l I)l = l and 

Sm = col(QC�- l )l = l > m = 1 , 2, . . . .  

Then {Sm} converges to col(QCi - 1 ) : = 1 , which is equal to the unit nl x nl 
matrix. So without loss of generality we may assume that Sm is nonsingular 
for all m, say with inverse S;;; l = row(Umi)l = l '  Note that 

Um i -+ col(bji I)l = l > i = 1 ,  . . . , I. (5 .8) 

A straightforward calculation shows that Sm Cm s;;; 1 is the companion matrix 
associated with the monic matrix polynomial 

From (5 .8) and the fact that Cm -+ C it follows that (1,(Lm , L) -> O. But then we 
may assume that for all m the polynomial Lm admits a factorization Lm = 
Lm2 Lm l with Lml E fYJ" Lm2 E fYJ, _"  and 
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Let ,Am be the supporting subspace corresponding to the factorization Lm = 
Lm2 Lm 1 . By Theorem 5.2 we have (J(,Am , ,A) --+ O. Put "f/" m = S;;; l ,Am . Then 
"f/"m is an invariant subspace for em . In other words "f/"m E Qm . Moreover, it 
follows from Sm --+ I that (J( "f/" m ' ,Am) --+ O. (This can be verified easily by using, 
for example, equality (S4. 1 2).) But then (J("f/" m ' ,A) --+ O. This contradicts (5.7), 
and the proof is complete. D 

We can now formulate the following criterion for stable factorization. 

Theorem 5.8. Let L, L 1 , and L2 be monic n x n matrix polynomials and 
assume L = L2 L1 • This factorization is stable if and only if for each common 
eigenvalue ..1.0 of Ll and L2 we have dim Ker L(Ao) = 1 .  

I n  particular, i t  follows from Theorem 5 . 9  that for a spectral divisor L l of 
L the factorization L = L2 L l is stable. This fact can also be deduced from 
Theorems 5 . 5  and 5.2. 

The proof of Theorem 5.8 is based on the following lemma. 

Lemma 5.9. Let 

A = [�1 �:J 
be a linear transformationfrom flm into flm, written in matrix form with respect 
to the decompos ition flm = flml EEl rtm2 (ml + m2 = m). Then flml is a stable 
invariant subspace for A if and only if for each common eigenvalue ..1.0 of A 1 and 
A2 the condition dim Ker(Ao I - A) = 1 is satisfied. 

Proof It is clear that flm l is an invariant subspace for A. We know from 
Theorem S4.9 that flm l i s  stable if and only if for each Riesz projector P of A 
corresponding to an eigenvalue ..1.0 with dim Ker(Ao I - A) ;::: 2, we have 
pflml = 0 or Prtm l = ImP. 

Let P be a Riesz projector of A corresponding to an arbitrary eigenvalue 
..1.0 , Also for i = 1, 2 let Pi be the Riesz projector associated with A i and ..1.0 , 
Then, for e positive and sufficiently small (Pl -2

1
. r (/..1. - A 1 ) - lAo(/A - A 2) - 1 dJ P = nz ) 1 ;' - ;'0 1 = < . 

o P2 

Observe that the Laurent expansion of (/..1. - A;) - 1 (i = 1 ,  2) at ..1.0 has the 
form 

- q  
(/..1. - Ai) - l = L (A - Ao)iP i QijP i + ' ' ' , 

j = - 1 
i = 1 , 2, (5.9) 
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where Qij are some linear transformations of 1m Pi into itself and the ellipsis 
on the right-hand side of (5.9) represents a series in nonnegative powers of 
(A - Ao). From (5.9) one sees that P has the form 

P = (P� P1Q l ;
2 
Q2 P2) 

where Q l and Q2 are certain linear transformations acting from Cm2 into 
cm , . It follows that PCm , 1= {O} 1= 1m P if and only if Ao E a(A l ) n a(A2). 
Now appeal to Theorem S4.9 (see first paragraph of the proof) to finish the 
proof of Lemma 5.9. 0 

Proof of Theorem 5 .8 .  Let A be the supporting subspace corresponding 
to the factorization L = L2 L1 • From Theorem 5.7 we know that this factori­
zation is stable if and only if A is a stable invariant subspace for C L .  Let I be 
the degree of L, let r be the degree of Lb and let 

.Kr = { (X l , · · · , XI) E Cnl l x l = . . .  = Xr = O} . 
Then Cnl = A EB Sr . 

With respect to this decomposition we write CL in the form 

CL = (�1 �J 
From Corollaries 3 . 14  and 3. 1 9  it is known that a(L l ) = a(Cd and 

a(L2) = a(C2) . The desired result is now obtained by applying Lemma 5.9 . 
o 

5.4. Global Analytic Perturbations : Preliminaries 

In Sections 5. 1 and 5.2 direct advantage was taken of the explicit de­
pendence of the companion matrix C L for a monic matrix polynomial L( A) on 
the coefficients of L(A). Thus the appropriate standard pair for that analysis 
was ([1 0 . . .  0] , CL). However, this standard pair is used at the cost of 
leaving the relationship of divisors with invariant subspaces obscure and, in 
particular, giving no direct line of attack on the continuation of divisors from a 
point to neighboring points. 

In this section we shall need more detailed information on the behavior of 
supporting subspaces and, for this purpose, Jordan pairs X /l '  J /l will be used. 
Here the linearization J /l is relatively simple and its invariant subspaces are 
easy to describe. Let Ao(Il), . . .  , A I - 1 (II) be analytic functions on a connected 
domain Q in the complex plane taking values in the linear space of complex 
n x n matrices. Consider the matrix-valued function 

1 - 1 
L(A, II) = HI + L A;(Il)Ai . (5 . 10) 

i � O 
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Construct for each /l E n  a Jordan pair (X" ' J,,) for L(A., /l). The matrix 
J" is in Jordan normal form and will be supposed to have r Jordan blocks 
J�) of size qi ' i = 1 ,  . . .  , r with associated eigenvalues A.i(/l) (not necessarily 
distinct). In general, r and qi depend on /l. We write J" = diag[J�1 ), . . . , Jt)] .  
Partition X"  as 

X = [XI ! ) . . .  x(r)J " "  " ' 

where X�) has qi columns and each submatrix represents one Jordan chain. 
Since (X" ' J ,,) is also a standard pair for L(A., /l), and in view of the 

divisibility results (Theorem 3 . 1 2), we may couple the study of divisors of 
L(A., /l) with the existence of certain invariant subspaces of JI'" We are now to 
determine the nature of the dependence of divisors and corresponding 
subspaces on /l via the fine structure of the Jordan pairs (X" ' J ,,). 

In order to achieve our objective, some important ideas developed in the 
monograph of Baumgartel [5J are needed. The first, a " global " theorem 
concerning in variance of the Jordan structure of J" follows from [5, Section 
Y.7, Theorem 1] .  It is necessary only to observe that J" is also a Jordan form 
for the companion matrix 

0 I 0 0 
0 0 I 0 

CL(/l) = (5. 1 1 ) 
0 0 0 I 

- Ao(/l) - A 2 (/l) - AZ - 1{Jl) 

to obtain 

Proposition 5.10. The matrix-valued functions X,, , J" can be defined on 0. 
in such a way that,Jor some countable set S 1 of isolated points in 0., the following 
statements hold : 

(a) For every /l E n\S1 the number r of Jordan blocks in J" and their sizes 
q b . • . , qr are independent of /l. 

(b) The eigenvalues A.i(/l), i = 1, . . .  , r, are analyticfunctions in n\S1 and 
may have algebraic branch points at some points of S 1 . 

(c) The blocks X�>' i = 1 ,  . . .  , r, of X" are analytic functions of /l on n\S 1 
which may also be branches of analytic functions having algebraic branch points 
at some points of S 1 • 

The set S1 is associated with Baumgartel's Hypospaltpunkte and consists 
of points of discontinuity of J" in 0. as well as all branch points associated with 
the eigenvalues. 
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Let Xil1), j = 1 , 2, . . .  , t, denote all the distinct eigenvalue functions 
defined on Q\S 1 (which are assumed analytic in view of Proposition 5. 1 0), 
and let 

Sz = {11 E Q\S 1 1 X;(I1) = Xil1) for some i -# j} .  

The Jordan matrix J!I then has the same set of invariant subspaces for every 
11 E Q\(S 1 u Sz). (To check this, use Proposition S4.4 and the fact that, for 
(x, P E fl, matrices J!I - (XI and J!I - PI have the same invariant subspaces.) 
The set Sz consists of multiple points (mehrfache Punkte) in the terminology of 
Baumgartel. The set S 1 U Sz is described as the exceptional set of L(A, 11) in Q 
and is, at most, countable (however, see Theorem 5. 1 1  below), having its limit 
points (if any) on the boundary of Q. 

EXAMPLE 5. 1 .  Let L()', 1') = ).z + I'A + WZ for some constant w, and 0 = fl. Then 

J -
[± w 1 J ± Z w  - 0 ± w 

and, for I' #- ± 2w, J!I = diag[A l (I'), Az (I')] where ).1. Z  are the zeros of ).z + I'A + wz . 
Here, S I = {2w, - 2w} ,  Sz = cp. 0 

EXAMPLE 5 .2 .  Let [(A - 1 ) (A - 1') 0 J L(A, I') = 
I' (A _ 2)(A 

_ 

1'2) 

and 0 = fl. The canonical Jordan matrix is found for every I' E fl and hence the sets S 1 
and Sz . For l' rt {O, 2, ± 1 , ± j2 } ,  

J!I  = diag{l', I'z , 1 ,  2 } .  

Then 

Jo = diag[O, O, 1 , 2], 

J ± , � = diag{[� a I, ± j2} 
It follows that S 1 = { ±  1 ,  2, ± j2} ,  S2 = {O} and, for I' E O\S 1 ,  

X = 
[(I' - 2) (1' - 1 )  0 1 - I'Z OJ " /I 1 · 0 � 1 1 ,.. 
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5.5. Polynomial Dependence 

In the above examples it turns out that the exceptional set S l U S2 is 
finite. The following result shows it will always be this case provided the 
coefficients of L(A., /1) are polynomials in /1 . 

Theorem 5. 1 1 .  Let L(A., /1) be given by (5. 10) and suppose that Ai(/1) are 
matrix polynomials in /1 (0 = e), i = 0, . . .  , I - 1 .  Then the set of exceptional 
points of L(A., /1) is finite. 

Proof Passing to the linearization (with companion matrix) we can sup­
pose L(A., /1) is linear : L(A., /1) = H - C(/1). Consider the scalar polynomial 

where n is the size of C(/1), and ai/1) are polynomials in /1 . The equation 

f(A., /1) = 0 (5 . 1 2) 

determines n zeros A. l (/1), . . .  , A.n(/1). Then for /1 in e\S2 (S3 is some finite set) 
the number of different zeros of (5 . 1 2) is constant. Indeed, consider the 
matrix (of size (2n - 1) x (2n - 1) and in which aD , a i '  . . .  , an - 1 depends 
on /1) 

1 an _1 u,, - 2  al Ilo 0 0 

0 1 an_1  a 2 a1 ao 

0 
0 0 1 an_1 an -2 an_3 ao 

n (n-l)an -1 (n-2)an_2 " • al  0 0 0 ( 5 . 1 3) 

0 n (n- l )an_1 • • •  2a2 al 0 

0 

0 0 n (n-l)u,, _l a l  

The matrix M(/1) is just the resultant matrix of f(A., /1) and 8f(A., /1)/8A., con­
sidered as polynomials in A. with parameter /1, and det M(/1) is the resultant 
determinant of f(A., /1) and �f(A., /1WA.. (See, for instance [78, Chapter XII] for 
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resultants and their basic properties.) We shall need the following property of 
M(p,): 

rank M(J1) = 2n + 1 - rr(J1), 

where rr(J1) is the number of common zeros (counting multiplicities) of 
I(A, J1) and aI(A, J1)/eJA (see [26]). On the other hand, n = rr(J1) + (J(J1), where 
(J(J1) is the number of different zeros of (5 . 1 2) ;  so 

rank M(J1) = n + 1 + (J(J1). (5 . 14) 

Since C(J1) is a polynomial in J1, we have 

rank M(J1) = max rank M(J1), ( 5 . 1 5) 
!L E e  

where S 3  i s  a finite set. Indeed, let J1 0  E ([; be such that 

rank M(J1o) = max rank M(J1) l� r, 
!L E e 

and let M 0(J1) be an r x r submatrix of M(J1) such that det M 0(J10) =1= 0. Now 
det M 0(J1) is a nonzero polynomial in J1, and therefore has only finitely many 
zeros. Since rank M(J1) = r provided det Mo(J1) =1= 0, equality (5 . 1 5) follows. 
By (5. 14) the number of different zeros of (5 . 1 2) is constant for J1 E ([;\S3 ' 
Moreover, (J(J1 I )  < (J(P2) for J1 1 E S3 and P2 E ([;\S3 ' 

Consider now the decomposition of I(A, J1) into the product of irreducible 
polynomials 

I(A, J1) = II (A, J1) . . . Im(A, J1), (5 . 1 6) 

where J;(A, J1) are polynomials on A whose coefficients are polynomials in J1 
and the leading coefficient is equal to 1 ;  moreover, J;(A, J1) are irreducible. 
Consider one of the factors in (5. 1 6), say, II (A, J1). It is easily seen from the 
choice of S3 that the number of different zeros of f�(A, J1) is constant for 
P E ([;\S3 '  Let AI (J1), · . · , AlJ1), J1 E ([;\S3 be all the different zeros of equation 
II (A, J1) = 0. For given Ai(J1), i = 1, . . .  , s and for given j = 1, 2, . . .  , denote 

Let us prove that vij(J1) is constant for J1 E ([;\S3)\Sij , where Sij is a finite set. 
Indeed, let 

Vij = max rank (Ai(J1)I - C(J1» i, 
!L E ¢ \S3 
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and let P,o = P,oCi, j) E fl\S3 be such that viiP,o) = vij . Let A i/A, p,) be a 
square submatrix of (I A - C(p,))j (of size vij x Vi) such that det A iiA;(P,o), P,o) 
=I o. We claim that 

(5 . 1 7) 

for k = 1 , 2, . . .  , s (so in fact vij does not depend on i). To check (5. 1 7) we need 
the following properties of the zeros .11 (p,), . . .  , A.(p,) : ( 1 )  A;(p,) are analytic in 
fl\S3 ; (2) .11 (p,), . . .  , A.(p,) are the branches of the same multiple-valued 
analytic function in fl\S3 ; i .e . ,  for every p, E fl\S3 and for every pair Ai(p,), 
Aip,) of zeros of f1 (A, p,) there exists a closed rectifiable contour r c fl\S3 
with initial and terminal point p, such that, after one complete turn along r, 
the branch A;(p,) becomes Aj(p,). Property ( 1 )  follows from Proposition 5 . 1 0(b) 
taking into account that the number of different zeros of f1 (A, p,) is constant in 
fl\S3 . Property (2) follows from the irreducibility of f1 (A, p,) (this is a well­
known fact ; see, for instance [63, Vol. III, Theorem 8.22J). Now suppose (5 . 1 7) 
does not hold for some k ;  so det A ij(Ak(p,), p,) == O. Let r be a contour in 
fl\S3 such that P,o E r and after one complete turn (with initial and terminal 
point P,o) along r, the branch Ak(p,) becomes A;(p,). Then by analytic con­
tinuation along r we obtain det A ij(Ai(p'o), P,o) = 0, a contradiction with the 
choice of P,o . So (5 . 1 7) holds, and, in particular, there exists P,'o = p,'o(i, j) E 
fl\S3 such that 

k = 1, . . .  , s. 

(For instance, P,'o can be chosen in a neighborhood of P,oJ 
Consider now the system of two scalar polynomial equations 

f1 (A, p,) = 0, 

det A iiA, p,) = o. 

(5 . 1 8) 

(5 . 1 9) 

(Here i and j are assumed to be fixed as above.) According to (5 . 1 8), for 
p, = P,'o this system has no solution. Therefore the resultant R iip,) of fl (A, p,) 
and det A iiA, p,) is not identically zero (we use here the following property of 
Rij(p, ) (see [78, Chapter XIIJ ) : system (5. 19) has a common solution A for fixed 
p, if and only if Rij(p,) = 0). Since Rij(p,) is a polynomial in p" it has only a 
finite set Sij of zeros. By the property of the resultant mentioned above, 

as claimed. 
Now let Tl = UI= l Ui= 1 Sij ' and let T = U;= 1 �, where T2 , · · · , Tm are 

constructed analogously for the irreducible factors f2(A, p,), . . .  , fm(A, p,), 
respectively, in (5. 1 6). Clearly T is a finite set . We claim that the exceptional 
set SI u S2 is contained in S3 u T (thereby proving Theorem 5. 1 1) .  Indeed, 
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from the construction of  S3 and T i t  follows that the number of  different 
eigenvalues of v.. - C(/l) is constant for /l E rt\(S3 u T), and for every eigen­
value Ao(/l) (which is analytic in rt\(S3 u T)) of v.. - C(/l), 

r(/l ; j) �f rank(Ai/l)I - C(/l)"Y 

is constant for /l E rt\(S3 U T) ; j = 0, 1 ,  . . . . The sizes of the Jordan blocks 
in the Jordan normal form of C(/l) corresponding to Ao(/l) are completely 
determined by the numbers r(/l ; j) ;  namely, 

j = 1, . . .  , n, (5 .20) 

where yi/l) is the number of the Jordan blocks corresponding to Ao(/l) whose 
size is not less than j; j = 1, . . .  , n (so y 1 (/l) i s  just the number of the Jordan 
blocks). Equality (5.20) is easily observed for the Jordan normal form of C(/l) ; 
then it clearly holds for C(/l) itself. Since r(/l ; j) are constant for /l E rt\(S3 U T), 
(5.20) ensures that the Jordan structure of C(/l) corresponding to Ao(/l) is also 
constant for /l E rt\(S3 U T). Consequently, the exceptional set of v.. - C(/l) 
is disjoint with S3 u T. 0 

Let us estimate the number of exceptional points for L(A, /l) as in Theorem 
5. 1 1 , assuming for simplicity that det L(A, /l) is an irreducible polynomial. (We 
shall not aim for the best possible estimate.) Let m be the maximal degree of 
the matrix polynomials Ao(/l), . . . , AI - 1 (/l). Then the degrees of the coef­
ficients a;(/l) of 1(,1., /l) = det{IA - C(/l)), where C(/l) is the companion 
matrix of L(A, /l), do not exceed mn. Consequently, the degree of any minor 
(not identically zero) of M(/l) (given by formula (5. 1 3)) does not exceed 
(2nl - l )mn. So the set S3 (introduced in the proof of Theorem 5. 1 1 ) contains 
not more than (2nl - l )mn elements. Further, the left-hand sides of Eq. (5 . 1 9) 
are polynomials whose degrees (as polynomials in A) are nl (for 11 (,1., /l) = 
1(,1., /l)) and not greater than nlj (for det A i/A, /l)). Thus, the resultant matrix of 
1(,1., /l) and det A ij(A, /l) has size not greater than n l + nlj = nl(j + 1 ). Further, 
the degrees of the coefficients of 1(..1., /l) (as polynomials in /l) do not exceed 
mn, and the degrees of the coefficients of det A ij(A, /l) (as polynomials on /l) do 
not exceed mnj. Thus, the resultant R i//l) of 1(,1., /l) and det A ij(A, /l) (which is 
equal to the determinant of the resultant matrix) has degree less than or equal 
to Imn2j(j + 1). Hence the number of elements in Sij (in the proof of Theorem 
5. 1 1 ) does not exceed lmn2j(j + 1 ). Finally, the set 

nl nl 
S3 U U U Sij 

i = 1 '; = 1  

consists of not more than (2nl - l )mn + n3 [ Zm Lj� 1 (j + l )j = (2nl - l )mn 
+ n3 12m(tn3 13 + n2 1z + inl) = mn(tp5 + p4 + ip3 + 2p - 1 )  points where 
p = nl. Thus for L(A, /l) as in Theorem 5. 1 1 , the number of exceptional points 
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does not exceed mn(�p5 + p4 + Jp3 + 2p - 1 ), where m is the maximal degree 
of the matrix polynomials Ai(Jl), i = 0, . . .  , I - 1 ,  and p = nl. Of course, this 
estimate is quite rough. 

5.6. Analytic Divisors 

As in Eq. (5 . 1 0), let L(A., Jl) be defined for all (A., Jl) E fl, X Q. Suppose that 
for some Jlo E Q the monic matrix polynomial L(A., Jlo) has a right divisor L I (A). 
The possibility of extending L I (A.) to a continuous (or an analytic) family of 
right divisors L I (A., Jl) of L(A., Jl) is to be investigated. It turns out that this may 
not be possible, in which case L I(A) will be described as an isolated divisor, 
and that this can only occur if Jlo is in the exceptional set of L in Q. In contrast, 
we have the following theorem. 

Theorem 5.12. If Jlo E Q\(S I U S2), then every monic right divisor LI (A.) 
ofL(A, Jlo) can be extended to an analytic family LI (A, Jl) of monic right divisors 
of L(A, Jl) in the domain Q\(S I U S3) where S 3 is an, at most, countable subset of 
isolated points ofQ\SI and L I (A, Jl) has poles or removable singularities at the 
points of S3 '  

Proof Let vii be the supporting subspace of divisor L I (A.) of L(A., Jlo) with 
respect to the Jordan matrix J/lo ' Then, if L I has degree k, define 

It follows from the definition of a supporting subspace that Qk(JlO) is an 
invertible linear transformation. Since (by Proposition 5 . 1 0) Qk(Jl) is analytic 
on Q\S I it follows that Qk(Jl) is invertible on a domain (Q\S I )\S3 where 
S 3 = {Jl E Q\S I I det Qk(Jl) = O} is, at most, a countable subset of isolated 
points of Q\S I ' Furthermore, the J /lO-invariant subspace vii is also invariant 
for every J /l with Jl E Q\S I '  Indeed, we have seen in Section 5.4 that this holds 
for Jl E Q\(S I u S2). When Jl E S2\S J , use the continuity of JIl" Hence by 
Theorem 3 . 1 2  there exists a family of right divisors LI (A, Jl) of L(A., Jl) for each 
Jl E Q\(S I U S3), each divisor having the same supporting subspace vii with 
respect to J Il" By formula (3 .27), it follows that this family is analytic in Q\ 
(S I U S3)' 

An explicit representation of LI (A, Jl) is obtained in the following way 
(cf. formula (3.27» . Take a fixed basis in vii and for each Jl in Q\S I represent 
Qk(Jl) as a matrix defined with respect to this basis and the standard basis for 
fl,kn. Then for Jl ¢= S3 , define In x n matrix-valued functions WI (Jl), . . .  , llj.(Jl) 
by 
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where R is the matrix (independent of /l) representing the embedding of � 
into C1n. The divisor L 1 has the form 

The nature of the singularities of L 1 (A, /l) is apparent from this representation. 
D 

An important special case of the theorem is  

Corollary 5 .13 .  If det L(A, /l) has In distinct zeros for every /l E Q, and if 
/lo E Q, then every monic right divisor of L(A, /lo) can be extended to a family of 
monic right divisors for L(A, /l) which is analytic on Q\S3 '  

Proof Under these hypotheses S l and S2 are empty and the conclusion 
follows. D 

EXAMPLE 5 .3 .  Let 

[ A2 0 ] L(A, fl) = - Afl (A _ 1 )2 . 
Then a Jordan matrix for L does not depend on fl, i .e . ,  for every fl E fl, 

J� = J = diag{[� �J [� : ]} 

W e  have S I and S2 both empty and 

x 
= 
[ 1 0 0 0]

. � 
0 fl 1 0 

The subspace J( spanned by the first two component vectors e l and e2 is invariant under 
J and 

Thus, for fl i= 0, . tt  is a supporting subspace for L(A, fl). The corresponding divisor is 
Ll (A, fl) = H - X� JiX� L4t) - 1 and computation shows that 

So S3 = {O} .  0 

Corollary 5. 14. If the divisor L 1 (A) of Theorem 5. 1 2  is, in addition, a 
r-spectral divisor for some closed contour r then it has a unique analytic 
extension to afamily L 1 (A, /l) of monic right divisors defined on Q\(S l u S3)' 
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Proof Let LI (A, /l) be an extension of L I (A) ; existence is guaranteed by 
Theorem 5. 12. By Lemma 5 .4, for /l E Q  close to /lo , the divisor LI (A, /l) is 
r-spectral. In particular, L I (A, /l) is uniquely defined in a neighborhood of /lo . 
Because of analyticity, L I (A, /l) is a unique extension of LI (A) throughout 
Q\(Sj u S3)' D 

5.7. Isolated and Nonisolated Divisors 

As before, let L(A, /l) be a monic matrix polynomial of degree I with 
coefficients depending analytically on /l in Q, and let L I (A) be a monic right 
divisor of degree k of L(A, /lo), /lo E Q. The divisor Lj (A) is said to be isolated if 
there is a neighborhood U(/lo) of /lo such that L(A, /l) has no family of right 
monic divisors LI (A, /l) of degree k which (a) depends continuously on /l in 
U(/lo) and (b) has the property that liml'�l'o L I (A, /l) = L I (A). 

Theorem 5 . 1 2  shows that if, in the definition, we have /lo E Q\(SI U S2) 
then monic right divisors cannot be isolated. We demonstrate the existence of 
isolated divisors by means of an example. 

EXAMPLE 5.4. Let C(I") be any matrix depending analytically on I" in  a domain n 
with the property that for I" = 1"0 E n, CU'o) has a square root and for I" =1= 1"0 , I" in a 
neighborhood of 1"0 , C(I") has no square root. The prime example here is 

' ;  = 0 t () , C(I") = [� �J 
Then define L(A, 1") = H2 

- C(I"). It is easily seen that if L(A, 1") has a right divisor 
H - A(I") then L(A, 1") = H2 

- A 2(1") and hence that L(A, 1") has a monic right di-visor if 
and only if C(I") has a square root. Thus, under the hypotheses stated, L(A, p) has an 
isolated divisor at Po . 0 

It will now be shown that there are some cases where divisors which exist 
at points of the exceptional set can, nevertheless, be extended analytically. An 
example of this situation is provided by taking /lo = 0 in Example 5.2. 

Theorem 5.15. Let /lo E S2 and L I (A) be a nonisolated right monic divisor 
of degree k of L(A, /lo). Then L I (A) can be extended to an analytic family 
L t (A, /l) of right monic divisors of degree k ofL(A, /l). 

In effect, this result provides an extension of the conclusions of Theorem 
5 . 1 2. The statements concerning the singularities also carry over. 

Proof Since LI (A) is nonisolated, there is a sequence {/lm} in Q\(S I U S2) 
such that /lm -> /lo and there are monic right divisors LI (A, /lm) of L(A, /lm) 
such that limm� 00 Ll (A, /lm) = LI (A). Let ./V(/lm) be the supporting subspace 
of L I (A, /lm) relative to J 1' ", '  As the set of subspaces is compact (Theorem 
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S4.8), there is a subsequence mb k = 1 , 2, . . .  , such that limk --+oo  %(J.Lm ) = %0 
for some subspace jf! o .  We can assume that limm --+ 00 ,AI"(J.Lm) = %0 ' Since 
%(J.Lm) is invariant for J Il� and all invariant subspaces of J 11 are independent of 
J.L in Q\(S 1 u S2) it follows that %(J.Lo) is invariant for J Il� for each m. 

From this point, the proof of Theorem 5 . 1 2  can be applied to obtain the 
required conclusion. D 

The following special case is important : 

Corollary 5.16. If the elementary divisors of L(A., J.L) are linear for each 
fixed J.L E Q, then every nonisolated right monic divisor L l (A.) of L(A., J.Lo) can be 
extended to an analytic family of right monic divisors for L(A., J.L) on Q\S3 '  

Proof In this case S 1 is empty and so the conclusion follows from 
Theorems 5. 1 2  and 5. 1 5 . D 

Comments 
The presentation of Sections 5 . 1 ,  5.2, 5 .4, 5 .6, and 5 .7 is based on the 

authors' paper [34e] (some of the results are given in [34e] in the context of 
infinite-dimensional spaces). The main results of Section 5.3 are taken from 
[3b] ; see also [3c]. Section 5.5 is probably new. 

The results concerning stable factorizations (Section 5 .3) are closely 
related to stability properties of solutions of the matrix Riccati equation (see 
[3b] and [3c, Chapter 7]). 

It will be apparent to the reader that Section 5.4 on global analytic 
perturbations leans very heavily on the work of Baumgartel [5] , who 
developed a comprehensive analytic perturbation theory for matrix poly­
nomials. 



Chap ter 6 

Extension Proble:rns 

Let L(A) be a monic matrix polynomial with Jordan pairs (Xi ' J;), 
i = 1 ,  . . .  , r, corresponding to its different eigenvalues A I ' . . . , A" respectively 
(a{L) = {A I , A2 , . . .  , Arn. We have seen in Chapter 2 that the pairs (Xi ' Ji), 
i = 1 ,  . . .  , r are not completely independent. The only relationships between 
these pairs are contained in the requirement that the matrix r Xl X2 

Xl J 1 X2 J2 

X 1 �Il- 1 X 2 ;� - 1 

Xr 1 
Xr Jr 

X ; 1 - 1 r r 
be nonsingular. Thus, for instance, the pairs (X l ' J 1 ), . . .  , (Xr - 1 , Jr - 1 ) 
impose certain restrictions on (X" Jr). 

In this chapter we study these restrictions more closely. In particular, we 
shall describe all possible Jordan matrices Jr which may occur in the pair 
(X" Jr). 

It is convenient to reformulate this problem in terms of construction of a 
monic matrix polynomial given only part of its Jordan pair, namely, (X 1 , J 1 ), 
. . .  , (Xr - 1 , Jr - 1 ). It is natural to consider a generalization of this extension 
problem : construct a monic matrix polynomial if only part of its Jordan pair 
is given (in the above pro blem this part consists of the J ordan pairs correspond­
ing to all but one eigenvalue of L(A)). Clearly, one can expect many solutions 
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(and it is indeed so). Hence we seek a solution with special properties. In this 
chapter we present a construction of a monic matrix polynomial, given part of 
its Jordan pair, by using left inverses. 

6.1 . Statement of the Problems and Examples 

Let (X, J) be a pair of matrices where X is n x r and J is an r x r Jordan 
matrix. We would like to regard the pair (X, J) as a Jordan pair or, at least, a 
part of a Jordan pair of some monic matrix polynomial L(A.). 

Consider the problem more closely. We already know that (X, J) is a 
Jordan pair of a monic matrix polynomial of degree 1 if and only if col(X Ji)l ;;; 6 
is nonsingular ; in particular, only if r = nl. If this condition is not satisfied (in 
particular, if r is not a multiple of n), we can still hope that (X, J) is a part of a 
Jordan pair (X, i) of some monic matrix polynomial L(A.) of degree l. This 
means that for some i-invariant subspace .A c fln' there exists an invertible 
linear transformation S : ..;It -+ flr such that X = X I At S - 1 , J = SJ I At S -

1 . 
In this case we shall say that (X, J) is a restriction of (X, i). (The notions of 
restriction and extension of Jordan pairs will be studied more extensively in 
Chapter 7 .) Clearly, the property that (X, J) be a restriction of (X, i) does not 
depend on the choice ofthe Jordan pair (X, i) of L(A.), but depends entirely on 
the monic matrix polynomial L(A.) itself. So we can reformulate our problems 
as follows : given sets of Jordan chains and eigenvalues (represented by the 
pair (X, J» , is there a monic matrix polynomial L(A.) such that this set is a part 
of a canonical set of the Jordan chains of L(A.) (represented by the Jordan pair 
(X, i) of L(A.» ? If such an L(A.) exists, how can we find it , and how can we find 
such an L(A.) subject to different additional constraints? 

This kind of question will be referred to as an extension problem, because 
it means that (X, J) is to be extended to a Jordan pair (X, i) for some monic 
polynomial. 

Of course, we could replace (X, J) by a pair (X, T), where T is an r x r 
matrix (not necessarily Jordan), and ask for an extension of (X, T) to a 
standard pair (X, T) of some monic polynomial of degree l. For brevity, we 
shall say that (X, T) is a standard pair of degree l. It will be convenient for us to 
deal with the extension problem in this formally more general setting. 

A necessary condition can be given easily : 

Proposition 6. 1 .  Let X and T be matrices of sizes n x r and r x r, 
respectively. Suppose that there exists an extension of (X, T) to a standard pair 
(X, T) of degree l. Then 

rank col(XTi)l;: 6 = r. (6. 1 )  

Proof Let (X, T) be a standard pair of  the monic matrix polynomial 
L(A.), and let ..;It be a T-invariant subspace such that (X, T) is similar to 
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(X llf ' f l tt) :  X = X l ftS, T = s - l f l .It S for some invertible linear trans­
formation S :  fl' � Jt (such an . .It exists by the definition of extension). 
Clearly, it is enough to prove (6. 1 )  for (X,lf ' fll) in place of (X, T). Let Jt' be 
some direct complement to A in fln1, and let 

- T- = [Ti l T1 2] X = [X l X2] ,  
T2 1  T2 2  

be  the matrix representations o f  X and f with respect t o  the decomposition 
fln1 = . .It + . .It'. Since .� is f-invariant, we have T2 l = O. So 

r X r Xl 1 xf Xl TJ 1 
. == . * , 

X; l - l Xl ;f l l 

and since this matrix is nonsingular, the columns of col(X 1 Til l >L : �  are 
linearly independent. But Xl = X I ft ,  Ti l = f I 4{ , and (6. 1 )  follows. D 

For convenience, we introduce the following definitions : a pair of matrices 
(X, T), where X is n x r and T is r x r (the number r may vary from one pair 
to another ; the number n is fixed) will be called an admissible pair. An ad­
missible pair (X, T) satisfying condition (6. 1 )  will be called I-independent. 
Thus, there exists an extension of the admissible pair (X, T) to a standard pair 
of degree I only if (X, T) is  I-independent. 

We shall see later that the condition (6. 1 )  is also sufficient for the existence 
of an extension of (X, T) to a standard pair of degree I. First we present some 
examples. 

EXAMPLE 6. 1 (The scalar case). Let (X, J) be a pair of matrices with I x r row 
X and r x r Jordan matrix J. Let J = diag[J "  . . .  , JpJ be a decomposition of J into 
Jordan blocks and X = [X, . .  , X oJ be the consistent decomposition of X. The 
necessary condition (6. 1 )  holds for some I if and only if (J(J,) n (J(J) = 0 for i # j, and 
the leftmost entry in every Xi is different from zero. Indeed, suppose for instance that 
(J(J 1) = (J(J 2), and let X ' I and X 1 2 be the leftmost entries in X I and X 2 '  respectively. If 
!x, and !X2 are complex numbers (not both zero) such that !X ,X 1 1 + !X2 X\2 = 0, then the 
r-dimensional vector x containing !x, in its first place' !X2 in its (rl + I )th place (where r l  
is the size of J I ) ' and zero elsew�ere has the property that 

X E Ker(XJ'), i = 0, 1, . . . . 

Thus, (6. 1 )  cannot be satisfied . If, for instance, the left entry x "  of X, is zero, then 

( I ° . .  , 0) T E Ker(X Ji), i = 0, 1 ,  . . .  , 

and (6. 1 )  again does not hold. 
On the other hand, if (J(J,) n (J(J,) = ¢ for i # j, and the leftmost entry in every Xi is 

different from zero, then the polynomial nf� , (A - AXj, where {Aj} = (J(Jj) and rj is the 



6 .2 . EXTENSIONS VIA LEFT INVERSES 169 

size of Jj , has the Jordan pair (X,  J). We leave to the reader the verification of this fact. 
It turns out that in the scalar case every admissible pair of matrices (X, T) which satisfies 
the necessary condition (6. 1 )  i s  in fact a standard pair of a scalar polynomial. 0 

EXAMPLE 6.2 (Existence of an extension to a standard pair of a linear monic 
polynomial). Another case when the sufficiency of condition (6. 1 )  can be seen directly is 
when (6. 1 )  is satisfied with I = 1 ,  i .e. , the matrix X has independent columns (in particular, 
r ::; n). In this case it is easy to construct an extension (X, T) of (X, T) such that (X, T) is 
a standard pair of some monic matrix polynomial of degree 1 .  Namely, put for instance 

X = [X Y] , 
-

= 
[T 0J T O O ' 

where Y is some n x (n - r) matrix such that X is invertible. 
Note that here in place of 

we could take as T any n x n matrix provided its left upper corner of size r x r is T and 
the left lower corner is zero. So a solution of the extension problem here is far from unique. 
This fact leads to various questions on uniqueness of the solution of the general extension 
problem. Also, there arises a problem of classification and description of the set of 
solutions. 0 

In the next sections we shall give partial answers to these questions, by 
using the notion of left inverse. 

6.2. Extensions via Left Inverses 

Let (X, T) be an admissible i-independent pair of matrices and let r be the 
size of T. Then there exists an r x ni matrix U such that 

U col(XTi)l : l>  = I, 

and, in general, U is not uniquely defined (see Chapter S3). Let 

U = [U I UI] 

be the partition of U into blocks Ui , each of size r x n. We can construct now 
a monic n x n matrix polynomial 

L(Il) = JIll 
- XTI(U I + U2 1l + . . .  + UI IlI - I ). (6.2) 

Note that the polynomial L(Il) is defined as if (X, T) were its standard pair 
replacing the inverse of col(XTI)l : l> (which generally does not exist) by its left 
inverse U. The polynomial L(Il) is said to be associated with the pair (X, T). 
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Theorem 6.2. Let (X, T) be an admissible I-independent pair, and let L(A) 
be some monic matrix polynomial associated with (X, T). Then a standard pair 
(X L , TL) of L(A) is an extension of (X, T), i.e. ,from some Tcinvariant subspace 
vi{ there exists an invertible linear transformation S :  vi{ -+ ftr such that 
X = XL LAf S- 1 and T = STL IAf S - 1 • 

Proof Evidently, it is sufficient to prove Theorem 6.2 for the case when 
XL = [I 0 . . .  0] and TL is the first companion matrix of L(A) : 

o 
o 

o 

I 
o 

o 

o 
I 

o 

o 
o 

Let us check that vi{ = 1m col(XT i) l : l>  is Tcinvariant. Indeed, since 

the equality 
[U  1 U 2 . • •  U 1]col(XT i) l : l>  = I, TL [ �T 1 = [ :: 1 T 

XT 1 - 1 XT 1 - 1 

(6.3) 

holds, so that Tcinvariance of vi{ is clear. From (6.3) it follows also that for 

S - l = col(XT i)L : l> : ftr -+ vi{ 
the conditions of Theorem 6.2 are satisfied. 0 

In connection with Theorem 6.2 the following question arises : is it true 
that every extension of (X, T) to a standard pair of a fixed degree I (such that 
(6. 1 )  is satisfied for this l) can be obtained via some associated monic matrix 
polynomial, as in Theorem 6.2? In general the answer is no, as the following 
example shows. 

EXAMPLE 6.3. Let 

X = [� 0 a T � [� n 0 
0 
0 

Then the matrix 

[:T] � [� 0 �1 0 

0 
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has  linearly independent columns, so the  necessary condition (6. 1 )  is satisfied. However, 
X T2 

= 0, and formula (6.2) gives 

(6.4) 

So any extension via left inverses (as in Theorem 6.2) is in fact an extension to a standard 
pair (X, T) of the single polynomial (6.4). For instance, 

X � [� � � �l T  � [ � � rl 
But there exist many other extensions of (X, T) to non similar standard pairs of degree 2 .  
For example, if a E fl\ {O} ,  take 

On the other hand, it is easy to produce an example where every possible 
extension to a standard pair (of fixed degree) can be obtained via associated 
monic polynomials. 

EXAMPLE 6.4. Let 

X = [� �J T � [� 0 �l 0 
0 

Then the columns of 

[:T] � r� 1 �l 0 

0 

are linearly independent, i .e . ,  [A] is left invertible. The general form of its left inverse is 

V = [ VI V2] = [� � - � = �  j , O c  0 1 - c  

where a, b, c are independent complex numbers. The associated monic polynomials L(A.) 
are in the form 
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As a Jordan pair (X, j) of L(A) for c to - 1 ,  0 we can take 

X = X(b c) = 
[ 1 1 0 bleJ ' 0 ° 1 1 ' 

j = j(e) = diag(O, I ,  I ,  - c) 

(6.5) 

(we emphasize in the notation the dependence of X on b and c and the dependence of j 
on e). For c = 0 take 

if b = 0, and 

- [ 1 1 ° OJ X(O, 0) = 0 0 1 l '  

- - [ I 1 ° _�- lJ X = X(b, 0) = 0 0 
if b to O. For c = - 1 ,  take 

X = X(b, - 1 ) = 
[ 1 1 - b  OJ , o 0 I 0 

j(O, O) = diag(O, 1 ,  1 , 0) 
_ _ 0 [0 
J = J(b, O) = � ° 

1 
° 0 0 ] 0 

1 0 [0 0 0 OJ o 1 0 0 
j = j( - 1 )  = 0 ° 1 I ' 0 0 0  1 

(6.6) 

(6.7) 

(6.8) 

We show now that every standard extension (X', T') of (X, T) of degree 2 is similar to 
one of the pairs (X, j) given in (6.5 ) - (6.8), i .e . ,  there exists an invertible 4 x 4 matrix S 
(depending on (X', T'» such that X' = XS, T' = S- I jS. Several cases can occur. 

( 1 )  det(IA - T') has a zero different from ° and 1. In this case T' is similar to j(c) 
from (6.5), and without loss of generality we can suppose that j(c) = T' for some c to 0, - 1 . Further, since (X', T') is an extension of (X, T), the matrix X' can be taken in the 
following form : 

X' 
= 
[ I 1 O :X I J , o 0 1 :X2 

NeccssarilY :X2 to 0 (otherwise [}�'J is not invertible), and then clearly (X', T') is similar 
to (X(b, e) , j(c» from (6.5) with b = 0: 1 0:2 I e. 

(2) dct(I A - T') = ,12(,1 - 1 )2 Then one can check that (X', T') is similar to 
(X, j) from (6.6) or (6.7) according as T' has two or one lineraly independent eigen­
vcctor(s) corresponding to the eigenvalue zero. 

(3) det(/A - T') = ,1(,1 - 1 )3 In this case (X', T') is similar to (X, j) from (6.8). 0 

The following theorem allows us to recognize the cases when every 
extension to a standard pair can be obtained via associated monic matrix 
polynomials. 
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Theorem 6.3. Let (X, T) be an admissible I-independent pair oJmatrices. 
Then every standard pair (X', T') oj degree I, which is an extension oJ(X, T), is 
also a standard pair oj some monic matrix polynomial oj degree I associated 
with (X, T), if and only if the rows oj XT I are linearly independent. 

Proof Let (X', T') be a standard pair of degree I, and let L(A) = HI + 
�}� �  AjAj be the monic matrix polynomial with standard pair (X', T'). From 
the definition of a standard pair (Section 1 .9) it follows that (X', T') is an 
extension of (X, T) if and only if 

or 

r AJ j [col(XTi) l;: bY · �I = _ (XTI)T. 

AI - 1 

(6.9) 

According to a result described in Chapter S3, a general solution of (6.9) is 
given by 

(6. 10) 

(where the superscript " ] "  designates any right inverse of [col(XTi)l;: bY) if 
and only if the columns of (XT I)'l' are linearly independent. Taking the 
transpose in (6. 10), and using the definition of an associated matrix poly­
nomial, we obtain the assertion of Theorem 6.3. 0 

6.3. Special Extensions 

In Section 6.2 we have seen that an extension of an admissible I-independ­
ent pair (X, T) to a standard pair of degree I can always be obtained via 
associated monic polynomials. Thus, if L(A) is such a polynomial and eX, T) 
its standard pair, then there exists a T-invariant subspace .$I such that the 
pair (X, T) is similar to (X I At, T Lit). Let .H' be some direct complement to A 
and let P be the projector on .H' along .H. Then the part (X I N " PT I ,, ') of the 
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standard pair eX, T) does not originate in (X, T) ; it is the extra part which is 
" added " to the pair (X, T). In other words, the monic polynomial L(A) has a 
spectral structure which originates in (X, T), and an additional spectral 
structure. In this section we shall construct the associated polynomial L(A) 
for which this additional spectral structure is the simplest possible. This 
construction (as for every associated polynomial) uses a certain left inverse of 
the matrix col(XT i)L::: 6 , which will be called the special left inverse. 

The following lemma plays an important role. 
For given subspaces qj I ' . . .  , JlI, C ([n we denote by col(Olli)l = 1 the sub­

space in ([nl consisting of all I-tuples (X l ' . . .  , XI) of n-dimensional vectors 
X b . . .  , XI such that XI E "I1I ' X2 E 1112 , . . .  , XI E ,Jill ' 

Lemma 6.4. Let (X, T) be an admissible I-independent pair with an 
invertible matrix T. Then there exists a sequence of subs paces ([n :::2 iJ/' 1 
:::2 . . •  :::2 'Ir, such that 

I( "i/' )1 . I leX Tj -1)1 I7'n(l - k) co FF j j = k + I + m co j = k + 1 = \U 

for k = 0, . . .  , I - 1 .  

(6. 1 1 )  

Proof Let if 'I be a direct complement to 1m XT' - I = 1m X (this 
equality follows from the invertibility of T) in ([n. Then (6. 1 1 ) holds for 
k = 1 - 1 . Suppose that Wi+ 1 :::2 . • .  :::2 '1f'1 are already constructed so that 
(6. 1 1 ) holds for k = i, . . .  , I - 1 .  It is then easy to check that col(�j)� = i n 

1m col(X P - 1 ») = i = {O} , where 2k = 'If � for k = i + 1 ,  . . .  , " and 1i = 11 ; + I ' 
Hence, the sum 

y = col(�)� =1 + 1m col(XTj - l ») = 1 
is a direct sum. Let !!2 be a direct complement of Ker A in ([n(l - i) , where 
A = col(XTj -1 ») = i + I ' Let Al be the generalized inverse of A (see Chapter S3) 
such that 1m AI = !!2 and Ker AI = coIUY"')� = i + I ' Let P be the projector on 
Ker A along !!2. One verifies easily that AlA = I - P. Thus 

c {[Y + XTi - lPZ + XTi - I A IXJ I  ,- I7'n(l - i) I7'Y} .Cf' = Y E if i + 1, X E \U , Z E \U , X 
where r is the size of T. 

(6. 1 2) 

Indeed, if X E (["(I- i) then by the induction hypothesis X = AZ I + X I , 
where Z I  E ll  and X I E coIUr)} = i + I ' Hence 

From the definition of if' it follows that 
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For any Z E (l', also 

and clearly 

for any y E 1f'i+ l ' The inclusion =::J in (6. 12) thus follows. To check the con­
verse inclusion, take Y E iri+ 1 , XI E col(ir)� = i + I , and Z E (l'. Then 

[ ]  [XTi - l] [ v ] [XTi - l] 
:1 + A Z = '

�
I + A 

[pz + (J - P)z] 

= [ y ]  + 
[XTi - 1  Pz] + 

[Xr - l(J - P)z] 
X I 0 A (J - P)z 

= 
[y] 

+ 
[XTi - 1PZ] + 

[XTi - 1A 1(X l + A(J - P)Z)] 
o 0 X l + A(J - P)z 

(the last equality follows from AIX I = 0 and 1 - P = AlA), and (6. 1 2) is 
proved. 

Now, let !7! be a direct complement of 'If/'i + I + 1m XTi - 1 P in C. Then 
from (6. 1 2) we obtain 

and so we can put '/f/'i = '/f/'i + 1 + C!Y. D 
We note some remarks concerning the subspaces 'Irj constructed in 

Lemma 6.4. 
( 1 )  The subspaces '/f/'j are not uniquely determined. The question arises 

if one can choose if'j in a " canonical " way. It follows from the proof of Lemma 
6.4, for instance, that 'If'j can be chosen as the span of some set of coordinate 
unit vectors : 

'fIi'j = Span {ek l k E KJ,  

where K/ c K/ - 1 c · · · c K = { 1 ,  . . .  , n } , and 

ej = (0 . . .  0 o . . . O)T E (l" 

with 1 in the jth place. 
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(2) The dimensions Vj = dim 1fIj , j  = 1 ,  . . .  , I are determined uniquely 
by the pair (X, T) : namely, 

Vk + l = n + rank col(X Tj - l )) = k + l - rank col(XTj- l )) = k ' 
k = 0, . . .  , I - 1 . (6. 1 3 )  

(3) Equality (6. 1 1 ) for k = 0 means 

col(1fI)} = l + 1m col(XTj- l )} = l = rcnl, 

and consequently, there exists an r x nl matrix V such that 

(6. 1 4) 

The left inverse V of col(XTj - l )} = l with property (6. 1 4) will be called the 
special left inverse (of course, it depends on the choice of 1fIj). 

Let now (X, T) be an admissible I-independent pair with invertible 
matrix T, and let V = [Vl . . . l'lJ be a special left inverse of col(XT i)l : b . 
Then we can construct the associated monic matrix polynomial 

The polynomial L(A) will be called the special matrix polynomial associated 
with the pair (X, T). 

Theorem 6.5. Let L(A) be a special matrix polynomial associated with 
(X, T), where T is invertible of size r x r. Then zero is an eigenvalue ofL(A) with 
partial multiplicities Kl 2 K2 2 . . .  , where 

Ki = I U l l � j � I and Vj 2 i} I 

and Vj are defined by (6. 1 3). 

Here, as usual, I A I denotes the number of different elements in a finite 
set A. 

Proof Let 1fIl ::J • • • ::J fill be the sequence of subspaces from Lemma 
6.4. Let 

V = [ Vl . . .  l'lJ 

be a special left inverse of col(XT i) l : b  such that (6. 14) and (6. 1 5) hold. From 
(6. 14) it follows that 

j = 1, . . .  , I. 

It is easy to see that x E 1fIi\ 1fIi +  1 (i = 1, . . .  , I ;  1fI1 +  1 = {O} ) is an eigen­
vector of L(A) generating a Jordan chain x, 0, . . . , 0  (i - 1 zeros). Taking a 
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basis in each 'if"i modulo 'if"i + 1 (i .e. , the maximal set of vectors X l >  . . .  , Xk E 'if"i 
such that L�= 1 lXiX i  E 'if"i + 1 , lXi E rt implies that IX I = . . .  = IXk = 0), we obtain 
in this way a canonical set of Jordan chains of L(A) corresponding to the 
eigenvalue zero. Now Theorem 6.5 follows from the definition of partial 
multiplicities. 0 

Observe that (under the conditions and notations of Theorem 6.5) the 
multiplicity of zero as a root of det L(A) is just nl - r. Then dimensional 
considerations lead to the following corollary of Theorem 6.5 . 

Corollary 6.6. Under the conditions and notations of Theorem 6.5 let 
eX, f) be a standard pair of L(A). Then (X, T) is similar to (X 141 '  f l,4t ), where 
A is the maximal f - invariant subspace such that f 1 41 is invertible. 

Proof Let Al and A2 be the maximal f-invariant subspaces such that 
f l 4t l  is invertible and f l 4t2 is nilpotent (i.e. , a(TL41,) = {On. We know from 
Theorem 6.2 that for some T-invariant subspace A, (X, T) is similar to 
(X l t{ , f l«). Since T is invertible, A c A I '  In fact, A = AI ' Indeed, by 
Theorem 6.5 

dim A1 = K I + K1 + . . . ; 

on the other hand, it is easy to see that 

K I + K1 + . . .  = V I + . . .  + VI = nl - rank col(XT i) l : b = nl - r, 

so dim Al = r . But clearly, also dim A = r, and A = A I '  0 
It is not hard to generalize Theorem 6.5 in such a way as to remove the 

invertibility condition on T. Namely, let IX E rt be any number outside the 
spectrum of T, and consider the admissible pair (X, - IXI + T) in place of 
(X, T). Now the pair (X, T - IXI) is also I-independent because of the 
identity 

o 
lX(b)I ( t )I [ I 

IXI - 1 (:1 ( / )1 IXI - 1(:1 ] 1 )1 

o 
o 

o 1 [  X 1 [ X 1 o X ( T  - IX/) X T  

(: =\ )1 X(T -: IX/)I - I 
-

Xi i - I
' 

So we can apply Theorem 6.5 for the pair (X, - IXI + T) producing a monic 
matrix polynomial La(A) whose standard pair is an extension of (X, - IXI + T) 
(Theorem 6.2) and having at zero the partial multiplicities 

Vk + I  = n + rank col(X(T - IXIY - I )j = k + 1 - rank col(X(T - IXI)j - I )j = k ' 

k = 0, . . .  , I - L (6. 1 6) 
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Let (X" ' T,. ,  Ya) be a standard triple of L,.(A) ; then (X" ' T,. + aI, Ya) is a 
standard triple of the monic matrix polynomial L(A) = L,,(A + a). Indeed, by 
the resolvent form (2. 1 6), 

(L(A» - l = (L,,(A + a» - l = X,,(l(A + a) - T,.) - l Ya 
= X,.(H - (T,. + aI) - I Ya , 

and it remains to use Theorem 2.4. It follows that the standard triple of the 
polynomial L(A) is an extension of (X, T) and, in addition, its partial multi­
plicities at the eigenvalue Ao = a are defined by (6. 1 6). 

Thus, the construction of a special monic matrix polynomial associated 
with a given admissible I-independent pair (X, T) (with invertible T) can be 
regarded as an extension of (X, T) to a standard pair (X, T) of degree I such 
that a{T) = {OJ u a{T) ; moreover, elementary divisors of I A - T cor­
responding to the nonzero eigenvalues are the same as those of I A - T, and 
the degrees of the elementary divisors of I A - T corresponding to zero are 
defined by (6. 1 3). Again, we can drop the requirement that T is invertible, 
replacing ° by some a ¢ aCT) and replacing (6. 1 3) by (6. 1 6). 

Given an admissible I-independent pair (X, T) (with invertible T of size 
r x r), it is possible to describe all the possible Jordan structures at zero of 
the matrix T such that zero is an eigenvalue of T with multiplicity nl - r, and 
for some n x nl matrix X, the pair (X, T) is a standard extension of degree I 
of the pair (X, T). (The standard pair (X, T) described in the preceding para­
graph is an extension of this type.) The description is given by the following 
theorem. 

Theorem 6.7. Let (X, T) be an admissible I-independent pair. Suppose that 
T is invertible of size r x r, and let T be an nl x nl matrix such that A = ° is a 
zero ofdet(H - T) of multiplicity nl - r. Thenfor some matrix X, (X, T) is a 
standard extension of degree I of the pair (X, T) if and only if the degrees 
P I � . . .  � Pv of the elementary divisors of H - T corresponding to the eigen­
value ° satisfy the inequalities 

i i 
L Pj � L Sj 

j = O j = O 
for i = 1 , 2, . . .  , v, (6. 1 7) 

where Sk is the number of the integers n + ql _ j _ 1  - ql _ j (j = 0, 1 ,  . . .  , 1 - 1 )  
larger than k , k = 0, 1 ,  . . .  , and q o  = 0, 

j � 1 .  

For the proof of this result we refer to [37c]. 
Note that the partial multiplicities at zero of the special monic matrix 

polynomial L(A) associated with (X, T) (which coincide with the degrees of 
the elementary divisors of I A - T corresponding to zero, where T is some 
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linearization of L(}.» , are extremal in the sense that equalities hold in (6 . 1 7) 
throughout (cf. (6. 1 3 » . 

Comments 

The results of this chapter are based on [37c] . The exposition of Section 
6.3 follows [37b] . 





Part II 

Nonltlonic Matrix Polynoltlials 

In this part we shall consider regular n x n matrix polynomials L(.-1.), i .e. , 
such that det L(.-1.) 1= 0 and the leading coefficient of L(.-1.) is not necessarily the 
identity, or even invertible. As in the monic case, the spectrum a(L), which 
coincides with the zeros of det L(.-1.), is still a finite set. This is the crucial 
property allowing us to investigate the spectral properties of L(.-1.) along the 
lines developed in Part I. Such investigations will be carried out in Part II. 

Most of the applications which stem from the spectral analysis of monic 
matrix polynomials, and are presented in Part I, can be given also in the 
context of regular matrix polynomials. We present some applications to 
differential and difference equations in Chapter 8 and refer the reader to the 
original papers for others. 

On the other hand, problems concerning least common multiples and 
greatest common divisors of matrix polynomials fit naturally into the frame­
work of regular polynomials rather than monic polynomials. Such problems 
are considered in Chapter 9. 

It is assumed throughout Part II that all matrix polynomials are regular, 
unless stated otherwise. 
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Chapter 7 

Spectral Properties and Representations 

In this chapter we extend the theory of Part I to include description of the 
spectral data, and basic representation theorems, for regular matrix poly­
nomials, as well as solution of the inverse problem, i .e . , construction of a 
regular polynomial given its spectral data. The latter problem is considered in 
two aspects : ( 1 )  when full spectral data are given, including infinity ; (2) when 
spectral data are given at finite points only. 

7.1 . The Spectral Data (Finite and Infinite) 

Let L(A) = L�= o  Aj A
j be an n x n matrix polynomial. We shall study 

first the structure of the spectral data of L(A), i .e . , eigenvalues and Jordan 
chains. 

Recall the definition of a canonical set of Jordan chains of L(A) correspond­
ing to the eigenvalue Ao (see Section 1 .6). Let 

qJbl ) , . . .  , qJ�� � 1 , qJb2 ) , • . • , qJ�;� 1 , qJ�), . . .  , qJ��- l ' 
be such a canonical set, where rj = rank qJ�>, j = 1 ,  . . .  , k, k = dim Ker 
L(Ao), and qJ�), j = 1, . . .  , k, are eigenvectors of L(A) corresponding1:o Ao . We 
write this canonical set of Jordan chains in matrix form : 

X(Ao) = [qJbl ) . . .  qJ� � � 1 qJb2 ) • . • qJ�;� 1 . . .  qJ�) . . .  qJ��)- l ] '  
J(Ao) = diag(J 1 , J 2 , . .

. , J k), 
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where Ji is a Jordan block of size ri with eigenvalue ,10 . Hence X(Ao) is an 
n x r matrix and J(Ao) is an r x r matrix, where r = I�= 1 r)s the multiplicity 
of ,10 as a zero of det L(A). 

The pair of matrices (X(Ao), J(Ao» is called a Jordan pair of L(A) cor­
responding to ,10 . The following theorem provides a characterization for a 
Jordan pair corresponding to ,10 . 

Theorem 7.1 .  Let (X, J) be a pair ()fmatrices, where X is an n x fl matrix 
and J is a fl x fl Jordan matrix with unique eigenvalue ,10 . Then the following 
conditions are necessary and sufficient in order that (X, J) be a Jordan pair of 
L(A) = Ij= 0 Aj A j corresponding to ,10 : 

(i) det L(A) has a zero ,10 of multiplicity fl, 
(ii) rank col(X}j)J : 6  = fl, 
(iii) AlXJI + Al _ 1XJI - l + . . .  + AoX  = o. 
Proof Suppose that (X, J) is a Jordan pair of L(A) corresponding to ,10 . 

Then (i) follows from Corollary 1 . 14 and (iii) from Proposition 1 . 1 0. Property 
(ii) follows immediately from Theorem 7.3 below. 

Suppose now that (i)-(iii) hold. By Proposition 1 . 1  0, the part of X cor­
responding to each Jordan block in J, forms a Jordan chain of L(A) cor­
responding to ,10 . Condition (ii) ensures that the eigenvectors of these Jordan 
chains are linearly independent. Now in view of Proposition 1 . 1 5, it is clear 
that (X, J) is a Jordan pair of L(A) corresponding to ,10 . 0 

Taking a Jordan pair (X(A), J(A) for every eigenvalue Aj of L(A), we 
define afinite Jordan pair (XF , JF) of L(A) as 

where p is the number of different eigenvalues of L(A). 
Note that the sizes of X F and J F are n x v and v x v, respectively, where 

v = deg(det L(A» . Note also that the pair (X F ,  JF) is not determined uniquely 
by the polynomial L(A) : the description of all finite Jordan pairs of L(A) (with 
fixed JF) is given by the formula (XFU, JF), where (XF , JF) is any fixed finite 
Jordan pair of L(A), and U is any invertible matrix which commutes with JF . 
The finite Jordan pair (XF , JF) does not determine L(A) uniquely either : any 
matrix polynomial of the form V(A), L(A), where V(A) is a matrix polynomial 
with det V(A) == const i= 0, has the same finite Jordan pairs as L(A) (see 
Theorem 7. 1 3  below). 

In order to determine L(A) uniquely we have to consider (together with 
(X F ,  J F» an additional Jordan pair (X 00 '  J 00 ) of L(A) for A = 00, which is 
defined below. 

Let 
i = 1, . . .  , q, (7. 1 )  
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be a canonical set of Jordan chains of the analytic (at infinity) matrix function 
r IL(A) corresponding to ,1 =  00, if this point is an eigenvalue of A - IL(A) 
(where I is the degree of L(A), i .e . , the maximal integer j such that Vj)(A) i= 0). 
By definition, a Jordan chain (resp. canonical set of Jordan chains) of an 
analytic matrix-valued function M(A) at infinity is just a Jordan chain (resp. 
canonical set of Jordan chains) of the matrix function M(r 1 ) at zero. Thus, 
the Jordan chains (7. 1 )  form a canonical set of Jordan chains of the matrix 
polynomial L(A) = AIL(A - 1 ) corresponding to the eigenvalue zero. We shall 
use the following notation 

Xoo = [t/lb1 ) . . .  t/I�� � 1 t/1b2 ) . . .  

Joo = diag[J00 1 , J00 2 , · · · , J ooq] ,  

. /,(2 ) • . • . /, (q) • • •  . /, (q) ] 'I' S 2 - 1 'I' 0 'I' Sq - 1 , 

where J ooj is the Jordan block of size Sj with eigenvalue zero, and call (X 00 '  J (0) 
an infinite Jordan pair of L(A). Note that (X 00 '  J (0) is a Jordan pair of the 
matrix polynomial L(A) = Al L(A - 1 ) corresponding to the eigenvalue A = O. 
This observation (combined with Theorem 7. 1 )  leads to the following char­
acterization of infinite Jordan pairs. 

Theorem 7.2. Let eX, J) be a pair of matrices, where X is n x /1 and J is 
a /1 x /1 Jordan matrix with unique eigenvalue ,10 = O. Then the following 
conditions are necessary and sufficient in order that (X, J) be an infinite Jordan 
pair of L(A) = L� = o Aj Aj : 

(i) det(AIL(r 1 » has a zero at ,10 = 0 of multiplicity /1, 
(ii) rank col(X p)�: � = /1, 

(iii) Ao XJI + A 1XJI - 1 + . . . + Al = o. 
EXAMPLE 7. 1 .  Consider the matrix polynomial [- (A - 1 ) 3  A ] 

L(A) = 0 ,1, + 1 
. 

In this case we can put down 

and 
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7.2. Linearizations 

Let L(A) = Il = o A i Ai be a regular n x n matrix polynomial. An nl x nl 
linear matrix polynomial So + S I A is called a linearization of L(A) if 

[LbA) 
1 

0 ] = E(A) (So + S IA)F(A) 
n( / - I ) 

for some nl x nl matrix polynomials E(A) and F(A) with constant nonzero 
determinants. For monic matrix polynomials the notion of linearization 
(with S 1 = 1) was studied in Chapter 1. In this section we construct lineariza­
tions for regular matrix polynomials. 

For the matrix polynomial L(A) define its companion polynomial CL(A) 
as follows : 

1 0 
o 1 

o 
o 

o - 1  0 
o 0 - 1  

o 
o 

o 0 1 0 0 0 - J  
o 0 0 A l A o A I A t _ I 

So CL(A) is a linear nl x nl matrix polynomial ; if L(A) is monic, then CL(A) = 
H - C I ' where C 1 is the first companion matrix of L(A) (cf. Theorem 1 . 1 ). 

It turns out that CL(A) is a linearization of L(A). Indeed, define a sequence of 
polynomials E;(A), i = 1 ,  . . .  , I, by induction : EI(A) = A I , Ei - 1 (A) = Ai - 1 
+ AE;(A), i = I, . . .  , 2. It is easy to see that 

E I (A) EI _ 1 (A) 1 
- 1  0 0 
o - 1  0 CL(A) 

o o - 1  o 
1 o o 

- AI 1 0 
o - AI 1 

o o o 

o 
o 
0 ,  (7.2) 

- AI 1 
so indeed CL(A) is a linearization df L(A). In particular, every regular matrix 
polynomial has a linearization. 

Clearly, a linearization is not unique ; so the problem of a canonical choice 
of a linearization arises. For monic matrix polynomials the linearization 
1 A - C 1 with companion matrix C l ean serve as a canonical choice. 
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Another class of polynomials for which an analogous canonical lineariza­
tion is available is the comonic polynomials L(A), i .e . , such that L(O) = I. Thus, 
if L(A) = I + D = 1 Aj Aj is a comonic matrix polynomial of degree I, the 
the matrix 

R � r � � . 0 0 l - Al - A1 - 1 

o 
I 

o 
o 

will be called the comonic companion matrix of L(A). (Compare with the defini­
tion of the companion matrix for monic matrix polynomials.) Using the 
comonic companion matrix, we have the linearization I - RA ; namely, 

I - RA = B(A)diag[L(A), I, . . .  , I]D(A), 

where 

0 0 0 0 
0 0 0 I 

B(A) = 
0 I 0 0 
I B 1 (A) B2(A) B1 - 2(A) 

. h B (A) - L l - i - l A Al - i - j · - 1 l I d Wit i - j = O I - j , I  - , . . . , - , an 

0 0 0 I 
- A./  

D(A) = 
0 I - A./  0 
I - A./  0 0 

I 
0 

0 
B1 - 1 (A) 

(7.3) 

Clearly, B(A) and D(A) are everywhere invertible matrix polynomials. Indeed, 
it is easily seen that 

and 

A1 - 2 I 
A1 - 3 I 

o 

(I - RA)D - 1 (A) = B(A) . diag[L(A), I, . . .  , I] . 
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Linearizations of type (7.3) are easily extended to the case in which L(O) #- [. 
This is done by considering the matrix polynomial L(.l.) = (L(a» - 1 L(.l. + a) 
instead of L(.l.), where a ¢ a{L), and observing that L(.l.) is comonic. 

In the next section we shall encounter a different type of linearization 
based on the notion of decomposable pair. 

7.3. Decomposable Pairs 

In Section 1 . 8  the important concept of a Jordan pair for a monic matrix 
polynomial was introduced, and in Section 7. 1 we began the organization of 
the spectral data necessary for generalization of this concept to the nonmonic 
case. Here, we seek the proper generalization of the concept of a standard pair 
as introduced in Section 1 . 1 0. 

First, we call a pair of matrices (X, T) admissible of order p if X is n x p 
and T is p x p. Then, an admissible pair (X, T) of order nl is called a de­
composable pair (of degree 1) if the following properties are satisfied : 

(i) 

T =  [� �l 
where X 1 is an n x m matrix, and Tl is an m x m matrix, for some m, 0 � 
m � nl (so that X 2 and T2 are of sizes n x (nl - m) and (nl - m) x (nl - m), 
respectively), 

(ii) the matrix 
X2 Ti- 1 1 
X2 T�- 2 

X2 

(7.4) 

is nonsingular. 

The number m will be called the parameter of the decomposable pair (X, T). 
A decomposable pair (X, T) will be called a decomposable pair of the regular 
n x n matrix polynomial L(.l.) = 2::: = 0 Ai .l.i if, in addition to (i) and (ii), the 
following conditions hold : 

(iii) 2::: = 0 A i X 1 Ti = 0, 2::: = 0 Ai X 2 Ti- i = O. 

For example, if L(.l.) is monic, then a standard pair for L(.l.) is also a 
decomposable pair with the parameter m = nl. So the notion of a decompos­
able pair can be considered as a natural generalization of the notion of 
standard pair for monic matrix polynomials. Another example of a decom-
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posable pair (with parameter m = 0) is the pair (X, T - 1 ), where (X, T) is a 
standard pair of a monic matrix polynomial L(A) such that det L(O) "# 0 (so 
that T is nonsingular). We see that, in contrast to standard pairs for monic 
polynomials, there is a large nonuniqueness for their decomposable pairs. We 
shall touch upon the degree of non uniqueness of a decomposable pair for a 
matrix polynomial in the next section. 

The next theorem shows that a decomposable pair appears, as in the case 
of monic polynomials, to carry the full spectral information about its matrix 
polynomial, but now including spectrum at infinity. The existence of a 
decomposable pair for every regular matrix polynomial will also follow. 

Theorem 7.3. Let L(A) be a regular matrix polynomial, and let (XF ' JF) 
and (X 00 '  J (0) be its finite and infinite Jordan pairs, respectively. Then 
([X F X 00] ' J F EB J (0) is a decomposable pair for L(A). 

Proof Let I be the degree of L(A). By Theorems 7. 1 and 7.2, properties (i) 
and (iii) hold for (X l ' T1 ) = (XF ' JF) .and (X 2 , T2) = (X 00 '  J (0) ' In order 
to show that ( [XF X 00] ' JF EB J (0) is a decomposable pair for L(A), it is 
enough to check the non singularity of 

(7.5) 

This will be done by reduction to the case of a comonic matrix polynomial. 
Let a E fl be such that the matrix polynomial L1 (A) = L(A - a) is 

invertible for A = O. We claim that the admissible pair (XF ' JF + aI) is a 
finite Jordan pair of L1 (A), and the admissible pair (X 00 '  J 00 (I + aJ (0)

- 1 ) is 
similar to an infinite Jordan pair of L 1 (A). Indeed, write L(A) = L� = o AjAi, 
L 1 (A) = L�= o Aj 1 Aj, then 

Ak = .i ( . l k)aj - kAj1 , k = O, . . .  , I. (7.6) 
J = k ) 

Since (X 00 '  J (0) is an infinite Jordan pair of L(A), we have by Theorem 7.2 
I 
L AjX oo J�j = O. (7.7) j = O 

Equations (7.5) and (7.6) imply (by a straightforward computation) that 
I 

" Al . L, Aj1Xoo J;; J = 0, j = O 
where J 00 = J 00 (I + aJ (0) - 1 . Let /1 be the size of J 00 ;  then for some p, 

rank col(X 00 J�)f:J = /1. 

(7.8) 

(7.9) 

Indeed, since (X 00 '  J (0) represent a canonical set of Jordan chains, we obtain, 
in particular, that 

rank col(X oo J�)f:J = /1 (7. 10) 
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for some p. Using the property that a(J ocJ = {OJ ,  it is easily seen that (7 . 10) 
implies (in fact, is equivalent to) X 00 Y i= 0 for every Y E Ker J 00 \ {OJ .  But 
apparently Ker J 00 = Ker J 00 '  so X 00 Y i= 0 for every Y E Ker J 00 \ {OJ, and 
(7.9) follows. Now (7.8) and (7.9) ensure (Theorem 7.2) that (X 00 '  J 00) is 
similar to an infinite Jordan pair of Ll (.�.) (observe that the multiplicity of 
Ao = 0 as a zero of det(AIL(A - 1 » and of det(AIL 1 (r 1 » is the same). It is an 
easy exercise to check that (XF ' JF + !XI) is a finite Jordan pair of Ll (A). 

Let (XF ' iF) and (X 00 , ioo) be finite and infinite Jordan pairs of Ll (A). 
Since L1 (0) is nonsingular, iF is nonsingular as well. We show now that 
(X, T) � ( [XF X 00] ' iF 1 Ee i 00) is a standard pair for the monic matrix 
polynomial L1 (A) = AI(L 1 (0» - lL 1 (r 1 ). 

Let B = [xo X l . . . xr] be a Jordan chain for L 1 (A) taken from XF , 
and corresponding to the eigenvalue Ao i= O. Let K be the Jordan block of 
size (r + 1 )  x (r + 1 )  with eigenvalue Ao . By Proposition 1 . 1 0  we have 

I 
L: Aj1BKj = 0, j � O (7. 1 1 ) 

where Ajl are the coefficients of Ll (A). Since Ao i= 0, K is nonsingular and so 
I 

L: Aj 1BKj- 1 = O. j � O 
(7. 12) 

Let Ko be the matrix obtained from K by replacing Ao by Ao 1 . Then Ko and 
K - 1 are similar : 

where 

Mr(AO) = [( - 1 )j(� - I )Ab+ iJ r 1 - 1 i . j � O 

(7. 1 3) 

and it is assumed that < =  D = 1 and (�) = 0 for q > p or q = - 1 and p > - 1 . 
The equality (7. 1 3) or, what is the same, KMr(AO)Ko = Mr(AO)' can be verified 
by multiplication. Insert in (7. 12) the expression (7. 1 3) for K- 1 ; it follows from 
Proposition 1 . 1 0  that the columns of B(Mr(AO» - l form a Jordan chain of 
L1 (A) corresponding to Ao 1 . 

Let k be the number of Jordan chains in XF corresponding-to Ao , and let 
Bi (i = 1, . . . , k) be the matrix whose columns form the ith Jordan chain 
corresponding to Ao . We perform the above transformation for every Bi • 
It then follows th�t the columns of B 1 (Mr ,(A o» - 1 , . . .  , Bk(Mrk(AO» - l form 
Jordan chains of L(A) corresponding to Ao 1 .  Let us check that these Jordan 
chains of L(A) form a canonical set of Jordan chains corresponding to Ao 1 . By 
Proposition 1 . 1 5, it is enough to check that the eigenvectors b 1 , • • •  , bk in 
B 1 (M r . {AO» - 1 , . . .  , Bk(M rk(Ao» - 1 , respectively, are linearly independent. 
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But from the structure of (Mr,(AO» - l  it is clear that b 1 , • • •  , bk are also the 
eigenvectors in B 1 , . . .  , Bb respectively, of L(A) corresponding to ..10 , and 
therefore they are linearly independent again by Proposition 1 . 1 5 . 

Now it is clear that (X ;'0 ' Iio1 ), where i;.o is the part of iF corresponding to 
the eigenvalue ..10 ( # 0) of iF and X;'o is the corresponding part of XF , is the 
part of a standard pair of [1 (A) corresponding to ..10 1 . Recall that by definition 
(X 00 '  i (0) is the part of a Jordan pair of [1 (A) corresponding to O. So indeed 
(X, f) is a standard pair of [1 (..1). 

In particular, col(X i i) l .: b = col(XFii i, X oo i�)l : b is nonsingular (cf. 
Section 1 .9). Since we can choose XF = XF , iF = ]F + aI, and the pair 
(X 00 '  ] 00(1 + a] (0) - 1 ) is similar to (X 00 '  i 00)' the matrix 11 - 1 �f col(X F(] F + 
alY, X exJ!;; l - i(l + a] ""j)l : b is also nonsingular. Finally, observe that 

I 
al 

11 - 1 = @a21 

o 
I 

mal 

o 
o 

CDI 

o 
o 
o SI - 1 > (7. 14) 

where SI - l is given by (7.5). (This equality is checked by a straightforward 
computation.) So SI - l is also invertible, and Theorem 7.3 is proved. D 

7.4. Properties of Decomposable Pairs 

This section is of an auxiliary character. We display here some simple 
properties of a decomposable pair, some of which will be used to prove main 
results in the next two sections. 

Proposition 7.4. Let (X, Y) = ([X 1 X 2] , Tl EB T2) be a decomposable 
pair of degree I, and let SI - 2 = col(X l TL X2 n- 2 - i)l : 6 .  Then 

(a) SI - 2 hasfull rank (equal to n(l - 1 )) ;  
(b) the nl x nl matrix 

- 1 [I] P = (I EB T2)SI - l 0 
SI - 2 , 

where SI - l is defined by (7.4), is a projector with Ker P = Ker SI _ 2 ; 
(c) we have 

(7. 1 5) 

(7. 1 6) 
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Proof By forming the products indicated it is easily checked that 

II f �l : : :  AI 
� 1 SI - l = Sl - 2 T(A.), 
- I 

(7. 1 7) 

where T(A.) = (lA. - T1 ) EB (T2 A. - I). Then put A. = ..1.0 in (7. 1 7), where ..1.0 is 
such that T(A.o) is nonsingular, and use the nonsingularity of SI - l to deduce 
that SI - 2 has full rank. 

Dividing (7. 1 7) by A. and letting A. --+ 00, we obtain 

(7. 1 8) 

Now, using (7. 1 8) 

- 1 [I] [I] - 1 [I] = (l EB T2)SI - 1  0 [I OJ 0 SI - 2 = (l EB T2)SI - 1  0 SI - 2 = P, 

so P is a projector. 
Formula (7. 1 5) shows that 

Ker P ::::> Ker SI - 2 . (7. 1 9) 

On the other hand, 

- 1  [I] SI - 2 P = SI - 2(l EB T2)SI - 1  0 SI - 2 = SI - 2 

in view of(7. 1 8), so rank P � rank SI _ 2  = n(l - 1) . Combining with (7. 1 9), we 
obtain Ker P = Ker SI - 2 as required. 

Finally, to check (7. 1 6), use the following steps : 

P(l EB T2)SI--\ = (l EB T2)SI--\ [�J {SI - 2(l EB T2)SI--\ }  

= (l EB T2)SI--\ [�J [I OJ = (l EB T2)SI--\ [� �J 
where the latter equality follows from (7. 1 8). 0 

The following technical property of decomposable pairs for matrix 
polynomials will also be useful. 
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Proposition 7.5. Let ([X I X 2] ,  TI EB T2) be a decomposable pair for the 
matrix polynomial L(A.) = 2:�; 0  A.jAj . Then 

VP = 0, 

where P is given by (7. 1 5), and 

Proof Since 

I 

[ I - I ] V = A X TI - I - "  A . X TI - I - i I I I ' L., , 2 2  • 

i ; O 

2: Ai X2 Ti- i = 0 and [X I TII- I , X2] = [0 . . .  0 I]SI - l ' i ; O 

we have 

VP = [AI X l Ti- l , - :�AiX2 Ti-]SI--\ [�Js/ - 2 

(7.20) 

= AI[X l Ti- l, X2]SI--\ [�] SI - 2 = AI[0 . . . 0 I] [�JSI - 2 = 0. 0 

We conclude this section with some remarks concerning similarity of 
decomposable pairs. First, decomposable pairs 

with the same parameter m are said to be similar if for some nonsingular 
matrices Q l and Q2 of sizes m x m and (nl - m) x (nl - m), respectively, the 
relations 

i = 1 , 2, 

hold. Clearly, if (X, T) is a decomposable pair of a matrix polynomial L(A.) 
(of degree I), then so is every decomposable pair which is similar to (X, T). The 
converse statement, that any two decomposable pairs of L(A.) with the same 
parameter are similar, is more delicate. We prove that this is indeed the case if 
we impose certain spectral conditions on TI and T2 , as follows. 

Let L(A.) = 2:l ; o  A)i be a matrix polynomial with decomposable pairs 
(7.2 1 ) and the same parameter. Let TI and fl be nonsingular and suppose that 
the following conditions hold : 

off; )  = (J( �), i = 1 , 2, 
(J(TI l ) n (J(T2) = (J(fl ! ) n (J(f2) = 0. 

Then (X, T) and (X} ' )  are similar. 

(7.22) 
(7.23) 
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Let us prove this statement. We have 

[Ao A I · · ·  A,] col(X 1 TL X2 Ti- i): = o = 0  

or 

Since S, - l and T1 are nonsingular, 

1m Ao ::J Im[A l . . .  A,] ,  

and therefore Ao must also be nonsingular (otherwise for all A E e, 

1m L(A) c Im[Ao A l . . .  A ,] oF en, 

(7.24) 

a contradiction with the regularity of L(A» . Consider the monic matrix 
polynomial .L(A) = A(j 1 A'L(r 1 ). Equality (7.24) shows that the standard 
paIr 

0 J 0 0 
0 0 J 0 

[I 0 . . . 0] , 
0 0 0 J 

_ A(j 1A,  - A(j 1A, _ 1 - A(j lA, _ 2 - A(j 1 A l 

of .L(A) is similar to ([X I X 2] ,  r ; l EB T2), with similarity matrix 
col( X l T 1 i, X 2 T�): ;; A (this matrix is nonsingular in view of the nonsingularity 
of S, - l ). So ( [X 1 X 2] ,  r ; l EB T2) is a standard pair of .L(A). Analogous 
arguments show that ( [X 1 X 2] ,  TI l EB T2) is also a standard pair of .L(A). 
But we know that any two standard pairs of a monic matrix polynomial are 
similar ; so r ; l EB T2 and TI l EB T2 are similar. Together with the spectral 
conditions (7.22) and (7.23) this implies the similarity of T; and 1; ,  i = 1 , 2. 
Now, using the fact that in a standard triple of .L(A), the part corresponding to 
each eigenvalue is determined uniquely up to similarity, we deduce that (X, T) 
and (X, T) are similar, as claimed. 

Note that the nonsingularity condition on T1 and T1 in the above state­
ment may be dropped if, instead of (7.23), one requires that 

a« Tl + 1Xl) - 1 n a(T2(/ + IXT2) - 1 ) 
= a« TI + 1Xl) - 1 n a( Tz(J + IXT2) - 1 ) = 0, (7.25) 

for some IX E e such that the inverse matrices in (7.25) exist. This case is easily 
reduced to the case considered above, bearing in mind that 
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is a decomposable pair for L(A - a), provided ([X 1 X z] , Tl EB Tz) is a 
decomposable pair for L(A). (This can be checked by straightforward cal­
culation using (7. 14).) Finally, it is easy to check that similarity ofTz{l + aT2 ) - 1 

and Tz{l + aT2) - 1 implies (in fact, is equivalent to) the similarity of T2 and T2 . 

7.5. Decomposable Linearization and a Resolvent Form 

We show now that a decomposable pair for a matrix polynomial L(A), 
introduced in Section 7.4, determines a linearization of L(A), as follows. 

Theorem 7.6. Let L(A) = I� = o Ai Ai be a regular matrix polynomial, and 
let ([X 1 X 2] ,  Tl EB Tz) be its decomposable pair. Then T(A) = (l A - T1 ) EB 
(T2 A - l) is a linearization of L(A). Moreover [S, - 2J CL(A)S, - l = 

V T(A), 

where V = [A , x 1 n- 1 , - IL = 6 Ai X 2 T�- l - i] and 

I 0 0 �L 0 - l  
0 I 0 0 0 

C L(A) = . \ 
0 0 I �, J 0 0 
0 0 0 Ao A l 

is the companion polynomial of L(A). 

(7.26) 

0 0 
- l  0 

0 - l  
A z A, - 1 

Proof The equality of the first n(l - 1 )  rows of (7.26) coincides with 
(7. 1 7). The equality in the last n rows of (7.26) follows from the definition of a 
decomposable pair for a matrix polynomial (property (iii)). The matrix 
[SIV 2] is nonsingular, because otherwise (7.26) would imply that det CL(A) 
== 0, which is impossible since CL(A) is a linearization of L(A) (see Section 7.2) 
and L(A) is regular. Consequently, (7.26) implies that T(A) is a linearization of 
L(A) together with C L(A), 0 

The linearization T(A) introduced in Theorem 7.6 will be called a decom­
posable linearization of L(A) (corresponding to the decomposable pair 
([X 1 X 2], Tl EB Tz) of L(A)). 

Using a decomposable linearization, we now construct a resolvent form 
for a regular matrix polynomial. 

Theorem 7.7. Let L(A) be a matrix polynomial with decomposable pair 
([X 1 X 2] ,  Tl EB Tz) and corresponding decomposable linearization T(A). Put 



196 7 . SPECTRAL PROPERTIES AND REPRESENTATIONS 

v = [AI X 1 TI1- l , -L: = 6 Ai X1 T�- l - i] ,  SI - 2 = col(X 1 Ti1 , Xl n- 2 - i):= � ,  

and 

Then 

(7.27) 
Observe that the matrix [S IV 2] in Theorem 7.7 is nonsingular, as we have 

seen in the proof of Theorem 7.6. 
Proof. We shall use the equality (7.2), which can be rewritten in the form 

. diag[L - l (A), J , . . .  , J] = D(A)Ci 1 (A)B - 1 (A), 

where 

B1 (A) B2(A) . . .  B1 - 1 (A) J 
- J 0 0 0 

B(A) = 0 - J 0 0 

o o - J o 

with some matrix polynomials Bi(A), i = 1 ,  . . . , I - 1 ,  and 

J 0 0 0 
- AI J 0 0 

D(A) = 0 - AI J 0 

0 0 0 - AI  J 
Multiplying this relation by [I 0 . . . 0] from the left and by 

[I 0 . . . of 

(7 . 28) 

(7. 29) 

from the right, and taking into account the form of B(A) and D(A) given by 
(7.28) and (7.29), respectively, we obtain 

L - l (A) = [I 0 . . .  O]CL(A) - l [O . . .  0 I] T. 

Using (7.26) it follows that 
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Now 

[I 0 0]SI _ I T(A) -
I [SI� 2r l 

= [X l X2 Ti- I ] T(A) - I [SI� 2r l 

= [X l X2J (I EB Ti- I )T(A) - I [SI� 2r l 

and (7.27) follows. 0 

7.6. Representation and the Inverse Problem 

We consider now the inverse problem, i .e . , given a decomposable pair 
(X, T) of degree I, find all regular matrix polynomials (of degree l) which have 
(X, T) as their decomposable pair. The following theorem provides a 
description of all such matrix polynomials . 

Theorem 7.8. Let (X, T) = ( [X I X 2] , TI EB T2) be a decomposable pair 
of degree I, and let SI - 2 = COI(X I Til , X2 Ti- 2 - i) � : 6 .  Then for every n x nl 
matrix V such that the matrix [Sly 2] is nonsingular, the matrix polynomial 
L(A) = V(I - P) [(H - TI ) EB (T2 A - J)] (Vo + VIA + . . .  + VI _ IAI - I ), 

(7.30) 
where P = (I EB T2) [col(X I T� , X2 Ti- I - i)� : 6r l [ 6]SI _ 2 and 

[Vo V I · · ·  VI - I ] = [COI(X I TL X2 Ti- I - i)� : 6r l , 

has (X, T) as its decomposable pair. 
Conversely, if L(A) = L� = o Ai Ai has (X, T) as its decomposable pair, then 

L(A) admits representation (7.30) with 

(7. 3 1 ) 

For future reference, let u s  write formula (7.30) explicitly, with V given by 
(7 .3 1 ) :  

(7. 32) 
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Proof Let V be an n x nl matrix such that [Sly 2] is nonsingular, and let 
L(A) = 2:l = o Ai Ai be defined by (7.30). We show that (X, T) is a decom­
posable pair of L(A). 

Define S, - l and P by (7.4) and (7. 1 5), respectively, and put W = V(l - P). 
Since P is a projector, 

Besides, 

hence [SIY 2] is nonsingular. 

WP = O. 

Using (7.33) and Proposition 7.4(c), we obtain 

W(l EEl T2)SI-\ = W(l - P) (l EEl T2)S,-_\ 

(7 .33) 

- 1 [0 O J = W(l EEl T2)SI - 1 0 In 
= [0 . . .  0 A ,J ; (7. 34) 

and therefore by the definition of L(A) 
W(T1 EEl I)S,-_\ = - [AD A 1 . . .  A , - 1 ] . (7 .35) 

Combining (7.34) and (7.35), we obtain 

CL(A)S, - 1 = [S�/ JT(A)' (7 .36) 

where C L(A) is the companion polynomial of L(A) and T(A) = (l A - T1 ) EEl 
(T2 A - /). Comparison with (7.26) shows that in fact 

[ 1 - 1 J W = A X T' - 1 - " A .X T' - 1 - i 1 1 1 , L.. 1 2 2  . i = O 
(7.37) 

The bottom row of the equation obtained by substituting (7.37) in (7 .36) takes 
the form 
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This implies immediately that 
I 

I Ai X I Ti = 0, 
i = O 

I 
I Ai X 2 T� - i = 0, 
1 = 0 

i .e. , (X, T) is a decomposable pair for L(A). 

199 

We now prove the converse statement. Let L(A) = Il = o A i Ai be a 
regular matrix polynomial with decomposable pair (X, T). First observe that, 
using (7. 1 7), we may deduce 

SI - 2 T(A)SI-_\ col(IAi)l : 6  = 0. 

Then it follows from (7.2) that 

L(A) EB 1.( / - 1 ) = [
- 1

* 
.(/ - 1 ) ° . . .  ° 1 I . : : . . ° I where the star denotes a matrix entry of no significance. Hence, 

(7 .38) 

L(A) = [* . . .  * I.]CL(A) col(IAi)l : 6 . (7.39) 
Now use Theorem 7.6 (Eq. (7.26» to substitute for CL(A) and write 

L(A) = [* . . .  * I.] [SI� 2 ]T(A)SI-_ \  col(IAi)l : 6  

= [* . . .  *]SI - 2 T(A)SI-_\ col(IAi)l : 6  + VT(A)SI-_\ col(Hi)l : 6 . 
But the first term on the right is zero by (7.38), and the conclusion (7.30) 
follows since V P = ° by Proposition 7 .5 .

' 0 
Note that the right canonical form of a monic matrix polynomial (Theorem 

2.4) can be easily obtained as a particular case of representation (7.32). Indeed, 
let L(A) = HI + Il : 6  A i Ai, and let (X, T) = (XF ' JF) be its finite Jordan 
pair, which is at the same time its decomposable pair (Theorem 7.3). Then 
formula (7. 32) gives 

L(A) = XTI - I T(A) (t� Uik) = XTI - I (H - T) (:�U i Ai) 

which coincides with (2. 14). 
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Theorem 7 .8 shows, in particular, that for each decomposable pair (X, T) 
there are associated matrix polynomials L(A), and all of them are given by 
formula (7.30). It turns out that such an L(A) is essentially unique : namely, if 
L(A) and L(A) are regular matrix polynomials of degree I with the same 
decomposable pair (X, Y), then 

L(A) = QL(A) (7.40) 

for some constant nonsingular matrix Q. (Note that the converse is trivial : 
if L(A) and L(A) are related as in (7.40), then they have the same decomposable 
pairs.) More exactly, the following result holds. 

Theorem 7.9. Let (X, T) be a decomposable pair as in Theorem 7.8 , and 
let VI and V2 be n x nl matrices such that [s);/] is nonsingular, i = 1 , 2. Then 

where Lv/A) is given by (7. 30) with V = V; ,  and 

Q = ( V1 \ Ker S I _ ,) · ( V2 \ Ker S I _ ,) - I .  
(7.4 1 )  

Note that, in  view of the nonsingularity of  [S
j,,� 

2] ,  the restrictions V; \ Ker S I _ 2 ' 
i = 1 , 2 are invertible ; consequently, Q is a nonsingular matrix. 

Proof. We have to check only that 

Q Vil - P) = V1 (l - P). (7.42) 

But both sides of (7.42) are equal to zero when restricted to 1m P. On the 
other hand, in view of Proposition 7.4(c) and (7.41 ), both sides of (7.42) are 
equal when restricted to Ker P. Since q;nl is a direct sum of Ker P and 1m P, 
(7.42) follows. D 

We conclude this section by an illustrative example. 

EXAMPLE 7.2. Let X I = X 2 = I, TI = 0, T2 = aI, a oF 0 (all matrices are 2 x 2). 
Then ([X I X 2J, TI E!3 T2) is a decomposable pair (where I = 2). According to Theorem 
7.8, all matrix polynomials L(A) for which [(X I X 2J, TI E!3 Tz) is their decomposable 
pair are given by (7.30). A computation shows that 

(7.43) 

where VI and V2 are any 2 x 2 matrices such that 

is nonsingular. Of course, one can rewrite (7.43) in the form L(A) = V(A - aA 2), where 
V is any nonsingular 2 x 2 matrix, as it should be by Theorem 7.9. 0 
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7.7. Divisibility of Matrix Polynomials 

In this section we shall characterize divisibility of matrix polynomials in 
terms of their spectral data at the finite points of the spectrum, i .e . , the data 
contained in a finite Jordan pair. This characterization is given by the follow­
ing theorem. 

Theorem 7.10. Let B(A.) and L(A.) be regular matrix polynomials. Assume 
B(A.) = LJ= o Bj A.j, Bm #- 0, and let (XF ' JF) be the finite Jordan pair of L(A.). 
Then L(A.) is a right divisor of B(A.), i.e., B(A.)L(A.) - l is also a polynomial, if and 
only if 

m 

L BjXFJ� = O. j = O 
We shall need some preparation for the proof of Theorem 7. 10. 

(7.44) 

First, without loss of generality we can (and will) assume that L(A.) is 
comonic, i .e. , L(O) = I. Indeed, a matrix polynomial L(A.) is a right divisor of a 
matrix polynomial B(A.) if and only ifthe comonic polynomial L - 1 (a)L(A. + a) 
is a right divisor of the comonic polynomial B- 1 (a)B(A. + a). Here a E q; is 
such that both L(a) and B(a) are nonsingular, existence of such an a is ensured 
by the regularity conditions det B(A.) I- 0 and det L(A.) I- O. Observe also that 
(XF ' JF) is a finite Jordan pair of L(A.) if and only if (XF ' JF + aI) is a finite 
Jordan pair of L - 1 (a)L(A. + a). This fact may be verified easily using Theorem 
7. 1 .  

Second, we  describe the process o f  division o f  B(A.) by  L(A.) (assuming L(A.) 
is comonic). Let I be the degree of L(A.), and let (X 00 '  J oc,) be the infinite 
Jordan pair of L(A.). Put 

(7.45) 

We shall use the fact that (X, J) is a standard pair for the monic matrix 
polynomial L(A.) = A.IL(r 1 ) (see Theorem 7. 1 5  below). In particular, 
col(XJi - 1 )l = 1 is nonsingular. For a � 0 and 1 � f3 � I set PaP = XJ(JZp , 
where 

(7.46) 

Further, for each a � 0 and f3 � 0 or f3 > I put Pap = O. With this choice of PaP 
the following formulas hold : 

and 

00 
L(A.) = I - L A.jpl , I + 1 - j , j = 1 

(7.47) 

(7.48) 
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Indeed, formula (7.47) is an immediate consequence from the right canonical 
form for L(A) using its standard pair (X, J). Formula (7.48) coincides (up to 
the notation) with (3 . 1 5). 

The process of division of B(A) by L(A) can now be described as follows : 

k = 1 , 2, . . .  , (7.49) 
where 

Qk(A) = :t>j(Bj + �t�BiFl + j - l - i . } 

Rk(},) = j�/
j(Bj + :t>i Fl + k - l - i , l + k - j) , (7. 50) 

and Bj = O forj > m. We verify (7.49) using induction on k. For k = 1 (7.49) is 
trivial. Assume that (7.49) holds for some k ;::: 1. Then using the recursion 
(7.48), one sees that 

B(A) - Qk + I (A)L(A) = Rk(A) - Ak (Bk + :t>iFl + k - I - i . ) L(A) 

00 
( 

k - 1 

) = I Aj Bj + I BJ1 + k - I - i . l + k - j j = k + 1 i = O  

= Rk + 1 (A), 

and the induction is complete. 
We say that a matrix polynomial R(A) has codegree k if R( i)(O) = 0, 

i = 0, . . .  , k - 1 , and R(k)(O) i= 0 (i.e . , the first nonzero coefficient in R(A) = 
I)= o RjAj is Rk)' If B(A) = Q(A)L(A) + R(A) where Q(A) and R(A) are 
n x n matrix polynomials such that degree Q(A) .::; k - 1 and codegree 
RCA) ;::: k, then Q(A) = Qk(A) and R(A) = RkCA). Indeed, since L(A) is comonic, 
under the stated conditions the coefficients of Q(A) = I7:J Qi Ai are uniquely 
determined by those of B(A) and L(A) (first we determine Qo , then Q I, Qz , and 
so on), and hence the same is true for R(A). 1t follows that LCA) is a right divisor 
ofB(A) if and only iffor some k the remainder Rk(A) = O. 

Proof of Theorem 7. 1 0. Using the definition of FafJ and the property 
XJ i - 1Zj = biJ (1 .::; i, j '::; I), rewrite (7. 50) in the form 
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It follows that Rk(Ao) = 0 if and only if 
m 

I + k > m, "L BiXJ1 + k - 1 - i = o. (7. 5 1 )  
i = O  

Now suppose that L(Ao) is a right divisor of B(Ao). Then there exists k � 1 such 
that (7. 5 1 )  holds. Because of formula (7.45) this implies 

m 

"L BiXFJ "F l - k + 1 + i = o. 
i = O  

Multiplying the left- and right-hand sides of this identity by J�+ k - 1 yields the 
desired formula (7.44). 

Conversely, suppose that (7.44) holds. Let v be a positive integer such that 
J"oo = o. Choose k � 1 such that 1 + k � m + v . Multiply the left- and right­
hand sides of (7.44) by Ji 1 - k + 1 • This gives 

m 

"L BiXFJi (I + k - 1 - i) = O. 
i = O  

As X 00 J':;k - 1 - i = 0 for i = 0, . . .  , m, we see that with this choice of k, 
formula (7. 5 1 )  obtains. Hence L(Ao) is a right divisor of B(Ao). 0 

Corollary 7.1 1 .  Let B(Ao) and L(Ao) be regular n x n matrix polynomials. 
Then L(Ao) is a right divisor of B(Ao) if and only if each Jordan chain of L(Ao) is a 
Jordan chain of B(Ao) corresponding to the same eigenvalue. 

Proof If L(Ao) is a right divisor of B(Ao), then one sees through a direct 
computation (using root polynomials, for example) that each Jordan chain 
of L(Ao) is a Jordan chain for B(Ao) corresponding to the same eigenvalue as 
for L(Ao). 

Conversely, if each Jordan chain of L(Ao) i s  a Jordan chain for B(Ao) 
corresponding to the same eigenvalue, then by Proposition 1 . 10, (7.44) holds 
and so L(Ao) is a right divisor of B(Ao). 0 

Note that in the proof of Theorem 7. 10  we did not use the comonicity of 
B(Ao). It follows that Theorem 7. 10  is valid for any pair of n x n matrix poly­
nomials B(Ao) and L(Ao), provided L(Ao) is regular. A similar remark applies to 
the previous corollary. 

Next we show that a description of divisibility of regular polynomials can 
also be given in terms of their finite Jordan chains. In order to formulate this 
criterion we shall need the notions of restriction and extension of admissible 
pairs. 

As before, a pair of matrices (X, T) is called an admissible pair of order p 
if X is n x p and T is p x p. The space 

00 00 
Ker(X, T) = n Ker XTj = n Ker[col(XTj- 1 )j = 1 ] j = 0 s = 0 
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is called the kernel of the pair (X, T). The least positive integer s such that 

Ker[col(XTj- l )j = I J = Ker[col(XTj- l )j ! D 
will be called the index of stabilization of the pair (X, T) ; it will be denoted by 
indeX, T). Since the subspaces .As = Ker[col(XTj - l )j = l J c (lP form a 
descending chain .AI ::J .A2 ::J . . .  ::J .As ::J .As + 1 , there always exists a 
minimal s such that .As = .As + 1 , i .e . , indeX, T) is defined correctly. 

Given two admissible pairs (X, T) and (X l ' T1 ) of orders P and P I ' 
respectively, we call (X, T) an extension of (X 1 , T1 ) (or, equivalently, (X 1 , T1 ) 
a restriction of (X, T» if there exists an injective linear transformation 
S :  (lPI -+ (lP such that XS = Xl and TS = ST1 . Observe that in this case 
1m S is invariant under T. Admissible pairs (X, T) and (X 1 , T1 ) are called 
similar if each is an extension of the other ; in this case their orders are equal 
and X V  = Xl , V - l T V  = Tl for some invertible linear transformation V. 
The definition of extension given above is easily seen to be consistent with the 
discussion of Section 6. 1 . Thus, the pair (X I Im S , T hm s) is similar to (X 1 , T1 ), 
with the similarity transformation S :  (lP I -+ 1m S. 

An important example of an admissible pair is a finite Jordan pair (X F , J F) 
of a comonic matrix polynomial L(A.). It follows from Theorem 7.3 that the 
kernel of the admissible pair (XF '  JF) is zero. 

We shall need the following characterization of extension of admissible 
pairs. 

Lemma 7.12.  Let (X, T) and (X 1 ,  T1 ) be admissible pairs. If (X, T) is 
an extension of (X 1 , T1 ), then 

Im[col(X l T�- l )7'= I J c Im[col(XTi - 1 )7'= I J ,  m � 1 . 

Conversely, if (X 1 , T1 ) has a zero kernel and if 
Im[col(X I Til- l )�� lJ  c Im[col(XTi - l )�� f] ,  (7.52) 

where k is some fixed positive integer such that k � indeX, T) and k � 
indeX l ' T1 ), then (X, T) is an extension of (X l ' T1 )· 

Proof The first part of the lemma is trivial. To prove the second part : 
first suppose that both (X 1 , T1 ) and (X, T) have zero kernel. Our choice of k 
implies 

Put 0 = col(X Ti - 1 )l = 1 and 01 = COI(X I T�- I )�= I ' and let P and PI be the 
orders of the pairs (X, T) and (X 1 , Tl ). From our hypothesis if follows that 
1m 01 c 1m O. Hence, there exists a linear transformation S :  (lPI -+ (lP such 
that OS = Ql . As Ker 0 1 = {O} , we see that S is injective. Further, from 
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Ker Q = {O} it follows that S is uniquely determined. Note that QS = Q1 
implies that XS = Xl . To prove that TS = ST1 , let us consider 

As before, there exists a linear transformation S: CP1 --+ CP such that OS = 01 . 
The last equality implies QS = Q1 , and thus S = S. But then QTS = QTS = 
Q1 T1 = QST1 . It follows that Q(TS - ST1 ) = O. As Ker Q = {O} ,  we have 
TS = ST1 . This completes the proof ofthe lemma for the case that both (X, T) 
and (X 1 , T1 ) have zero kernel. 

Next, suppose that Ker(X, T) -=f. {O} . Let p be the order of the pair (X, T), 
and let Q be a projector of CP along Ker(X, T). Put 

Xo = XilmQ '  

Then Ker(X 0 ,  To) = {O} and for all m ;:::: 1 

Im[col(Xo T�- l )i'= l ] = Im[col(XTi - 1 )7'= 1 ] .  

As, moreover, ind(X 0 ,  To) = ind(X, T), we see from the result proved in  the 
previous paragraph that (7.52) implies that (X 0 ,  To) is an extension of (X 1 , T1 ). 
But, trivially, (X, T) is an extension of (X 0 '  To). So it follows that (X, T) is an 
extension of (X 1 , T1 ), and the proof is complete. 0 

Now we can state and prove the promised characterization of divisibility 
of regular matrix polynomials in terms of their finite Jordan pairs. 

Theorem 7. 13. Let B(A) and L(A) be regular n x n matrix polynomials and 
let (X B ,  J B) and (XL ' h) be finite Jordan pairs of B(A) and L(A), respectively. 
Then L(A) is a right divisor of B(A) if and only if (X B, J B) is an extension of 
(XL ' JL)· 

Proof Let q be the degree of det B(A), and let p be the degree of det L(A). 
Then (X B ,  J B) and (X L ,  J L) are admissible pairs of orders q and p, respectively. 
Suppose that there exists an injective linear transformation S :  CP --+ cq such 
that XB S = XL ' JB S = SJL . Then XBJ�S = XLJi for each j ;:::: O. Now 
assume that B(A) = L:j= o BjAj. Then 

jt/jXLJi = (
J
oBjXBJ�)S = o. 

So we can apply Theorem 7. 10 to show that L(A) is a right divisor of B(A). 
Conversely, suppose that L(A) is a right divisor of B(A). Then each chain of 

L(A) is a Jordan chain of B(A) corresponding to the same eigenvalue as for 
L(A) (see Corollary 7. 1 1) .  Hence 

Im[col(X LJ�- 1 )7'= 1 ] c:: Im[col(X BJk- 1 )7'= 1 ] 
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for each m � 1. As Ker(X L ,  J L) and Ker(X B ,  J B) consist o f  the zero element 
only, it follows that we can apply Lemma 7. 12  to show that (X B ,  J B) is an 
extension of (XL ' J L)' D 

7.8. Representation Theorems for Comonic Matrix 
Polynomials 

In this section the results of Section 7.5 and 7.6 will be considered in the 
special case of comonic matrix polynomials, in which case simpler representa­
tions are available. Recall that L(A) is called comonic if L(O) = I. Clearly, such 
a polynomial is regular. 

Let (X F ,  J F) and (X 00 '  J (0) be finite and infinite Jordan pairs, respectively, 
for the comonic polynomial L(A) = I + I�= l Aj Aj. By Theorem 7.3 ,  
( [X F X 00] ' JF EB J (0) is a decomposable pair of L(A). Moreover, since L(O) 
= I, the matrix J F is nonsingular. Let J = J F 1 EB J 00 '  and call the pair 
(X, J) = ( [XF X 00] ' JF 1 EB J (0) a comonic Jordan pair of L(A). Representa­
tions of a comonic matrix polynomial are conveniently expressed in terms of a 
comonic Jordan pair, as we shall see shortly. 

We start with some simple properties of the comonic Jordan pair (X, J). 
It follows from Theorem 7.3 and property (iii) in the definition of a decom­
posable pair of L(A) that the nl x nl matrix col(XJi) l : 6 is nonsingular. 
Further, 

(7 .53) 

where R is the co monic companion matrix of L(A) (see Section 7.2). Indeed, 
(7 .53) is equivalent to 

xJl + A, X + Ai - lXJ + . . .  + A lXJi - l = 0, 

which follows again from Theorem 7.3 .  In particular, (7. 53) proves that J 
and R are similar. 

The following theorem is a more explicit version of Theorem 7. 7 applicable 
in the comonic case. 

Theorem 7.14. Let L(A) be a comonic matrix polynomial of degree 1, and 
let (X, J) be its comonic Jordan pair. Then the nl x nl matrix Y = col(Xf)l : 6 
is nonsingular and, if A - 1 � a(J), 

Proof Nonsingularity of Y has been observed already. 

(7. 54) 
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where 

in the notation of Theorem 7.7. To prove (7. 54), it remains to check the equality 

[ - JF I 0 J [I 0 J [SI - 2J � '  � � [JF (l - I ) 0 J Y - I l�j . o - I  0 f- I W 0 J1 - I : (7 .55) 
00 0 00 . 

I 
I 

From (7.26) we have 

. . .  0 IF 

� [ - Ji�l + I -J.
01 + JS'�" CL(l) � 'm 

Put A. = 0 in the right-hand side to obtain [ - �F I  �I
J [S�,�2r\0 . , . 0 IF = sl--\ [I 0 . . . of. (7.56) 

(Here we use the assumption of comonicity, so that C L(O) is nonsingular.) But 

Inverting this formula and substituting in (7. 56) yields (7. 55). 0 
Note that for any pair of matrices similar to (X, J) a representation similar 

to (7. 54) holds. In particular, (7. 54) holds, replacing X by [I 0 . . .  0] and J by the comonic companion matrix R of L(A.) (cf. (7 .53)). 
An alternative way to derive (7.54) would be by reduction to monic 

polynomials. Let us outline this approach. The following observation is 
crucial : 
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Theorem 7.15. Let L(A) be a comonic matrix polynomial of degree I, and 
let (X, J) be its comonic Jordan pair. Then (X, J) is a (right) standard pair for 
the monic matrix polynomial L(A) = AIL(A - 1 ). 

The proof of Theorem 7. 1 5  can be obtained by repeating arguments from 
the proof of Theorem 7.3. 

We already know a resolvent representation for L(A) = Ie I L(), - 1 ) (Theorem 
2.4) : 

L(A) = X(IA - J) - lZ, 

where Z = [col(XJi) l : Ar 1 [0 . . .  0 IJ T. 

A ¢ (J(J), 

The last relation yields the biorthogonality conditions xJiz = 0 for 
j = 0, . . .  , 1 - 2, XJI - 1Z = I. Using these we see that for A close enough to 
zero, 

L - l (A) = A - l [L(r 1 )r 1 
= A - l + 1X(I - AJ) - lZ 

= A - l + 1X(I + AJ + A2J2 + . .  ·)Z 
= A - 1 + 1 X(Al - 1 jl - l + AlJl + . . .  )Z = XJl - 1 (I - AJ) - l Z. 

Consequently, (7. 54) holds for A close enough to zero, and, since both sides of 
(7. 54) are rational matrix functions, (7. 54) holds for all A such that A - 1 ¢ u(J). 

For a comonic matrix polynomial L(A) of degree I representation (7.32) 
reduces to 

(7.57) 

where (X, J) is a co monic Jordan pair of L(A), and [Vl lIiJ = 

[col(XJi) l : Ar 1 . The easiest way to verify (7.57) is by reduction to the monic 
polynomial Al L(A - 1 ) and the use of Theorem 7. 3. Again, (7 .57) holds for any 
pair similar to (X, J). In particular, (7 .57) holds for ( [1 0 . . .  OJ , R) with 
the co monic companion matrix R of L(A). It also follows that a comonic 
polynomial can be uniquely reconstructed from its co monic Jordan pair. 

7.9. Comonic Polynomials from Finite Spectral Data 

We have seen already that a co monic matrix polynomial of given degree is 
uniquely defined by its co monic Jordan pair (formula (7 .57)). On the other 
hand, the finite Jordan pair alone is not sufficient to determine uniquely the 
co monic polynomial. We describe here how to determine a comonic matrix 
polynomial by its finite Jordan pair in a way which may be described as 
canonical. To this end we use the construction of a special left inverse intro­
duced in Section 6.3 . 
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We shall need the following definition of s-indices and k-indices of an 
admissible pair (X, T) with nonsingular matrix T and indeX, T) = I. Let 
k i = n + q l - i - l - ql - i for i = 0, . . .  , 1 - 1, where q i = rank col(XTj)j : 6 for 
i 2: 1 and qo = 0 ;  define Si for i = 0, . . .  as the number of integers ko , k1 , . . .  , 
k1 - 1 which are larger than i. The numbers So ,  S I , ' " will be called s-indices of 
(X, T), and the numbers ko , k 1 , • • •  , k1 - 1 will be called k-indices of (X. T). 
Observe the following easily verified properties of the k-indices and s-indices : 

( 1 ) n 2: k o 2: k 1 2: . . .  2: k1 - 1 ; 
(2) 
(3) 
(4) 

So 2: s 1 2: . . .  ; 
Sj ::S;; I for i = 0, 1 , . . .  , and Si = 0 for i > n ;  
,,1 - 1 k "n L.,i = O i = L.,j= O Sj . 

Now we can formulate the theorem which describes a canonical con­
struction of the comonic polynomial via its finite spectral data. 

Theorem 7.16 .  Let (XF , JF) be an admissible pair with zero kernel and 
nonsingular Jordan matrix JF . The minimal degree of a comonic polynomial 
L(A) such that (X F ,  J F) is itsfinite Jordan pair, is equal to the index of stabiliza­
tion ind(XF , JF). One such polynomial is given by theformula 

Lo(A) = I - XFJF" I( VI AI + . . . + J.-/ A), 
where V = [VI ' . . .  , VI] is a special left inverse of col(X FJF" j)j : 6 ' The infinite 
part (X 00 ' J 00 ) of a comonic Jordan pair for Lo(A) has the form 

X 00 = [Xo 0 . . .  0 X l 0 . . . 0 . . . Xv 0 . . .  0] , 
J 00 = diag[J 00 0 '  J 00 1 , • . . , J 00 v] , 

where J ooj is a nilpotent Jordan block of size Sj , and So 2: . . . 2: Sv are the 
nonzero s-indices of (XF , JF" 1 ) . 

Proof Let (X F .  J F) be a finite Jordan pair of some comonic polynomial 
L(A). Then (see Theorem 7.3) (X F, J F) is a restriction of a decomposable pair 
of L(A). In view of property (iii) in the definition of a decomposable pair 
(Section 7.3), ind(XF • JF) ::s;; m, where m is the degree of L(A). So the first 
assertion of the theorem follows. 

We now prove that Lo(A) has (XF , JF) as its finite Jordan pair. Let 
L(A) = A1Lo(r l ) = n1 - XFJF" l (VI + . . .  + J.-/ A1 -

1 ). By Theorem 6 .5 , (XF , 
JF" 1 ) is a part of a standard pair eX, T) for L(A). Further, Corollary 6.6 ensures 
that (XF , JF" 1 ) is similar to eX lAt . T I At), where J{ is the maximal T-invariant 
subspace such that T IAt is invertible. By Theorem 7. 1 5, (X IAt , T I At) is similar 
to the part (X-F , IF" l ) of a comonic Jordan pair « X-F , X-oo), IF" 1 E9 1 00 ) of 
Lo(A). So in fact (XF , JF) is a finite Jordan pair for Lo(A). 
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In order to study the structure of (X 00 '  J 00 ) ' it is convenient to consider the 
companion matrix 

0 I 0 0 
0 0 I 0 

C =  
0 0 0 I 

XFJi 1 V1 XFJi 1 V2 XFJi 1 J1; 

of L(A). Let "fill ::;) . . .  ::;) "fill be the subspaces taken from the definition of the 
special left inverse. The subspace "fII = col("fII)J= 1 C C!:nl is C-invariant, 
because C"fII = col(1rj + 1 )/= 1 c "fII (by definition "fill + 1 = {O}). The 
relation C [col(XFJi j)�: �] = [col(XFJi j)�: �] . Ji 1 shows that the subspace 
.P = 1m col(X F Ji j)j : �  is also C-invariant. It is clear that C i'H'" is nilpotent, 
and C I2' is invertible. Let ko � k 1 � . . .  � kl - 1 be the k-indices of (XF ' Ji 1). 
Let zYJ, . . .  , Z�!_ l - k ; be a basis in "fIIi modulo "fIIi + 1 , for i = 1 , . . .  , I (by 
definition kl = 0). Then it is easy to see that for j = 1, . . .  , ki - 1 - ki ' 
col(c5 1 p z�i» � = 1 , col(c52p z�i» � = 1 , . . .  , col(c5ip z�i » � = 1 is a Jordan chain of C 
corresponding to the eigenvalue 0, of length i. Taking into account the defini­
tion of the s-indices and Theorem 6.5 , we see that (X 00 , J 00) has the structure 
described in the theorem. 0 

By the way, Theorem 7. 1 6  implies the following important fact. 

Corollary 7.17. Let (X, T) be an admissible pair with zero kernel and 
nonsingular Jordan matrix T. Then there exists a comonic matrix polynomial 
such that (X, T) is its finite Jordan pair. 

In other words, every admissible pair (subject to natural restrictions) can 
play the role of a finite Jordan pair for some comonic matrix polynomial. 

The following corollary gives a description of all the comonic matrix 
polynomials for which (X F ,  JF) is a finite Jordan pair. 

Corollary 7.18. A comonic matrix polynomial L(A) has (XF ' JF) as its 
finite Jordan pair if and only if L(A) admits the representation 

L(A) = U(A)Lo(A), 

where Lo(A) = I - XFJi l(V1 AI + . . .  + Jl;A), [V1 JI;] is a special left 
inverse of CO I(XFJi j)� = l ' and U(A) is a comonic matrix polynomial with 
constant determinant. 

This is an immediate corollary of Theorems 7. 1 3  and 7. 1 6. 
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We have now solved the problem of  reconstructing a co monic poly­
nomial, given its finite Jordan pair (XF , JF). Clearly, there are many comonic 
polynomials of minimal degree with the same (XF , JF), which differ by their 
spectral data at infinity. Now we shall give a description of all possible Jordan 
structures at infinity for such polynomials. 

Theorem 7.19. Let (XF , JF) be an admissible pair of order r and zero 
kernel with nonsingular Jordan matrix JF . Let 1 =  ind(XF , JF). If(XF , JF) is a 
finite Jordan pair of a comonic matrix polynomial L(2) of degree I, and (X 00 '  J 00 ) 
is its infinite Jordan pair, then the sizes PI � P2 � . . . � Pv of the Jordan bl�cks 
in J 00 satisfy the conditions 

j j 
L Pi � L Si - 1  for j = 1 ,2, . . .  , v, i = 1 i = 1 

v 
L Pi = nl - r, 
i = 1 

where so , S 1 ' . • .  , are the s-indices of (XF , Ji 1 ) . 

(7 .58) 

(7.59) 

Conversely, iffor some positive integers P I � P2 � . . .  � p" the conditions 
(7.58), (7. 59) are satisfied, then there exists a comonic matrix polynomial L(2) of 
degree I such that L(A) has a comonic Jordan pair of the form « X  FX 00 ) ' 
J i 1 EB J 00) ' where J 00 is a nilpotent Jordan matrix with Jordan blocks of sizes 
P I ' · · · ' Pv · 

The proof of Theorem 7. 19 follows easily from Theorem 6.7. 

7.10.  Description of Divisors via Invariant Subspaces 

The results of the preceding section allow us to give the following descrip­
tion of (right) comonic divisors of a given comonic matrix polynomial L(2) in 
terms of its finite Jordan pair (XF ' JF). 

Theorem 7.20. Let vIt be a JF-invariant subspace, and let m = 
ind(XFI At , Jil�). Then a comonic polynomial 

(7.60) 

where [VI Vm] is a special left inverse of col«X F iAt) (JF IAt) - j + 1 )j= 1 , is a 
right divisor of L(2). Conversely,for every comonic right divisor L1 (A) of L(A) 
there exists a unique JF-invariant subspace vIt such that L1 (A) = U(A)LAt(2), 
where U(2) is a matrix polynomial with det U(A) == 1 and U(O) = I. 

Proof From Theorems 7. 1 3 and 7. 1 6 it follows that LAt(A) is a right 
divisor of L(A) for any JF-invariant subspace vIt. 
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Conversely, let L 1 (A) be a co monic right divisor of L(A) with finite Jordan 
pair (X I , F ' J I , F)' By Theorem 7. 1 3, (X I , F ' J I , F) is a restriction of (XF , JF) ; 
so (X 1 , F ,  J 1 , F) is a finite Jordan pair of LA{(A), where LA{(A) is given by (7.60), 
and At is the unique J F-invariant subspace such that (X 1 , F ,  J 1 , F) is similar to 
(XF1A{ ' JF 1A{)' By the same Theorem 7. 1 3, L 1 (A) = U(A)LA{(A), where U(A) is a 
matrix polynomial without eigenvalues. Moreover, since L l (0) = LA{(O) = I, 
also U(O) = I, and det U(A) == 1 . D 

If At is the J F-invariant subspace, which corresponds to the right divisor 
L 1 (A) of L(A) as in Theorem 7.20, we shall say that L 1 (A) is generated by At, 
and At is the supporting subspace of L l (A) (with respect to the fixed finite 
Jordan pair (XF , JF) of L(A» . Theorem 7.20 can be regarded as a generaliza­
tion of Theorem 3 . 1 2  for non monic matrix polynomials. 

EXAMPLE 7 .3 .  To illustrate the theory consider the following example. Let 

L(it) = 
[(it + 1 )3 it J . o (it - V 

Then a finite Jordan pair (XF , JF) of L(it) is given by 

Then 

[1 0 0 1 OJ XF = 0 0 0 - 8 - 4 ' JF = [ - � - � �l ffi [� a o 0 - 1 

We compute the divisors generated by the Jr; I -invariant subspace .A spanned by the 
vectors (1 0 0 0 O)T, (0 1 0 0 of, (0 0 0 1 O)T. We have [ - 1  - 1  0] 

Jr; I IAt = 0 - 1  O .  
0 0 1 

The columns of 

are independent, and a special left inverse is 

[ VI V2] = [- � � -� -1]. o 0 O - i 
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Therefore, 

and the general form of a right comonic divisor generated by v1t, is [u + 1 )  
V(A) . 

o I. 1 i. � 1 
' 

where V(A) is matrix polynomial with V(O) = I and det V(A) == 1 .  0 

7.1 1 .  Construction of a Comonic Matrix Polynomial via a 
Special Generalized Inverse 

213 

In Section 7.9 we have already considered the construction of a comonic 
matrix polynomial L(A) given its finite Jordan pair (X F ,  JF). The spectral data 
in- (XF '  JF) are " well organized " in the sense that for every eigenvalue Ao of 
L(A) the part of (XF '  JF) corresponding to Ao consists of a canonical set of 
Jordan chains of L(A) corresponding to Ao and Jordan blocks with eigenvalue 
Ao whose sizes match the lengths of the Jordan chains in the canonical set. 
However, it is desirable to know how to construct a comonic matrix poly­
nomial L(A) if its finite spectral data are " badly organized," i.e., it is not known 
in advance if they form a canonical set of Jordan chains for each eigenvalue. 

In this section we shall solve this problem. The solution is based on the 
notion of a special generalized inverse. 

We start with some auxiliary considerations. Let (X, T) be an admissible 
pair of order p, and let A = col(XTi - 1 )1= I , where s = ind(X, T). Let AI be a 
generalized inverse of A (see Chapter S3). It is clear that AI can be written as 
AI = [ VI v.] , where VI ' Vz , . . . , V. are n x n matrices. Put 

(7.6 1 )  

Then for every projector P of rep along Ker(X, T) (recall that Ker(X, T)  = 

{x E reP I XTix = 0, i = 0, I , . . .  }) there exists a generalized inverse AI of A 
such that a standard pair of L(A) is an extension of the pair 

(X l lm p , PT llm p)· 

More exactly, the following lemma holds. 

(7 .62) 

Lemma 7.21 . For a projector P of rep along Ker(X, T), let AI be a general­
ized inverse of A = col(XTi - 1 )1= I (s = ind(X, T» such that AlA = P. 
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Let Q = [I 0 . . .  0] and let C be the first companion matrix of the 
monic matrix polynomial (7.6 1 ) (so (Q, C) is a standard pair for L(.,1.» . Then the 
space 1m A is invariant for C and the pair (Q l Im A ' C l ImA) is similar to (X l Im P ' 
PT I Im p)· 

Proof We have 

C =  

0 I 
0 

0 0 

I 
o 
o 

I 
XPV1 XPV2 XPv. 

As  AAIA = A, we  have XTi - 1 AlA = XTi - 1 for i = 1 ,  . . .  , s .  So  CA = 
A T AlA . Since AlA = P, the equalities AIAP = P and AP = A hold. So 
CA = APTP, and hence 

C(A l im P) = (A I lm p) (PT l im P)' 
Note that S = A l im P  has a zero kernel (as a linear transformation from 1 m  P to �ns). From what we proved above we see that CS = S(PT l Im P)' Further 

[I 0 . . .  O]S = [I 0 . . . O]A l lm p = X llm P ' 

It follows that J( = 1m S = 1m A is a C-invariant subspace, and 

( [I 0 . . .  0] IAt , C lAt) 
is similar to (X l im P , P T  l im P)' D 
For the purpose of further reference let us state the following proposition. 

Proposition 7.22. Let (X, T) be an admissible pair of order p, and suppose 
that T is nonsingular. Then, in the notation of Lemma 7.2 1 ,  the restriction 
C l im A is nonsingular. 

Proof In view of Lemma 7.2 1 , it is sufficient to prove that PT l im P is 
invertible, where P is a projector of �p along Ker col(XTi)i: 6 .  Write X and T 
in matrix form with respect to the decomposition �p = 1m P + Ker P :  

X = [Xl 0] , T = [Tl l  T1 2] . T2 1 T2 2 
For example, Tl l  = P T llmP ' Let u s  prove that T1 2 = O. Indeed, the matrix 
col(XTi)f: b has the following matrix form with respect to the decomposition �p = 1m P + Ker P : 

(7.63) 
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Since s = indeX, T), Ker col(X Ti):= o = Ker col(XTi)r: J ,  and therefore 
X ys = [X 1 T� 1 0] . Taking into account (7.63) we obtain that X I T { I . T1 2  
= 0 for j = 0, . . . , s - 1 ,  and in view of the left invertibility of col(X 1 T { I )} : A ,  
it follows that T1 2  = O. Now clearly the nonsingularity o f  T implies that 
Tl l  = PT hm P is also invertible. D 

So if T in the admissbile pair (X, T) is nonsingular, then by Proposition 
7.22, C l Im A is invertible too. But 1m A is not necessarily the largest C-invariant 
subspace A of flns such that C IAt is invertible. To get this maximal subspace we 
have to make a special choice for AI. 

Recall that if 'irl ' . . .  ' 'irs are subspaces in fln, then col('ir)j= 1 will denote 
the subspace of flns consisting of all vectors x = col(x)j = 1 with Xj E 'irj for 
j = 1 ,  2, . . .  , s. As before, let (X, T) be an admissible pair of order p, let s = 

indeX, T) and assume that T is nonsingular. Then there exist linear subspaces 
'irs c 'irs - 1 c · · ·  C 'irl C fln such that 

(7.64) 

For the case in which Ker(X, T) = {OJ, formula (7.64) follows from Lemma 
6.4. By replacing (X, T) by the pair (7.62) the general case may be reduced to 
the case Ker(X, T) = {OJ, because 

1m col(XTi - 1 ):= 1 = Im[col« X hmp) (PT I Im pY - l ):= I ] . 

We call Al a special generalized inverse of A = col(XTi - I ):= I whenever AI is a 
generalized inverse of A and Ker AI = col('irj)j = 1 for some choice of sub­
spaces 'irs c . . .  c 'ir 1 such that (7.64) holds. If A is left invertible, and AI is a 
special left inverse of A, as defined in Section 6.3 , then AI is also a special 
generalized inverse of A. 

The following result is a refinement of Lemma 7.2 1 for the case of special 
generalized inverse. 

Lemma 7.23. Let (X, T) be an admissible pair of order p, let s = indeX, T) 
and assume that T is nonsingular. Let AI be a special generalized inverse of 
A = col(XTi - 1 )f= l , and write AI = [ VI V2 . . . v,] . Let (Q, C) be the 
standard pair with thejirst companion matrix C of 

Then C is completely reduced by the subspaces 1m A and Ker AI, the pairs 

are similar, and 
(i) C l Im A is invertible, 
(ii) (C iKer A'Y = O. 

(7.65) 
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Proof The similarity of the pairs (7.65) has been established in the proof 
of Lemma 7.2 1 .  There it has also been shown that 1m A is C-invariant. As T is 
nonsingular, the same is true for 

AIA T llm AIA 

(cf. Proposition 7.22). But then, because of similarity, statement (i) must be 
true. The fact that Ker AI is C-invariant and statement (ii) follow from the 
special form of Ker AI (cf. formula (7.64)). 0 

The next theorem gives the solution of the problem of construction of a 
comonic matrix polynomial given its " badly organized " data. 

Theorem 7.24. Let (X, T) be an admissible pair of order p, let s = 
ind(X, T), and assume that T is nonsingular. Let AI be a special generalized 
inverse of A = col(XT I - i)i= l ' 

Write AI = [WI W2 • • • w.], and put 
L(A) = I - X T - S(W.A  + . . .  + WI AS). 

Let P = AlA. Then the finite 10rdan pair of L(A) is similar to the pair 
(X l lm p , PT l lm p)· (7.66) 

Further, the minimal possible degree of a comonic n x n matrix polynomial with 
a finite 10rdan pair similar to the pair (7.66) is precisely s. 

Proof Note that ind(X, T - I ) = ind(X, T) = s. Put 

L(A) = IA.s - X T - S(WI + . . .  + W. As - I ). (7.67) 

From the previous lemma it is clear that the pair 

(7.68) 

is similar to the pair (Q 1 1m A , C 1 1m A), where (Q, C) is the standard pair with the 
companion matrix C of the polynomial (7.67). 

Let (XL '  I L) be a finite Jordan pair of L(A), and let (X 00 '  100) be a Jordan 
pair of L(A) corresponding to the eigenvalue O. By Theorem 7. 1 5  the pair 
( [X L X 00] '  Fi 1 EB 100) is similar to (Q, C). From the previous lemma we 
know that 

where C llm A is invertible and C lKer AI is nilpotent. It follows that the pair 
(XL ' IL l ) is similar to the pair (Q l lm A ' C llm A)' 

But then we have proved that the finite Jordan pair of L(A) is similar to 
the pair (7.66). 
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Now, let (XB ' JB) be a finite Jordan pair of some comonic n x n matrix 
polynomial B(A), and assume that (X B ,  J B) is similar to the pair (7.66). Since 
the index of stabilization of the pair (7.66) is equal to s again, we see that 
ind(XB ' J B) = s. Let B(A) = ArnB(r 1 ), where m is the degree of B(A). 

Then (XB ' Jii 
1 ) is a restriction of a standard pair of B(A) (cf. Theorem 

7. 1 5). It follows that s = ind(XB ' JB) = ind(XB ' Jii 1 ) :s; m. This completes 
the proof of the theorem. 0 

In conclusion we remark that one can avoid the requirement that T be 
invertible in Theorem 7.24. To this end replace T by T - aI, where a ¢ a( T), 
and shift the argument A --+ A - a . The details are left to the reader. 

Comments 

The presentation in Section 7. 1 follows the paper [37a] ; the contents of 
Sections 7.2-7.6 are based on [ 14] ,  and that of Section 7 .7 (including Lemma 
7. 1 3) on [29a]. The main results of Section 7.7 also appear in [37a]. 
Another version of division of matrix polynomials appears in [37b] . For 
results and discussion concerning s-indices and k-indices, see [37c, 35b] . The 
results of Sections 7.8-7. 1 0  are based on [37a, 37b] , and those of Section 7. 1 1  
appear in [29a] . Direct connections between a matrix polynomial and its 
linearization are obtained in [79a, 79b] . 



Chapter 8 

Applications to Differential and 
Difference Equations 

In this chapter we shall consider systems of lth-order linear differential 
equations with constant coefficients, as well as systems of linear difference 
equations with constant coefficients. In each case, there will be a characteristic 
matrix polynomial of degree I with determinant not identically zero. The 
results presented here can be viewed as extensions of some results in Chapters 
2 and 3, in which the characteristic matrix polynomial is monic. It is found 
that, in general, the system of differential equations corresponding to a 
non monic matrix polynomial cannot be solved for every continuous right­
hand part. This peculiarity can be attributed to the nonvoid spectral structure 
at infinity, which is always present for nonmonic matrix polynomials (see 
Chapter 7). One way to ensure the existence of a solution of the differential 
equation for every continuous right-hand side is to consider the equation in 
the context of distributions. We shall not pursue this approach here, referring 
the reader to the paper [29a] for a detailed exposition. Instead we shall stick to 
the " classical " approach, imposing differentiability conditions on the right­
hand side (so that the differentiation which occurs in the course of solution can 
always be performed). In the last section of this chapter we solve the problem 
of reconstructing a differential or difference equation when the solutions are 
given for the homogeneous case. 

218 
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8.1 . Differential Equations in  the Nonmonic Case 

Let L(A) = D� o Aj Aj be a regular matrix polynomial. We now consider 
the corresponding system of Ith-order differential equations ( d ) d dl L -d u = Ao u + A l -d u + . . .  + Al l u = [, t t dt · (8. 1 ) 

where f is a (In-valued function of  the real variable t . Our aim is to  describe the 
solution of (8 . 1 ) in terms of a decomposable pair of L(A). 

First, observe that in general equation (8 . 1 ) is not solvable for every 
continuous function f. For example, consider the system of differential 
equations 

Uz = f� ,  (8.2) 

which corresponds to the matrix polynomial 

(8.3) 

Clearly, the system (8 .3) has a continuous solution if and only if fz is I-times 
continuously differentiable, and in that case the solution U I = fl -f�), 
Uz = fz is unique. 

To formulate the main theorem on solutions of (8. 1 ) it is convenient to 
introduce the notion of a resolvent triple of L(A), as follows. Let (X, T) = 
( [X I X2] , Tl E8 Tz) be a decomposable pair of L().). Then there exists a 
matrix Z such that 

L - I (A) = XT(A) - IZ, 
where T(A) = (I A - TI ) E8 (Tz A - 1) (see Theorem 7.7). The triple (X, T, Z) 
will be called a resolvent triple of L(A). 

Theorem 8.1 .  Let L(A) be a matrix polynomial of degree I, and let (X, T, Z) 
be a resolvent triple for L(A), where X = [X I X J, T = Tl E8 Tz , and let 
Z = [��] be the corresponding partition of Z. Assume that the size of Tl is 
m x m, where m = degree(det L(A» , and that T'2 = Of or some positive integer 
v. Then for every (v + I - I)-times continuously dilftrentiable (In-valued 
function f(t) the general solution of(8. 1 ) is given by the formula 

u(t) = X1e /1 tx + {x1eT1 (t - S)Z t!(S) dS - �t�Xz T� ZZ Pi)(t), (8.4) 

where x E (lm is an arbitrary vector. 
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Proof We check first that formula (8.4) does indeed produce a solution 
of (8 . 1) .  We have (for j = 0, 1, . . .  , l) 

So 

j - 1 
u(j)(t) = X1 T{eT• lx + L X1 Tt 1 - kZd(k)(t) 

k = O 

1 1 1 j - 1 
L Aju(j)(t) = L AjX 1 T{eT• lx + L L AjX1 Tt 1 - kZd(k)(t) 
j = O  j = O  j = l k = O  

+ II [ .± AjX 1 T{]eT. (t - S)Zd(S) ds 
to } = O 
v - 1 1 

- L L AjXl T� Zl f(i + j\t). ; = 0 j = O 

Using the property L�= o AjX 1 T{ = 0 and rearranging terms, we have 

1 l + v - 1 { 1 k } 
j�oAj u(j)(t) = 

k�O j=f+ 1AjX 1 T{- 1 - kZ 1 - j�oAjXl T�- jZl J<k)(t). 
(8 .5) 

(As usual, the sum L�= k +  1 is assumed to be empty if k + 1 > I.) B y  the 
definition of a resolvent triple, 

and for I A I large enough, 

L - 1 (,1) = -Xl T2- 1Zl Av - 1 - . . .  - Xl Tl Zl A - Xl Zl + X1z1r 1 

+ Xl T1 Z 1 A - 1 + . . . . (8 .6) 

So the coefficient of J<k)(t) is the right-hand side of (8 .5) is nothing but the 
coefficieNt of Ak in the product L(A)L - 1 (,1) = I. Hence, L�= o Aju(j)(t) = f(t). 

It remains to show that (8.4) gives the general solution of (8 . 1 ). As every 
solution of (8 . 1 )  is a sum of a fixed solution of (8. 1 )  and some solution uo(t) of 
the homogeneous equation ± A . d;uo�t) = 0 

; = 0 ' dt' ' (8.7) 
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it is sufficient to check that 

uo(t) = X1eT1 tx, (8 .8) 

is the general solution of (8 .7). 
Since the set of all solutions of (8 .7) is an m-dimensional linear space 

(Theorem S 1 . 6), we have only to check that uo(t) = 0 is possible only if 
x = O. In fact, uo(t) = 0 implies u�)(t) = X 1 T� eT1 tx = 0 for i = 1 ,  . . .  , 1 - 1 .  
S o  COI(X 1 TDl : � eT l tx = O, and since the columns o f  col(X1 TDl : � are 
linearly independent (refer to the definition of a decomposable pair in 
Section 7.3), we obtain eT1 tx = 0 and x = o. D 

The following theorem is a more detailed version of Theorem 8. 1 for the 
case of co monic matrix polynomials. 

Theorem 8.2. Let L(A) be a comonic matrix polynomial of degree 1, and 
let (X F ,  J F) and (X 00 ' J 00) be its finite and infinite Jordan pairs, respectively. 
Define Z to be the nl x n matrix given by 

[col(XJi - 1 )l = 1r 1 = [* . . .  * Z], 
where X = [XF Xoo] , J = Ji 1 (JJ Joo · 

Make a partition Z = [�:] corresponding to the partition X = [X F X 00] . 
Assume that the (tn-valued function f(t) i s v-times continuously differentiable, 
where v is the least nonnegative integer such that J"oo = O. Then the general 
solution of (8 . 1 )  is an I-times continuously differentiable function of the form 

v - I 
u(t) = XF eJFtx + L Xoo JZ;; 1 + kZoo Pk)(t) 

k = O  

- XFJi (I - 2 ) feJp(t - T)ZF f(r) dr, 
where x is an arbitrary vector in q;m, m = deg det L(A). 

(8.9) 

Proof By Theorem 7.3 , ([XF X 00] ' JF (JJ J 00) is a decomposable pair of 
L(A). Using formula (7.55) it is easily seen that ( _ [Ji (l - 2 ) 0 ] ) X, J, 0 JI - 1 Z 00 

is a resolvent triple of L(A). It remains to apply Theorem 8 . 1 to obtain (8.9). 
D 

Observe that according to (8.9) it is sufficient to require v-times differ­
entiability off (A) in Theorem 8.2 (instead of (v + I - 1 )-times differentiability 
in Theorem 8 . 1 ) .  
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If V = 0, i .e . , ifthe leading coefficient of L(A) is invertible, then Theorem 2.9 
shows that (8 . 1 )  is solvable for any continuous (l:n-valued function f. Note 
that v = 0 implies that deg det L(A) = nl, and the general solution of (8. 1 )  
(assuming comonicity o f  L(A» i s  given by  (8.9) 

u(t) = Xp eJFtx - XpJi (I - 2 ) LeJF(t - t)Zp f(r:) dr:, (8 . 10) 

where x is an arbitrary vector in (l:nl. In the particular case that the leading 
coefficient of L(A) is equal to the identity, formula (8. 1 0) is the same as formula 
(2.35) with X = Xp , T = Jp , because then 

L(A) - 1 = Xp{lA - Jp) - l y = XFJi (l - 1 ){l - Ji 1 A) - IZp 
(cf. Theorem 2.6), and thus 

IX 2 o. (8. 1 1 ) 

To illustrate the usefulness of the above approach, we shall write out the 
general solution of the matrix differential equation 

Au + Bu = f (8 . 1 2) 
in another closed form in which the coefficient matrices appear explicity. We 
assume that A and B are n x n matrices such that det(AA + B) does not 
vanish identically. Choose a E (l: such that aA + B is nonsingular, and let r ° 
and r 1 be two positively oriented closed contours around the zeros of 
det(AA + B) such that a is inside r ° and outside r 1 . Then the general 
solution of Au + Bu = f may be written as 

where [ 1 i eU ] u 1 (t) = - -2 . -, - (AA + B) - l dA xo , 
m rl II. - a 

(8. 1 3) 

1' - 1 [ 1 i ( 1 )k +  1 ] ( d )k uz(t) = L -2 . -
, - (AA + B) - 1 dA - a  + -d f(t), 

k = O  m ro II. - a t 

u3(t) = 
2
�

i 
f
l
(AA + B) - I (Le(t - t)1'(r:) dr:) dA. 

Here Xo is an arbitrary vector in (l:n and J1. is the least nonnegative integer such 
that 

is the zero matrix. 
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Let us deduce the formula (8. 1 3). Let L(A) = AA + B and let L(A) = 
AA + aA + B = L(A + a). Consider the differential equation 

(aA + B) - lL(:t)V = g. (8 . 1 4) 

We apply Theorem 8.2 to find a general solution of (8. 14). A co monic Jordan 
pair X = [XF Xoo ] , J = JF 1 EEl Joo of L(A) is given by the formula (X, J) = 
(1, - (aA + B) - l A), and 

where .;/{ 0 = 1m f (H - J) - l dA, 
do 

where .;/{ 1 = 1m f (H - J) - l dA. 
d ,  

Here L\o and L\1 are closed rectifiable contours such that (L\o u L\1 ) (") a{J) 
= 0 ;  zero is the only eigenvalue of J lying inside L\o , and L\1 contains in its 
interior all but the zero eigenvalue of J. The matrix Z from Theorem 8.2 is just 
the identity. Write formula (8.9) : 

where 

v (t) = VI (t) + v2(t) + v3(t), 

v 1 (t) = XF eJptx = e(J I.Jt , l - ' tx 

= (2�i L,eA - 'lH + (aA + B) - lAr 1 dA )x, 

1' - 1 
vit) = L X 00 J"oo Zoo g(kl(t) 

k = O 

where {t is the least nonnegative integer such that J':x, = 0 ;  

V3(t) = - XFJF I:eJp(t - rlZFg(r) dr 

= - � f A - l [H + (aA + B) - l Ar 1 teA - l (t - rlg(r) dr dA. 2n, d, Ja 
Observe now that the contours L\o and L\1 , while satisfying the above 

requirements, can be chosen also in such a way that r ° = - {r 1 + a l A E L\o}, 
r 1 = {r 1 + a I A E L\d (the minus in the formula for r ° denotes the opposite 
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orientation). Make the change of variable in the above formulas for v 1 (t), 
vit), v3(t) : A = (11 - a) - l . A calculation gives (note that 

[IA + (aA + B) - l Ar 1 = (11 - a) (IlA + B) - l (aA + B)) 

v 1 (t) = ( - -2
1

. f. e(/l - a)t(AIl + B) - 1 �) (aA + B)x, 
1tI r ,  11 - a 

r 1 1 f. vit) = X -
2

. (11 - a) - k - 1 (AIl + B) - 1 dll) (aA + B)g(k)(t), 
k � O  1tI ro 

v3(t) = � f. (All + B) - l 
(
e(ra)(t - t)(aA + B)g(r) dr dll· 2m r , Ja 

Finally, the general solution u(t) of(8 . 1 2) is given by the formula u(t) = eatv(t), 
where vet) is a general solution of (8 . 14) with get) = (aA + B) - l e - a1(t). 
Using the above formulas for vet), we obtain the desired formula (8 . 1 3) for 
u(t). 

These arguments can also be used to express formulas (8.9) in terms of the 
coefficients of L(A) = I + L� � 1 A j Aj. To see this, let 

I 

° 
-AI - 1 

be the comonic companion matrix of L(A). Further, put Q = roW(D 1 j I)� � 1 and 
Y = Col(Dlj I)� � 1 .  Take Po to be the Riesz projector of R corresponding to the 
eigenvalue 0, i .e . , 

(8 . 1 5) 

where r 0 is a suitable contour around zero separating ° from the other eigen­
values of R. Finally, let P = I - Po . Then the general solution of (8 . 1 )  (with 
Ao = I) is equal to 

where 

/l - l 
uit) = L QPo R1 - 1 + kPO Yj<k)(t), 

k � O 
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Here zo is an arbitrary vector in 1m P and J1 is the least nonnegative integer 
such that PO RIlPO = 0. 

8.2. Difference Equations in the Nonmonic Case 

We move on now to the study of the corresponding finite difference 
equations. 

Theorem 8.3. Let L(A) and (X, T, Z) be as in Theorem 8. I . Let {f,.}� o be a 
sequence of vectors in (In. Then the general solution of ajinite difference equation 

AO ur + A1ur + 1 + . . .  + A1 ur + l = f,. , 
where L(A) = L}= o Aj Aj, is given by the formulas 

v - l 
Uo = X i X - L X2 T� Z2 /; ' 

; = 0 
v - l r - l 

r � 0, (8. 1 6) 

Ur = X1 T'i x - L X2 T� Z2 /; + r + L X1 T'j- j - 1Z dj , r � 1 , (8. 1 7) 
; = 0 j = O 

where X E (lm is arbitrary and m is the degree of det L(A). 
Proof. It is easy to see (using Theorem S I . 8) that the general solution of 

the corresponding homogeneous finite difference equation is given by 

r = 0, 1, . . . . 
Hence it suffices to show that the sequence {<Pr}� O given by 

v - l 
<Po = - L X2 T� Z2 /; ' ; = 0 

v - l r - l 
<Pr = - L X2 T� Z2 /; + r + L X1 T'j- j - 1Zdj , ; = 0 j = O 

is a solution of (8 . 1 6). Indeed, 

I r + k - l I v - l 

r � 1 , 

= L L AkX 1 T'j+ k - j - 1Zdj - L L AkX2 T� Z2 f,.+ k + ; k = O  j = O k = O  ; = 0 

(8. 1 8) 
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where it is assumed Ti = 0, T� = 0 for p < O. Using (8 .6), it is seen that the 
coefficient of fj in the right-hand side of (8. 1 8) is just the coefficient of Aj - r in 
the product L(A)L - l (A), which is equal to I for j = r, and zero otherwise. 
Hence the right-hand side of (8 . 1 8) is just f.. . 0 

Again, a simplified version of Theorem 8 .3 for comonic polynomials can 
be written down using finite and infinite Jordan pairs for the construction of a 
decomposable pair of L(A). In this case the general solution of (8 . 1 6) (with 
Ao = I) has the form 

v - I  
U o = XFx  + 'L X",,lt;; l + jZoo fj , 

j = O 
v - I  r - 1 

X Jr � X J1 - 1 + jz I" � X J - 1 + r - jz I" Ur = F F X + L.. 00 00 oo Jj + r - L.. F F F Jj ' j = O  j = O 
r � 1 , 

(8 . 19) 

where (X F ,  J F , ZF), (X 00 ' J 00 ' Zoo) are as in Theorem 8.2. As in the case of a 
differential equation, the general solution (8 . 1 9) can be expressed in terms of 
the comonic companion matrix R of L(A), and the Riesz projector Po given by 
(8 . 1 5). We leave it to the reader to obtain these formulas. The following 
similarity properties may be used for this purpose : 

where R is the comonic companion matrix of L(A), and 

S = col(XFJi i, X oo J:") l : 6 . 
Theorem 8 .3 allows us to solve various problems concerning the behavior 

of the solution (ur):,= o of (8 . 1 6) provided the behavior of the data (f..):'= o is 
known. The following corollary presents one result of this type (problems of 
this kind are important for stability theory of difference schemes for ap­
proximate solution of partial differential equations). 

We say the sequence (f..)':= o is bounded if sUPr = O . l . . . .  I I f.. 1 1  < 00. 

Corollary 8.4. If the spectrum of L(A) is inside the unit circle, then all 
solutions (ur):'= o of(8. 1 6) are bounded provided (f..):'= o is bounded. 

Proof Use the decomposable pair ([XF X 00] ' JF Ei7 J 00) in Theorem 
8 .3 , where (XF ' JF) and (X 00 ' J 00) are finite and infinite Jordan pairs of L(A), 
respectively. Since the eigenvalues of JF are all inside the unit circle, we have 
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I I J� I I ::::; Kpi, i = 0, 1 ,  . . .  , where 0 < p < 1 , and K > 0 is a fixed constant. 
Then (S . 1 7) gives (with Xl = XF ,  Tl = JF , X2 = Xao , T2 = Jao) :  

I l u, l l ::::; I IXF l l Kp' l l x l 1 + Ct>x ao J:"Z2 1 1 ) s�p l l fr l l 
, - 1 

+ L I I XF I I Kp' - j - l l l z i l l sup l l fr l l , j ; O 
and the right-hand side is bounded uniformly in r provided sup, I l fr l l < 00 .  

8.3. Construction of Differential and Difference Equations with 
Given Solutions 

D 

Consider the €n-vector functions cp/t) = p/t)eAjt, j = 1 ,  . . . , r, where 
p/t) are polynomials in t whose coefficients are vectors in €n. In this section we 
show how one can find an n x n matrix polynomial L(A) with a finite number 
of eigenvalues, such that the functions CP l ' . . .  , cP, are solutions of the equation 

L(:t)CP = o. (S .20) 

Without any additional restriction, this problem is easy to solve. At first 
consider the scalar case (n = 1 ). Then we may choose 

, 
L(A) = TI (A - A)Sj + 1 , 

j ; 1 
where Sj is the degree of the polynomial Pit). 

In the general case (n > 1), one first chooses scalar polynomials Ll (A), . . .  , 
LnCA) such that for each j the kth coordinate function of CPj is a solution of 
Lk(d/dt)cp = O. Next, put L(A) = Ll (A) Ef) . . .  Ef) Ln(A). Then the functions 
CP l ' . . . , cP, are solutions of L(d/dt)cp = O. But with this choice of L(A), 
Eq. (S.20) may have solutions which are not linear combinations of the vector 
functions CP l " ' " cP, and their derivatives. So we want to construct the 
polynomial L(A) in such a way that the solution space of Eq. (S .20) is precisely 
equal to the space spanned by the functions CP l ' . . .  , cP, and their derivatives. 
This " inverse " problem is solved by Theorem S. 5 below. In the solution of this 
problem we use the notions and results of Section 7. 1 1 . In particular, the 
special generalized inverse will play an important role. 

Theorem 8.5. Let CPit) = (Lkj; O pjk tk)eAjt where each Pjk is a vector in 
€n, O  ::::; k ::::; Sj ' 1 ::::; j ::::; r. Put 

X = row(row«Sj - k) ! Pj. sr k)i/; O)j ; l , 
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and let J = J 1 EE> • • •  EE> J" where Ji is the Jordan block of order Sj + 1 with 
eigenvalue Ai . Let rx be some complex number different from A I ' . . .  , A" and 
define 

(8.2 1 )  

where I = ind(X, J )  and [VI V;] i s a special generalized inverse of 
col(X (J - rxl) 1 - i): = 1 . Then ({J 1 ,  . . .  , ({Jr are solutions of the equation 

(8.22) 

and every solution of this equation is a linear combination of ({J l ' . . .  , ({Jr and 
their derivatives. Further, I is the minimal possible degree of any n x n matrix 
polynomial with this property. 

Proof Note that l = ind(X, J) = ind(X, J - rxl) ; because ofthe identity 

o 
rx(6)1 ( l )1 

[ I 

rx1 - 1 (:1 7 / )1 rx1 - 2�1 1 1 )1 

0 ] [ X ] [ X ] 
o X(J - rxl) XJ 

(l :::\ )1 X(J -
: 
rxl)l - t 

= 
X) - t

· 

It follows that without loss of generality we may suppose that rx = 0, and let 
(X L ,  J L) be a finite Jordan pair of L(rx). Then the general solution of Eq. (8.22) 
is equal to X L e'hx, where x is an arbitrary vector of flm, m = degree(det L(;,» 
(see Theorem 8. 1 ) .  By Theorem 7.24 the pair (XL ' h) is similar to the pair 

(X l Im P ' P J l Im P), 

where P is a projector of flll, 11 = IJ= I (Sj + 1 ), with Ker P = Ker(X, J). It 
follows that the general solution of (8.22) is of the form X e'J z, where z is an 
arbitrary vector in flil. But this means that the solution space of (8.22) is equal 
to the space spanned by the function ({JI ' . . .  , ({Jr and their derivatives. 

Let B(A) be an n x n matrix polynomial with the property that the solu­
tion space of B(d/dt)({J = 0 is the space spanned by ({J I ' . . .  ' ({Jr and their 
derivatives. Then B(A) can have only a finite number of eigenvalues, and the 
finite Jordan pairs of B(A) and L(A) are similar. But then we can apply Theorem 
7.24 to show that degree B(A) � degree L(A) = I. So I is the minimal possible 
degree. 0 

Now consider the analogous problem for difference equations : 
Let L(A) be an n x n regular matrix polynomial and consider the finite 

difference equation 

i = 1 , 2, . . .  , (8.23) 
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where tSUi = ui + 1 and u 1 , UZ , • • •  , is a sequence of vectors in (r. Let Xo , . . .  , 
Xk - 1  be a Jordan chain for L(A) corresponding to the eigenvalue ,10 ' Put 
X 0 = [xo X l . . .  Xk - 1 ] , and let J 0 be the Jordan block of order k with ,10 
as an eigenvalue. Then for each Z E flk the sequence 

ur + 1 = XoJ'o z, r � 0 
is a solution of (8.23) (Theorem 8 . 3). By taking z = (0 . . .  0 1 0 . . .  O? 
with 1 in the qth place, we see that 

Ur + 1 = ± ( r 
.) A'o- q + jxj , 

j = O r - q + ] 
r � O (8.24) 

is a solution of (8.23). Moreover, each solution of (8.23) is a linear combination 
of solutions of the form (8.24). The next theorem solves the inverse problem ; 
its proof is similar to the proof of Theorem 8 .5 and therefore is omitted. 

Theorem 8.6. Suppose we have given a finite number of sequences of the 
form 

. q, ( r ) . 
u(·) = " A� - q' + Jx · . r + 1 L... + . . J" j = O r - qi ] 

where Xji E fln, 0 ::;; j ::;; qi ' 1 ::;; i ::;; p. Put 

X = row(row(Xji)j� o)f= l 

r � 0, 

and let J = J 1 EB . . .  EB J p ' where Ji is the Jordan block of order qi + 1 with 
eigenvalue Ai ' Let oc be some complex number different from A I , . . .  , Ap , and 
define 

L(A) = / - X(J - OCI) - I {(A - oc)JIl + . . .  + (A - ocYVd, (8.25) 

where I = indeX, J) and [VI JIl] is a special generalized inverse of 
col(X(J - OC/) l - i)l = l ' Then the sequences u(i) = (uY), u�), . . .  ), 1 ::;; j ::;; p, 
are solutions of the equation 

L(tS)ui = 0, i = 1 , 2, . . .  , 

and every solution of this equation is a linear combination of U( l ), . . .  , u(p). 
Further, I is the minimal possible degree of any n x n matrix polynomial with 
this property. 

Consider a matrix polynomial M(A) such that the set of solutions of the 
equation M(tS)ui = 0 consists of all linear combinations of the sequences 
U ( l ) , . . .  , u(p) . The general form of M(A) is given by M(A) = E(A)L(A), where 
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L(A.) is given by (8.25) and E(A.) is a unimodular n x n matrix polynomial (i .e. , 
with det E(A.) == const =P 0). 

Comments 

Theorems 8. 1 and 8 .3 are proved in [ 14] .  All other theorems are in 
[29a] . In a less general form an analysis of the singular linear differential 
equation (8. 1 2) was made in [ 1 1 ] .  



Chapter 9 

Least COIDIDon Multiples and Greatest 
COIDIDon Divisors of Matrix 
PolynolDials 

Let L l (A), . . .  , L.(A) be a finite set of matrix polynomials. A matrix poly­
nomial N(A) is called a (left) common multiple of Ll (A), . . .  , Ls(A) if L;(A) is a 
right divisor of N(A), i = 1 ,  . . .  , s. A common multiple N(A) is called a least 
common multiple (I .c.m.) of Ll (A), . . .  , L.(A) if N(A) is a right divisor of every 
other common multiple. The notions of a common divisor and a greatest 
common divisor are given in an analogous way : namely, a matrix polynomial 
D(A) is a (right) common divisor of L l (A), . . .  , L.(A) if D(A) is a right divisor of 
every Li(A) ; D(A) is a greatest common divisor (g.c.d.) if D(A) is a common 
divisor of Ll (A), . . .  , L.(A) and every other common divisor is in turn a right 
divisor of D(A). 

It will transpire that the spectral theory of matrix polynomials, as developed 
in the earlier chapters, provides the appropriate machinery for solving prob­
lems concerning I.c.m. and g.c.d. In particular, we give in this chapter an explicit 
construction of the I.c.m. and g.c.d. of a finite family of matrix polynomials 
Ll (A), . . .  , L.(A). The construction will be given in terms of both the spectral 
data of the family and their coefficients. The discussion in terms of coefficient 
matrices is based on the use of Vandermonde and resultant matrices, which 
will be introduced later in the chapter. 

231 
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Throughout Chapter 9 we assume for simplicity that the matrix poly­
nomials L 1 (A), . . .  , Ls(A) are of size n x n and co monic, i.e., L;(O) = I, 
i = 1, . . . , s. In fact, the construction of I .c.m. and g.c.d. of a finite family of 
regular matrix polynomials L 1 (A), . . .  , Ls(A) can be reduced to a comonic 
case by choosing a point a which does not belong to Ui= 1 a(LJ, and con­
sidering the matrix polynomials L;(a) - 1 L;( /. + a) in place of L;V), i = 1, . . . , s. 

9.1 .  Common Extensions of Admissible Pairs 

In this and the next two sections we shall develop the necessary back­
ground for construction of the I.c.m. and g.c.d. of matrix polynomials. This 
background is based on the notions of restrictions and extensions of admis­
sible pairs. We have already encountered these ideas (see Section 7.7), but let 
us recall the main definitions and properties. A pair of matrices (X, T) is 
called an admissible pair of order p if X is an n x p matrix and T is a p x p 
matrix (the number n is fixed). The space 

00 OC' 
Ker(X, T) = n Ker X Tj 

= n Ker[col(X Tj- l )j = I ]  
j = O s = 1 

is called the kernel of the pair (X, T). The least positive integer s such that 

Ker[col(X Tj- l )j = I ] = Ker[col(X Tj - l )j � n (9. 1 )  

i s  the index oJstabilization of  (X, T)  and i s  denoted by  indeX, T). Moreover, 
if s = indeX, T), then 

for r = 1 , 2, . . .  , (9.2) 

where j( = Ker[col(X Tj - 1 )j = I ]  C (CP. Indeed, for r = 1 the property (9.2) 
is just the definition of ind(X, T). To prove (9.2) for r > 1, take x E viis . Then 
(by (9.2) for r = 1 ), x E j{s+  I .  In particular, this means that col(X T;)i= 1 x = 0, 
i .e. , TX E vIIs . Again, by (9.2) for r = 1 ,  TX E vIIs + 1 and, consequently, 
T2X E viis . Continuing this process, we obtain Trx E viis for r = 1 , 2" . .  , and 
(9.2) follows. 

Two admissible pairs (X, T) and (X 1 , T1 ) are said to be similar if there 
exists a nonsingular matrix S such that XS = XI and T = ST1 S - I . In other 
words, (X, T) and (X1 , T1 ) are similar if (X, T) is an extension of (X 1 , T1 ) and 
(X I' T1 ) is an extension of (X, T). 

We recall the necessary and sufficient condition for extension of two 
admissible pairs (X, T) and (X I ,  T1 ) given by Lemma 7. 1 2  (see Section 7.7 for 
the definition of extension of admissible pairs) : namely, if Ker(X, T) = {O} 
and Ker(X I , T1 ) = {O} , then (X, T) is an extension of (X 1 , T1 ) if and only if 

(9.3) 
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for some k � max{ind(X, T), ind(X l ' Tl )} . If this is the case, then (9. 3) holds 
for all integers k � o. 

Let (X 1 , T1 ), • • •  , (Xr ' T,.) be admissible pairs. The admissible pair (X, T) 
is said to be a common extension of (X 1 ,  T1 ), • • •  , (X" T,.) if (X, T) is an ex­
tension of each (Xj ' T), j = I ,  . . . , r. We call (X 0 ,  To) a least common extension 
of (X 1 , T1 ), • • •  , (X" T,.) if (Xo , To) is a common extension of (X 1 , T1 ), · . · , 
(X" T,.), and any common extension of (X 1 , T1 ), • • •  , (X" T,.) is an extension 
of(Xo , To). 

Theorem 9. 1 .  Let (X 1 , T1 ), • • •  , (X" T,.) be admissible pairs of orders P I ' 
. . .  , Pr o respectively, and suppose that Ker(Xj , �) = {a} for 1 ::; j ::; r. Then 
up to similarity there exists a unique least common extension of (X 1 , T1 ), • • •  , 
(X" T,.). 

Put X = [X 1 . . .  Xr] , T = Tl EB . . .  EB T,. , and p = P I + . . .  + Pr o and 
let P be a projector of{/7 along Ker(X, T) (i.e. , Ker P = Ker(X, T» . Then one 
such least common extension is given by 

(9.4) 

Proof Let X 0 be the first term in (9.4) and To the second. By choosing 
some basis in 1m P we can interpret (X 0 ,  To) as an admissible pair of matrices. 
As Ker(X, T) is invariant for T and Xu = 0 for u E Ker(X, T), one sees that 
Ker(Xo , To) = {a} and 

Im[col(Xo T�- I )�= I ] = Im[col(XTi - l )�= I ] ' 

From the definitions of X and T it is clear that 

Im[col(X Ti - l )�= I ] = Im[col(X I Til-
I )�= I ] + . . .  

m � l . (9.5) 

+ Im[col(Xr T�- I )�= I ] ' m � O. (9.6) 

But then we apply the criterion (9.3) to show that (X 0 ,  To) is a common 
extension of (X l ' T1 ), • • •  , (X" T,.). 

Now assume that ( Y, R) is a common extension of (X I , T1 ), • • •  , (X" T,.). 
Then (cf. (9.3» for 1 ::; j ::; r we have 

Im[col( YRi - I )�= I] ::::J Im[col(Xj T�-
I )j= I ] , 

Together with (9.5) and (9.6) this implies that 

Im[col( YRi - I )i'= I ] ::::J Im[col(Xo T�- I )�= I ] ' 

m � l . 

m � l . 
But then we can apply (9.3) again to show that ( Y, R) is an extension of 
(X 0 ,  To)· It follows that (X 0 ,  To) is a least common extension of (X 1 , T1 ), • • •  , 
(X" T,.). 

Let (X 0 , To) be another least common extension of (X l ' T1 ), • • •  , (X r' T,.). 
Then (X 0 '  To) is an extension of (X 0 '  To) and conversely (X 0 '  To) i s  an exten­
sion of (X 0 '  To). Hence both pai rs are similar. D 
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Corollary 9.2. Let (X 1 , T1 ), • • •  , (X" 1',.) be as in Theorem 9. 1 , and let 
(Xo ,  To) be a least common extension of(X 1 , T1 ), • • •  , (X" 1',.). Then Ker(Xo , 
To) = 0 and 

(9.7) 
i = 1 

Proof The equality Ker(Xo , To) = {O} is an immediate consequence of 
formula (9.4). To verify (9.7) observe that (in the notation of Theorem 9. 1 )  
Ker(X, T)  is a T-invariant subspace and T has the following form with respect 
to the decomposition f[;P = Ker(X, T) + 1m P :  

So 

T = [T iKer(X. T) * J . o PT i lm P 

r 
u(To) = u(PT hmP) c u(T) = U u(7;), 

i = 1 

and (9.7) follows. D 

The first statement of Theorem 9. 1 holds true for any finite set of admissible 
pairs (X 1 , T1 ), • • •  , (X" 1',.) (not necessarily satisfying the condition 
Ker(Xj , 1j) = {O}, 1 5, j 5, r. To this end, one first applies the previous 
theorem to the pairs 

1 5, j 5, r, (9.8) 

where Pj is a projection of f[;pj along Ker(Xj ' 1j). This yields a least common 
extension (X 0 '  To) of the pairs (9. 7). Next we put X = [X 0 0 1 ] and T = 

To EB O2 , where 0 1 is the n x m zero-matrix and O2 is the m x m zero-matrix, 
m = LJ= 1 dim Ker(Xj ' 1j). 

The next theorem explains the role of formula (9.6). 
Theorem 9.3. Let (Xo , To), (X l ' T1 ), • • •  , (X" 1',.) be admissible, and 

suppose that Ker(Xj , 1j) = {O} for j = 0, 1, . . .  , r. Then (Xo , To) is a least 
common extension of (X 1 , T1 ), • • •  , (X" 1',.) if and only iffor each m ;;:: 1 :  

Im[col(Xo T�- 1 )7'= I ] = Im[col(X 1 n- 1 )7'= 1 ] + . . .  
+ Im[col(Xr T�- 1 )7'= 1 ] . (9.9) 

Proof Let X 0 be the first term in (9.4) and to the second. Then (X 0 ,  to) 
is a least common extension of (X 1 , T1 ), • . •  , (X" 1',.) and 

Im[col(Xo t�- 1 )7'= 1 ] = Im[col(X I T�- 1 )7'= 1 ] + . . .  
m ;;:: l . 
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(See Theorem 9. 1 and the first part of its proof.) Now the pair (Xo , To) is a 
least common extension of (X l ' T1 ), . . .  , (X" 7;) if and only if (Xo , To) and 
(Xo ,  To) are similar. By (9.3) the last statement is equivalent to the require­
ment that Im[col(Xo T�- l )i= o = Im[col(Xo T�- l )i= l ] for all m � 1 ,  and 
hence the proof is complete. 0 

9.2. Common Restrictions of Admissible Pairs 

Let (X 1 , T1 ), . . .  , (X" 7;) be admissible pairs . The admissible pair (X, T) 
is said to be a common restriction of (X 1 , T1 ), . . . , (X" 7;) if each (Xj ' 1j), 
j = 1, . . .  , r, is an extension of (X, T). We call (Xo , To) a greatest common 
restriction of (X l ' Tt ), . . .  , (X" 7;) if (Xo , To) is a common restriction of 
(X 1 , Tt ), . . .  , (X" 7;) and (X 0 ,  To) is an extension of any common restriction 
of (X t , Tt ), . . .  , (X" 7;). To construct a greatest common restriction we need 
the following lemma. 

Lemma 9.4. Let (X t ,  Tt ), . . .  , (X" 7;) be admissible pairs of orders 
P t , · · · , p" respectively, and suppose that Ker (Xj , 1j) = {O}for 1 s j s r. Let 
.Yt be the linear space of all (<p I >  <P2 ' · · · ' <Pr) E ([P (p = PI + P2 + . . .  + Pr) 
such that 

IX � 0. 

Then .Yt = {( <p, S 2 <p, . . .  , Sr <p) I <P E A}, where A is the largest Tt -invariant 
subspace of ([Pt such that for every j = 2, . . . , r, there exists a linear trans­
formation S/ A � ([Pi with the property that 

Put 

X t lAt = XjSj , Sj Tt lAt = 1jSj U = 2, . . .  , r). (9. 1 0) 

Proof Note that .Yt is a linear space invariant under T = Tt EEl . . .  EEl 7; .  

A = {<p E ([P t I 3<pj E ([Pi , (2 s j s r), (<p t , <P2 ' . . .  , <Pr) E .Yt} . 

Take (<p t , <P2 ' · · · ' <p,) and (<P I '  CP2 ' · · · , CPr) in .Yt. Then (0, <P2 - CP2 ' · · · ' 
<Pr - CPr) E .Yt, and hence for 2 s j s r we have Xj Tj(<pj - cp) = 0, IX � 0. 
As Ker(Xj , 1j) = {O} for eachj, we have <pj = cpj . So each (<p t , <P2 ' . . .  , <Pr) E .Yt  
may be written as 

(<p t , <P2 ' · · · ' <Pr) = (<p t , S2 <P t , · · · , Sr <P t ), 

where Sj is a map from A into ([Pi (2 s j s r). In other words 

.Yt = { (<p, S2<P, . . .  , Sr<P) I <P E A}.  (9. 1 1 ) 

As .Yt is a linear space, the maps Sz , . . .  , Sr are linear transformations. Since 
.Yt is invariant for Tt EEl . . .  EEl 7; ,  the space .Yt is invariant for T1 and 

j = 2, . . .  , r. 
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Further, from the definition of off and the identity (9. 1 1 ) it is clear that 
XjSj = X l !At . 

It remains to prove that .A is the largest subspace of (l'f1 with the desired 
properties. Suppose that .A 0 is a T1 -invariant subspace of ([,P l and let SJ : 
.A 0 --+ ([,Pl (j = 2, . . .  , r) be a linear transformation such that 

(9. 1 2) 

Then SJ T�<p = TjSJ<p for each <p E .A  0 and ()( 2:: 1 .  This together with the first 
identity in (9. 1 2) shows that 

(<p, S� , . . .  , S? <p) E off 
But then .A 0 c .A, and the proof is complete. 0 

The linear transformations Sj (2 ::;; j ::;; r) in the previous theorem are 
injective. Indeed, suppose that Sj <p = 0 for some j 2:: r. Then (9. 1 0) implies 
that <p E Ker(X 1 , T1 ). But Ker(X 1 , T1 ) = {O} , and hence <p = O. 

We can now prove an existence theorem for a greatest common restriction 
under the hypotheses used in Theorem 9. 1 to obtain the corresponding result 
for a least common extension. 

Theorem 9.5. Let (X l ' T1 ), • • •  , (X" 7;.) be admissible pairs of orders 
P 1 ' . . . , p" respectively, and suppose that Ker(Xj ' T) = {O} for j = 1, . . .  , r. 
Then up to similarity there exists a unique greatest common restriction of 
(X 1 , T1 ), • • • , (X" 7;.). 

If the subspace .A is defined as in Lemma 9.4, then one such greatest com­
mon restriction is given by 

Proof Put X 0 = X l !At and To = T1 !At . By choosing some basis in .A we 
can interpret (X 0 ,  To) as an admissible pair of matrices. By definition (X 0 ,  To) 
is a restriction of (X 1 , T1 ). As the linear transformations Sz , . . .  , S, in 
Lemma 9.4 are injective, we see from formula (9. 1 2) that (Xo , To) is a restric­
tion of each (X j ' �), 2 ::;; j ::;; r. Thus (X 0 ,  To) is a common restriction of 
(X 1 , T1 ), • • •  , (X" 7;.). 

Next, assume that ( Y, R) is a common restriction of (X 1 , T1 ), · · · , (X" 7;.). 
Let q be the order of the pair ( Y, R). Then there exist injective linear trans­
formations G/ ([,q --+ ([,Pi, j = 1, . . .  , r, such that 

j = 1, . . .  , r. 

It follows that for each <p E ([,q we have 

()( 2:: O. 
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Hence G 1 <P E At, and thus Y = XO G 1 and G 1R = TO G 1 • But this implies that 
(Xo , To) is an extension of ( Y, R). So we have proved that (Xo , To) is a 
greatest common restriction of (X 1 , T1 ), • • •  , (X" 7;.). 

Finally, let (X 0 ,  To) be another greatest common restriction of (X 1 , T1 ), 
. . .  , (X" 7;.). Then (X 0 ,  To) is an extension of (X 0 ,  To) and conversely 
(X 0 ,  To) is an extension of (X 0 ,  To). Hence both pairs are similar. 0 

As in the case of least common extensions, Theorem 9 .5 remains true, with 
appropriate modification, if one drops the condition that Ker(Xj ' 1j) = {O} 
for j = 1 ,  . . .  , r. To see this , one first replaces the pair (Xj ' 1j) by 

j = 1, . . .  , r, (9. 1 3) 

where Pj is a projector of ([pj along Ker(Xj , 1j). Let (Xo , To) be a greatest 
common restriction of the pairs (9. 1 3), and put X = [Xo 0 1 J and T = 
To EB Oz , where 0 1 is the n x t zero-matrix and Oz the t x t  zero-matrix, 
t = minj dim Ker(Xj , 1j). Then the pair (X, T) is a greatest common re­
striction of (X 1 , T1 ), . • .  , (X" 7;.). 

We conclude this section with another characterization of the greatest 
common restriction. As before, let (X 1 , T1 ), • . .  , (X" 7;.) be admissible pairs 
of orders P I '  . . •  , p" respectively. For each positive integer s let .7(s be the 
linear space of all (<P I '  <Pz , . . .  , <Pr) E ([P, (p = P I + . . .  + Pr) such that 

IX = 0, . . .  , s - 1 .  

Obviously, n:;" 1 .7(s = .7(, where .7( is the linear space defined i n  Lemma 
9.4. The subspaces .7(1 ' .7( z , . . .  , form a descending sequence in ([P, and 
hence there exists a positive integer q such that .7( q = .7( q +  1 = . . . . The least 
least q with this property will be denoted by q {(Xj ' 1j)j = d.  

Theorem 9.6. Let (X 0 ,  To), (X 1 , T1 ), • • •  , (X" 7;.) be admissible pairs, and 
suppose that Ker(Xj , 1j) = {O} for j = 0, 1, . . .  , r. Then (Xo , To) is a greatest 
common restriction of (X 1 , T1 ), · • •  , (X" 7;.) if and only if 

r 
Im[col(X 0 T�- l )7'= 1 J = n Im[col(Xj T�- l )7'= 1 J 

j = 1 

for each m ;::: q {(Xj ' 1j)j= d. 

(9. 14) 

Proof Let ( Yo ,  Ro) be the greatest common restriction of (X 1 , T1 ), • • •  , 
(X" 7;.) as defined in the second part of Theorem 9.5 .  Take a fixed m ;::: 
q { (Xj ' 1j)j= d, and let 

r 
col(<Pi)7'= 1 E n Im[col(Xj T�- l )7'= 1 ] .  

j = 1 
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Then there exist I/Ij E flPi (j = 1 ,  . . .  , r) such that (fJi = Xj T�- I 1/1j for 1 ::;; 
i ::;; m and 1 ::;; j ::;; r. It follows that (1/1 1 , . . .  , I/Ir) E .Y£  m .  But .Y£ m = .Y£. So 
1/1 1 E .A  and I/Ij = Sj l/l l , j  = 2, . . . , r (cf. Lemma 9.4). But then 

(fJi = Xj Tt 1Sj l/l 1 = X 1 Ti1- 1 1/1 1 = YO R�- 1 1/1 1 · 

It follows that 
r 
n Im[col(Xj T�- I )i= 1 ] c Im[col( Yo R�- I )� 1 ] .  

j = 1 

As ( Yo ,  Ro) is a common restriction of (X l ' T1 ), . . .  , (X" 1',.), the reverse 
inclusion is trivially true. So we have proved (9. 14) for X 0 = Yo and To = Ro . 
Since all greatest common restrictions of (X 1 , T1 ), • • •  , (X" 1',.) are similar, 
we see that (9. 14) has been proved in general. 

Conversely, assume that (9. 14) holds for each 

m � q = q {(Xj , 1) j = d · 

Let ( Yo ,  Ro) be as in the first part of the proof. Then for m � q and hence for 
each m, we have 

Im[col(Xo T�- l )i= l ] = Im[col( Yo R�- l )i= l ] . 

By (9.3) this implies that (X 0 '  To) and ( Yo ,  Ro) are similar, and hence (X 0 '  To) 
is a greatest common restriction of (X 1 , T1 ), • • •  , (X" 1',.). 0 

The following remark on greatest common restrictions of admissible pairs 
will be useful. 

Remark 9.7. Let (X 1 > T1 ), • • •  , (X" 1',.) be admissible pairs with 
Ker(Xj , 1) = {O} for j = 1, . . .  , r, and let (Xo , To) be a greatest common 
restriction of (X 1 , T1 ), . • •  , (X" 1',.). As the proof of Theorem 9.6 shows, 
q {(Xj ' 1) j= d is the smallest integer m � 1 such that the equality 

r 
Im[col(Xo T�- l )i= l ] = n Im[col(Xj T�- I )i= l ] 

j = 1 
holds. Further, 

(9. 1 5) 

for every m � q {(Xj ' 1) j = d,  where do is the size of To . Indeed, in view of 
formula (9. 14), we have to show that the index of stabilization ind(Xo , To) 
does not exceed q {(Xj , 1) j= d .  But this is evident, because 

ind(Xo , To) ::;; ind(X 1 , T1 ) ::;; q {(Xj , 1) j= l } , 

as one checks easily using the definitions. 
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9.3. Construction of I.c.m. and g.c.d. via Spectral Data 

Let LI (A), . . .  , LsCA) be comonic matrix polynomials with finite Jordan 
pairs (X I F ,  J I F), . . .  , (XsF ' JsF), respectively. To construct an I.c.m. and a g.c.d. 
of L I (A), . . .  , L,(A) via the pairs (X I F '  J I F)' . . .  ,(XsF , JsF), we shall use 
extensively the notions and results presented in Sections 9. 1 and 9.2. Observe 
that (XiF ' JiF) is an admissible pair of order Pi = degree(det L;(A» and kernel 
zero : 

where Ii is the degree of L;(A) (this fact follows, for instance, from Theorem 
7. 1 5). Let (X" 1',) and (X e '  T.) be a greatest common restriction and a least 
common extension, respectively, of the admissible pairs (X I F , J I F), . . .  , 
(XsF , JsF). By Corollary 9.2, the admissible pairs (X" 1',) and (X. , T.) also 
have kernel zero, and 1'" T. are nonsingular matrices. Let 

If = ind(X" 1',), Ie = indeX e '  T.). 
Theorem 9.8. The eomonic matrix polynomial 

M(A) = I - Xe T.;- le(VI Al e + V2 A1e - 1 + . . .  + Vle A), (9. 1 6) 

where [VI V2 . . .  VlJ is a special left inverse of col(X e T';- j)�e=-ol , is an I.e.m. 
of minimal possible degree of L1 (A), . . .  , LlA). Any other I.c.m. of L I (A), . . .  , 
LsCA) has theform U(A)M(A), where U(A) is an arbitrary matrix polynomial with 
det U(A) == const #- o. 

Proof Let us prove first that a comonic matrix polynomial N(A) is an 
I.c.m. of L1 (A), . . .  , LsCA) if and only if the finite Jordan pair (XNF ' JNF) of 
N(A) is a least common extension of (X I F '  J I F), . . .  , (XsF ' JsF). Indeed, 
assume that N(A) is an I.c.m. of L I (A), . . .  , L,(A). By Theorem 7. 1 3, (XNF ' JNF) 
is a common extension of (XiF ' JiF), i = 1 ,  . . .  , s. Let (X, T) be an extension 
of (X NF ,  J NF), and let N(A) be a matrix polynomial (not necessarily comonic) 
whose finite Jordan pair is similar to (X, T) (N(A) can be constructed using 
Theorem 7. 1 6 ;  if T is singular, an appropriate shift of the argument A is also 
needed). By Theorem 7. 1 3, N(A) is a common multiple of LI (A), . . .  , Ls(A), 
and, therefore, N(A) is a right divisor of N(A). Applying Theorem 7. 1 3  once 
more we see that (X, T) is an extension of (XNF ' JNF). Thus, (XNF ' JNF) is a 
least common extension of (X I F ,  J I F), . . .  , (XsF ' JsF). These arguments can 
be reversed to show that if(X NF , J NF) is a least common extension of (X iF , JiF), 
i = 1, . . .  , s, then N(A) is an I.c.m. of LI (A), . . .  , L..(A). 

After the assertion of the preceding paragraph is verified, Theorem 9.8 
(apart from the statement about the uniqueness of an I.c.m.) follows from 
Theorem 7. 1 6. 
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We prove the uniqueness assertion. Observe that, from the definition of an 
Lc.m., if N 1 (A) is an Lc.m. of L 1 (A), . . .  , Ls(A), then N 1 (A) and M(A) (where 
M(A) is given by (9. 1 6» are right divisors of each other. So 

N 1 (A) = U 1 (A)M(A), M(A) = U z(A)N 1 (A) 

for some matrix polynomials U 1 (A) and U2 (A). These equalities imply, in 
particular, that U 1 (A)U z{A) = I for every A E a(N 1 ). By continuity, U 1 (A)U z{A) 
= I for all A E C, and therefore both matrix polynomials U 1 (A) and U z{A) 
have constant nonzero determinant. 

So we have proved that any Lc.m. of L 1 (A), . . .  , L.(A) has the form 

U(A)M(A) (9. 1 7) 

where U(A) is a matrix polynomial with empty spectrum. Conversely, it is 
easily seen that every matrix polynomial of the form (9. 1 7) is an Lc.m. of 
L 1 (A), . . .  , Ls(A). 0 

The proof of the following theorem is analogous to the proof of Theorem 
9.8 and therefore is omitted. 

Theorem 9.9. The comonic matrix polynomial 

where [W1 Wz . . .  WI.] is a special left inverse of col(Xr T; i)}r;;ol , is a 
g.c.d. of minimal possible degree of L 1 (A), . . .  , L,{A). Any other g.c.d. of L1 (A), 
. . .  , L.(A) is given by the formula U(A)D(A), where U(A) is an arbitrary matrix 
polynomial without eigenvalues. 

9.4. Vandermonde Matrix and Least Common Multiples 

In the preceding section we constructed an Lc.m. and a g.c.d. of comonic 
matrix polynomials L 1 (A), . . .  , L.(A) in terms of their finite Jordan pairs. 
However, the usage of finite Jordan pairs is not always convenient (in 
particular, note that the Jordan structure of a matrix polynomial is generally 
unstable under small perturbation). So it is desirable to construct an Lc.m. 
and a g.c.d. directly in terms of the coefficients of L 1 (A), . . .  , L,{A). For the 
greatest common divisor this will be done in the next section, and for the least 
common multiple we shall do this here. 

We need the notion of the Vandermonde matrix for the system L 1 (A), . . .  , 
Ls(A) of comonic matrix polynomials, which will be introduced now. Let Pi 
be the degree of Li(A), and let (Xi ' 11) = ([XiF ' Xioo] ,  JiF

1 EB J (0) be a co monic 
Jordan pair of Li(A), i = 1, . . .  , s. According to Theorem 7. 1 5, (Xi ' 11) is a 
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standard pair for the monic matrix polynomial L iCi.) = J.P iL iU - I ). In par­
ticular, col(Xi T7)f'=-O

I is nonsingular ; denote 

Uj = [col(Xj T�- I )f� Ir \ j = 1 ,  . . .  , s, 

and define the following mn x pn matrix, where P = Li= I Pj and m i s  an 
arbitrary positive integer : 

X I TI U I 
l X I U I 

V",(L I , • . .  , L.) = : 

Xs Us 1 
Xs � Us 

. 

X I T7- 1 U I X 2 T� - I V 2 Xs T� - I Us 

The matrix Vm(L t ,  • • •  , Ls) will be called the comonic Vandermonde matrix of 
L I (Il), . . .  , L,(Il). 

We point out that Vm(L I , • . .  , Ls) does not depend on the choice of the 
co monic Jordan pairs (X i ' 1;) and can be expressed directly in terms of the 
coefficients of L I (Il), o o . , LsCll). In fact, let L I (Il) = I + Ap I - I ll + Ap , _ 2 1l2 + 
0 0 .  + Ao IlP\ and let V I = [U I I  U l 2 U I PJ,  where U l j is an n x n 
matrix. Then the expressions X I T7U I fJ (1 :s: f3 :s: P I ) are given by the follow­
ing formulas (see Proposition 2.3) : 

if m = 0, . . .  , P I - 1 and f3 i= m + 1 
if m = 0, . . . , PI - 1 
if m = P I '  

and f3 = m + 1 (9. 1 8) 

and in general for m > P I -
m - P l [ k q J XI T7U IP = k�l q�l i l + '� i q = k jG ( - Ap l - i) 

· ( - AP + k - m + P I - t ) + ( - Ap - m + P I - I ), 
where, by definition, Ai = ° for i :s: ° and 

q 
TI t - Ap I - i) = ( - Ap , - i ) ( - Ap l -- i) · · · ( - Ap l - iJ j = 1 

To formulate the next theorem we need some further concepts. 

(9. 1 9) 

For a given family L I , . . .  , Ls of co monic matrix polynomials with infinite 
Jordan pairs (X ioo , Jioc), i = 1 ,  . . .  , s, denote by vocCL I , . . .  , L,) the minimal 
integer j such that J{co = ° for i = 1 ,  . . .  , s. For integer i :s: j, denote by 
Sij(L I , . . .  , L,) the lower (j - i + 1) matrix blocks of the comonic Vander­
monde matrix Vj(Ll ' . . .  , Ls) : [XJil- t V l  

Sij(L J >  . . .  , Ls) = : 
X 1J{- l U I 
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If i = j, we shall write Si(L 1 , . . .  , Ls) in place of Sii(L 1 , . . . , Ls). 
In Theorem 9. 10  below we shall use also the notion of a special generalized 

inverse (see Section 7. 1 1  for its definition). 

Theorem 9.10. Let L1 (A), . . .  , L.(A) be a family of comonic matrix poly­
nomials, and let v 2:: Voo (L 1 , . . .  , Ls) be an arbitrary integer. Then the minimal 
possible degree m of a least common multiple of L 1 (A), . . .  , Ls(A) is 
m = min{j 2:: 1 1 Ker Sv + 1 ,  v + iL l , . . .  , Ls) = Ker Sv + 1 ,  v + j +  1 (L 1 , . . .  , Ls)} 

(9.20) 

and does not depend on the choice of v. One of the least common multiples of 
L 1 (A), . . . , Ls(A) of the minimal degree m is given by the formula 
M(A) = J - Sv + m + 1 , v + m + l (L 1 , . . .  , Lr) ·  [W1A

m + W2 Am - 1 + . . .  + Wm A] , 

where [W1 W2 . 
• • Wm] is the special generalized inverse of 

Sv + l , v + m(L 1 , · · · , Ls)· 

(9.2 1 )  

Proof. Let (Xi ' TJ = ([XiF Xioo] , J if,1 EB Joo) b e  a comonic Jordan pair 
of Li(A), i = 1, . . .  , s ;  let Ui = [col(XJ{)f�-olr 1 , where Pi is the degree of 
LlA). Then for v 2:: v 00(L 1 , . . .  , Ls) we have 

Xs T; 1 
: diag[U 1 , . . .  , Us] 

Xs T; + j - 1 

. diag[(JiF v EB J)UJi= l ' 

X2 0 

(9.22) 

Since the matrix diag[(JiFv EB J)UJi= 1 is nonsingular, the integer m (defined 
by (9.20)) indeed does not depend on v 2:: v 00 (L 1 , . . .  , Ls)· 

Let (X. , 1'.) be the least common extension of the pairs (X 1 F , J I F), . . .  , 
(XsF ' JsF)' In view of Theorem 9.8 it is sufficient to show that m = ind(X. , 1'.), 
and 

X. T;
m[V1 Vz . . .  Vm] = Sv + m + 1 (L 1 , . . .  , Lr) [WI W2 • • •  Wm] ,  

(9.23) 
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From the equality (9.22) it follows that m coincides with the least integer j 
such that 

Ker col[X I FJ l}, X 2FJi.t, . . .  , XSF JSF
k]l: � = Ker col[X IF J1;, X2Fr;;, . . .  , XsFJsF,kJl = o .  

Using the construction of a least common extension given in Theorem 9. 1 ,  we 
find that indeed m = ind(X. , 1'.). Further, we have (by analogy with (9.22» 

Sv + m + I = [X I FJ 1F
m 0 X2Fr;F

m 0 . . .  XsF JsF
m 0] 

. diag[(JiFv EEl I)UJi= I 

and taking into account (9.22) it is easy to see that the right-hand side of (9.23) 
is equal to 

where [W� W� W�] is a special generalized inverse of 

col[X IF J 1/, X2FJ;,1, · · · , XsF JsFj]j=-O
I . 

(9.24) 

We can assume (according to Theorem 9. 1 )  that (X. , 1'.) = (X l Im P , PT IIm p), 
where 

X = [X IF . . .  XsF] 

and P is a projector such that 

Ker P = Ker(X, T) ( = .n Ker X T i) . 
1 = 0 

The matrices X and T ha ve the following form with respect to the decomposi­
tion fl,P = Ker P + 1m P, where P = P I + P2 + . . .  + Ps : 

It follows that X T i = [0 X. T�] ,  i = 0, 1 ,  . . . . Now from the definition of a 
special generalized inverse we obtain that the left-hand side of (9.23) is 
equal to (9.24). So the equality (9 .23) follows. D 

The integer voo(L I , . . .  , L.) which appears in Theorem 9. 10 can be easily 
estimated : 

v oo(L I , . . .  , Ls) ::;; min {j � 1 1 Ker Jj(L I ' . . .  , Lm) = Ker Jj + I (L I '  . . .  , Lm)} · 

(9.25) 
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Indeed, for the integer v = voo(L l , . . .  , Lr) we have Jioo = ° and Ji� 1 :f. ° for 
some i . Then also X ioo Ji� 1 :f. 0, and there exists a vector x in the domain of 
definition of Jioo such that Xioo Ji� lx :f.  0, Xioo Jioo x = 0. Therefore, 

Ker Y,,(L l , . . .  , Lm) ? Ker Sv + l (L l , . · . ,  Lm), 

and (9.25) follows. 

9.5. Common Multiples for Monic Polynomials 

Consider the following problem : given monic matrix polynomials 
L l (Ao), . . .  , L.(Ao), construct a monic matrix polynomial L(Ao) which is a 
common multiple of L l (Ao), . . .  , L.(Ao) and is, in a certain sense, the smallest 
possible. Because of the monicity requirement for L(Ao), in general one cannot 
demand that L(Ao) be an I.c.m. of L l (Ao), . . .  , L.(Ao) (an I.c.m. of L l (Ao), . . .  , Ls(Ao) 
may never be monic). Instead we shall require that L(Ao) has the smallest 
possible degree. 

To solve this problem, we shall use the notion of the Vandermonde matrix. 
However, in the case of monic polynomials it is more convenient to use 
standard pairs (instead of comonic Jordan pairs in the case of co monic poly­
nomials). We arrive at the following definition : let L l (Ao), . . .  , L.(Ao) be monic 
matrix polynomials with degrees PI ' . . .  , Ps and Jordan pairs (X 1 , Tl), • • .  , 

(Xs ' T.), respectively. For an arbitrary integer m � 1 put r XI Ul 
Wm(Ll , . . . , Ls) = X l �I U I Xz �z Uz 

X1T'r'-
I U I Xz Ti - l UZ 

Xs Us 1 
Xs ; Us , 

Xs T'; - l Us 
where Uj = [col(Xj T�- I )f� lr 1 . Call Wm(L 1 , • • •  , L.) the monic Vander­
monde matrix of L 1 (Ao), . . .  , Ls(Ao). From formulas (9. 1 8) and (9. 1 9) (where 
L l (Ao) = Lf; o AjAoj) it is clear that Wm(L 1 , · · · , Ls) can be expressed in terms of 
the coefficients of L 1 (Ao), . . .  , L.(Ao) and, in particular, does not depend on the 
choice of the standard pairs. 

For simplicity of notation we write Wm for Wm(L1 , • • •  , Ls) in the next 
theorem. 

Theorem 9.1 1 .  Let L1 (Ao), . . .  , Ls(Ao) be monic matrix polynomials, and let 
r = min {m � 1 1 Ker Wm = Ker Wm + I } ' 

Then there exists a monic common multiple L(Ao) of Ll (Ao), . . .  , L.(Ao) of degree r. 
One such monic common multiple is given by the formula 

L l (A) = Hr - Sr + l l lm P ' ( VI + VZA + . . .  + V,X -
1 ) (9.26) 
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where P is a projector along Ker w,., [ V1 ' V2 , • • •  , v,] is some left inverse 
for w,. hmP , and S, + 1 is formed by the lower n rows of w,.+ 1 . 

Conversely, if L(A.) is a monic common multiple of L 1 (A.), . . .  , L.(A.), then 
deg L � r. 

Observe that a monic common multiple of minimal degree is not unique 
in general. 

Proof Since U 1 , . . .  , Us are nonsingular, 

r = ind([X 1 . . .  Xs] , diag[T1 , . . •  , T.]) . 

Let (X 0 ,  To) be the least common extension of (X 1 , T1 ), . • .  , (X. , T.) (Section 
9. 1 ). Then Ker(Xo , To) = {O} and ind(Xo , To) = r (see Theorem 9. 1 ). Let 
L(A.) be a monic matrix polynomial associated with the r-independent 
admissible pair (X 0 ,  To), i .e. , 

(9.27) 

where [ V1 ' V2 , · · · , v,] is a left inverse of col(X 0 n)�: J .  By Theorem 6.2, a 
standard pair of L(A.) is an extension of (X 0 , To) and, consequently, it is also 
an extension of each (Xi ' 7;), i = 1, . . .  , s. By Theorem 7. 1 3, L(A.) is a common 
multiple of L1 (A.), . . .  , L.(A.). In fact, formula (9.27) coincides with (9.26). This 
can be checked easily using the description of a least common extension given 
in Theorem 9. 1 .  

Conversely, let L(A.) be a monic common multiple o f  L 1 (A.), . . .  , Ls(A.) of 
degree 1. Then (Theorem 7. 1 3) a standard pair (X, T) of L(A.) is a common 
extension of (X l'  T1), • • •  , (Xs '  T.). In particular, 

indeX, T) � ind(Xo , To) = r, 
(As before, (X 0 ' To) stands for a least common extension of (X 1 , T1 ), • • •  , 
(Xs , T.).) On the other hand, nonsingularity of col(XTi)l : 6  implies indeX, T) 
= 1 ;  so I � r as claimed. 0 

Theorem 9. 1 1  becomes especially simple for the case of linear polynomials 
Li(A.) = IA. - Xi ' i = 1, . . .  , s. In this case 

Wm(L 1 , . . .  , Ls) = col([XL X� , . . .  , X!])i�-01 . 

Thus : 

Corollary 9.12 .  Let X 1 , . . .  , Xs be n x n matrices. Then there exist n x n 
matrices Ao , . . .  , A ( _  1 with the property 

( - 1 
xl + I, Aj X{ = 0, i = 1 ,  . . .  , s, (9. 28) 

j = O 
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if and only if the integer I satisfies the inequality 

I � min {m � l l Ker col([X� , X� , . . .  , X!J )/:,:J 
= Ker col([Xt X� , . . .  , X�J)k= O } . (9.29) 

1f(9.29) is satisfied, one of the possible choicesfor Ao , . . .  , A, - I such that (9.28) holds is given by the formula 

[Ao A I · · ·  A, - I J = - [XL X� , . . .  , X�J hm p[VI V2 • • •  �J, 

where P is a projector along Ker col([X� , X� , . . . , X�m:b , and 

is some left inversefor col([X� , X� , . . .  , x!J)i: b l Im P . 

9.6. Resultant Matrices and Greatest Common Divisors 

In order to describe the construction of a g.c.d. for a finite family of matrix 
polynomials, we shall use resultant matrices, which are described below. 

The notion of a resu ltant matrix R(a, b) for a pair of scalar polynomials 
a(A) = L�= o ai Ai and b(A) = Li= o bi Ai (ai ' bj E C) is well known : 

ao a l ar 0 0 1 0 ao a l ar 0 0 
iii rows 

0 0 0 ao a l ar 1 R(a, b) = 
bo b i bs 0 0 0 I 0 bo b i bs 0 0 

r rows 

0 0 0 bo b i bs 1 
Its determinant det R(a, b) is called the resultant of a(A) and b(A) and has the 
property that det R(a, b) #- 0 if and only if a(A) and b(A) have no common zeros 
(it is assumed here that ar bs #- 0). A more general result is known (see, for 
instance, [26J) :  the number of common zeros (counting multiplicities) of 
a(A) and b(A) is equal to r + s - rank R(a, b). Thus, the resultant matrix is 
closely linked to the greatest common divisor of a(A) and b(A). We shall 
establish analogous connections between the resultant matrix (properly 
generalized to the matrix case) of several matrix polynomials and their 
greatest common divisor. 
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Let L(A) = L�= 0 A jAj be a regular n x n matrix polynomial. The follow­
ing n(q - l) x nq block matrices (q > l) 

o 

(9.30) 

° 
are called resultant matrices of the polynomial L(A). For a family of matrix 
polynomials L/A) = Lk� o Akj Ak (Akj is an n x n matrix, k = 0, 1 ,  . . . , Pi ' 
j = 1 , 2, . . . , s) we define the resultant matrices as 

RiLl ' Lz , · · · , Lr) = r�:i�:�j 
RiLr) 

(q > max Pj) ' 
1 5: J ::; r 

(9. 3 1 ) 

This definition is justified by the fact that the matrices Rq play a role which 
is analogous to that of the resultant matrix for two scalar polynomials, as we 
shall see in the next theorem. 

Let L1 , • . •  , Ls be comonic matrix polynomials with comonic Jordan pairs 
(X 1 , T1), • • •  , (Xs ' 7;), respectively. Let mj be the degree of det Lj , j  = 1 ,  . . .  , s, 
and let m = m1 + . . .  + ms . For every positive integer q define 

As the subspaces :ff b .X z , . . .  form a descending sequence in em, there 
exists a positive integer qo such that :ff q o  = :ff qo + 1 = . . . . The least integer qo 
with this property will be denoted by q(L 1 ' . . .  , Ls). It is easi'ly seen that this 
definition of q(L1 ' . . .  , L,) does not depend on the choice of (X 1,  T1 ), • . .  , 
(Xs ' 7;). 

The following result provides a description for the kernels of resultant 
matrices. This description wiII serve as a basis for construction of a g.c.d. for a 
family of matrix polynomials (see Theorem 9. 1 5). 

Theorem 9.13. Let L1 , . . .  , Ls be comonic matrix polynomials with 
comonic lordan pairs [Xi ' 1] = ( [XiF Xioo] , liF 1 EB hx,), i = 1 ,  . . .  , s, 
respectively. Let do be the maximal degree of the polynomials L 1 , . . .  , Ls (so 
RiLl " ' " LJ is defined for q > do). Then qo d� max{q(L j ,  . • •  , L,), do + I } 
is the minimal integer q > do such that 

(9.32) 
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and for every integer q ::::: qo the following formula holds : 
Ker RiL L " ' " Ls) = 1m col(XF J�- I )r= 1 + 1m col(XcxJ'Zn- ;){= I , (9.33) 

where (XF , JF) (resp. (X"" J",» is the greatest common restriction of the pairs 
(X I F , J I F), · · · , (XsF ' JsF) (resp. (X l ex"  J I C1J, · · · , (Xs" " Js ocJ )· 

The number q(L I " ' " L,) can be estimated in terms of the degrees 
P I " ' "  Ps of L I (A), . . .  , L,(A), respectively : 

q(L I , . . .  , L,) S n · min Pj + max Pj . (9.34) 
1 $ j 5, s  1 ::5: j ::5: s 

For the proof of this estimation see [29b] . So (9.33) holds, in particular, for 
every q ::::: n . min l 5, j:5S Pj + max l 5, j 5, s Pj ·  

Theorem 9. 1 3  holds also in the case that L I (A), . . .  , LsCA) are merely regular 
matrix polynomials. For a regular matrix polynomial L/A), let (X;oo ' J ;oo) be 
an infinite Jordan pair for the co monic matrix polynomial L;- \a)L;(A + a) 
(a i (J(LJ). The pair (X;oo , J; oo) = (X;oo(a), X;",(a» may depend on the choice 
of a, i.e., it can happen that the pairs (X;oo (a), J ;oo(a» and (X;oo (b), J; co(b» are 
not similar for a i= h, a, b i (J(LJ However, the subspace 

1m col(X;oc(a) (J;a:,{a» q - j)J = 1 

does not depend on the choice of a. In view of Theorem 9.6, the subspace 
1m col(X 00 J�- j)J= 1 also does not depend on the choices of a; i (J(L;), i = 1 ,  
. . .  , s , where ( X  00 '  J 00 ) i s  the greatest common restriction o f  (Xi oo(ai), Jiw(aJ), 
i = 1, . . .  , s. So formula (9.33) makes sense also in the case when L 1 (A), . . .  , 
Ls(A) are regular matrix polynomials. Moreover, the formula (9.33) is true 
in this case also. For additional information and proofs of the facts presented 
in this paragraph, see [29b] . 

For the proof of Theorem 9. 1 3  we need the following lemma. 

Lemma 9.14. Let L(A) = I + L} = o Aj Aj be a comonic n x n matrix 
polynomial, and let (X, T) be a comonic Jordan pairfor L. Then for q > I we 
have 

Ker RiL) = 1m col(XP- '); = I ' 

Proof Put F,p = X PZp (0: ::::: 0, 1 s (J s I), where 

[Z I Z2 . . .  Z ,] = [col(XT ; - I ) � = lr l . 

Then (see Theorem 7. 1 5  and (2. 14» [ I  - Fll 
Rq(L) = 

0 I - Fll 

- Fl l " .  0 ] . 

- Fl l 
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Introduce 

S = l � - /  

o - I 
- FIl 

- FIl . . . 

-
Fq - 2 1 

Using Theorem 7. 1 5  and equalities (3. 1 5) we deduce that 
SRiL) = [U V] , 

where 

_ [ 0 . 

- Ij 
U - . ' , 

- / 0 

As S is nonsingular, we see that 

Ker RiL) = {[:J I U<fJ 1 + V<fJ2 = o} 
= {[::} <fJ 1 = - U- 1 V<fJ2} = Im [ - U; 1 Vl 

Now 

Since F�p = XPZp , it follows that 

Kef R,(LHm{[ x; }z, Z, _ , . . . Z . l} 

249 

But row(ZI -)}: 6 is nonsingular, and hence the lemma is proved. 0 
Proof of Theorem 9. 1 3 .  Let (X l ' T1 ), • • .  , (X. , T,J be comonic Jordan 

pairs for L l , . . .  , Ls '  respectively. From the previous lemma we know that for 
q > do = max 1 ,;, j ,;, s Pj ' where Pj is the degree of L/.1.), we have 

s 
Ker Rq(L 1 ' . . .  , Ls) = n 1m col(Xj TJ - �)i � l '  

j � 1 
The assertion about minimality of qo follows now from this formula and 
Remark 9. 7. 



250 9. L . C . M .  AND G . C . D .  OF MATRIX POLYNOMIALS 

Assume now q ? qo . From Theorem 9.6 we infer that 
Ker Rq(L 1 , • • • , L.) = 1m col(Xo T�- <X)� = I '  

where (X  0 ,  To) i s  any greatest common restriction o f  the pairs (X  1 , T1 ), • • •  , 
(X. , T,). 

Let (XiF ' JiF) be a finite Jordan pair for LlA), and let (Xioo , Ji oo) be the 
infinite Jordan pair of Li(A). So Xi = [XiF Xioo] ,  7; = JiI,! EB Jioo , 1 :::;; 
i :::;; s. Let (XF , JF) be a greatest common restriction ofthe pairs (X I F ,  J I F), . . .  , 
(X.F ' J.F), and similarly let (X 00 '  J (0) be a greatest common restriction of the 
pairs (X 1 00 '  J 1 (0 )' . . .  , (X. 00 , J . (0) . Then it is not difficult to see that the pair 

([XF Xoo] , Ji 1 EB Joo) 
is a greatest common restriction of the pairs (X l '  T1 ), • • •  , (X. , T,). It follows 
that for q ? q(L l '  L2 , • • • , L.), 

Ker Rq(L l '  . . .  , L.) = 1m col(X FJj,- q, X oo J�- <X)� =  1 . 
Multiplying on the right by J�- 1 EB l one sees that 

Ker Rq(L 1 , • • •  , Lr) = 1m COI(XFJj,- I )� =  1 + Im(X oo J�- <X)� =  1 
for q ?  qo . As q > max I s i s .  Pi ' the sum on the right-hand side is a direct 
sum, and formula (9.33) follows. 0 

We give now a rule for construction of a greatest common divisor which is 
based on (9 .33). This is the main result of this section. 

Theorem 9.15. Let L 1 , • • • , L. be comonic matrix polynomials. Assume 
(Xo , To) is an admissible pair with Ker(Xo , To) = {OJ such that 

Q(Ker Rq(L 1 , • • •  , L.)) = 1m col(Xo T�): : b ,  
where Q = [I 0] is a matrix of size nl x n(f + l) with integers f and 1 large 
enough. Then the matrix To is nonsingular, the matrix col(Xo TO i) l : b  is left 
invertible, and the comonic matrix polynomial 

D(A) = I - Xo T0 1(WI AI + . . .  + l-t/A), 
where [WI '  . . .  ' l-t/] is a special left inverse of col(Xo To i)l : b ,  is a greatest 
common divisor of L1 (A), . . .  , L.(A). 

The conclusions of Theorem 9. 1 5  hold for any pair of integers (I, f) which 
satisfy the inequalities : 

f ?  min (npi - degree(det(Li(A))), 
1 � i S s  

I ? n( min Pi) + max Pi ' 1 s i s .  1 s i s .  
where Pi i s  the degree o f  LP), j = 1 ,  . . .  , s. 

(9 .35) 
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Proof. Assume (9.35) holds, and let q = I + f. By Theorem 9. 1 3  (taking 
into account the estimate (9.34» we obtain that 

Q(Ker RiL l " ' " Ls» = Q(lm COI(XF J�- 1 )1= 1 + 1m col(X oo J� i)1= 1 

(9.36) 

where (X F ,  J F) (resp. (X 00 '  J 00» is the greatest common restriction of finite 
(resp. infinite) Jordan pairs of L 1 , . • •  , Ls . 1t is easy to see that J{., = 0, so the 
right-hand side of (9.36) is equal to 1m col(XFJt l )l = l ' Now by (9.3) (using 
again (9. 34» we find that the admissible pair (X 0 ,  To) is similar to (X F , J F), i .e. , 
(Xo , To) is also a greatest common restriction of the finite Jordan pairs of 
L l (A.), . . .  , L.(A). It remains to apply Theorem 9.9. 0 

Comments 

The exposition in this chapter is based on the papers [29a, 29b, 30a] . 
Common multiples of monic operator polynomials in the infinite dimen­

sional case have been studied in [30b, 70b] . The use of the Vandermonde 
matrix (in the infinite dimensional case) for studying operator roots of monic 
operator polynomials was originated in [62a, 64a, 64b] . See also [46] . 
Resultant matrices are well known for a pair of scalar polynomials. In the case 
of matrix polynomials the corresponding notion of resultant matrices was 
developed recently in [ 1 ,  26, 35a, 4 1 ] .  

Another approach to  the construction of  common multiples and common 
divisors of matrix polynomials is to be found in [6] . 

Behavior of monic common multiples of monic matrix polynomials, 
under analytic perturbation of those polynomials, is studied in [3 1 ] .  





Part III 

Self-Adjoint Matrix PolynolDials 

In this part the finite dimensional space q;n will be regarded as equipped 
with the usual scalar product : ((X l ' . . .  , Xn)T' (Y 1 ' . . .  , Yn)T) = Ii= l XL Vi ' Then, 
for a given matrix polynomial L(A) = I�= 0 A i Ai, define its adjoint L *(A) by 
the formula 

I 
L *(A) = I AjAi, 

j = O 
where A * means the operator adjoint to A on the space q;n ; that is, 

(A *x , y) = (x, Ay) for all x, y E q;n. 
In the standard basis, if A = (aij)i, j = l ,  then A * = (ajJi, j = l ' 

( 1 0. 1 )  

We  are t o  consider i n  this part an important class of monic matrix poly­
nomials L(A) for which the coefficients Aj are hermitian matrices, Aj = Aj , or, 
what is the same, self-adjoint operators in q;n : 

for every x, Y E q;n. 
Such matrix polynomials will be called self-adjoint : L(A) = L *(A). 

The study of self-adjoint matrix polynomials in the case I = 2 is motivated 
by the ubiquitous problem of damped oscillatory systems (mechanical and 
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and electrical) with a finite number of degrees of freedom, which may be 
described by a system of second-order differential equation with self-adjoint 
coefficients. 

The main goal in this part is a description of the additional structure 
needed for the spectral theory of self-adjoint matrix polynomials. This includes 
the introduction of self-adjoint triples and a new invariant of a self-adjoint 
matrix polynomial, which we call the sign characteristic. Many properties of 
self-adjoint matrix polynomials demand some knowledge of this sign char­
acteristic. 

We remark that the requirement of monicity of the self-adjoint matrix 
polynomial L(A.) is not necessary for most of the results given in this part. For 
instance, in many cases it can be replaced by the condition that the leading 
coefficient of L(A.) is invertible, or is positive definite. However, we shall stick 
to the monicity requirement, and refer the reader to [34f, 34g] for the more 
general cases. 



Chapter 10 

General Theory 

In this chapter we shall give an account of basic facts to be used in the 
analysis of self-adjoint matrix polynomials. 

10. 1 .  Simplest Properties 

Consider a monic self-adjoint matrix polynomial 
' - 1 

L(A) = lA' + L AjAj, 
i = O 

A i = At, i = 0, . . .  , I - 1 .  ( 1 0.2) 

Let C 1 and C 2 , as defined in Section 1 . 1 ,  be the first and second companion 
matrices of L(A), respectively. As in Section 2. 1 ,  define [ A 1 A2 , . . .  1 1 

A 2 • . . I 0 B = . . 
. 

. 
. . . . . 

I 0 0 

and, for a given standard triple (X, T, Y) of L(A), put 

( 1 0.3)  

Q = Q(X, T) = col(XTi)L : 6  and R = row(Ti Y)l : 6 . ( 1 0.4) 

As we already know (cf. Section 2. 1 ), 

C2 = BC1B- 1 = R - 1 TR, ( 10. 5) 
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and 

RBQ = 1. ( 1 0.6) 

The crucial properties . of a self-adjoint matrix polynomial L(A.) are that 
B = B* and C1 = q .  So ( 10. 5) becomes BC 1 = CTB, or [C 1x, y] = 
[x, C 1Y] , where the new indefinite scalar product [x, y] is connected with the 
usual one (x, y) by the identity [x, y] = (Bx, y) (see Chapter S5). This means 
that C 1 is self-adjoint relative to the scalar product [x, y] (see Chapter S5). 
This property is crucial for our investigation of self-adjoint matrix poly­
nomials. 

We start with several equivalent characterizations of a self-adjoint matrix 
polynomial. 

Theorem 10. 1 .  Thefollowing statements are equivalent : 
(i) L *(,1.) = L(A.). 
(ii) For any standard triple (X, T, Y) of L(A.), ( Y*, T*, X*) is also a 

standard triple for L(A.). 
(iii) For any standard triple (X, T, Y) of L(A.), ifQ is defined by ( lOA) and 

M = Q*BQ, then X = Y*M and T = M - 1 T*M. 
(iv) For some standard triple (X, T, Y) of L(A.), there is a nonsingular 

self-adjoint matrix M such that X = y* M and T = M - 1 T* M. 
(v) C 1 = B - 1 QB. 

Proof The line of proof follows the logical sequence (i) => (ii) => (i), 
(i) => (iii) => (iv) => (i), (iii) => (v) => (iv). The first implication follows im­
mediately from Theorem 2.2. 

(ii) => (i) : given a standard triple for L and statement (ii) the resolvent 
form (2. 1 6) can be used to write 

L - 1 (,1.) = X(U - T) - l y = Y*(U - T*) - lX* .  ( 1 0.7) 

It is immediately seen that L - 1 (,1.) = (L - 1 (,1.» * and (i) follows. 
(i) => (iii) : it follows from (i) that CT = C 2 . Using ( lOA) and ( 1 0.5) 

Q* - l T*Q* = CT = C2 = R - 1 TR 

whence T = (Q*R - 1 ) - l T*(Q*R - 1 ). But RBQ = I so R - 1 = BQ, and 
T = M- 1 T*M where M = Q*BQ. 

To prove that X = y* M we focus on the special triple. 

X = [I 0 . . .  0] , ( 1 0.8) 
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If we can establish the relation for this triple the conclusion follows for any 
standard triple by the similarity relationship between two standard triples 
(X 1 , T1 , Yl ) and (X 2 , T2 , Y2) of L(A) established in Theorem 1 .25, i .e . , 

( 1 0.9) 

where S = [col(X 2 T�)� : br 1 . col(X 1 Tl )� : b . 
For this choice of triple, Q = J and (from ( 1 0.6)) R = B- 1 • Consequently 

XR = XB- l = [0 . . .  0 J] = Y* .  

Hence X = Y*B = Y*(Q*BQ) = Y*M. 
(i i i) = ( iv) : requires no proof. 
(iv) = (i) : it is quickly verified that, from the equality L:� = o A iXTi = 0, 

A l = J , and hypothesis (iv), Q( Y*, T*) = Q(X, T)M - l and then that Y*,  T* 
form a standard pair for L. If ( Y* ,  T* ,  Z) is the associated standard triple, then 
Z is defined by equations Y* T*r - l Z = O f  or r = 1, . . .  , I - 1, and Y*T* I - l Z 
= J, which imply 

Z � Q( ¥' ,  T') - ' l�1 � MQ(X, T) 'm � M Y 

But M Y  = X* by hypothesis, so ( Y* ,  T* ,  X*) is a standard triple for L. 
Equation ( 1 0. 7) can now be used again to deduce that L* = L. 

(iii) = (v) : apply the standard triple of ( 1 0.8) in statement (iii). Then 
T = Cl , Q = J, M = B and (v) follows. 

(v) = (iv) : this is obvious using the triple of ( 1 0.8) once more. 0 
One of our main objectives will be to find triples (X, T, Y) for the self­

adjoint matrix polynomial L(A) such that the matrix M from Theorem 10. 1  
(X = Y*M, T = M - I T*M) is as simple as possible. 

EXAMPLE 1 0. 1 .  Let L(A) = IA - A be linear, A = A * . In this case M can be chosen 
to be I .  Indeed, L(A) has only linear elementary divisors and the spectrum a(L) of L(A) 
is real. Moreover, the eigenvectors of L(A) are orthogonal . So there exists a standard 
pair (X, T) of L(A) with unitary matrix X . With this choice of X ,  the matrix 

M = Q*BQ = X*X 

from Theorem 1 O. 1 ( i i i) i s  clearly I .  D 

EXAMPLE 1 0.2 .  Let L(A) be a self-adjoint matrix polynomial with all  of its eigen­
values real and distinct, say A I ,  A2 " . .  , A,n '  Let X I ' " . ,  X'n and Y I "  . .  , Yin be correspond-
ing eigenvectors for L(A;) and L * (A;) ( = L(Ai) in this case), i = 1 , 2, . . .  , In, respectively. 
This means that L(Ai)xi = L*(Ai)Yi = 0 and Xi ' Yi =I' 0 for i = 1 , 2, . . .  , In. Write X = 

[X l X2 . . .  X,n] , J = diag[A l , A2 , . · · , A'n] , y* = [Y l  . . . Yin] .  The two sets of 



258 1 0 . GENERAL THEORY 

eigenvectors can be normalized in such a way that (X, J, Y) is a Jordan triple for L(A), 
so we have the resolvent representation 

In 
X 1 '* 

e l (A) = X(IA - J) - I y = L _i ' _i , ( 10. 10) 
i � 1 A - Ai 

and, since J* = J, in this case 
L - I (A) = X(IA - J) - I y = Y*(H - J) - IX*.  

By Theorem 10. 1 there exists a nonsingular self-adjoint M such that X = y* M and 
MJ = J*M ( = J M in this special case). It follows that M must be a real diagonal matrix, 
say M = diag[s l ' . . .  , Sin] . Let (li = "\/1 5i I , i = 1 , 2, . . .  , In and write 

T = diag[:x [ , . . . , (lIn] , E = diag[sgn s [ , . . .  , sgn Sin] . 

Then M = TET. 
Consider now the Jordan triple (X I , ]' YI ) with X I = X T - 1 and YI = T Y. For this 

Jordan triple the corresponding matrix M 1 (X I = Yj M I ' M 1 J = J M 1 ) is equal to E. 
This is the simplest possible form of M for the self-adjoint matrix polynomial L(A). 

We shall see later that the signs { sgn si } l"= I form the so-called sign characteristic of 
L(A) and (X l ' J, YI ) is a self-adjoint triple. 0 

Let L(A) be a self-adjoint monic matrix polynomial. Then the spectrum 
of L(A) is symmetric with respect to the real axis, as the following lemma shows. 

Lemma 10.2. If L = L * and Ar E a{L) is nonreal, then Xr is also an eigen­
value of L with the same partial multiplicities as Ar • Thus, if 10rdan blocks 
lr " • • .  , lr, are associated with An then exactly t blocks lS I " ' " ls, are associ­
ated with As = Ar and 

i = 1 , 2, . . .  , t. 

Proof If follows from characterization (ii) of Theorem 10. l  that 
( Y* ,  1*, X*) is a standard triple for L if (X, 1, Y) is so. But then the matrices 1 
and 1* are similar, and the conclusion follows. 0 

We conclude this section with an observation of an apparently different 
character. For a nonsingular self-adjoint matrix M the signature of M, 
written sig M, is the difference between the number of positive eigenvalues and 
the number of negative eigenvalues (counting multiplicities, of course). 
Referring to the characterizations (iii) and (iv) of Theorem 10. 1 of a monic 
self-adjoint matrix polynomial we are to show that, for the M appearing there, 
sig M depends only on the polynomial. Indeed, it will depend only on I. 

Theorem 10.3. Let L = �}:: � AjAj + Hi be a self-adjoint matrix poly­
nomial on (In. Let (X, T, Y) be any standard triple of L. Then the signature of 
any self-adjoint matrix M for which X = Y*M, T = M- 1 T*M is given by . {O Slg M = n 

if I is even 
if I is odd. ( 1 0. 1 1 ) 
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Proof The relations X = y* M, T = M- 1 T* M imply that 

col[XTi] l : b = (col [Y* T* i] l : b)M. 

Thus, 
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and for any other standard triple (X 1,  T1 , Y1 ) the corresponding matrix M 1 is 
given by 

M 1 = (col[ yt yt i] l : b) - l (col[X 1 T�] l : b)· 

But there is an S for which relations ( 1 0.9) are satisfied and this leads to the 
conclusion M 1 = S* MS. Then as is well known, sig M 1 = sig M so that the 
signature is independent of the choice of standard triple. 

Now select the standard triple ( 10.8) . By Theorem 1O. 1 (v), in this case 
M = B. Thus, for any M of the theorem statement, sig M = sig B. 

To compute sig B, consider the continuous family of self-ajdoint operators 
B(e) = [Bj + k - 1 (e)]� . k = 1 ' where Bie) = eAj for j = 1, . . . , 1 - 1, Ble) = I, 
B ;( e) = 0 for j > I. Here e E [0, 1 ] .  Then B = B( 1 ), and B( e) is nonsingular for 
every e E [0, 1 ] .  Hence sig B(e) is independent of e. Indeed, let A 1 (e) � . . .  
� Anle) be the eigenvalues of B(e). As B(e) is continuous in e, so are the Ai(e). 
Furthermore, Ai(e) # 0 for any e in [0, 1 ] ,  i = 1, . . . , nl in view of the non­
singularity of B(e). So the number of positive Ai(e), as well as the number of 
negative A;(e), is independent of e on this interval. In particular, we obtain 

sig B = sig B(O) = Sig [L 
I 0 

and the verification of ( 10. 1 1 ) is then an easy exercise. 0 
Theorem 10 .3 implies (together with Corollary SS.2) the following un­

expected result. 

Theorem 10.4. A self-adjoint monic matrix polynomial of odd degree I has 
at least n elementary divisors of odd degree associated with real eigenvalues. 

Proof Indeed, Theorem 10.3 implies that 

sig B = {� if I is even 
if I is odd. 

It remains to apply Corollary SS.2 bearing in mind that C 1 is B-self-adjoint. 
o 
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The significance of this result is brought out if we consider two familiar 
extreme cases : a) if n = 1, then the result of Theorem 10.4 says that every 
scalar real polynomial of odd degree has a real root ; b) if I = 1, then Theorem 
10.4 says that every self-adjoint matrix (considered in the framework of the 
linear self-adjoint polynomial n.. - A) has n real eigenvalues (counting 
multiplicities), and the elementary divisors of A are linear. 

These two results are not usually seen as being closely connected, but 
Theorem 10.4 provides an interesting unification. 

10.2. Self-Adjoint Triples : Definition 

Let L = L * be a monic matrix polynomial with a Jordan triple (X, J, Y). 
Since ( Y*, J*, X*) is also a standard triple of L, we have 

Y* = XM, J* = M - 1JM, X* = M- l y' 

As mentioned before, we would like to choose (X, J, Y) in such a way that the 
similarity matrix M is as simple as possible. In general one cannot expect 
M = I even in the case of a scalar polynomial with all real eigenvalues, as the 
following example shows (see also Example 10.2). 

EXAMPLE 1 0.3 .  Let L(A) = }.(A - 1)  be a scalar polynomial. We can take 

J = [� �J 
and the general forms for X, Y in the standard triple (X, J, Y) are [ - IJ - X I Y = - I ' 

Xl 

where X I ' Xz E C'\ {O} .  Thus, y* = XM, where 

M =
[- I X

o
1 1 I Z 0 J 

I XZ l 1 2 • 
So the simplest form of M is diag( - 1 , 1 ), which appears if X l  and X2 lie on the unit 
circle. 0 

We describe now the simplest structure of M. First it is necessary to specify 
the complete Jordan structure of X, J, and Y. Since the nonreal eigenvalues of 
L occur in conjugate pairs, and in view of Lemma 10.2, a Jordan form J can 
be associated with L (i.e. , with the first companion matrix C 1 ) having the 
following form. Select a maximal set {A I '  . . .  , Aa} of eigenvalues of J contain­
ing no conjugate pair, and let {Aa +  l' . . . , Aa + b} be the distinct real eigenvalues 
of J. Put Aa + b + j = ::1,j '  for j = 1, . . .  , a, and let 

J = diag[JJ f� i b ( 1 0. 1 2) 
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where Ji = diag[JijJ�� I is a Jordan form with eigenvalue Ai and Jordan 
blocks Ji , I '  . . .  , Ji , k i of sizes !X i , I ;:::: . . .  ;:::: !Xi, k i , respectively. 

Clearly, if (X, J, Y) is a Jordan triple, then there is a corresponding 
partitioning of X, and of Y, into blocks, each of which determines a Jordan 
chain. Thus, we write 

X = [X I Xz . . .  X 2 a + bJ ( 1 0. 1 3) 

and 

Xi = [Xi , ! Xi , 2 . . .  Xi, d ( 10. 1 4) 

and 

Y; = col [Y;jJ�� I , Y = col[ Y;J?:: t b• ( 1 0. 1 5) 

A standard triple (X, J, Y) is said to be self-adjoint if J is Jordan and if (in 
the notations just introduced) 

( 10. 1 6) 

for i = 1 , 2, . . .  , a  and j = 1 , 2, . . .  , ki ' where Pij is the !Xij x !Xij standard 
involuntary permutation (sip) matrix (see Section S5. 1 for the definition of a 
sip matrix), and also 

( 1 0. 1 7) 

for i = a + 1 ,  . . .  , a + b and j = 1 , 2, . . .  , k i where Pij is the !Xij x !Xij sip 
matrix, and the numbers Gij are + 1 or - 1 . 

A simple analysis can convince us that in a self-adjoint triple (X, J, Y) the 
matrix M for which y* = X M and M J = J* M is of the simplest possible 
form. Indeed, the self-adjoint equalities ( 1 0. 1 6) and ( 10. 1 7) could be rewritten 
in the form y* = X Pe, J ,  where Pe, J is given by the formula 

( 10. 1 8) 

where 

and 

Pr = diag[diag[GijPiJ�� I Jf::.,. I ' 

We remark also that Pe , J J = J* Pe, J '  Thus, for this triple we have M = PU ' 
One cannot expect any simpler connections between X and Y in general, 
because the presence of blocks Pij is inevitable due to the structure of J and 
the signs Eij appear even in the simplest examples, as shown above. 
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The existence of self-adjoint triples for a self-adjoint matrix polynomial 
will be shown in the next section and, subsequently, it will be shown that the 
signs eij associated with the real eigenvalues are defined uniquely if normalized 
as follows : where there is more than one Jordan block of a certain fixed size 
associated with an eigenvalue, all the + Is (if any) precede all the - I s (if any). 
The normalized ordered set {eij} ,  i = a + 1, . . .  , a + b, j = 1 , 2, . . .  , ki ' is 
called the sign characteristic of L(il). 

Observe that Eq. ( 10. 1 6) and ( 10. 1 7) show that left Jordan chains can be 
constructed very simply from right Jordan chains. Suppose one begins with 
any Jordan pair (X, J) and then these equations are used to generate a matrix 
Y. In general (X, J, Y) will not be a self-adjoint triple because the orthogonality 
conditions ( 1 0.6) will not be satisfied. However, the theorem says that for a 
special choice of X, and then Y defined by ( 1 0. 1 6) and ( 1 0. 1 7) a self-adjoint 
triple can be generated. As an illustration of the notation of self-adjoint triples 
consider the resolvent form for self-adjoint triple (X, J, Y). First define 
submatrices of X, J as follows (cf. Eqs. ( 1 0. 1 3) and ( 1 0. 1 2)) : 

and similarly for J = diag[K l ' K2 , K3] .  Then equalities ( 1 0. 1 6) and ( 10. 1 7) 
imply the existence of (special) permutation matrices i \ ,  P2 for which [ P1X� 1 

Y � �2 �! ' 
P1 X! 

namely, Pl = diag[diag(Pij)�� l ]i= l ' P2 = diag[diag(eijPij)�� l ]i;:+ l · 
In this case, the resolvent form of L(il) becomes 

L - \A) = X(Iil - J) - l y = Xl(Iil - K l ) - lP1X! + XiIil - K2) - lP2 X2 
+ XiIil - Kl ) - lP 1X! 

= Xl (Iil - K l ) - lplX� + XiIil - K2) - 1 (P2 Xn 
+ (X3 Pl ) (Iil - Kn - 1Xr 

This equality is characteristic for self-adjoint matrix polynomials, i .e . , the 
following result holds. 

Theorem 10.5. A monic matrix polynomial L(il) is self-adjoint if and only 
if it admits the representation 

L - l eA) = Xl (Iil - J l ) - l . P 1X� + X2(Iil - J2) - 1 . P2 X! 
+ X3 Pl · (Iil - In - 1X!, ( 1 0. 19) 
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where J 1 (J 2) are Jordan matrices with ,?m Ao > 0 (.fm Ao = 0) for every 
eigenvalue Ao of J 1 (J 2), and for i = 1 ,  2 

Pf = I, ( 10.20) 

Proof We saw above that if L(A) is self-adjoint, then L - l (A) admits 
representation ( 1 0. 1 9) (equalities ( 1 0.20) are checked easily for Pi = Pi and 
Ji = Ki in the above notation). On the other hand, if ( 1 0. 1 9) holds, then by 
taking adjoints one sees easily that L - l (A) = (L - I CX))* . So L(A) is self-adjoint. 

o 
We remark that the form of the resolvent representation ( 1 0. 1 9) changes if 

the " monic " hypothesis is removed. More generally, it can be shown that a 
matrix polynomial L(A) with det L(A) ¥= 0 is self-adjoint if and only if it 
admits the representation 

L - l (A) = X1 (lA - J 1 ) - lP 1Xj + X2(lA - J2) - lp2 X� 
+ X3 P1 (lA - In - 1X! + X4(J4 A - I) - lP4 X! , ( 1 0.2 1 )  

where X l ' X 2 , X 3 , P I '  P 2 , J 1 , J 2 are a s  i n  Theorem 10.5 ,  J 4 i s  a nilpotent 
Jordan matrix, and 

It turns out that the matrices X l , X 2 , X 3 , J 1 , J 2 in ( 10.2 1 )  are constructed 
using the finite Jordan pair (XF ' JF) of L(A) in the same way as described 
above for monic polynomials. The pair (X 4 ,  J 4) turns out to be the restriction 
of the infinite Jordan pair (Xoo , J,,,::J of L(A) (as defined in Section 7. 1 )  to 
some J oo-invariant subspace. We shall not prove ( 1 0.2 1 )  in this book. 

10.3. Self-Adjoint Triples : Existence 

In this section the notions and results of Chapter S5 are to be applied to 
self-adjoint matrix polynomials and their self-adjoint triples. Some properties 
of these triples are deduced and an illustrative example is included. To begin 
with, we prove the existence of self-adjoint triples. In fact, this is included in 
the following more informative result. As usual, C 1 is the first companion 
matrix of L, and B is as defined in ( 1 0.3). 

Theorem 10.6. Let L(A) = L�:; h A j Aj + HI be a monic self-adjoint matrix 
polynomial. If p • .  J is a C I -canonical form of B and S is the reducing matrix 
B = S*p. , J S, then the triple (X, J, Y) with 

X = [I 0 . . . O]S - I , Y = S[O . . .  1] * 

is self-adjoint. 
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Conversely, if for some nonsingular S the triple (X, J, Y) defined by the 
above relations is self-adjoint, then S is a reducing matrix of B to C I -canonical 
form. 

Proof It has been shown in Theorem 10. 1  that L* = L is equivalent to 
the statement that C I is B-self-adjoint. Then Theorem S5. 1 implies the existence 
of a C l -canonical form PE , J for B. Thus, B = S*PE , J S  and SCI S - I = J. Then 
it is clear that (X, J, Y) as defined in the theorem forms a Jordan triple for L 
(refer to Eq. ( 1 0.9)). This triple is self-adjoint if and only if Y = PE, J X*, Using 
the definition of X and Y this relation is seen to be equivalent to 

and this is evident in view of the definition of B. 
Suppose now that 

(X, J, Y) = ([I 0 . . . OJS - I , SCI S - l , S[O . . .  0 1] *) 
is a self-adjoint triple. Then Y = PE . J X*. Using the equality PE , J J  = J*PE , J  
one checks easily that Q *  = PE , JR , where Q = col [XJ iJ l : 6  and R = 
row[J iY] l : 6 ' By ( 10.6) B = R - IQ - I = Q* - IPE, J Q - I . 1t remains to note 
that S = Q - l . 0 

Now we derive some useful formulas involving self-adjoint triples. 
Let (X, J) be a Jordan pair of the monic self-adjoint matrix polynomial 

L(,1,) constructed as in ( 10. 1 2), ( 10. 1 3), and ( 10. 1 4). Construct the correspond­
ing matrix Q = col[XfJ l : 6  and let V = Q*BQ. It is evident that V is non­
singular. It Y is the third member of a Jordan triple determined by X and J, 
we show first that Y = V - I X*. Recall that Y is determined by the ortho­
gonality relation 

( 10.23) 
We also have 

Q(U - 'X') � B - 'Q' - 'X'  � B- ' [f 1 � m ( 10.24) 

and comparing with ( 1 0.23) it is seen that Y = V - I X* .  
Since the columns of Q form Jordan chains for C 1 , C 1 Q = QJ whence 

Q*(BC1 )Q = (Q*BQ)J. In addition (BC 1 )* = BCI and it follows that 

J*(Q*BQ) = (Q*BQ)J. ( 10.25) 
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With a partitioning consistent with that of X in ( 10. 1 3) write 

and ( 10.25) can be written 

for r, S = 1, 2, . . .  , 2a + b. Now Xr #- As implies that Q: BQs = 0 (see Section 
S2.2) and it is found that 

( 10.26) 

where 

( 10.27) 

and 

T2 = diag[Q:+ jBQa + j]�= 1 . ( 10.28) 

Suppose now that the triple (X, J, Y) is self-adjoint. Then Q = S - 1 , where 
S is the reducing matrix to a C 1 -canonical form of B (cf. Theorem 10.6). It 
follows that V = Pe• J •  In particular, we have for i = a + 1, . . .  , a + b 

Q7 BQi = diag[eijPij]�� 1 , 

where eij = ± 1 ,  for i = 1 ,  . . .  , a, 

Q:+ b + i BQi = diag[Pij]�� 1 ·  

( 1 0.29) 

( 10.30) 

Note that Eqs. ( 1 0.26)-( 10.28) hold for any Jordan triple of L(A) (not 
necessarily self-adjoint). -

We conclude this section with an illustrative example. 

EXAMPLE 10.4. Consider the fourth-degree self-adjoint matrix polynomial 

_ _ [0 IJ [2(}. 2  + 1 )2 (X 2 + 1 )2J [0 1 J L4(/.) - 1 - 1 (i.2 + 1 )2  }. 4 + 1 1 - 1 . 
It is found that det L4(A.) = (,14 

- 1 )2 so the eigenvalues are the fourth roots of unity, 
each with multiplicity two. A Jordan pair is 
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However, it is found that this is not a self-adjoint pair. It turns out that 

X = 
j2 [- 2 - 2i - 2 1 - 2 - 1 0J 8 - 2 - 2i 2 - 1 2 1 2 

is such that X, J determines a self-adjoint triple. In Eq. ( 1 0.26) we then have 

10.4. Self-Adjoint Triples for Real Self-Adjoint Matrix 
Polynomials 

Let L(A.) = HI + L}: � AjA.j be a monic matrix polynomial with real and 
symmetric coefficients Aj : Aj = AI, j = 0, . . .  , 1 - 1. Then clearly L(A.) is 
self-adjoint and as we have already seen there exists a self-adjoint triple 
(X, J, Y) of L(A.). In the case of real coefficients, however, a self-adjoint triple 
which enjoys special properties can be constructed, as we shall see in this 
section. 

Let us make first a simple observation on Jordan chains for L(A.). Let 
..1.0 E u(L) be a nonreal eigenvalue of L(A.) with corresponding Jordan chain 
Xo ,  . . .  , Xr • So, as defined in Section 1 .4. 

k 1 L -:-;- Vj)(A.o)xk - j = 0, 
j = o ) . 

k = 0, . . .  , r. ( 10.3 1 )  

Taking complex conjugates i n  these equalities, (and denoting by  Z the matrix 
whose entries are complex conjugate to the entries of the matrix Z) we obtain 

� 1 --ur-- _ L. -:-;- L (A.o)xk - j - 0, 
j = o ) . 

k = 0, . . . , r. 

But since the coefficients Aj are real, Vj)(A.o) = Vj)(lo) ; hence xo , " " xr is a 
Jordan chain of L(A.) corresponding to the eigenvalue lo . Moreover, by 
Proposition 1 . 1 5  it follows that a canonical set of Jordan chains for ..1.0 
becomes a canonical set of Jordan chains for Io under the transformation of 
taking complex conjugates. In other words, if (X', J') is the part of a Jordan 
pair (X, J) of L(A.) corresponding to the nonreal part of u(J), then so is 
(X', J'). Let now ..1.0 E u(L) be real, and let v be the maximal partial multiplicity 
of L(A.) at ..1.0 ' Consider the system of linear homogeneous equations ( 1 0. 3 1 )  
with r = v ,  where the vectors Xo , " " Xv are regarded a s  unknowns. Since 
L(j)(A.o) is real, there exists a basis in the linear set of solutions of ( 1 0. 3 1 ), which 
consists of real vectors. By Proposition 1 . 1 5  this basis gives rise to a canonical 
set of Jordan chains for ..1.0 which consists of real eigenvectors and generalized 
eigenvectors. 
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It follows from the preceding discussion that there exists a Jordan pair 
(X, J) of L(A) of the following structure : 

( 1 0.32) 

where a"(J(2 ») is real and the spectrum of ]< 1 ) is nonreal and does not contain 
conjugate complex pairs. The matrix X(2 ) is real. 

We have not yet used the condition that Aj = AJ. From this condition it 
follows that there exists a self-adjoint triple of L(A). The next result shows that 
one can choose the self-adjoint triple in such a way that property ( 1 0. 32) holds 
also. 

Theorem 10.7. There exists a self-adjoint triple (X, J, Y) of L(A) such 
that the pair (X, J) is decomposed as in ( 10. 32). 

We need some preparations for the proof of Theorem 10.7 and first we 
point out the following fact. 

Theorem 10.S. For every n x n nonsingular (complex) symmetric matrix V 
there exists an n x n matrix U such that V = U T U. 

Proof Consider the linear space (In together with the symmetric bilinear 
form [ .  J defined by V: [x, yJ = yTVx. Using Lagrange's alogrithm (see 
[22, 52cJ), we reduce the form [ ,  J to the form [x, yJ = D= o Xi Yi for 
x = (X l " ' " Xn)T  and y = (h , . . .  , Yn)T in some basis in (In. Then the desired 
matrix U is the transformation matrix from the standard basis in (In to this 
new basis. D 

Let K = diag[K 1 • . . . •  KrJ be a Jordan matrix with Jordan blocks 
K 1 > • • •  , Kr of sizes m1 , . . • •  m" respectively. Let Pi be the sip matrix of size 
m i (i = 1, . . . •  r), and put PK = diag[P 1 • . . . •  PrJ .  Denote by fI the set of all 
nonsingular matrices commuting with K.  

Lemma 10.9. Let V be a nonsingular (complex) symmetric matrix such that 
PK V E .?7. Then there exists W E  fI such that WT VW = PK • Conversely. if for 
some matrix V there exists W E  fI such that WTVW = PK , then V is non­
singular symmetric and PK V E fl. 

Pro()f The converse statement is easily checked using the property that 
P K K = KT P K and P K KT = KP K so we focus on the direct statement of the 
lemma. 

Consider first the case when the set a"(K) of eigenvalues of K consists of 
one point and all the Jordan blocks of K have the same size : 

K = diag[K 1 , . . .  , K 1 J ,  

where the p x p Jordan block K 1 appears r times. 
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It is seen from Theorem S2.2 that a matrix U E ff if and only if it is non­
singular and has the partitioned form (UijX,j = 1 where Uij is a p x p upper 
triangular Toeplitz matrix, i .e. , has the form 

uu � [ � t2 . . . tp 
t l ( 1 0.33) 

t )  t2 
0 0 t l 

for some complex numbers t 1 , t2 , . . .  , tp (dependent on i, j). It will first be 
proved that V admits the representation 

( 1 0. 34) 

for some U E ff where WI ' . . .  , vv,. are p x p matrices. 
F or brevity, introduce the class .91 of all nonsingular (complex) symmetric 

matrices of the form PK S, S E ff, to which V belongs. Put 

( 1 0. 35) 

where U E ff is arbitrary. Then Wo E d. Indeed, the symmetry of Wo follows 
from the symmetry of V. Further, using equalities UK = K U, PK VK = 

KPK V, pic = I, and PK K = KTPK , we have 

PK WoK = PK UTV UK = PK UTPK PK VK U = PK UTPK KPK V U  
= PK UTKTPK PK V U  = PK KTUTV U  = KPK UTV U  = KPK Wo ,  

so that Wo E d. 
Now let M be the pr x pr permutation matrix which, when applied from 

the right moves columns 1 , 2, 3, . . .  , pr into the positions 

1 ,  r + 1 ,  2 r  + 1 ,  . . .  , (p - 1 )r + 1 ,  

2 ,  r + 2 ,  . . .  , (p - 1 )r + 2 ,  . . .  , r, 2r, . . .  , pr, 

respectively. Since V E .91, we have P K V E ff, and using representation ( 1 0.33) 
for the blocks of P K V it is found that 

( 10.36) 

where V! = v; ,  i = 1 , 2, . . .  , p. (Note that the effect of the permutation is to 
transform a partitioning of V in r2 p x p blocks to a partitioning in p2 blocks 
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ofsize r x r.) Hence for Wo defined by ( 10 .35) MTWo M has the form, analogous 
to ( 10.36), say 

-
T Wo = M Wo M = 

0 

0 

� 
� 
a; 

0 � 
WI W2 ( 10. 37) 

� 
and furthermore, the nature of the permutation is such that Wo is block 
diagonal if and only if the blocks W;, i = 1, 2, • . .  , p, are diagonal. 

If V E ff, the action of the same symmetric permutation on V is 

l U , V2 ::1 MTUM � ! V I 
V I 
0 V I 

Now (using the property MMT = 1) we have 

Wo = MTWo M  = (MTVM)T(MTVM) (MTVM) 

I UJ 0 II II 0 
v

, I V I 

= �I VJ 0 
VI 

VT V2 Vp 0 p 

Multiply out these products and use ( 10. 37) to obtain 

i I 

V2 
V I 

W; = L vT- I + 1 L l-k VI - k +  1 , i = 1 , 2, . . .  , p. 
I � 1 k � I 

( 1 0.38) 

( 10. 39) 

To complete the proof of ( 10. 34) it is to be shown that V I '  . . .  , V p can be 
determined in such a way that WI '  . . .  , Wp are diagonal. This i s  done by 
calculating V I '  . . .  , V p successively. 

First let V I be any nonsingular matrix for which VJV1 V I = I . Since 
VJ = VI such a V 1 exists by Lemma 10.8 .  

Proceeding inductively, suppose that matrices V I '  . . .  , V v - I have been 
found for which WI '  . . . ' l¥,' - 1 are diagonal. Then it is deduced from ( 10.39) 
that 

( 10.40) 
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where CT = C and depends only on VI " " , v" and U I , . . . , U. _ I . Write 
O. = U I I U V ' then ( 10.40) takes the form 

Let 0. = [/3ij] i. j � I ' C = [cij] i. j � I ' Since uivl u l = I, the matrix W • . is 
diagonal if and only if for 1 � i � j � r 

/3ji + /3ij = - cij ' 
There certainly exist pairs /3ji ' /3ij satisfying this equation. This completes the 
proof of ( 10.34). 

Now each W; from ( 10.34) has the form 

W; � [ ! 0 t l 

t I tp_ 1 
t l t2 tp 

There exists a matrix Si of the form 

[ " S2 

S i = � 
S I 

0 0 

such that 

. . .  " 1 Sp - l . , 

S I 

STW; S i = PI 

tj E fl, t I =1= O. 

Si E fl, S I =1= 0 

the sip matrix of size p x p. Indeed, ( 1 0.41)  amounts to the system 

i I { I L Si - l + l L: tk s1 - k + l = 
0
' 

1 � 1 k � 1 , 
i = 1 
i = 2, . . . , p. 

( 10.4 1 )  

This system can be  solved for S I ' S2 " ' " sp successively by  using the ith 
equation to find Si in terms of t l , . . •  , ti , S I ' . . .  , Si - l , where S I = t l 1 / 2 . Now 
put W = diag[S I " ' "  Sr]U to prove Lemma 10.9 for the case when a(K) is 
a singleton and all Jordan blocks of K have the same size. 

Consider now the case when a(K) consists of one point but the sizes of 
Jordan blocks are not all equal. So let 

Let 

( V;j an mi x mj matrix). 
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Then the condition P K V E f/ means that the �j have the following structure 
(cf. Theorem S2.2) : 

for i =I j ;  
V . = [v(ij) ]s = 1 . . . . • mj 

IJ r + s r = 1 . . . . . mi with v�ij) = 0 for t < max(mi , m). 

Nonsingularity of V implies, in particular, that the k l x k l matrix 

is also nonsingular. Therefore, we can reduce the problem to the case when 

and for i = 1 ,  . . .  , m1 , ( 1 0.42) 

by applying sequentially (a finite number of times) transformations of type 
V � ETVE, where the n x n matrix E has the structure 

E = [EijXPj= 1 (Eij an mi x mj matrix), 

with Eii = I for i = 1 ,  . . .  , kp • Also. 

e 1 ez emj 
0 el emj - 1 

Eij = 0 0 e 1 

0 0 0 
where es E C depends on i andj, for i = 1 ,  . . .  , m1 andj = m + 1 ,  . . .  , mkp ' and 
Eij = 0 otherwise. Then in the case ( 1 0.42) we apply induction on the number 
of different sizes of Jordan blocks in K to complete the proof of Lemma 1 0.9 
in the case that a(K) consists of a single point. 

Finally, the general case in Lemma 1 0.9 (a(K) contains more than one 
point) reduces to the case already considered in view of the description of the 
matrices from f/ (Theorem S2.2). D 

The next lemma is an analog of Lemma 1 0.9 for real matrices. Given the 
Jordan matrix K and the matrices PI ' . . .  , P r as above, let 

P., K = diag[8 1P 1 , · · · , 8rPr] 

for a given set of signs 8 = (8 i)f= 1 , 8i = ± 1 .  
Lemma 10. 10. Let V be a nonsingular real symmetric matrix such that 

PK V E f/. Then there exists a real W E  f/ such that WTVW = Pr. , Kfor some 
set of signs E.  Conversely, if for some matrix V there exists real W E  f/ such that 
WTVW = P" , K ,  then V is real, invertible, and symmetric and PK V E f/. 
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The proof of Lemma 10. 10 is analogous to the proof of Lemma 10.9 (the 
essential difference is that, in the notation of the proof of Lemma 10.9, we 
now define U 1 to be a real nonsingular matrix such that 

uiv1 U 1 = diag[b 1 , • . •  , br] ,  

for some signs b 1 , • • •  , br . Also1 instead of ( 1 0.4 1 )  we now prove that S; Jt; Si = 
± PI ' by letting 8 1 = ( ± t 1 ) - 1 / Z where the sign is chosen to ensure that 8 1 is 
real (here t i E �» . 

Proof of Theorem 10. 7. We start with a Jordan triple (X, J, Y) of L(A) of 
the form 

where 1m a(J 1 ) > 0, a(J z) is real, X z is a real matrix, and the partitions of X 
and Y are consistent with the partition of J. (In particular, 1m a(J 1 ) < 0.) The 
existence of such a Jordan triple was shown in the beginning of this section. 

Let Q = col(XY)� : 6 .  Then (see ( 10.26» 

U = Q*BQ = [ � 
T1 

o T* ] 
Tz 0

1
, 

o 0 
( 10.44) 

where the partition is consistent with the partition in ( l 0.43). Moreover 
(equality ( 10.25» , 

J*T = TJ . ( 10.45) . 

It is easy to check (using ( 10.44) and ( 10.45» that T1 is nonsingular sym­
metric and Pc T1 commutes with J 1 (where Pc is defined as in ( 10. 1 8» . By 
Lemma 10.9 there exists a nonsingular matrix WI such that WJ 1 = J 1 WI 
and WiTl WI = Pc . Analogously, using Lemma 10. 10, one shows that there 
exists a real nonsingular matrix W2 such that Wz J z = J 2 Wz and WI Tz Wz = 
P, . J 2 for some set of signs B. Denote Xi = X 1 WI and Xz = X z Wz .  Then (cf. 
Theorem 1 .25) the triple (X', J, Y') with 

and 

is a Jordan triple for L(A). Moreover, the equality 

[col(X'J'): : n'B col(X'J'): : :  � [I � �'l 
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holds, which means that the triple (X' , J, Y') is self-adjoint (cf. ( 1 0.29) and 
( 10. 30» . 0 

We remark that the method employed in the proof of Theorem 10.7 can 
also be used to construct a self-adjoint triple for any monic self-adjoint matrix 
polynomial (not necessarily real), thereby proving Theorem 10.6 directly, 
without reference to Theorem S5. 1 .  See [34f] for details. 

The following corollary is a version of Theorem 10 .5 for the case of real 
coefficients A j ' 

Corollary 10. 1 1 .  Let L(A) be a monic self-adjoint matrix polynomial with 
real coefficients. Then L(A) admits the representation 

L - l (A) = 2 �e(X l (H - J 1 ) - l P 1XD + X2(H - J2) - IP2 X1 , ( 1 0.46) 

where J I (J 2) are Jordan matrices with Jm Ao > 0 (Jm Ao = 0) for every 
eigenvalue Ao of J 1 (J 2), the matrix X 2 is real, and for i = 1, 2 :  

P i = Pf = PT, Pf = J, PJ i = JTpi · ( 10.47) 
Conversely, if a monic matrix polynomial L(A) admits representation ( 10.46), 
then its coefficients are real and symmetric. 

Proof The direct part of Corollary 10. 1 1  follows by combining Theorems 
10.5 and 10.7 .  The converse statement is proved by direct verification that 

L - I (A) = (L - I (A» T = (L - I (A» * for A E IR, 
using the equalities ( 1 0.47). 0 

10.5. Sign Characteristic of a Self-Adjoint Matrix Polynomial 

Let L(A) be a monic matrix polynomial with self-adjoint coefficients. By 
Theorem 10.6 there exists a self-adjoint triple of L(A), which includes (see 
( 1 0. 1 7» a set of signs Gij ' one for every nonzero partial multiplicity (Xij ' 
j = 1 ,  . . .  , ki corresponding to every real eigenvalue Aa + i '  i = 1 ,  . . .  , b, of 
L(A). This set of signs Gij is the sign characteristic of L(A), and it plays a central 
role in the investigation of self-adjoint matrix polynomials. According to this 
definition, the sign characteristic of L(A) is just the C I -sign characteristic of 
B (cf. Theorem 10.6). 

We begin with the following simple property of the sign characteristic. 

Proposition 10.12.  Let Gij ' j = 1 ,  . . .  , ki , i = 1 ,  . . .  , b be the sign char­
acteristic of L(I.) = u 1 + L}: � Aj;) with the corresponding partial multi­
plicities (Xij , j = 1, . . .  , k; , i = 1, . . .  , b. Then 

if I is even 
if I is odd. ( 1 0.48) 
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Proof Let (X, J, Y) be a self-adjoint triple of L(..1.), i .e . , such that Y = 
p •. J X*, where e = (e i), j = 1 ,  . . .  , ki ' i = 1 ,  . . .  , b. By Theorem 10.6 

sig B = sig p • .  J '  ( 1 0.49) 
Note that the signature of a sip matrix is 1 or 0 depending if its size is odd or 
even. Using this fact one deduces easily that sig p., J is just the left-hand side of 
( 1 0.48). Apply Theorem 10.3 to the left-hand side of ( 10.49) and obtain ( 1 0.48). 

o 
In particular, Proposition 10. 12  ensures that Lf= I D� I t[1 - ( - l)'x ;j]e ij 

does not depend on the choice of a self-adjoint triple (X, J, Y) of L(..1.). The 
next result shows that in fact the signs eij themselves do not depend on 
(X, J, Y), and expresses a characteristic property of the self-adjoint matrix 
polynomial L(..1.) (justifying the term " sign characteristic of L(..1.) ") . 

Theorem 10.13.  The sign characteristic of a monic self-adjoint matrix 
polynomial L(..1.) does not depend on the choice of its self-adjoint triple (X, J, Y). 

The proof is immediate : apply Theorem S5 .6 and the fact that Cl is B­
self-adjoint (cf. Theorem 10.6). 0 

The rest of this section will be devoted to the computation of the sign 
characteristic and some examples. 

Given a self-adjoint triple (X, J. Y) of L(..1.) and given an eigenvector x 
from X corresponding to a real eigenvalue A:, denote by v(x, ..1.0) the length of 
the Jordan chain from X beginning with x, and by sgn(x, ..1.o)-the sign of the 
corresponding Jordan block of J in the sign characteristic of L(..1.). 

Theorem 10.14. Let (X, J, Y) be a self-adjoint triple of L(..1.) = HI + 
L}: � Aj..1.j. Let X l and Yl " ' " Y. be eigenvector and first vectors of a Jordan 
chain, respectively,from X corresponding to the same real eigenvalue ..1.0 , Then 

if Y l #- X l or Yl = X l and r < v(x l , ..1.0) 
( 1 0. 50) 

if YI = X I and r = v(x l , ..1.0)' 

Proof Let Q = col(XJ i) : : & . Denote by X l and Y I " ' " Y. the columns in 
Q corresponding to the columns X I and Y I ' . . .  , Y. ,  respectively, in X. We 
shall prove first that (X l ' .± � Vj)(..1.o)y. + 1 - i) = (X l ' By.), 

) = 1 1 · 
where B is given by ( 1 0.3) . 

( 10.5 1 )  
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The proof is a combinatorial one. Substituting X l = COl [A� X l ] � : �  and 
Yr = col[If= o ({)Ab- iYr _ ;]� ;;; � (by definition Yp = 0 for p :s; 0) in the expres­
sion (x 1 ,  By,) we deduce that 

It is easy to see that 

'\' '\' P A P- i - l A = . ___ L(i + l )(A ) 
I I ( _  k) 1 

L... L... . 0 p ( . 1) I 0 ' k = l p = i + k 1 1 +  . 
and ( 10.5 1 )  follows. Now use ( 1 0.29) to obtain ( 1 0. 50) from ( 1 0. 5 1 ). 0 

Theorem 1 0. 1 4  allows us to compute the sign characteristic of L(A) in 
simple cases. Let us consider some examples. 

EXAMPLE 1 0. 5. Let L(A) be a monic scalar polynomial with real coefficients and r 
different simple real roots ,1, 1 > . . .  > Ar • It is easy to check (using Theorem 10 . 1 4) that 
the sign of Ai in the sign characteristic of L(A) is ( - l )i +  \. 0 

EXAMPLE 1 0.6 .  Let L(A) be a monic self-adjoint matrix polynomial with degree I. 
Let ,1, 1 (resp. A,) be the maximal (resp. minimal) real eigenvalue of L(A). Then sgn(x, ,1, 1 ) 
= 1 for any eigenvector x corresponding to ,1, \  with vex, ,1, \ ) = Y; and for any eigenvector 
y corresponding to A, with v(y, A,) = 1 we have sgn(y, A,) = ( _ 1 ) 1+ I . Indeed, consider 
the real-valued function fiA) = (x, L(A)x). Then fiA) > 0 for A > ,1,[> because the 
leading coefficient of L(A) is positive definite. On the other hand,j�(A I )  = 0 (for x is an 
eigenvector of L(A) corresponding to ,1, 1 )' So f�(A l )  � O. But in view of Theorem 1 0. 1 4, 
sgn(x, A I )  is justf�(A l )' maybe multipl ied by a positive constant. Hence sgn(x, ,1, 1 ) = 1 .  
The same argument i s  applicable t o  the eigenvector y o f  ,1" .  0 

These examples are extremal in the sense that the signs can be determined 
there using only the eigenvalues with their partial multiplicities, without 
knowing anything more about the matrix polynomial. The next example 
shows a different situation. 

EXAMPLE 10 .7 .  Let a < b < c < d be real numbers, and let 

. [(A -- a) (A - b) 0 J L(A) = . o (A - c) (A - d) 
Then the sign characteristic of the eigenvalues a, b, c, d is - 1 , 1 ,  - 1 , 1 ,  respectively 
(as follows from Example 1 0.5) .  Interchanging in L(A) the places of A - b and A - c, we 
obtain a new self-adjoint matrix polynomial with the same eigenvalues and partial 
multiplicities, but the sign characteristic is d ifferent : - 1 , - 1, 1 ,  1 for a, b, c, d, respectively. 

o 
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10.6. Numerical Range and Eigenvalues 

For a matrix polynomial M(A) define the numerical range NR(M) as 

NR(M) = {A E � I (M(A)X, x) = 0 for some x E �n\{o} } ( 1 0.52) 
This definition is a natural generalization of the notion of numerical range for 
a simple matrix A, which is defined as NA = { (Ax, x) l x E �n, I l x l l = 1 } .  
Indeed, 

{(Ax, x) l x E �n, I l x l l = 1 }  = NR(H - A). 
It is well known that for any matrix A the set N A is convex and compact. In 
general, the set N R(M) is neither convex nor compact. For example, for the 
scalar polynomial M(A) = A(A - 1) we have NR(M) = {0, 1 } , which is 
obviously nonconvex ; for the 2 x 2 matrix polynomial 

M(A) = [� �J 
we have NR(M) = IR, which is noncompact. It is true that NR(M) is closed 
(this fact can be checked by a standard argument observing that 

NR(M) = {A E � I (M(A)X, x) = 0 for some x E �n, I l x l l = 1 }  
and using the compactness of the unit sphere in �n). Moreover, if M(A) is 
monic, then NR(M) is compact. Indeed, write M().) = Um + I,j=-Ol Mj )J . 
Let a = max {m . maxo ,;; i ';; m - l { I A l l  A E N  M,} , 1 } . Clearly, a is a finite number, 
and for I A I > a and x E �n, I l x l l = 1 we have 

I Am(X, x) 1 = I A lm > m max { I A I I A E NM,} I A lm - l 
O ,;; i ';; m - l 

so A f/: NR(M). 
We shall assume in the rest of this section that M(A) = L(A) is a monic 

self-adjoint matrix polynomial, and study the set NR(L) and its relationship 
with a{L). We have seen above that NR(L) is a compact set ; moreover, since 
L(A) is self-adjoint the coefficients of the scalar polynomial (L(A)X, x), 
x E �n\{o} are real, and therefore NR(L) is symmetric relative to the real line : 
if Ao E NR(L), then also 10 E NR(L). Evidently, NR(L) :::l a(L). 

The following result exhibits a close relationship between the eigenvalues 
of L(A) and the numerical range NR(L), namely, that every real frontier (or 
boundary) point of NR(L) is an eigenvalue of L(A). 

Theorem 10.15. Let L(A) be a monic self-adjoint matrix polynomial, and 
let Ao E NR(L) n (IR\NR(L» . Then Ao is an eigenvalue of L(A). 
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Proof By assumption, there exists a sequence of real numbers A I , Az , . . .  
such that limm-+ <XJ  Am = Ao and Ai � NR(L). This means that the equality 
(L(AJx, x) = 0 holds only for x = 0 ;  in particular, either (L(AJx, x) :2: 0 
for all x E ([n, or (L(Ai)x, x) :S; 0 for all x E ([n. Suppose, for instance, that the 
former case holds for infinitely many Ai ' Passing to the limit along the (infinite) 
set of such Ai , we find that (L(Ao)x, x) :2: 0 for all x E ([n. Since Ao E N R(L), 
we also have for some nonzero Xo E ([n, (L(Ao)xo , xo) = O. It follows that the 
hermitian matrix L(Ao) is singular, i.e. Ao E (J(L). D 

Since the number of different real eigenvalues of L(A) is at most nl, where I 
is the degree on L(A), the following corollary is an immediate consequence of 
Theorem 10. 1 5. 

Corollary 10.16.  Let L(A) be as in Theorem 10. 1 5 . Then the set N R(L) n � 
is a finite union of disjoint closed intervals and separate points : 

NR(L) n � = ( 0  [1l2 i - 1 , IlZ ;]) u ( 0 {vJ) , 
1 - 1 ) - 1 

( 1 0.53) 

where II I < Ilz < . . .  < IlZk and Vj � U7= 1 [1l2 i - 1 ' Ilz ;] , vi !  =1= vjz for j 1 =1= j2 ' 

The number k of intervals and the number m of single points in ( 1 0. 53) satisfy the 
inequality 

2k + m :S; nl, 
where I is the degree of L(A). 

We point out one more corollary of Theorem 10. 1 5. 

Corollary 10.17.  A monic self-adjoint matrix polynomial L(A) has no real 
eigenvalues ifand only ifNR(L) n � = 0. 

Comments 
Self-adjoint matrix polynomials of second degree appear in the theory of 

damped oscillatory systems with a finite number of degrees of freedom 
( [ 1 7, 52b J). Consideration of damped oscillatory systems with an infinite 
number of degrees of freedom leads naturally to self-adjoint operator poly­
nomials (acting in infinite dimensional Hilbert space), see [5 1 ] .  Self-adjoint 
operator polynomials (possibly with unbounded coefficients) appear also in 
the solution of certain partial differential equations by the Fourier method. 

The results of this chapter, with the exception of Sections 1 0.4 and 10.6, are 
developed in the authors' papers [34d, 34f, 34g] . The crucial fact for the theory, 
that C 1 is B-self-adjoint (in the notation of Section 10. 1 ), has been used else­
where (see [5 1 ,  56a, 56dJ). The results of Section 10.4 are new. The numerical 
range for operator polynomials was introduced (implicitly) in [67J and further 
developed in [56a] . A more general treatment appears in [44] . 



Chapter 1 1  

Factorization of Self-Adjoint Matrix 
PolynoDlials 

The general results on divisibility of monic matrix polynomials in­
troduced in Part I, together with the spectral theory for self-adjoint poly­
nomials as developed in the preceding chapter, can now be combined to 
prove specific theorems on the factorization of self-adjoint matrix poly­
nomials. Chapter 1 1  is devoted to results of this type. 

1 1 .1 .  Symmetric Factorization 

We begin with symmetric factorizations of the form L = LtL3 Ll ' where 
L! = L3 • Although such factorizations may appear to be of a rather special 
kind, it will be seen subsequently that the associated geometric properties 
described in the next theorem play an important role in the study of more 
general, nonsymmetric factorizations. As usual, C 1 stands for the first 
companion matrix of L, and B is defined by ( 1 0. 3). 

Theorem 1 1 . 1 .  Let L be a monic self-adjoint polynomial of degree I with 
a monic right divisor L l of degree k :s; 1/2. Then L has a factorization L = 
Lt L3 Ll for some monic matrix polynomial L3 if and only if 

(Bx, y) = 0 for all x, y E vii, ( 1 1 . 1 )  

where vii is a supporting subspace for L l (with respect t o C1 ). 

278 
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We shall say that any subspace .A for which ( 1 1 . 1 ) holds is neutral with 
respect to B, or is B-neutral. To illustrate the existence of B-neutral subspaces 
consider a monic right divisor L1 for which a{L1 ) contains no pair of complex 
conjugate points. If L = L 2 L 1 , then a{L) = (j(L 1 ) U (j(L2) and (j(L 1 ) (\ 
(j(L!) = 0. If L is self-adjoint, then L = L2 L 1 = LTLi and it follows that 
L 1 is a right divisor of L!. Hence there is a matrix polynomial L3 for which 
LTL3 L 1 = L. Consequently ( 1 1 . 1 ) holds. 

Proof Let L = L2 L 1 = LTL! , and L1 have supporting subspace .A 
with respect to C l '  It follows from Theorem 3.20 that L! has supporting 
subspace .A.L with respect to CT. But now, by Theorem 10. 1  CT = BC1B- 1 . 
It follows that the supporting subspace % for Li with respect to C 1 is given 
by % = B- 1 .A.L. 

Now observe that k � 1/2 implies that L = LT L3 L1 if and only if L1 
divides L! . Thus, using Corollary 3. 1 5, such a factorization exists if and only 
if .A c: % = B - 1 .A.L, i .e. , if and only if ( 1 1 . 1 ) is satisfied. 0 

Theorem 1 1 . 1  suggests that B-neutral subspaces play an important role 
in the factorization problems of self-adjoint operator polynomials. Formulas 
of Section 1 0.3 provide further examples of B-neutral subspaces. For example, 
the top left zero of the partitioned matrix in ( 1 0.26) demonstrates immediately 
that the generalized eigenspaces corresponding to the non-real eigenvalues 
..1. 1 ' • • •  , Aa determine a B-neutral subspace. These eigenspaces are therefore 
natural candidates for the construction of supporting subspaces for right 
divisors in a symmetric factorization of L. In a natural extension of the idea 
of a B-neutral subspace, a subspace Y' of ([;nl is said to be B-nonnegative 
(B-nonpositive) if (Bx, x) 2 0 ( �  0) for all x E Y'. 

1 1 .2 .  Main Theorem 

For the construction of B-neutral subs paces (as used in Theorem 1 1 . 1 ) 
we  introduce sets ofnonreal eigenvalues, S ,  with the property that S (\ S = 0, 
i .e. , such a set contains no real eigenvalues and no conjugate pairs. Call such 
a subset of (T(L) a c-set. The main factorization theorem can then be stated 
as follows (the symb01 [a] denotes the greatest integer not exceeding a) : 

Theorem 1 1 .2. Let L be a monic matrix polynomial of degree I with 
L = L*. Then 

(a) There exists a B-nonnegative (B-nonpositive) invariant subspace 
.A 1 (.A 2) of C 1 such that, if k = [t/] ,  

d . { kn 
Im .A 1 = (k + l )n 

dim .A2 = kn 

if I is even 
if I is odd, 
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(b) L has a monic right divisor L l(L2) with supporting subspace Al (A2) 
with respect to C 1 such that 

deg Ll = {k : 1 
deg L2 = k. 

if I is even 
if I is odd, 

In either case the nonreal spectrum of Ll and of L2 coincides with any maximal 
c-set of a(L) chosen in advance. 

In order to build up the subspaces referred to in part (a) the nonreal and 
real parts of a(L) are first considered separately, and in this order. 

Theorem 10.6 implies the existence of a self-adjoint triple (X, J, Y) for 
L, with Y = p •. J X*, and the columns of X determine Jordan chains for L. 
Let X l ' . . .  , xp be such a Jordan chain associated with the Jordan block J 0 of 
J. A set of vectors X l ' . . .  , X" r ::;; p, will be described as a set of leading 
vectors of the chain, and there is an associated r x r Jordan block which is a 
leading submatrix of J o .  

Now let E. be a submatrix of X whose columns are made up of leading 
vectors of Jordan chains associated with a c-set. Then let Je be the correspond­
ing Jordan matrix (a submatrix of J) and write 

( 1 1 .2) 

The following lemma shows that 1m Qe is a B-neutral subspace. Maximal 
subspaces for L of one sign will subsequently be constructed by extending 
1m Qe .  

Lemma 1 1 .3. With Qe as defined in ( 1 1 .2), Q:BQe = o. 
Proof Bearing in mind the construction of the Jordan matrix J in ( 1 0. 1 2) 

and in particular, the arrangement of real and nonreal eigenvalues, it can be 
seen that Q: BCe is just a submatrix of the top-left entry in the partitioned 
matrix of ( 10.26). D 

Consider now the real eigenvalues of L. Suppose that the Jordan block 
J 1 of J is associated with a real eigenvalue ,1.0 and that J 1 is p x p. Then ,1.0 
has an associated Jordan chain X l ' . . . , xp with X l # 0, and these vectors 
form the columns of the n x p matrix X 1" There is a corresponding chain 
X l ' . " " ' Xp associated with the eigenvalue ,1.0 of Cl and 

Q l = [X l " " "  xpJ = col[X lJ�J : ;; & " 

The definition of a self-adjoint triple shows that X l ' " " " , xp can be chosen 
so that 

( 1 1 . 3) 
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where P is the p x p sip matrix. In particular, observe that (X l ' Bxp) = ± 1 .  
We  say that the pair (A,o , X l ), A o  E IR , i s of the first (second) kind according as 
(X l ' Bxp) = 1 or - 1 , respectively. Then let !f'l and /1'2 be the sets of all pairs 
of the first and second kinds, respectively. 

It follows from Theorem 10. 14  that 

(1 1 .4) 

when the chain has length one (resp. more than one), i .e . , when the associated 
elementary divisor of L is linear (resp. nonlinear). We shall describe X l as 
either B-positive, B-negative, or B-neutral, with the obvious meanings. 

Suppose that the pair (Ao , X l )' Ao E IR, determines a Jordan chain of length 
k, let r = n-(k + 1 )J , and consider the first r leading vectors of the chain . It is 
apparent from ( 1 1 . 3) that 

where E = diag[O, . . .  , 0, IJ and is r x r. 

for k even 
for k odd 

( 1 1 . 5) 

This relation can now be used to construct subspaces of vectors which are 
B-nonnegative, B-nonpositive, or B-neutral, and are invariant under C l ' 
Thus, for k odd, Span {x, . . . , xr } is B-nonnegative or B-nonpositive according 
as (Ao , X l ) is a pair of the first or second kind. Furthermore, if k >  1 ,  
Span {x l ' . . .  , xr - d i s  a B-neutral subspace. Ifk i s  even, then Span{x l , . . .  , Xr} ,  
r = tk, is B-neutral for (Ao , X 1 ) of either the first or second kind. 

These observations are now used to build up maximal B-nonnegative and 
B-nonpositive invariant subspaces for C l (associated with real eigenvalues 
only in this instance). First, basis vectors for a B-nonnegative invariant 
subspace 21 are selected as follows (here [X l , i , . .  xk, , ;] = col(XJi)�-}o, 
where Ji is a Jordan block of J with a real eigenvalue Ai ' and Xi is the corre­
sponding part of X) : 

(a) If (Ai , X l , ;) E  9'l , select x l , i , o o " xr" i where ri = [t(k i + 1 )] .  
(b) If (Ai ' X l , i) E ,92 and ki is odd, select X l , i " ' " Xr, - l , i ' 
(c) If (Ai ' X l . i) E !f'2 and ki is even, select X l , i " ' " Xr " i ' 

Second, basis vectors for a B-nonpositive invariant subspace 22 are selected 
as follows : 

(a) If (Ai ' X l , ;) E !f'2 , select X l , i " ' " Xr" i ' 
(b) If (Ai ' X l , i) E [/1 and ki is odd, select X l . i , · · · , Xr, - l , i ' 
(c) If (Ai , X l , i) E 9'1 and ki is even, select X l , i " ' " Xr" i '  
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Then it is easily verified that dim 21 + dim 22 = p, the total number of 
real eigenvalues (with multiplicities). It is also clear that 21 n 22 = {OJ if 
and only if all real eigenvalues have only linear elementary divisors. 

Now let 2 represent either of the subspaces 21 or 22 , and form a 
matrix QR whose columns are the basis vectors for 2 defined above. Then 
QR has full rank, 1m QR = 2, and QR has the form 

( 1 1 .6) 
where SR is a matrix whose columns are Jordan chains (possibly truncated) 
for L, and J R in the associated Jordan matrix. 

It follows from these definitions and ( 1 1 . 5) that 

( 1 1 .7) 
where D is a diagonal matrix of zeros and ones, each one being associated 
with an elementary divisor of odd degree, and the plus or minus sign is 
selected according as 2 = 21 or 2 = 22 , 

1 1 .3. Proof of the Main Theorem 

In general, L will have both real and nonreal eigenvalues. It has been 
demonstrated in the above construction that certain invariant subspaces 21 
and 22 of C 1 associated with real eigenvalues can be constructed which are 
B-nonnegative and B-nonpositive, respectively. 

However, in the discussion of nonreal eigenvalues, B-neutral invariant 
subspaces of C 1 were constructed (as in Lemma 1 1 .3) using c-sets of nonreal 
eigenvalues. Consider now a maximal c-set and the corresponding matrix of 
Jordan chains for C1 , Qc of Eq. ( 1 1 .2). Then 1m Qc is B-neutral and the direct 
sums vi! 1 = 21 + 1m Qc , vi! 2 = 22 + 1m Qc will generally be larger B­
nonnegative, B-nonpositive invariant subspaces, respectively. Indeed, 
max (dim vi! 1 , dim vi! 2) :?: kn, where k = [til 

Construct composite matrices 

S = [SR Se] ,  K = JR EB Je> Sr = col[SKiJj : 6 , ( 1 1 .8) 
the Sr being defined for r = 1, 2, . . .  , I. Then S, is a submatrix of Q and con­
sequently has full rank. Furthermore, the subspace 

vi! = 1m S, = 1m Qc + 1m QR = 1m Qc + 2 

is an invariant subspace of C 1 which is B-nonnegative or B-nonpositive 
according as 1m QR = 21 or 1m QR = 22 , In order to prove the existence 
of a right divisor of L of degree k = [tl] we use Theorem 3. 1 2 and are to show 
that the construction of S implies the invertibility of Sk ' In particular, it will 
be shown that S is an n x kn matrix, i .e. , dim vi! = kn. 
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Our construction of 2 ensures that SI is a submatrix of Q = col(XJi)� : 6  
and that 

I l [ 2 1 � 2�I - l 
- ± D ( 1 1 .9) 

where D = D E8 0 is a diagonal matrix of zeros and ones and the plus or 
minus sign applies according as ff' = ff'1 or ff' = ff' 2 . 

Let x E Ker Sk = n�:l  Ker(2Kr) and make the unique decomposition 
x = X l + X 2 where X l E 1m D, X2 E Ker D and, for brevity, write Yr = 2Krx, 
r = 0, 1 , 2, . . . . Use ( 1 1 .9) to write x*SiBSl x as follows : 

± xj'Dx 1 = [0 . . . 0 yt 

A l Ak 

I 

I 
0 

= {Y;Yk when 
when 

. . . Yf- l ] X 

Ak + 1 I 

I 0 

0 

I is even 
I is odd. 

0 

h 

Y I - l 

( 1 1 . 10) 

Case (0, I even . Equation ( 1 1 . 1 0) implies X l = 0 so that X = x2 E Ker D. 
(Note that if D = 0 this statement is trivially true.) Consider the image of X 
under Sf BS1 using ( 1 1 .9), and it is found that 

I 1 [ Yk 1 
. . = O. ( 1 1.1 1 )  

6 YI � 1 

Taking the scalar product of this vector with Kx it is deduced that yt Yk = 0 
whence y" = 0 and x E Ker(2Kk). Then take the scalar product of ( 1 1 . 1 1 )  
with K3X t o  find yt+ 1Yk + l = 0 whence Yk + l = 0 and x E Ker(2Kk + l ). 
Proceeding in this way it is found that x E n�: � Ker(2Kk) = Ker SI ' Hence 
x = 0 so tnat Ker Sk = {O} . This implies that the number of columns in Sk 
(and hence in Sa does not exceed kll, and hence that dim _"lI s kn . But this 
argument applies equally when .. ll = .4t l ' or jf = j{ 2 (j{i = ff'i + 1m Qc), 
and we have dim j/j + d im jl z =, In = 2kl1. thus it follows that dim jll = 
dim jl2 = kn. 
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Furthermore, Sk must be kn x kn and hence nonsingular (whether 
Jt = Jt 1 or Jt = Jt 2 is chosen). Since [I k 0] I At has the representation Sk 
it follows that there is a right monic divisor Ll of L of degree k. Then 

L = L2 L l = LT£! , 
and A is an eigenvalue of Ll if and only if A E a( C l IAt), which is the union of 
(any) maximal c-set of nonreal eigenvalues with certain real eigenvalues, as 
described in Section 1 1 .2 (in defining the invariant subspaces 21 , 22 of C1 ) . 

Case (ii) , I odd. (a) Consider Jt 2 = 22 + 1m Qc which, by construc­
tion, is B-nonpositive so that the negative sign applies in ( 1 1 . 1 0). There is an 
immediate contradiction unless X l = 0 and Yk = 0, i .e . , X E Ker(SKk) r. 
Ker D. Now it is deduced from ( 1 1 .9) that [Ak + 2 

[S* . . .  K*k - 1S*] . 

I 

. ..
.
. I1 [Yk +  1 1 

. 0 : = 0 . . . 

o 0 Yl + l 

( 1 1 . 1 2) 

Taking scalar products with K2X, K4x, . . .  , successively, it is found (as in 
case (i» that X E n�;::; � Ker(SK') = Ker Sl ' and hence X = o. It follows that 
dim Jt 2 :$; kn. 

(b) Since dim Jt 1 + dim Jt 2 = In, we now have dim Jt 1 ;;::: (k + l )n. 
Consider the implications of ( 1 1 . 10) for Jt 1 (when the plus sign obtains). 
Let x E Ker Sk + l = n�= o Ker(SK') and write x = X l + X2 , X l E 1m D, 
X2 E Ker D and ( 1 1 . 10) reduces to 

o 

X! Dx 1 = [0 . . .  0 yt + 1 . . .  Y1- I ]B Yk + 1 = 0, 

Yl - l 
whence X l = 0 and X = X2 E Ker D. As in paragraph (a) above it is found 
that Eq. ( 1 1 . 1 2) now applies to Jt 1 . Consequently, as in case (a), X E Ker Sl , 
whence X = o. 

Thus, dim Jt 1 :$; (k + I )n and, combining with the conclusion 
dim Jt 2 :$; kn, of part (a), we have 

dim Jt1 = (k + l )n, dim Jt2 = kn 

and Sk +  1 (defined by Jt 1) and Sk (defined by Jt 2) are nonsingular. Since 
[Ik + 1 , O] IAt I = Sk +  1 , [Ik ' 0] IAt2 = Sk , it follows that Jt 1 , Jt 2 determine 
monic right divisors of L of degrees k + 1 ,  k, respectively. This completes the 
proof of Theorem 1 1 .2. 0 
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1 1 .4. Discussion and Further Deductions 

Let us summarize the elementary divisor structure of a matrix polynomial 
L and the factors described in Theorem 1 1 .2. If L has the factorization 
L = Q 1L l we tabulate (see Table I) the degrees of elementary divisors 
(A - Ao)j of Q l ' L l resulting from the presence of such a divisor for L. 
Consider the case in which L has supporting subspace vH 1 and an associated 
c-set of nonreal eigenvalues. We assume that vH 1 is constructed as in the proof 
of Theorem 1 1 .2 and that S is the maximal c-set chosen in advance. 

The presence of the entries in the " divisor of L 1 " column is fully explained 
by our constructions. The first two entries in the " divisor of Q l " column are 
evident. Let us check the correctness of the last three entries in the last column. 
To this end, recall that in view of Theorem 3.20, Q l (A) is a right divisor of 
L * = L with supporting subspace vHt with respect to the standard triple 

( [0, . . .  , 0, 1], q, col(t5i 1 1)� = 1 ) 

of L ;  therefore, the elementary divisors of Q l (A) and 1.1 - ct lAt � are the same. 
Now let (X, J, Y) be the self-adjoint triple of L used in the proof of Theorem 
1 1 .2. The subspace vHt can be easily identified in terms of X, J and the self­
adjoint matrix B given by ( l0.3). Namely, vHt = BfZ, where fZ is the image 
of the nl x nk matrix (where k = [t l] ) formed by the following selected 
columns of col(XJ;)� : 6 : 

(a) select the columns corresponding to Jordan blocks in J with nonreal 
eigenvalues outside S ;  

(b) in the notation introduced in Section 1 1 . 1 ,  if (A; , X l i) E !7 1 , select 
X l , i ' · · · '  Xki - ri , i ; 

(c) if (A; , X l i) E !7  2 and k; is odd, select X l , ; , . . .  , Xk, - r, + 1 , ; ; 
(d) if (A; , X l i) E !7  2 and k; is even, select X l , ; ,  . . .  , Xk, - r, , ; · 

It is easily seen that this rule ensures the selection of exactly nk columns of 
col(Xf)l : 6 . Furthermore, Lemma 1 1 . 3  and equality ( 1 1 . 7) ensure that BfZ 
is orthogonal to vH 1 , and since dim(BfZ) + dim .It 1 = nl, we have BfZ = vHt. 

TABLE I 

Divisor of L Divisor of L l  
( A  - Ao)i 

1 

(A - .1.0)' 
(A - .1.0)' 
(A - AOy- l 

Divisor of Q 1 

(A - Ao)i 
(A - .1.0)' 
(A - Aoy- l  
(A - .1.0)' 
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Taking adjoints in 

C I col(XJ i)l :: A = col(XJ i) l :: A J 

and using the properties of the self-adjoint triple : y*  = XP., } > Pe, J J  = 
J*P., J ' p., J J* = JP., } > we obtain 

where R = [ Y,  J Y,  . . .  , jI - 1 Y]. Rewrite ( 1 1 . 1 3) in the form 

CrR - Ip., J = R - IP., J J* ,  

and substitute here R - I = BQ, where Q = col (X Ji)l :: A : 
qBQP., J = BQP., J J* .  

( 1 1 . 1 3) 

( 1 1 . 14) 

Use equality ( 1 1 . 14) and the selection rule described above for !!Z to verify 
the last three entries in the " divisor of Q I " column. 

Analogously, one computes the elementary divisors of the quotient 
Q2 = LL:; 1 , where L2 is taken from Theorem 1 1 .2. 

We summarize this discussion in the following theorem. 

Theorem 1 1 .4. Let L be a monic self-adjoint matrix polynomial of degree 
I, and let A I , . . .  , Ar be all its different real eigenvalues with corresponding partial 
multiplicities mi l " ' " mi , . " i = 1, . . .  , r, and the sign characteristic B = (Bi) 
where j = 1 ,  . . .  , Si ' i = 1 ,  . . .  , r. Let S be a maximal c-set. Then there exists 
a monic right divisor L I (L2) of L with the following properties : 

(i) deg LI = [(l + 1 )/2] , deg L2 = I - [(l + 1)/2] ; 
(ii) the nonreal spectrum of LI and of L2 coincides with S ;  
(iii) the partial multiplicities of LI (resp. of the quotient Q I = LLl l ) 

corresponding to Ai (i = 1 ,  . . .  , r) are 1(mij + (ij Bi), j = 1 ,  . . .  , Si ' (resp. 
1(mij - (ij Bi), j = 1, . . . , sJ, where (ij = 0 if mij is even, and (ij = 1 if mij is 
odd ; 

(iv) the partial multiplicities of L2 (resp. of the quotient Q 2 = LL:; I ) are 
1(mij - (ij Bi), j = 1, . . .  , Si (resp. 1(mij + (ij Bi), j = 1, . . .  , sJ 

Moreover, the supporting subspace of LI (resp. L2) with respect to C I is 
B-nonnegative (resp. B-nonpositive). 

Going back to the proof of Theorem 1 1 .2, observe that the argument of 
case (ii) in the proof can be applied to % = 1m Qc where Qc corresponds 
to the c-set of all eigenvalues of L in the open half-plane �m A > O. Since % 
is B-neutral it is also B-nonpositive and the argument referred to leads to the 
conclusion that dim % � kn. But this implies that, for I odd, the number of 
real eigenvalues is at least n, and thus confirms the last statement of 
Theorem 10.4. 
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Corollary 1 1 .5. If L has odd degree and exactly n real eigenvalues 
(counting multiplicities), then these eigenvalues have only linear elementary 
divisors and there is a factorization 

L(A) = M*(A)(lA + W)M(A), 

where M is a monic matrix polynomial, u(M) is in the half-plane ,Ym A > 0, 
and W* = W. 

Proof Theorem 10.4 implies that L has exactly n elementary divisors 
associated with real eigenvalues, and all of them are linear. By Proposition 
10.2, Lij eij = n, where e = (eij) is the sign characteristic of L. Since the 
number of signs in the sign characteristic is exactly n, all signs must be + 1 .  
Now i t  i s  clear that the subspace % o f  the above discussion has dimension 
kn and determines a supporting subspace for L which is B-neutral. The 
symmetric factorization is then a deduction from Theorem 1 1 . 1 .  0 

In the proof of Corollary 1 1 . 5  it is shown that the real eigenvalues in 
Corollary 1 1 . 5  are necessarily of the first kind. This can also be seen in the 
following way. Let Ao be a real eigenvalues of L with eigenvector Xo . Then 
M(Ao) is nonsingular and it is easily verified that 

(xo , L( l )(Ao)Xo) = (xo , M*(Ao)M(Ao)Xo) = (Yo ,  Yo) 

where Yo = M(Ao)Xo .  Hence (xo , Vl )(Ao)Xo) > 0, and the conclusion follows 
from equation ( 1 1 .4). 

Corollary 1 1 .6. If L of Theorem 1 1 .2 has even degree and the real 
eigenvalues of L have all their elementary divisors of even degree, then there is 
a matrix polynomial M such that L(A) = M*(A)M(A). 

Proof This is an immediate consequence of Theorems 1 1 . 1  and 1 1 .2. 
The hypothesis of even degree for the real divisors means that the supporting 
subspace vi{ constructed in Theorem 1 1 .2 has dimension tin and is 
B-neutral. 0 

EXAMPLE 1 1 . 1. Consider the matrix polynomial L of Example 1 0.4. Choose the 
coset, {i} and select E from the columns of matrix X of Example 1 0.4 as follows : 

_ [ 1 0] 
':::'c = 0 0 '  

and then 
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We then have vi{ 1 = 21 + 1m Qn a B-neutral subspace, and [- 1 
2 1  = Im 

- 1  
- 1  - 1  - 1  -a - 1  - 1  1 1 

Qc = Im
[� � - 1  - 1  - i  - i J 2i 2i - 3  - 3  

and S
2 

= col[SK'J:= o  is given by 

-[- � - 1  �1 S
2 -

- I I i  1 
1 - 1  i 1 

and 
1 - 1  1 
[- 1  1 

S - 1 -
2 - 4 2 2 

- 2i - 2i 

Computing SK2S - 1 it is then found that [..12 - iA - 1 - iA ] 
L 1 (A) = 

0 A 2 - iA- J · 

It is easily verified that L(A) = q(A)Ll (A). 0 

The special cases 1 = 2, 3 arise very frequently in practice and merit 
special attention. When 1 = 2 Theorem 1 1 .2 implies that the quadratic bundle 
(with self-adjoint coefficients) can always be factored in the form 

U2 + A lA + Ao = (lA - Y)(lA - Z). ( 1 1 . 1 5) 
If the additional hypothesis of Corollary 1 1 .6 holds, then there is such a 
factorization with Y = Z*. Further discussions of problems with 1 = 2 will 
be found in Chapter 1 3 . 

When 1 = 3 there are always at least n real eigenvalues and there are 
matrices Z, B l , B2 for which 

If there are precisely n real eigenvalues, then it follows from Corollary 1 1 . 5 
that there are matrices Z ,  M with M* = M and 

Furthermore, a(U - Z) is nonreal, a(U + M) is just the real part of a(L(A» 
and the real eigenvalues necessarily have all their elementary divisors linear. 

EXAMPLE 1 1 .2. Let I = 2 and suppose that each real eigenvalue has multiplicity one. 
Then the following factorizations ( 1 1 . 1 5) are possible : 

L(A) = (H - f;) (H - Z;), 



1 1 .4. DISCUSSION AND FURTHER DEDUCTIONS 289 

i = 1, 2, in which U - Z 1 has supporting subspace which is maximal B-nonnegative 
and that of U - Z2 is maximal B-nonpositive, while u(L) is the disjoint union of the 
spectra of U - ZI and U - Z2 ' In this case, it follows from Theorem 2. 1 5  that Z I ' Z2 
form a complete pair for L. 

Comments 

The presentation of this chapter is based on [34d, 34f, 34g] . Theorem 
1 1 .2 was first proved in [56d] , and Corollary 1 1 . 5  is Theorem 8 in [56c] . 
Theorem 1 1 .4 is new. 

The notation of " kinds " of eigenvectors corresponding to real eigenvalues 
(introduced in Section 1 1 .2) is basic and appears in many instances. See, for 
example, papers [ 1 7, 50, 5 1 ] .  In [69] this idea appears in the framework of 
analytic operator valued functions. 



Chapter 12 

Further Analysis of the Sign 
Characteristic 

In this chapter we develop further the analysis of the sign characteristic of a 
monic self-adjoint matrix polynomial L(A), begun in Chapter 10. Here we 
shall represent the sign characteristic as a local property. This idea eventually 
leads to a description of the sign characteristic in terms of eigenvalues of 
L(Ao) (as a constant matrix) for each fixed Ao E IR (Theorem 12. 5). As an 
application, a description of nonnegative matrix polynomials is given in 
Section 12.4. 

12. 1 .  Localization of the Sign Characteristic 

The idea of the sign characteristic of a self-adjoint matrix polynomial was 
introduced as a global notion in Chapter 10 via self-adjoint triples. In this 
section we give another description of the sign characteristic which ultimately 
shows that it can be defined locally. 

Theorem 12. 1 .  Let L1 (A) and L2(A) be two monic self-adjoint matrix 
polynomials. If Ao E a(L 1 ) is real and 

LY)(Ao) = L�)(Ao), i = 0, 1, . . .  , y, 
where y is the maximal length of Jordan chains of L1 (A) (and then also of L2(A» 
corresponding to Ao , then the sign characteristics of L1 (A) and LiA) at Ao are 
the same. 

290 
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By the sign characteristic of a matrix polynomial at an eigenvalue we 
mean the set of signs in the sign characteristic, corresponding to the Jordan 
blocks with this eigenvalue. It is clear that Theorem 1 2. 1 defines the sign char­
acteristic at AD as a local property of the self-adjoint matrix polynomials. This 
result will be an immediate consequence of the description of the sign char­
acteristic to be given in Theorem 1 2.2 below. 

Let L(A) be a monic self-adjoint matrix polynomial, and let AD be a real 
eigenvalue of L(A). For x E Ker L(Ao)\ {O} denote by vex) the maximal length 
of a Jordan chain of L(A) beginning with the eigenvector x of AD . Let 'Pi ' i = 1 ,  
. . .  , y (y = max {v(x) l x E Ker L(Ao)\ {O} } )  be  the subspace i n  Ker L(Ao) 
spanned by all x with vex) � i . 

Theorem 12.2. For i = 1, . . .  , y, let AD be a real eigenvalue of L and 

hex, y) = (x, ± � Vj)(Ao)y( i + 1 - j)) , x, Y E 'Pi ' 
j = 1 J . 

where y = y( l ) , y( 2 ) , . . .  , y( i) is a Jordan chain of L(A) corresponding to AD 
with eigenvector y. Then : 

(i) /;(x, y) does not depend on the choice of y(2 ) , . . .  , y( i ); 
(ii) there exists a self-adjoint linear transformation Gi : 'Pi -+ 'Pi such that 

hex, y) = (x, Gi y), 

(iii) 'Pi + 1 = Ker Gi (by definition, 'I'y + 1 = {O} ) ;  
(iv) the number of positive (negative) eigenvalues ofGi , counting according 

to the multiplicit ies, coincides with the number of positive (negative) signs in the 
sign characteristic of L(A) corresponding to the Jordan blocks of AD of size i. 

Proof Let (X, J, Y) be a self-adjoint triple of L(A). Then, by Theorem 
1 0.6 X = [I 0 . . .  0]S - 1 , J = SC 1S- I , Y = S[O . . .  0 I]T, and 
B = S* PE, J S. 1t is easy to see that in fact S - 1 = col(XJi) l;: 6 (see, for instance, 
( 1 .67)). Recall the equivalence 

E(A) (lA - C 1 )F(A) = L(A) EB In( I - 1 ) ( 1 2. 1 )  
(see Theorem 1.1 and its proof), where E(A) and F(A) are matrix polynomials 
with constant nonzero determinants, and 

F(A) = [ :1 
U1 - 1 

o 
I 

. . .  0 ] 

. . .  0 

I 
Equation ( 1 2. 1 )  implies that the columns of the n x r matrix Xo form a Jordan 
chain for L(A) corresponding to AD if and only if the columns of the In x r 
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matrix col[Xo Jb]}� � form a Jordan chain for .u - CI , where Jo is the r X r 
Jordan block with eigenvalue Ao (see Proposition 1 . 1 1 ). Now we appeal to 
Theorem S5.7, in view of which it remains to check that 

(X, ± � Vj)(Ao)y(r + 1 - j») = (.�, Bp(r» , 
j = l l ·  

where x = col(Ab x)}: � ,  [P( l ) . . .  p(r)] = col([y( l ) . . .  y(r)]Jb)}: � ,  

A l 
A2 

B = 
AI _ I 

I 

A2 

I 
0 

AI _ I I 

o 
o 

( 1 2.2) 

As usual, the self-adjoint matrices A i stand for the coefficients of L(A) : 
L(A) = HI + L}: � AjAj. But this is already proved in ( 1 0. 5 1 ). 0 

Let us compute now the first two linear transformations G I and G 2 .  Since 
fl (x, y) = (x, L'(Ao)y) (x, y E 'P I = Ker L(Ao», it is easy to see that 

G I = P1 L'(Ao)PI I'P t ' 

where P I is the orthogonal projector onto 'P I . Denote LW = L(j)(Ao). For 
x, y E 'P2 = Ker G 1 , we have 

fix, y) = (x, !L� y + L� y'), 

where y, y' is a Jordan chain of L(A) corresponding to Ao . Thus 

Lo Y = L� y + Lo y' = L� y + Lo(l - PI )y' = 0 ( 1 2.3) 

(the last equality follows in view of Lo P I = 0) .  Denote by Lci : fln --+ fln the 
linear transformation which is equal to Lo 1 on 'Pt and zero on 'P I = Ker Lo . 
Then Lci Lo(l - PI ) = I - P1 and ( 12.3) gives (l - P1 )y' = - Lci L� y. Now, 
for x, y E 'P 2 , 

(x, L� y') = (x, L�(P I + (l - P l » y') = (x, L� P d) + (x, L�(l - P l )y') 
= (x, G 1 P d) + (x, L�(l - P l )y') = (x, L�(l - P l )y') 
= (x, - L� Lci L� y), 

where the penultimate equality follows from the fact that x E Ker G1 and 
G1 = GT. Thus fix, y) = (x, !L� y - L� Lci L� y), and 

G2 = P2 [!L� - L� LciL�]P2 1'P2 ' 

where P 2 is the orthogonal projector of fln on 'P 2 . To illustrate the above 
construction, consider the following example. 
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EXAMPLE 1 2. 1 .  Let [ ,1.2 

L(A) = � 
Choose ,1.0 = 0 as an eigenvalue of L(A). Then Ker L(O) = (/;3, so '1' 1  = (/;3 . Further, 

L'(O) = [ � � �l 
0 1 1 

and fl (x, y) = (x, L'(O)y) = Xz(Y2 + Y3) + X3(Y2 + Y3), where x = (X I ' x2 , X 3?' y = 

(Y I ,  Y2 , Y3 )T. L'(O) has one nonzero eigenvalue 2 and 

Ker L'(O) = '1'2 = Span {( l ,  0, O?, (0, - 1 , I ?} . 

Thus there exists exactly one partial multiplicity of L(A) corresponding to ,1.0 = 0 which 
is equal to 1 ,  and its sign is + 1. It is easily see that Y, 0 is a Jordan chain for any eigen­
vector Y E 'I' 2 . Thus 

f2(X, y) = (x, tL"(O)y + L'(O)y') = (x, y) for x, y E 'I' 2 . 

Therefore there exist exactly two partial multiplicities of ,1.0 = 0 which are equal to 2, 
and their signs are + 1 .  0 

12 .2 .  Stability of the Sign Characteristic 

In this section we describe a stability property of the sign characteristic 
which is closely related to its localization. It turns out that it is not only the 
sign characteristic of a monic self-adjoint polynomial which is deterfnined by 
local properties, but also every monic self-adjoint polynomial ! which is 
sufficiently close, and has the same local Jordan structure, will have the same 
sign characteristic .More exactly, the following result holds. 

Theorem 12.3. Let L(A) = H' + 2:}: 6 Aj A j be a self-adjoint matrix 
polynomial, and let Ao E o{L) be real. Then there exists a c5 > O with thefollowing 
pr,gperty : if L(A) = H' + L�: 6 AjAj is a self-adjoint polynomial such that 
I I Aj - Aj l !  < c5, j = 0, . . . , 1 - 1, and if there exists a unique real eigenvalue 
Ai of L( A) in the disk 1 }'o - ), 1  < c5 with the same partial multiplicities as those of 
L(A) at Ao , then the sign characteristic of l(A) at A i  coincides with the sign 
characteristic of L(A) at Ao . 

We shall not present the proof of Theorem 12. 3  because it requires 
background material which is beyond the scope of this book. Interested 
readers are referred to [34f, 34g] for the proof. 
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12 .3 .  A Sign Characteristic for Self-Adjoint Analytic Matrix 
Functions 

Let L be a monic self-adjoint matrix polynomial. Then (see Theorem 
S6.3) for real A the matrix L(A) has a diagonal form 

L(A) = U(A) ' diag[Jl 1 (A), . . .  , JliA)] . V(A), ( 1 2.4) 

where U(A) is unitary (for real A) and V(A) = ( U(A» * . Moreover, the 
functions Jl;{A} and U(A) can be chosen to be analytic functions of the real 
parameter A (but in general Jl;{A) and U(A) are not polynomials). Our next 
goal will be to describe the sign characteristic of L(/.) in terms of the functions 
Jl 1 (A), . . .  , Jln(A). Since the Jl;{A) are analytic functions, we must pay some 
attention to the sign characteristic of analytic matrix functions in order to 
accomplish this goal . We shal l do that in this section, which is of a preliminary 
nature and prepares the groundwork for the main results in the next section. 

Let n be a connected domain in the complex plane, symmetric with 
respect to the real axis. An analytic n x n matrix function A(A) in n is called 
self-adjoint if A(A) = (A(A» * for real A E n. We consider in what follows self­
adjoint analytic functions A(A) with det A(A) "I- 0 only, and shall not stipulate 
this condition explicitly. For such self-adjoint analytic matrix functions A(A) 
the spectrum o-(A) = {A E n l det A(A) = O} is a set of isolated points, and for 
every Ao E o-(A) one defines the Jordan chains and Jordan structure of A(A) at 
Ao as for matrix polynomials. 

We shall need the following simple fact : if A(A) is an analytic matrix 
function in n (not necessarily self-adjoint) and det A(A) "I- 0, then the Jordan 
chains of A(A) corresponding to a given Ao E o-(A) have bounded lengths, 
namely, their lengths do not exceed the multiplicity of Ao as a zero of det A(A). 
For completeness let us prove this fact directly. Let <Po ,  . . .  , <Pk - 1 be a Jordan 
chain of A(A) corresponding to Ao ; then <Po -# 0, 

( 1 2.5) 

where <peA) = l}: J  (A - AO)j<Pj
, and the vector function X(A) is analytic in a 

neighborhood of Ao . Let tP l ' . . .  , tPn - 1 be vectors such that <Po , tP l ' . . . , tPn - 1 
is a basis in (In, and put 

E(A) = [<peA), tP 1 " ' " tPn - 1 ] .  
By  ( 12. 5), the analytic function det A(A) . det E(A) = det[A(A)E(A)] has a zero 
of multiplicity at least k at A = Ao . Since E(Ao) is nonsingular by construction, 
the same is true for det A(A), i.e., Ao is a zero of det A(A) of multiplicity at least k. 

Going back to the self-adjoint matrix function A(A), let Ao E o-(A) be real. 
Then there exists a monic self-adjoint matrix polynomial L(A) such that 

L (j)(Ao) = A (j)(Ao), j = 1, . . . , y, ( 1 2 .6) 
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where y is the maximal length of Jordan chains of A(A) corresponding to Ao (for 
instance, put L(A) = l(A - Ao)Y + 1 + L}= o A (j)(Ao) (A - Ao)j) . Bearing in 
mind that X l ' . . .  , Xk is a Jordan chain of L(A) corresponding to Ao if and only 
if Xl # o and 

L(Ao) 
L'(Ao) 

1 
L(k - l )(A ) 

(k - 1) ! ° 

0 
L(Ao) 

1 Vk - 2 )(A ) 
(k - 2) ! ° 

0 X l 
0 x2 

= 0, 

L(Ao) Xk 

and analogously for A(A), we obtain from ( 12.6) that L(A) and A(A) have the 
same Jordan chains corresponding to Ao . 

In particular, the structure of Jordan blocks of A(A) and L(A) at Ao is the 
same and we define the sign characteristic of A(A) at Ao as the sign characteristic 
of L(A) at Ao . In view of Theorem 12. 1 this definition is correct (i.e., does not 
depend on the choice of L(A» . 

The next theorem will also be useful in the next section, but is clearly of 
independent interest . Given an analytic matrix function R(A) in n, let R*(A) 
denote the analytic (in n) matrix function (R(I» * .  

Observe that the notion of a canonical set of Jordan chains extends word 
for word for analytic matrix functions with determinant not identically zero. 
As for monic matrix polynomials, the lengths of Jordan chains in a canonical 
set (corresponding to Ao E u(A» of an anaJytic matrix function A(A), do not 
depend on the choice of the canonical set. The partial multiplicities of A(A) at 
Ao ,  by definition, consist of these lengths and possibly some zeros (so that the 
total number of partial multiplicities is n, the size of A(A» , cf. Proposition 1 . 1 3 . 
Observe that for a monic matrix polynomial L(A) with property ( 12.6), the 
partial multiplicities of A(A) at Ao coincide with those of L(A) at Ao . 

Theorem 12.4. Let A be a self-adjoint analytic matrixfunction in n, and let 
Ao E u(A) be real. Let R be an analytic matrixfunction in n such that det R(Ao) 
# O. Then : 

(i) the partial multiplicities of A and R* AR at Ao are the same ; 
(ii) the sign characteristics of A and R* AR at Ao are the same. 

Proof Part (i) follows from Proposition 1.1 1 (which extends verbatim, 
together with its proof, for analytic matrix functions). The rest of the proof will 
be devoted to part (ii). 

Consider first the case that A = L is a monic self-adjoint matrix poly­
nomial. Let Y be the maximal length of Jordan chains of L corresponding to 
Ao ·  Let SeA) = D,!J SlA - AoY and T(A) = Ll,!J 7;(A - Ao)j be monic 
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matric polynomials of degree y + 1 which are solutions of the following inter­
polation problem (cf. the construction of L in formula ( 1 2.6» : 

S(j)(A.o) = R(j)(A.o) for j = 0, 1, . . .  , y,  

T(j)(A.o) = {/O 
for j = 0 
for j = 1 ,  . . .  , y.  

Then (S* LS)(j)(A.o) = (R* LR)(j)(A.o) for j = 0, . . .  , y,  thus in view of Theorem 
12. 1  the sign characteristics of S* LS and R* LR at ..1.0 are the same. 

Observe that So and To are nonsingular. There exists a continuous matrix 
function F o(t), t E [0, I J ,  such that F 0(0) = So , F 0 ( 1 )  = To and F o(t) is non­
singular for all t E [0, I J .  Indeed, let 

U - 1S0 U = diag[J 1 , · . · , JkJ 

be the Jordan form for So with Jordan blocks J 1 , • . .  , Jk and nonsingular 
matrix U. Here 

l1i 1 0 0 
l1i 1 

Ji = i = 1 ,  . . .  , k, 
1 

0 l1i 

where l1 i i= 0 in view of the nonsingularity of So . Let l1;(t), t E [0, tJ be a 
continuous function such that l1i(O) = l1i , l1im = 1 and l1;(t) i= 0 for all 
t E [0, n Finally, put 

where 
F o(t) = U diag(J l (t), . . .  , Jk(t» U - l , t E [O� tJ ,  

l1i(t) 1 - 2t  
l1i(t) 1 - 2t  

o 1 - 2t 
11;( t) 

Clearly, F o(t) is nonsingular for all t E [0, tJ , F  0(0) = So , F  om = I. Analogous 
construction ensures the connection between 1 and To by means of a con­
tinuous nonsingular matrix function F o(t), t E [1, 1 ] . 

Now let F(A., t), t E [0, I J  be a continuous family of monic matrix poly­
nomials of degree y + 1 such that F(A., O) = S(A.), F(A., 1) = T(A.) and 
F(A.o , t) is nonsingular for every t E  [0, 1 ] .  (For example, 

y 
F(A., t) = 1(..1. - A.o)y + 1 + L [ t1j + ( 1  - t)SjJ (A. - A.o)j + F o(t), 

j = 1 
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where F o(t) is constructed as above.) Consider the family 

M(A, t) = F*(A, t)L(A)F(A, t), t E [0, 1 J ,  

o f  monic self-adjoint matrix polynomials. Since det F(Ao , t )  f= 0 ,  i t  follows 
that ,1.0 E a(M(A, t)) and the partial multiplicities of M(A, t) at ,1.0 do not depend 
on t E [0, 1 ] .  Furthermore, 

j = 0, . . .  , y .  

( 1 2.7) 

Let us show that the sign characteristic of M(A, t) at ,1.0 also does not 
depend on t E [0, 1 ] .  Let 'Pi(t), i = 1, . . .  , y, t E [0, 1 J  be the subspace in 
Ker M(Ao , t) spanned by all eigenvectors x of M(A, t) corresponding to ,1.0 such 
that there exists a Jordan chain of M(A, t) corresponding to ,1.0 of length at 
least i beginning with x. By Proposition 1 . 1 1 , and by ( 1 2.7) : 

t E [0, 1 J ,  i = 1 ,  . . .  , y. 

For x, y E 'Pi(t) define 

h(X, y ; t) = (x, ± � M(j)(Ao , t)y( i + l - j)) , 
j = 1 J . 

( 1 2.8) 

where y = y( l ), y(2 ), . . .  , y( i) is a Jordan chain of M(A, t) corresponding to ,1.0 . 
According to Theorem 12.2, 

hex, y ;  t) = (x, G;(t)y), 

where G;(t) : 'Pi(t) -+ 'Pi(t) is a self-adjoint linear transformation. By Theorem 
12.2, in order to prove that the sign characteristic of M(A, t) at ,1.0 does not 
depend on t E [0, 1 J ,  we have to show that the number of positive eigenvalues 
and the number of negative eigenvalues of Gi(t) is constant. Clearly, it is 
sufficient to prove the same for the linear transformations 

(see ( 1 2.8)). 
Let us prove that Hi(t), i = 1, . . . , y,  are continuous functions of t E [0, 1 ] .  

Let Xi ! , . . .  , Xi • k i be  a basis in  'Pi( 1 ). I t  is enough to  prove that all scalar 
functions (xiP ' H;(t)xiq), 1 :::; p, q :::; ki are continuous. So let us fix p and q, and 
let xiq = y( l ) , y(2 ) , . . .  , y( i) be a Jordan chain ofL(A) corresponding to Ao , which 
starts with Xiq . By Proposition 1 . 1 1 , the vectors 

k = 1, . . .  , i ,  (12.10) 
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form a Jordan chain of M(A, t) corresponding to Ao which begins with z( t ) = 
F- 1 (Ao , t)y( l ) . By Theorem 12.2, we have : 

(xip , Hi(t)Xiq) = (F - 1 (Ao , t)xip , Gi(t)F - 1 (Ao , t)xiq) 

= (F - 1 (A t)x . � � MU)(A t)Z( i + 1 - j» 
0 , 'P ' L.. . f  0 , , 

j =  1 J . 
which depends continuously on t in view of ( 12. 10). 

Now it is easily seen that the number of positive eigenvalues of Hi (t) and 
the number of negative eigenvalues of Hi (t) are constant. Indeed, write Hi(t) in 
matrix form with respect to the decomposition '1';( 1) = 'l'i + 1 ( 1 )  EB 
['I'i + 1 ( 1 )]\  bearing in mind that H;(t) is self-adjoint (and therefore the cor­
responding matrix is hermitian) and that 'l'i + 1 ( 1 )  = Ker H;(t) (Theorem 
12.2(iii» : 

H;(t) = [� H�t)l 
Here H;(t) : ['I'i + 1 ( 1 )] .L  -+ ['I'i + 1 ( 1 )] .L  is self-adjoint, nonsingular, and con­
tinuous (non singularity follows from the equality 'l'i + l ( l )  = Ker Hi(t), and 
continuity follows from the continuity of Hi(t» . Therefore, the number of 
positive eigenvalues of Hi(t) (and, consequently, of H;(t» does not depend on 
t, for i = 1, . . .  , y .  

Thus, the sign characteristic of M(A, t) at Ao does not depend on t E [0, 1 ] .  
In  particular, the sign characteristics of  S* LS and T* LT a t  Ao are the same. 
But the sign characteristic of T* L T at Ao is the same as that of L and the sign 
characteristic of S* LS is the same as that of R * LR in view of Theorem 12. 1 .  

S o  Theorem 12 .3 i s  proved for the case that A(A) i s  a monic polynomial 
with invertible leading coefficient. The general case can be easily reduced to 
this. Namely, let L(A) be a monic self-adjoint matrix polynomial satisfying 
( 1 2.6). Let M(A) be a matrix polynomial such that 

j = 0, . . .  , y. 

By the definition, the sign characteristic of R* AR at Ao is defined by M* LM, 
and that of A is defined by L. But in view of the already proved case, the sign 
characteristics of L and M* LM at Ao are the same. D 

12 .4.  Third Description of the Sign Characteristic 

Let L(A) be a monic self-adjoint matrix polynomial. The sign characteristic 
of L(A) was defined via self-adjoint triples for L(A). Here we shall describe the 
same sign characteristic in a completely different way, namely, from the point 
of view of perturbation theory. 
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We shall consider L(A) as a hermitian matrix which depends on the real 
parameter A. Let .u 1 (A), . . .  , .un(A) be the eigenvalues of L(A), when L(A) is 
considered as a constant matrix for every fixed real A. In other words, 
.ui(A) (i = 1, . . .  , n) are the roots of the equation 

det(l.u - L(A)) = 0. ( 1 2. 1 1 ) 

From Theorem S6.3 it follows that .ulA) are real analytic functions of the real 
parameter A (when enumerated properly), and L(A) admits the representation 
( 1 2.4). 

It is easy to see that Ao E a(L) if and only if at least one of the .u/Ao) is zero. 
Moreover, dim Ker L(Ao) is exactly the number of indices (1 ::; j ::; n) such 
that .u/Ao) = 0. As the next theorem shows, the partial multiplicities of L(A) 
at Ao coincide with the multiplicities of Ao as a zero of the analytic functions 
.u 1 (A), . . .  , .un(A). Moreover, we can describe the sign characteristics of L(A) at 
Ao in terms of the functions .u/A). 

The following description of the sign characteristic is one of the main 
results of this chapter. 

Theorem 12.5. Let L = L * be monic, and let .u 1 (A), . . .  , .uiA) be real 
analytic functions of real A such that det(l.uj - L(A)) = 0, j = 1 ,  . . .  , n. Let 
A l < . . .  < A, be the different real eigenvalues of L(A). For every i = 1, . . .  , r, 
write .u/A) = (A - Ai)

m 'iv ij(A), where V ij(Ai) -:f. ° is real. Then the nonzero 
numbers among mi l ,  . . .  , min are the partial multiplicites of L associated with 
Ai ' and sgn Vi/A;) (for m ij -:f. 0) is the sign attached to the partial multiplicity 
mij of L(A) at Ai in its (possibly nonnormalized) sign characteristic. 

Proof Equation ( 1 2.4), which a priori holds only for real A in a neighbor­
hood of Ai ' can be extended to complex A which are close enough to Ai ' so that 
U(A), .u/A), and V(A) can be regarded as analytic functions in some complex 
neighborhood of Ai in fl. This is possible since U(A), .uP), and V(A) can be 
expressed as convergent series in a real neighborhood of Ai ; therefore these 
series converge also in some complex neighborhood of Ai . (But then of course 
it is no longer true that U(A) is unitary and V(A) = (U(A))* . ) Now the first 
assertion of Theorem 12. 5  follows from Theorem 12.4(i). 

Further, in view of Theorem 12.4(ii) the sign characteristics of L and 
diag[.u/A)Jj= 1 at Ai are the same. Let us compute the latter. Choose scalar 
polynomials ii I (A), . . .  , iiiA) of the same degree with real coefficients and with 
the properties 

iijk)(A;) = .ujk)(Ai) 

for k = 0, . . .  , mij , i = 1 ,  . . .  , r, j = 1 ,  . . .  , n. (Here and further we write 
.u(k)(A) for the kth derivative of .u with respect to A.) By definition, the sign 
characteristics of diag[ii/A)]j= 1 and diag[.u/A)]j= 1 are the same. Using the 
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description of the sign characteristic of diag[,ii/il)]j= 1 given in Theorem 1 2.2 
it is easy to see that the first nonzero derivative ,ii�k)(ili) (for fixed i and j) is 
positive or negative depending on whether the sign of the Jordan block 
corresponding to the Jordan chain (0, . . .  , 0, 1 , 0, . . .  , 0)\ 0, . . .  , 0  (" I "  in the 
jth place) of ili is + 1 or - 1 . Thus, the second assertion of Theorem 12 .5  
follows. D 

As a corollary to Theorem 12 .5  we obtain the next interesting result. 
Note that in this theorem and elsewhere, as appropriate, the notation 

sig L(il) (where il is real and il ¢ a{L» ,  is used to denote the signature of the 
n x n self-adjoint matrix L(il), in the classical sense, i.e., the difference between 
the number of positive and the number of negative roots of the equation 
det(I1l - L(il» = O. 

Theorem 1 2.6. Let L = L * be monic, and let ilo E (J(L) be real. Let � be the 
number of odd partial multiplicities of L at ilo , having the signs 6 1 , . . .  , 6� in the 
sign characteristic. Then 

� 
sig L(ilo + 0) - sig L(ilo - 0) = 2 L 6i · ( 1 2. 1 2) 

i = 1 

Proof Consider the eigenvalues Il l (il), . . .  , Iln(il) of L(il). Let a I '  . . .  , an 
( �  0) be the partial multiplicities of L(il) at ilo arranged in such an order that 
IlY)(ilo) = 0 for i = 0, 1, . . .  , aj - 1, and 1l)'1.j)(ilo) i= 0 (j = 1, . . .  , n). This is 
possible by Theorem 12 .5 .  Then for aj even, Il/ilo + 0) has the same sign as 
Il/ilo - 0) ; for aj odd, the signs of Il/ilo + 0) and Il/ilo - 0) are different, and 
Il /ilo + 0) is > 0 or < 0 according as 1l�l1.j)(ilo) is > 0 or < O. Bearing in mind 
that sig L(il) is the difference between the number of positive and the number 
of negative Il/il), we obtain now the assertion of Theorem 1 2.6 by using 
Theorem 1 2.5 .  D 

Corollary 12.7. Let L, ilo and � be as in Theorem 1 2.6. Then 

sig L(ilo + 0) = sig L(ilo - 0) ( 1 2. 1 3) 

if and only if � is even and exact ly �/2 of the corresponding signs are + 1 .  

I n  particular, ( 1 2. 1 3) holds whenever all the partial multiplicities o f  L at 
ilo are even. 

We conclude this section with an illustrative example. 

EXAMPLE 1 2.2. Consider the polynomial 

L(A) = [.1.
2
1
- 2 1 ] .1.2 - 2 . 
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The polynomial L(A.) has 4 spectral points : ± 1 ,  ±)3, each one with multiplicity 1 .  It 
is easy to check that 

sig L(A.) = { � 
- 2 

for I A. I > )3 
for 1 < I A. I < )3 
0 ::;; I A. I < 1 .  

Now i t  i s  possible t o  compute the sign characteristic o f  L(A.) b y  using Theorem 12.6. 
It  turns out that 

I L..[3 = 1; - 1 = - 1 , e.J3 = 1; 1 = 1 ,  

where by  1;'\0 we  denote the sign corresponding t o  the eigenvalue A.o ,  0 

12.5.  Nonnegative Matrix Polynomials 

A matrix polynomial L of size n x n is called nonnegative if 

(L(A)f, f) � 0 

for all real A and all f E C. Clearly, every nonnegative polynomial is self­
adjoint. In this section we give a description of monic nonnegative poly­
nomials. 

Theorem 12.8. For a monic self-adjoint matrix polynomial L(A) thefollow­
ing statements are equivalent : 

(i) L(A) is nonnegative ; 
(ii) L(A) admits a representation 

L(A) = M*(A)M(A), 

where M(A) is a monic matrix polynomial ;  

( 1 2 . 1 4) 

(iii) L(A) admits the representation ( 1 2. 14) with (J(M) in the c losed upper 
half-plane ; 

(iv) the partial multiplicities of L(A)for real points of spectrum are all even ; 
(v) the degree of L(A) is even, and the sign characteristic of L(A) consists 

only of + Is .  

Prool Implications (iii) = (i i) = (i) are evident. 
(i) = (iv). Observe that the analytic eigenvalues II I (A), . . . , Iln(/') of 

L(A) (defined in the preceding section) are nonnegative (for real A), therefore 
the multiplicities of each real eigenvalue as a zero of II I (A), . . .  , Iln(A) are even. 
Now apply Theorem 12.5 .  

(i) = (v). Since L(A) is nonnegative, we have the iliA) > 0 for real 
A ¢ (J(L), j = 1, . . .  , n. Let Ao E (J(L). Then clearly the first nonzero derivative 
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ll)a)(AO), j = 1, . . .  , n, is positive. So the signs are + 1 in view of Theorem 12.5 .  
(v) = ( i ) .  It is sufficient to show that iliA) c 0 for real A, j = 1 ,  . . .  , n. 

But this can easily be deduced by using Theorem 12. 5  again. 
To complete the proof of Theorem 12.8  it remains to prove the implication 

(iv) = (iii). First let us check that the degree I of L(A) is even. Indeed, otherwise 
in view of Theorem 10.4 L(A) will have at least one odd partial multiplicity 
corresponding to a real eigenvalue, which is impossible in view of (iv). Now 
let L 1 (A) be the right divisor of L(A) constructed in Theorem 1 1 .2, such that its 
c-set lies in the open upper half-plane. From the proof of Theorem 1 1 .2 it is 
seen that the supporting subspace of LI  is B-neutral (because the partial 
multiplicities are even). By Theorem 1 1 . 1. 

L = LfL 1 , 
so (iii) holds (with M = Ll )' 0 

We can say more about the partial multiplicities of L(A) = M*(A)M(A). 

Theorem 1 2.9. Let M(A) be a monic matrix polynomial. Let Ao E (J(M) be 
real, and let IXI C . . .  C IXr be the partial multiplicities of M(A) at Ao . Then the 
partial multiplicities of L(A) = M*(A)M(A) at Ao are 21X 1 , . . . , 21Xr • 

Proof Let (X, J, Y) be a Jordan triple for M. By Theorem 2.2, 
( Y*, J*, X*) is a standard triple for M*(A), and in view of the multiplication 
theorem (Theorem 3 . 1 )  the triple 

[X 0] , [� Y Y*] [ 0 ]  
J* ' X* 

is a standard triple of L(A). Let J 0 be the part of J corresponding to Ao , and 
and let Yo be the corresponding part of Y. We have to show that the elementary 
divisors of 

Yo n�] 
I� 

are 21X 1 , • . .  , 2IX, . Note that the rows of Yo corresponding to some Jordan 
block in J 0 and taken in the reverse order form a left Jordan chain of M(A) 
(or, what is the same, their transposes form a usual Jordan chain of MT(A) 
corresponding to Ao). Let Yb . . . , Yk be the left eigenvectors of M(A) (cor­
responding to ).0). Then the desired result will follow from Lemma 3.4 if we 
show first that the matrix A = col[y;]�= 1 . row[Yn�= 1 is nonsingular and can 
be decomposed into a product of lower and upper triangular matrices. 

Since (Ax, x) C 0 for all x E rtn and Y! .  . . .  , Y: are linearly independent, 
the matrix A is positive definite. It is well known (and easily proved by 
induction on the size of A) that such a matrix can be represented as a product 
A 1 A 2 of the lower triangular matrix A 1 and the upper triangular matrix A 2 
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(the Cholesky factorization). So indeed we can apply Lemma 3.4 to complete 
the proof of Theorem 12.9. D 

We remark that Theorem 12.9 holds for regular matrix polynomials 
M(,1.) as well. The proof in this case can be reduced to Theorem 12.9 by 
considering the monic matrix polynomial M(,1.) = ,1.IM(r 1 + a)M(a) - l , 
where 1 is the degree of M(,1.) and a rt a(M). 

Comments 

The results presented in Sections 12. 1 - 1 2.4 are from [34f, 34g] , and we 
refer to these papers for additional information. 

Factorizations of matrix polynomials of type ( 1 2. 1 4) are well known in 
linear systems theory ; see, for instance, [ 1 5a, 34h, 45], where the more general 
case of factorization of a self-adjoint polynomial L(,1.) with constant signature 
for all real ,1. is considered. 



Chapter 13 

Quadratic Self-Adjoint PolynolDials 

This is a short chapter in which we illustrate the concepts of spectral 
theory for self-adjoint matrix polynomials in the case of matrix polynomials 
of the type 

L(A) = H2 + BA + C, ( 1 3 . 1 )  

where B and C are posit ive definite matrices. Such polynomials occur i n  the 
theory of damped oscillatory systems, which are governed by the system of 
equations ( d ) d2X dx L - x = - + B - + Cx = f, dt dt2 dt ' ( 1 3.2) 

Note that the numerical range and, in particular, all the eigenvalues of 
L(A), lie in the open left half-plane. Indeed, let 

(L(A)f,f) = A2(f,f) + A(Bf,f) + (Cf,f) = ° 
for some A E C andf #- 0. Then 

A = - (Bf, /) ± J(Bf, f)2 - 4(f, f) (Cf, f) 
2(f, f) , ( 13 .3) 

and since (Bf,f) > 0, (Cf,f) > 0, the real part of A is negative. This fact 
reflects dissipation of energy in damped oscillatory systems. 

304 
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13 . 1 .  Overdamped Case 

We consider first the case when the system governed by Eqs. ( 1 3 .2) is 
overdamped, i .e . ,  the inequality 

(Bf, f) 2 - 4(f, f)(Cf,f) > 0 ( 1 3 .4) 

holds for every f E C\ {O} .  Equation ( 1 3 .3 )  shows that, in the over-damped 
case, the numerical range of L(A) i s  real and, consequently, so are all the 
eigenvalues of L(A) (refer to Section 10.6). 

Note that from the point of view of applications the overdamped systems 
are not very interesting. However, this case is  relatively simple, and a fairly 
complete description of spectral properties of the quadratic self-adjoint 
polynomial (1 3 . 1 ) is available, as the following theorem shows. 

Theorem 13. 1 .  Let system ( 1 3 .2) be overdamped. Then 
(i) all the eigenvalues of L(A) are real and nonpositive ; 

(ii) all the elementary divisors of L(A) are linear ; 
(iii) there exists a negative number q such that n eigenvalues A\l l , . . .  , A�l ) 

are less than q and n eigenvalues A\2 ) , . . .  , A�2 ) are greater than q ;  
(iv) for i = 1 and 2, the sign of Ayl (j = 1 ,  . . .  , n) in the sign characteristic 

of L(A) is ( _ I ) i ;  
(v) the eigenvectors uY) , . . .  , u�) of L(A), corresponding to the eigenvalues 

AY) , . . .  , A�i) , respectively, are linearly independent for i = 1 , 2. 
Proof Property (i) has been verified already. Let us prove (ii) .  If (ii) is 

false, then according to Theorem 1 2.2 there exists an eigenvalue Ao of L(A) 
and a corresponding eigenvector fo such that 

(L'(Ao)fo ,fo) = 2Ao(fo ,fo) + (Bfo ,fo) = O. 

But we also have 

which implies 

2Ao(fo ,fo) + (Bfo ,fo) = ± J(Bfo ,fo) 2 - 4(fo ,fo)(Cfo ,fo) = 0, 
a contradiction with ( 1 3 .4) ; so (ii) is proved. 

This argument shows also that for every eigenvalue Ao of L(A), the bilinear 
form (L'(Ao)f, f), f E Ker L(Ao) i s  positive definite or negative definite. By 
Theorem 1 2.2 this means that all the signs associated with a fixed eigenvalue 
Ao are the same (all + l or all - 1) . By Proposition 10. 1 2 (taking into account 
that by (ii) all partial multiplicities corresponding to the (real) eigenvalues 
of L(A) are equal to one) the number of + I s  in the sign characteristic of L(A) 
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is equal to the number of - I s, and since all the elementary divisors of L(A) 
are linear, the number of + I s  (or - I s) is equal to n. Let A� l ) , i = 1, . . .  , n, be 
the eigenvalues of L(A) (not necessarily different) having the sign - 1, and 
let A�2 ) , i = 1, . . .  , n, be the eigenvalues of L(A) with the sign + 1. According 
to the construction employed in the proof of Theorem 1 1 .2 (Sections 1 1 .2, 
1 1 .3) the eigenvectors u�), . . .  , u�i) corresponding to A�), . . .  , A�i), respectively, 
are linearly independent, for i = 1, 2. This proves (v). 

and 

Observe that for i = 1, 2 and j = 1, . . .  , n, we have 

(L'(A<.i) U<.i) uri)� = 2A(i)(u(i) U<.i) + (BU<,i) U<.il) J J ' J J J ' J J ' J 

- (Bu(O U(i l) + J(Bu(,i ) U(il)2 - 4(u(,i) �/,i) (CU( il U<.il ) A (il = J '  J - J '  J J '  J J '  J 
J 2(U(i l U(i l) J '  J 

( 1 3.5) 

So by Theorem 12.2, the sign in ( 1 3 .5) is + if i = 2, and - if i = 1 .  We shall 
use this observation to prove (iii) and (iv). 

For the proof of (iii) and (iv) it remains to show that 

for every i and j (1 s i, j s n) . ( 1 3 .6) 

Define two functions P I (X) and P2(X), for every x E C"\ {O} , as follows : 

( _ - (Bx, x) - d(x) 
PI x) - 2(x, x) , ) _ - (Bx, x) + d(x) 

P2(X - 2(x, x) , 

where d(x) = flBx, x)Z - 4(x, x)(Cx, x). Let us show that 

{P I (x) l x E C"\ {O} }  < min{Wl, . . .  , A�2 l } . 
Suppose the contrary ; then for some j we have : 

P I (Y) � A}2 ) = pix), 

( 1 3. 7) 

( 1 3 .8) 

where x is some eigenvector corresponding to A?l, and Y E C"\ {O} . Clearly, 
P2(Y) > P I (Y) so that pz(y) =F pix), and since P2(exX) = pix) for every 
ex E C\ {O} , we deduce that x and y are linearly independent. Define 

v = {lY + (1 - {l)x, 

where {l is real. Then (as L(A)2 ) x = 0) 

(A}2 l)Z(V v) + A)2 1(Bv, v) + (Cv, v) 

= {l2 {(A)2 ) 2(y, y) + A)2 l(By, y) + (Cy, y) } . ( 1 3.9) 

However, P I (y) 2': AjZ ) implies that the right-hand side of ( 1 3 .9) is non­
negative and consequently, 

( 1 3 . 1 0) 
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for all /l. Define g(/l) = 2A�2 )(v, v) + (Bv, v) ; then ge l ) < 0 by ( 1 3 .8) and 
g(O) > 0 by ( 1 3 .5) (with i = 2 and uT = x ;  so the sign + appears in ( 1 3 .5» . 
Furthermore, g(/l) is a continuous function of /l, and hence there exists a 
/lo E (0, 1 )  such that g(/lo) = 2A?)(vo , Go) + (Bvo , l'o) = 0, [ :0 = v (/lo) . 
Together with ( 1 3 . 10) this implies (Bt'o , VO)2 :s; 4( 1'0 ' vo)(C vo , 1 '0) ;  since the 
system is assumed to be overdamped, this is possible only if Vo = O. This 
contradicts the fact that x and y are linearly independent. So ( 1 3 .7) is proved. 

Since 
AP ) E {P l (x) l x E �n\ {o} } , 

inequalities ( 1 3 .6) follow immediately from ( 1 3.7). 0 
Observe that using Theorem 12 .5 one can easily deduce that 

max {All ), . . . , A�l ) } < ,10 < min {Ai2 ), • • • , A�2 ) } 
if and only if L(Ao) is negative definite (assuming of course that the system is 
overdamped). In particular, the set {A. E IR I L(A) is negative definite} is not 
void, and the number q satisfies the requirements of Theorem 1 3 . 1  if and only 
if L(q) is negative definite. 

We shall deduce now general formulas for the solutions of the homo­
geneous equation corresponding to ( 1 3.2), as well as for the two-point 
boundary problem. 

Theorem 13.2. Let system (13.2) be overdamped, and let A�i) be as in 
Theorem 13. 1 .  Let r + (resp. r _ ) be a contour in the complex plane containing 
no points of (J(L), and such that Wl, . . . , A�2 ) (resp. W), . . . , A�l ) are the only 
eigenvalues ofL(A) lying inside r + (resp. r _ ) . Then 

(i) the matrices Sf + L - 1 (,1) dA and Sr _ L - 1 (,1) dA are nonsingular ; 
(ii) a general solution of L(d/dt)x = 0 has the form 

for some c 1 , C2 E �n, where 
x(t) = eX + tc 1 + ex - tc2 

X± = (L± L - 1 (,1) dAr 1 L/L - 1 (,1) dA ; ( 1 3 . 1 1 ) 

(iii) the matrices X + and X _ form a complete pair of solutions of the 
matrix equation X2 + BX + C = 0, i .e. , X + - X _ is nonsingular ; 

(iv) if b  - a > 0 is large enough, then the matrix eX + (b - a ) - eX - (b - a) is 
nonsingular ; 

(v) for b - a > 0 large enough, the two-point boundary value problem 

L(:t)X(t) = f(t), x(a) = x(b) = 0 
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has the unique solution 

fb . fb [eX + (a - t)] 
x(t) = 

a 
Go(t, r)fCr) dr - [eX + (b - a) , eX - (b - a)] w 

a eX - (a - t) Zf(r) dr, 

where Z = (X + - X _ ) - 1 , 

and 
{eX + (t - t)Z a :S t :S r 

Go(t, r) = ex - ( t - t)Z : r :S t :S b. 

Proof By Theorem 1 1 .2 and its proof, the matrix polynomial L(A) 
admits decompositions 

L(A) = (IA - Y+ )(H - X + ) = (IA - L )(H - X _ ), 

where a(X _ )  = {A\l ) , . . .  , A�I ) } ,  a(X + ) = {W), . . .  , A�2 ) } .  In view of Theorem 
13. 1 (iii), H - X + and H - L are right and left r + -spectral divisors of 
L(A), respectively ; also H - X _ and H - Y+ are right and left r _ -spectral 
divisors of L(A), respectively. So (i) follows from Theorem 4 .2. By the same 
theorem, X ± are given by formulas ( 1 3 . 1 1 ). Now by Theorem 2. 1 6, (ii) and 
(v) follow from (iii) and (iv). Property (iii) follows immediately from part (a) 
of Theorem 2. 1 6 ;  so it remains to prove (iv). 

Write 

Now 
a(X + ) = {W) ,  . . .  , A�2 ) }  

Therefore, we can estimate 

I l e - x + (b - a) 1 1  :S K l e - ).�2 )(b - a) , ( 1 3 . 1 3) 

( 1 3 . 1 4) 

where Ab2 ) = min 1 $ i :5 n Al2 ) ,  Abl ) = max 1 $ i $ n AP ), and K l and K2 are con­
stants. Indeed, by Theorem 1 3 . 1  (ii), X + = S- 1 . diag[A\2 ) , . . .  , A�2 )] . S for 
some nonsingular matrix S ;  so e - x + (b - a ) = S - I · diag[e - ).�2 ) ( b - a> , . . .  , 
e - ;.�2 ) ( b - a)] . S, and ( 1 3 . 1 3) follows. The proof of ( 1 3 . 14) is analogous. So 

I l e - x + (b - a)eX - ( b- a) 1 1  :S K1 Kz exp[(b - a)(Ab1 ) - Ab2 »)] ,  ( 13 . 1 5) 

and since Ab1 ) < Ab2 l, expression ( 1 3 . 1 5) can be made less than 1 for b - a 
large enough. Hence the nonsingularity of ( 1 3 . 1 2) follows for such a choice 
of b - a, and (iv) is proved. 0 
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1 3.2. Weakly Damped Case 

Consider now the case when the system ( 1 3 . 2) satisfies the condition 
(Bf,f)2 - 4(f,f)(CfJ) < 0, f E q;n\ {o} . ( 13. 1 6) 

The system ( 1 3 .2) for which ( 1 3 . 1 6) holds will be called weakly damped. 
Physically, condition ( 1 3 . 1 6) means that the free system (i.e. , without external 
forces) can have only oscillatory solutions, whatever the initial values may 
be. 

For a weakly damped system we have (L(A)f,f) > 0 for every real A and 
every f # 0 ; in particular, the polynomial L(A) is nonnegative and has no 
real eigenvalues. According to Theorem 12.8 ,  L(A) therefore admits the 
factorization 

L(A) = (fA - Z*)(fA - Z), 

where O'(Z) coincides with a maximal c-set S of eigenvalues of L(A) chosen in 
advance. (Recall that the set of eigenvalues S is called a c-set if 
S n {A I A E S} = 0.) In particular, as a maximal c-set one may wish to choose 
the eigenvalues lying in the open upper half-plane. In such a case, by Theorem 
2. 1 5, the matrices Z and Z* form a complete pair of solutions of the matrix 
equation X2 + BX + C = O. 

If, in addition, eZ(b - a) - eZ*(b - a)  is nonsingular, then we are led to explicit 
formulas for the general solution of the homogeneous equation, and the 
solution of the two-point boundary value problem for ( 1 3 .2), analogous to 
those of Theorem 1 3 .2 for overdamped systems. The reader will be able to 
derive these formulas, as required. 

Note also that the weak damping hypothesis does not yield a result 
analogous to part (ii) of Theorem 1 3 . 1 for overdamped systems, i .e . ,  non­
linear elementary divisors may arise under the weak damping hypothesis. 
This occurs in the following example. 

EXAMPLE 1 3 . 1 .  Let [1 OJ [ 1  J323/2J ' + [01 04J . L(A) = ° 1 A2 + J3/2 "-
Note that the matrices [ 1 J3/2J 

B = J3/2 2 ' 
are positive definite. The eigenvalues of L(A) are i( - 3 ± ij23) each taken twice. It 
is easily seen that L(Ao) i= ° 

for Ao = i( - 3 ± ij23) ;  so for each eigenvalue there is 
only one eigenvector (up to multiplication by a nonzero number). So the elementary 
divisors of L(A) must be quadratic : 

(A - i( - 3 + ij23»2 (A - i( - 3 - ij23» 2 . 0 
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Comments 

The results of this chapter are in general not new. The finite-dimensional 
overdamped case was first studied in [ 1 7J (see also [52b J). As has been re­
marked earlier, this case has generated many generalizations almost all of 
which are beyond the subject matter of this book. Results in the infinite­
dimensional setting are to be found in [ 5 1 ] .  Example 1 3 . 1  is in [52d] . 



Part IV 

SupplelDentary Chapters in Linear 
Algebra 

In order to make this book more self-contained, several topics of linear 
algebra are presented in Part IV which are called upon in the first three parts. 
None of this subject matter is new. However, some ofthe topics are not readily 
accessible in standard texts on linear algebra and matrix theory. In particular, 
the self-contained treatment of Chapter S5 cannot be found elsewhere in such 
a form. Other topics (as in Chapter S l )  are so important for the theory of 
matrix polynomials that advantage can be gained from an exposition con­
sistent with the style and objectives of the whole book. Standard works on 
linear algebra and matrix theory which will be useful for filling any gaps in our 
exposition include [22] , [23] , and [52c] . 
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Chapter 81 

The SDlith ForDl and Related ProbleDls 

This chapter is devoted to the Smith form for matrix polynomials (which 
is sometimes called a canonical form, or diagonal form of A-matrices) and its 
applications. As a corollary of this analysis we derive the Jordan normal form 
for matrices. A brief introduction to functions of matrices is also presented. 

S1 . 1 .  The Smith Form 

Let L(A) be a matrix polynomial of type IJ= o AjAj, where Aj are m x n 
matrices whose entries are complex numbers (so that we admit the case of 
rectangular matrices A). The main result, in which the Smith form of such a 
polynomial is described, is as follows. 

Theorem S1 . 1 .  Every m x n matrix polynomial L(A) admits the repre­
sentation 

L(A) = E(A)D(A)F(A), (S 1 . 1 )  
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where 

o 

D(,1) = (S 1 .2) 
° 

o ° 
is a diagonal polynomial matrix with monic scalar polynomials d;(,1) such that 
d;(,1) is divisible by di - 1 (,1) ; E(,1) and F(,1) are matrix polynomials of sizes m x m 
and n x n, respectively, with constant nonzero determinants. 

The proof of Theorems 1 . 1  will be given later. 
Representation (S 1 . 1 )  as well as the diagonal matrix D(,1) from (S1 .2) is 

called the Smith form of the matrix polynomial L(,1) and plays an important 
role in the analysis of matrix polynomials. Since det E(,1) == const ¥- 0, 
det F(,1) == const ¥- O, where E(,1) and F(,1) are taken from the Smith form 
(S 1 . 1) , the inverses (E(,1)) - 1 and (F(,1)) - 1 are also matrix polynomials with 
constant nonzero determinant. The matrix polynomials E(,1) and F(,1) are not 
defined uniquely, but the diagonal matrix D(,1) is unique. This follows from the 
fact that the entries of D(,1) can be expressed in terms of the original matrix 
itself, as the next theorem shows. 

We shall need the definition of minors of the matrix polynomial L(,1) = 
(aij(,1)){� t : : : : , � .  Choose k rows, 1 � i l < . . .  < ik � m, and k columns, 
1 � jl < . . .  < jk � n, in L(,1), and consider the determinant det(ai ljJ�, m = l of 
the k x k submatrix of L(,1) formed by the rows and columns. This determinant 
is called a minor of L(,1). Loosely speaking, we shall say that this minor is of 
order k and is composed of the rows i 1 ,  . . .  , ik and columns j l , ' " , jk of L. 
Taking another set of columns and/or rows, we obtain another minor of order 
k of L(,1). The total number of minors of order k is (;:) (k)' 

Theorem 81 .2. Let L(,1) be an m x n matrix polynomial. J-et Pk(,1) be the 
greatest common divisor (with leading coefficient 1) of the minors of L(,1) of 
order k, if not al l  of them are zeros, and let Pk(,1) == ° if all the minors of order k of 
L(,1) are zeros. Let Po (A) = 1 and D(,1) = diag[d1 (A), . . .  , d.(,1), O, . . .  , 0] be the 
Smith form of L(,1). Then r is the maximal integer such that Pr(,1) ¥= 0, and 

i = 1, . . . , r. (S 1 . 3) 

Proof Let us show that if L 1 (,1) and L2(,1) are matrix polynomials of the 
same size such that 
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where E ± 1 (,1) and F ± 1 (,1) are square matrix polynomials, then the greatest 
common divisors Pk .  1 (A.) and Pk . 2 (A.) of the minors of order k of L 1 (A.) and 
LiA.), respectively, are equal. Indeed, apply the Binet-Cauchy formula (see, 
for instance, [22] or [52c]) twice to express a minor of L 1 (A.) of order k as a 
linear combination of minors of LiA.) of the same order. It therefore follows 
that Pk . 2 (A.) is a divisor of Pk . 1 (A.). But the equation 

implies that Pk. 1 (A.) is a divisor of Pk. iA.)· So Pk. 1 (A.) = Pk. 2 (,1)· In the same way 
one shows that the maximal integer r 1 such that Pr" 1 (A.) ¥= 0, coincides with 
the maximal integer r 2 such that Pr2 .  iA.) ¥= O. 

Now apply this observation for the matrix polynomials L(A.) and D(A.). 
It follows that we have to prove Theorems 1 . 2  only in the case that L(A.) itself is 
in the diagonal form L(A.) = D(A.). From the structure of D(A.) it is clear 
that 

s = 1, . . . , r, 

is the greatest common divisor of the minors of D(A.) of order s. So Ps(A.) = 
d1 (A.) · · · ds(A.), s = 1 ,  . . .  , r, and ( 1 .3) follows. 0 

To prove Theorem S 1 . 1 ,  we shall use the following elementary trans­
formations of a matrix polynomial L(A.) of size m x n :  ( 1 )  interchange two 
rows, (2) add to some row another row multiplied by a scalar polynomial, and 
(3) multiply a row by a nonzero complex number, together with the three 
corresponding operations on columns. 

Note that each of these transformations is equivalent to the multiplication 
of L(A.) by an invertible matrix as follows : 

Interchange of rows (columns) i and j in L(A.) is equivalent to multiplica­
tion on the left (right) by 

1 o 

i -+ o 1 
(S 1 .4) 

1 o 

o 1 
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Adding to the ith row of L(A) the jth row multiplied by the polynomialf(A) is 
equivalent to multiplication on the left by 

1 it 

1 

i-4 1 f(A) (S 1 . 5) 

1 

1 

1 

the same operation for columns is equivalent to multiplication on the right by 
the matrix 

i -4  1 

(S 1 .6) 

i-4 f(A) . . .  1 

1 

Finally multiplication of the ith row (column) in L(A) by a number a #- O  is 
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equivalent to the multiplication on the left (right) by 

a (S 1 . 7) 

(Empty places in (S 1 .4)�(S 1 .7) are assumed to be zeros.) Matrices of the form 
(S I .4)�(S 1 . 7) will be called elementary. It is apparent that the determinant of 
any elementary matrix is a nonzero constant . 

Proof of Theorem Sl . l .  Since the determinant of any elementary matrix 
is a nonzero constant, it is sufficient to prove that by applying a sequence of 
elementary transformations every matrix polynomial L(A) can be reduced to a 
diagonal form : diag[dl (A), . . .  , dr(A), O, . . .  , 0] , (the zeros on the diagonal can 
be absent, in which case r = min(m, n» , where d l (A), . . . , drCA) are scalar 
polynomials such that d/A)/di - l (A), i = 1 , 2, . . .  , r - 1 ,  are also scalar poly­
nomials. We shall prove this statement by induction on m and n. For m = 
n = 1 it is evident. 

Consider now the case m = 1, n > 1, i .e . , 

If all a/A) are zeros, there is nothing to prove. Suppose that not all of a/A) are 
zeros, and let ajo(A) be a polynomial of minimal degree among the nonzero 
entries of L(A). We can suppose thatja = 1 (otherwise interchange columns in 
L(A» . By elementary transformations it is possible to replace all the other 
entries in L(A) by zeros .  Indeed, let a/A) #- 0. Divide aj(A) by (l l (A) : ap) = 
b/A)a l (A) + riA), where riA) is the remainder and its degree is less than 
the degree of (l l (A), or rj(A) == 0. Add to the jth column the first column 
multiplied by - bP). Then in the place j in the new matrix will be r/A). 
If r/A) i= 0, then put rp) in the place 1 ,  and if there still exists a nonzero 
entry (different from r/A», apply the same argument again. Namely, divide 
this (say, the kth) entry by riA) and add to the kth column the first multiplied 
by minus the quotient of the division, and so on. Since the degrees of the 
remainders decrease, after a finite number (not more than the degree of a l (A» 
of steps we find that all the entries in our matrix, except the first, are zeros .  
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This proves Theorem S 1 . 1  in the case m = 1 ,  n > 1 .  The case m > 1, n = 1 
is treated in a similar way. 

Assume now m, n > 1, and assume that the theorem is proved for m - 1 
and n - 1 .  We can suppose that the ( 1 ,  1 )  entry of L(A.) is nonzero and has the 
minimal degree among the nonzero entries of L(A.) (indeed, we can reach this 
condition by interchanging rows and/or columns in L(A.) if L(A.) contains a 
nonzero entry ; if L(A.) == 0, Theorem S 1 . 1  is trivial). With the help of the 
procedure described in the previous paragraph (applied for the first row and 
the first column of L(A.» , by a finite number of elementary transformations we 
reduce L(A.) to the form [ aW(A.) 0 . . . 0 1 

Ll (A.) = � a�11
:
(A.) ' . .  a��(A.) . 

o a�d(A.) · . .  a�J(A.) 
Suppose that some a!] )(A.) ¢= 0 (i, j > 1) is not divisible by aW(A.) (without 
remainder). Then add to the first row the ith row and apply the above argu­
ments again. We obtain a matrix polynomial of the structure [aW(A.) 0 . . . 0 1 

LiA.) = � a�2�(A.) ' . . a�2�(A.) , 
o a!';d(A.) · . .  a!,;J(A.) 

where the degree of aW(A.) is less than the degree of aW(A.). If there still exists 
some entry a!f)(A.) which is not divisible by a12{(A.), repeat the same procedure 
once more, and so on. After a finite number of steps we obtain the matrix [ aW(A.) 0 . . .  0 1 

L3(A.) = � a��(A.) ' . .  a�3�(A.) , 
o a!';d(A.) · . .  a!,;J(A.) 

where every a!J )(A.) is divisible by aW(A.). Multiply the first row (or column) by 
a nonzero constant to make the leading coefficient of al3£(A.) equal to 1. Now 
write 

1 [ aW(A.) . . .  a�3">(A.)l 
L4(A.) = � : : , a 1 1 (,1) a!';d(A.) a!,;J(A.) 

(here L4(A.) is an (m - 1) x (n - 1) matrix), and apply the induction hypo­
thesis for L4(A.) to complete the proof of Theorem S 1 . 1 .  D 
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The existence ofthe Smith form allows us to prove easily the following fact. 

Coronary S1 .3. An n x n matrix polynomial L(A) has constant nonzero 
determinant if and only if L(A) can be represented as a product L(A) = 
F 1 (A)F;(A) . . .  F p(A) of a finite number of elementary matrices FlA). 

Proof. Since det F;(A) == const =1= 0, obviously any product of elementary 
matrices has a constant nonzero determinant. Conversely, suppose det L(A) == 
const =1= 0. Let 

L(A) = E(A)D(A)F(A) (S 1 . 8) 

be the Smith form of L(A). Note that by definition of a Smith form E(A) and 
F(A) are products of elementary matrices. Taking determinants in (S 1 . 8), we 
obtain 

det L(A) = det E(A) . det D(A) ' det F(A), 

and, consequently, det D(A) == const =1= 0. This happens if and only ifD(A) = I. 
But then L(A) = E(A)F(A) is a product of elementary matrices. D 

S1 .2. Invariant Polynomials and Elementary Divisors 

The diagonal elements d 1 (A), . . .  , d,(A) in the Smith form are called the 
invariant polynomials of L(A). The number r of invariant polynomials can be 
defined as 

r = max {rank L(A)} .  (S 1 .9) 
A e C  

Indeed, since E(A) and F(A) from (S 1 . 1 ) are invertible matrices for every A ,  we 
have rank L(A) = rank D(A) for every A E re. On the other hand, it is clear that 
rank D(A) = r if A is not a zero of one of the invariant polynomials, and 
rank D(A) < r otherwise. So (S 1 .9) follows. 

Represent each invariant polynomial as a product of linear factors 

i = 1, . . .  , r, 

where Ai l " ' " A i , k . aTe different complex numbers and O(i l " ' " O(ik . are 
positive integers. The factors (A - AijY,j, j  = 1, . . .  , ki ' i = 1, . . .  , r, are called 
the elementary divisors of L(A). An elementary divisor is said to be linear or 
nonlinear according as O(ij = 1 or O(ij > 1 .  

Some different elementary divisors may contain the same polynomial 
(A - Ao)'" (this happens, for example, in case d i(A) = d i + l (A) for some i) ; the 
total number of elementary divisors of L(A) is therefore L1= 1 ki • 
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Consider a simple example. 

EXAMPLE S 1 . 1 .  Let [..1.(..1. - 1 ) 1 J L(..1.) = 0 ..1.(..1. - 1 ) 

First let us find the Smith form for L(..1.) (we shall not mention explicitly the elementary 
transformations) : [..1.(..1. � 1 ) 

..1.(..1. � 1 )J ----> [ _ ..1.2(� _ 1 )2 ..1.(..1. � 1 )J ----> [_ ..1.2(� - 1)2 �J ----> [� ..1.2(..1. � 1 )2} 
Thus the elementary divisors are ..1.2 and (A - 1 )2 . 0 

The degrees rJ.ij of the elementary divisors form an important characteristic 
of the matrix polynomial L(A). As we shall see later, they determine, in partic­
ular, the Jordan structure of L(A). Here we mention only the following simple 
property of the elementary divisors, whose verification is left to the reader. 

Proposition S1 .4. Let L(A) be an n x n matrix polynomial such that 
det L(A) =f- O. Then the sum D� I I�'= I rJ.ij of degrees of its elementary divisors 
(A - Aij)"i) coincides with the degree of det L(A). 

Note that the knowledge of the elementary divisors of L(A) and of the 
number r of its invariant polynomials d I (A), . . . , dr(A) is sufficient to construct 
d I (A), . . .  , drCA). In this construction we use the fact that di(A) is divisible by 
di - I (A). Let A I " ' " Ap be all the different complex numbers which appear in 
the elementary divisors, and let (A - AJ'i l , . . . , (A - AJ'i , k i (i = 1 ,  . . .  , p) be 
the elementary divisors containing the number Ai ' and ordered in the descend­
ing order of the degrees rJ.i l  ;::: . . .  ;::: rJ.i • k i > O. Clearly, the number r of 
invariant polynomials must be greater than or equal to max {k l , . . .  , kp} .  
Under this condition, the invariant polynomials d 1 (A), . . .  , dr(A) are given by 
the formulas 

p 
dP) = TI (A - AJ' i , r + l - l, j = I , . . .  , r, 

i �  1 

where we put (A - AyiJ = 1 for j > ki • 
The following property of the elementary divisors will be used sub­

sequently : 

Proposition S1 .5. Let A(A) and B(A) be matrix polynomials, and let C(A) = 
diag[A(A), B(A)] , a b lock diagonal matrix polynomial. Then the set of elementary 
divisors of C(A) is the union of the elementary divisors of A(A) and B(A). 
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Proof Let D I (.�') and DiA) be the Smith forms of A(A) and B(A), re­
spectively. Then clearly 

for some matrix polynomials E(A) and F(A) with constant nonzero deter­
minant. Let (A - AO)� I ,  . . .  , (A - Ao)�p and (A - Ao)P" . . .  , (A - Aolq be the 
elementary divisors of D I (A) and Dz{A), respectively, corresponding to the 
same complex number Ao .  Arrange the set of exponents lX I ' . . .  , IXp , /31 , . . . , /3q , 
in a nonincreasing order : {IX I , . . . , IXp , /3 1 " " , /3q} = {Y I ' . . .  , Yp + q} ,  where 
° < Y I ::;; . . .  ::;; Yp + q ' Using Theorem S 1 .2 it is clear that in the Smith form 
D = diag[d 1 (A), . . .  , d,(A), 0, . . .  , 0] of diag[D I (A), D2(A)] , the invariant 
polynomial dr(A) is divisible by (A - Ao)yP + q  but not by (A - Ao)YP +q + 1 , 
dr - I (A) is divisible by (A - Ao)YP + q  - 1  but not by (A - Ao)YP + q - 1  

+ I , and so on. 
It follows that the elementary divisors of 

(and therefore also those of C(A» corresponding to Ao ,  are just (A - AO)Y "  . . .  , 
(A - Ao)yp + q ,  and Proposition S 1 . 5  is proved. 0 

S 1 .3. Application to Differential Equations with Constant 
Coefficients 

Consider the system of homogeneous differential equations 

d'x dx 
A l dfI + . . .  + A I dt 

+ A o x = 0, (S l.1 0) 

where x = x(t) is a vector function (differentiable I times) of the real argument 
t with values in (j;H, and A I , . . .  , Ao are constant m x n matrices. 

Introduce the following matrix polynomial connected with system (S 1 .9) 

I 
A(A) = L AjAj. (SU I ) 

j = O 

The properties of the solutions of (S l . 1 0) are closely related to the spectral 
properties of the polynomial A(A). This connection appears many times in the 
book. Here we shall only mention the possibility of reducing system (S l . 1 0) to 
n (or less) independent scalar equations, using the Smith form of the matrix 
polynomial (S 1 . 1 1 ) .  
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Given matrix polynomial B(A) = L}= o BjAj and a p-times differentiable 
vector function y = y(t), denote for brevity 

Thus, B(d/dt)y is obtained if we write formally (I)= I BjAj)y and then replace 
A by d/dt ; for example, if 

then 

B(A) = 

[..1.2 A + 2 ] 
o ..1.3 + 1 

and = [Y I (t)] y yz(t) , 

B(�)Y = [y� + y� + 2Yz] . dt Y2' + Y2 

Note the following simple property. If B(A) = BI (A)Bz(A) is a product of 
two matrix polynomials BI (A) and Bz(A), then 

This property follows from the facts that for (X l ' (X2 E fl 

and 

o ::; i ::; j. 

(S l . 1 2) 

Let us go back to the system (S l . 1 0) and the corresponding matrix 
polynomial (S l . 1 i ). Let D(A) = diag[d l (A), . . .  , dlA), 0 · · · 0] be the Smith 
form of A(A) : 

A(A) = E(A)D(A)F(A), (S l . 1 3) 

where E(A) and F(A) are matrix polynomials with constant nonzero deter­
minant. According to (S l . 1 2), the system (S l . 10) can be written in the form 

(S l . 14) 
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Denote Y = F(d/dt)x(t). Multiplying (SU4) on the left by E- 1 (d/dt), we 
obtain the system 

o 0 

dr(:t) 
0 

0 

0 

0 

Y l 

Yr = 0, (SU 5) 

Yn 

(y = CV1 , . . .  , Yn?), which is equivalent to (S 1 . 1 4). System (SU5) splits into r 
independent scalar equations 

d{:t )Ylt) = 0, i = 1 ,  . . .  , r, (SU 6) 

(the last n - r equations are identities : o ·  Yi = 0 for i = r + 1 ,  . .  , n). As is 
well known, solutions of the ith equation from (S 1 . 1 6) form a mi-dimensional 
linear space lli > where mi is the degree of di(t). It is clear then that every 
solution of (SU 5) has the form (Y l (t), . . .  , y.(t)) with Ylt) E lllt), i = 

1 ,  . . .  , r, and Yr + l (t), . . .  , Yn(t) are arbitrary I-times differentiable functions. 
The solutions of (SUO) are now given by the formulas 

where Yi E lli ' i = 1 ,  . . .  , r, and Yr + 1 , • . •  , Yn are arbitrary I-times differentiable 
functions. As a particular case of this fact we obtain the following result. 

Theorem S1 .6. Let A(..t) = L�= o  Aj..tj be an n x n matrix polynomial such 
that det A(..t) =f: O. Then the dimension of the solution space of (SUO) is equal to 
the degree of det L(..t). 

Indeed, under the condition det A(..t) =f: 0, the Smith form of A(..t) does not 
contain zeros on the main diagonal. Thus, the dimension of the solution space 
is j ust dim III + . . .  + dim lln ' which is exactly degree(det A(..t)) (Pro­
position S 1 .4). Theorem S 1 .6 is often referred to as Chrystal's theorem. 

Let us illustrate this reduction to scalar equations in an example. 
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EXAMPLE S 1 .2. Consider the system 

d dZ 
- x l + XZ = O, 
dt 

X l  + -Z Xz = 0. 
dt 

The corresponding matrix polynomial is 

Compute the Smith form for A(,l) : 

Equations (S l . l 5) take the form 

Y l = 0, 

Linearly independent solutions of the last equation are 

YZ . 1 = e', 
[- l + iJ3 ] 

Yz . Z = exp 
2 

t , 

Thus, linearly independent solutions of (S l . l 7) are 

[- 1  - iJ3 ] YZ . 3 = exp 
2 

t . 

(S 1 . l 7) 

(S l . l  8) 

where Yz = Yz(t) can be each one of the three functions determined in (S l . l 8). 0 

In an analogous fashion a reduction to the scalar case can be made for the 
nonhomogeneous equation 

(S 1 . 19) 

Indeed, this equation is equivalent to 

where f(t) is a given function (we shall suppose for simplicity that f(t) has as 
many derivatives as necessary). 
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Here D(A) is the Smith form for A(A) = I�= 0 A j A< and £(,1,) and F(A) are 
defined by (S 1 . l 3). Let y = F(d/dt)x, g = £ - I (d/dt)f(t) ; then the preceding 
equation takes the form 

D(�)y(t) = get) ; (S l .20) 

thus, it is reduced to a system of n independent scalar equations. 
Using this reduction it is not hard to prove the following result. 

Lemma S1 .7. The system (S 1 . 1 9) (where n = m) has a solution for every 
right-hand side f(t) (which is sufficiently many-t imes differentiable) ifalld only if 
det A(A) ¢ 0. 

Proof If det A(A) ¢ 0, then none of the entries on the main diagonal in 
D(A) is zero, and therefore every scalar equation in (S 1 .20) has a solution. If 
det A(A) == 0, then the last entry on the main diagonal in D(A) is zero. Hence, 
if f(t) is chosen in such a way that the last entry in £ - I (d/dt)f(t) is not zero, 
the last equation in (S 1 .20) does not hold, and (S 1 . 1 9) has no solution for this 
choice of f(t). 0 

Of course, it can happen that for some special choice of f(t) Eq. (S 1 . 1 9) 
still has a solution even when det A(A) == 0. 

S I .4. Application to Difference Equations 

Let Ao , . . .  , Al be m x n matrices with complex entries. Consider the 
system of difference equations 

k = 0, 1 , 2, . . .  , (S l . 2 I )  

where (ro , Y I '  . . .  ,) i s  a given sequence of  vectors in  em and (xo , X l '  . . .  ,) i s  a 
sequence in en to be found. 

For example, such systems appear if we wish to solve approximately a 
system of differential equations 

d2 dx(t) 
B2 --z x(t) + BI --- - + Bo x(t) = yet), 

dt dt 
° < t < :x: , (S 1 .22) 

(here y(t) is a given function and x(t) i s  unknown), by replacing each derivative 
by a finite difference approximations as follows : let h be a positive number ; 
denote t j = jh, j = 0, 1 ,  . . . . Given the existence of a solution x(t), consider 
(Sl .22) only at the points t/ 

d2x(t) dx(t) B2 -dt2 + BI -F + Bo x(t) = yet), j = 0, 1, . . .  , (S 1 .23) 
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and replace each derivative (d'/dt')x(t) by a finite difference approximation. 
For example, if Xj is an approximation for x(t), j = 0, 1 , 2, . . .  , then one may 
use the central difference approximations 

dx(t) . Xj +  1 - Xj- l 
-;[t

= 
2h 

d2x(d) . Xj + 1 - 2Xj + Xj - l 
�

= h2 

Inserting these expressions in (S 1 .23) gives 

B Xj +  1 - 2Xj + Xj- l B Xj + 1 - Xj- l B _ ( ) 2 h2 + 1 2h + O Xj - Y tj , 

or 

(S 1 .24) 

(S l .2S) 

j = 1 , 2, . . .  , 

(B2 + !B l h)xj + l - (2B2 - Bo h2)Xj + (B2 - !Bl h)xj- l 
= h2y(t), j = 1 , 2, . . .  , (S 1 .26) 

which is a difference equation of type (S 1 . 2 1 )  with Yk = h2y(tk + l ), k = 0, 1 , 2, . . . . 
Some other device may be needed to provide the approximate values of x(O) 
and x(h) (since, generally speaking, the unique solution of (S 1 .26) is deter­
mined by the values of x(O) and x(h» . These can be approximated if, for 
instance, initial values x(O) and dx(O)/dt are given ; then the approximation X l 
for x(h) could be 

dx(O) X l = x(O) + h ---;{to 

This technique can, of course, be extended to approximate by finite 
differences the equation of lth order 

d'x(t) B' ----;JT + . . .  + Bo x(t) = yet). 

The approximation by finite differences is also widely used in the numerical 
solution of partial differential equations. In all these cases we arrive at a 
system of difference equations of type (S 1 . 2 1 ). 

The extent to which solutions of the difference equation give information 
about solutions of the original differential equation is, of course, quite another 
question. This belongs to the study of numerical analysis and will not be 
pursued here. 

To study the system (S 1 .2 1 ), introduce operator Iff (the shift operator), 
which acts on the set of all sequences (X l ' X2 , • • •  ,) of n-dimensional vectors 
Xi as follows : Iff(X l ' X2 , . . . ,) = (X2 ' X 3 , • • •  ,). For difference equations, the 
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operator Iff plays a role analogous to the operator d/dt in Section S 1 .3 .  The 
system (S 1 . 2 1 )  can be rewritten in the form 

(Ao + A liff + . . .  + Al lff l)X = f, (S 1 .27) 

where f = Uo , fl ' · · ·  ,) is a given sequence of n-dimensional vectors, and 
x = (Xo , X l ' . . .  ,) is a sequence to be found. Now it is quite clear that we have 
to consider the matrix polynomial A(A) = L�� o  AjAj connected with (S 1 .2 1) .  

Let D(A) be the Smith form of A(A) and 

A(A) = E(A)D(A)F(A), (S l .28) 

where det E(A) == const =I- 0, det F(A) == const =I- O. Replace A in (S 1 .28) by 
Iff and substitute in (S 1 . 1 7) to obtain 

D(Iff)y = g, 
where y = (Yo , Y l ' · · · ,) = F(Iff) (xo , X l ' . . .  ,) and 

g = (go , g l ' . . .  ,) = (E(Iff» - lUo Jl , · · ·  ,). 

(S 1 .29) 

Equation (S 1 .29) splits into m independent scalar equations, and using the 
results concerning scalar difference equations (for the convenience of the 
reader they are given in the appendix below), we obtain the following result 
analogous to Theorem S 1 .6. 

Theorem S1 .8. Let A(A) = L�� ° A j Aj be an n x n matrix polynomial with 
det A(A) ¥= O. Then the dimension of the solution space of the homogeneous 
equation 

k = 0, 1 , 2, . . .  , 
is the degree of det A(A). 

Appendix. Scalar Difference Equations 

In this appendix we shall give a short account of the theory of homogeneous 
scalar difference equations with constant coefficients. 

Consider the scalar homogeneous difference equation 

k = 0, 1, . . .  (S l . 30) 

where ai are complex numbers and al =I- 0 ;  (xo , X l ' . . .  ,) is a sequence of 
complex numbers to be found. It is clear that the solutions of (S l . 30) form a 
linear space, i .e . , the sum of two solutions is again a solution, as well as a 
scalar multiple of a solution. 

Proposition S1 .9. The linear space of all solutions of Eq . (S l . 30) has 
dimension l. 
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Proof Suppose that (x�), xV), . . .  ,), j = 1, . . .  , [ + 1 are nonzero solu­
tions of (S 1 . 30). In particular, we have 

j = 1, . . .  , [ + 1 .  (S 1 . 3 1 )  

Consider each equality a s  a linear homogeneous equation with unknowns 
x�), . . .  , xF) . From the general theory of linear homogeneous equations it 
follows that (S 1 . 3 1 )  has exactly [ linearly independent solutions. This means 
that there exists a relationship 

1 + 1 
I IXjxjjl = 0, k = 0, 1 ,  . . .  , I, (S 1 . 32) 

j = 1 
where ()(o , . . .  , IXI are complex numbers and not all of them are zeros. It follows 
that the same relationship holds for the complete sequences 

x(j) = (x�), xV), . . .  ,), j = 1 ,  . . .  , [ + 1 :  

or, in other words, 

1 + 1 
I IXjXV) = 0, 

j =  1 

1 + 1 

k = 0, 1 ,  . . .  , 

I IXjXU) = 0. 
j =  1 

(S 1 . 33) 

(S 1 . 34) 

Indeed, we shall prove (S 1 . 33) by induction on k. For k = 0, . . .  , I, (S 1 . 3 3) is 
exactly (S 1 . 32). Suppose (S 1 . 33) holds for all k � ko , where ko is some integer 
greater than or equal to I. Using the equalities (S 1 . 3 3), we obtain 

j = 1, . . .  , 1 + 1 .  

So 

and by the induction hypothesis, 
1 + 1 
I IXjXV�+ 1 = - a� \al - l ' O + . . .  + ao ' O) = 0. 

j = 1 
So (S 1 .33) follows. Now it is clear from (S 1 . 34) that the solutions x( l ) , . . .  , 
xu + 1 ) are linearly dependent. We have proved therefore that any I + 1 
solutions of (S 1 . 30) are linearly dependent ; so the dimension of the solution 
space is less than or equal to I. 

To prove that the dimension of the solution space is exactly [, we con­
struct now a linearly independent set of [ solutions of (S 1 .30). Let us seek for a 
solution of (S 1 . 30) in the form of a geometric sequence Xk = q\ k = 0, 1 ,  . . . . 
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Inserting in (S UO) we see that ( 1 ,  q, q2 , . . .  ,) is a solution of (SUO) if and 
only if q is a root of the characteristic polynomial 

f(A) = ao + a lA + . . .  + a, A' 

of Eq. (S UO). Let q" . . .  , qs be the different roots of f(A), and let LX "  • • •  , LXs be 
the multiplicity of the roots q" . . .  , q" respectively. So 

s 

f(A) = Il (A - q)a; 
j= , 

It is not hard to see that the solutions 

and LX , + . . .  + rJ.s = I. 

X
(j) - qk k - j ' k = 0, 1 ,  j = 1 ,  . . .  , s, 

are linearly independent. Indeed, suppose 
s s 

I LXj XP) = I rJ.jq� = ° 
j = ' j = ' 

for k = 0, 1 ,  . . . . (S 1 . 35) 

Consider the equations for k = 0, . . .  , s - 1 as a linear system with un-
knowns LX" • • •  , rJ.S ' The matrix of this system is 

v � l ;, 1 
q2 

s - , s - , q , q2 

1 1 qs 
. , 

i- i 
and it is invertible, since q " . . .  , qs are all different and det V = f1 j > j (q j - q) 
(Vandermonde determinant, see, for instance, [65J). So (SUS) has only the 
trivial solution, i.e., LX , = . . .  = LXs = 0. Thus, the solutions xP) = qjk) , 
k = 0, 1 ,  . . . , j  = 1 ,  . . .  , s are linearly independent. 

In the case that s = I, i.e., all the roots of f(A) are simple, we have finished : 
a set of I independent solutions of (S UO) is found. If not all the roots of f(A) 
are simple, then s < I, and the s independent solutions constructed above do 
not span the linear space of all solutions. In this case we have to find additional 
I - s solutions of (S 1 . 30), which form, together with the above s solutions, a 
linearly independent set. This can be done in the following way : let qj be a root 
of f(A) of multiplicity LXj � 1 .  Put Xk = q�Yb k = 0, 1 ,  . . .  , and substitute in 
(S UO) 

k = 0, 1, . . .  , . (S 1 . 36) 

Introduce now finite differences of the sequence Yo , y " . . . , : 

(jYk = Yk + , - Yb 
(j2Yk = Yk + 2 - 2Yk + l + Yb 



330 S 1 .  THE SMITH FORM AND RELATED PROBLEMS 

and in general 

bmYk = i ("!) ( - lr- iYk + i , i = O I 
m = 1 ,  . . .  , I. 

It is easily seen that the sequence Yo ,  Y l , . . .  , can be expressed through its 
finite differences as follows : 

Yk + m = L . b'Yk , m (m) . 
i = O I 

k = 0, 1 ,  . . .  , m = 0, 1 ,  . . .  , I, 

where bOYk = Yk by definition. Substituting these expressions in (S 1 .36) and 
rearranging terms gives 

k (f( ) f( 1 )( ) � J(l)(q) � l ) ° qj qj Yk + qj qj UYk + . . . + qj -I-! - u Yk = , k = 0, 1 ,  . . . . 

(S 1 . 37) 

Note that J<i)(q) = ° for i = 0, . . . , rl.j - 1 . Therefore Eq. (S 1 .37) will be 
satisfied for every sequence (Yo , Y l " " ,) such that 

for i � rl.j • (S 1 .38) 

It is not hard to see that (S 1 . 38) is satisfied for every polynomial sequence 
Yk = L�':-J f3m km, k = 0, 1, . . .  , where 13m E fl. Indeed, bYk = L�':-5 f3'", km for 
some coefficients 13'", E fl. Now 

b�jYk = �(b . : . (bY,k) = 0, 
!Xj t imes 

since operator b when applied to a polynomial sequence reduces its degree at 
least by 1 .  

So  we  have obtained rl.j solutions o f  (S 1 . 30) connected with the root qj of 
f(A) of multiplicity rl.j : 

k = 0, 1 ,  . . .  , , m = 0, . . .  , rl.j - 1 .  (S 1 .39) 

It turns out that the 1 = D= 1 rl.j solutions of (S 1 . 30) given by (S 1 .39) for 
j = 1 ,  . . .  , s, are linearly independent. 

Thus, we have proved Proposition S 1 .9 and have constructed also a basis 
in the solution space of (S 1 . 30). 0 

S1 .5. Local Smith Form and Partial Multiplicities 

It is well known that for any scalar polynomial a(A) and any Ao E fl the 
following representation holds : 

a(A) = (A - Ao)�b(A), (S 1 .40) 
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where IX is a nonnegative integer and b(A) is a scalar polynomial such that 
b(Ao) #- o. (If a(Ao) #- 0, then put IX = 0 and b(A) = a(A).) In this section we 
shall obtain an analogous representation for matrix polynomials. We 
restrict ourselves to the case when the matrix polynomial A(A) is square (of 
size n x n) and det A(A) =1= 0. 1t turns out that a representation of type (S 1 .40) 
for matrices is defined by n nonnegative integers (instead of one nonnegative 
integer IX in (S 1 .40» which are called the partial multiplicities. 

Theorem S1 . 10. Let A(A) be an n x n matrix polynomial with det A(A) =1= O. 
Then for every ..10 E fl, A(A) admits the representation [ (A - ..10)'" 

A(A) = E;'o(A) 0 . .
. 

(S 1 .4 1 )  

where E ;'0(..1) and F ;'0(..1) are matrix polynomials invertible at ..10 , and " 1 :s;; • • •  :s;; 
"n are nonnegative integers, which coincide (after striking off zeros) with the 
degrees of the elementary divisors of A(A) corresponding to ..10 ( i.e. , of the form 
(A - ..10)"). 

In particular, the integers "1 :s;; . • .  :s;; "n from Theorem S 1 . 10 are uniquely 
determined by A(A) and ..10 ; they are called the partial multiplicities of A(A) at 
..10 • The representation (S 1 .4 1 )  will be referred to as a local Smith form of 
A(A) at ..10 . 

Proof The existence of representation (S1 .4 1 )  follows easily from the 
Smith form. Namely, let D(A) = diag(d 1 (A), . . . , dn(A» be the Smith form of 
A(A) and let 

A(A) = E(A)D(A)F(A), (S 1 .42) 

where det E(A) == const #- 0, det F(A) == const #- O. Represent each d;(A) as 
in (S 1 .40) : 

i = 1 ,  . . .  , n, 
where di(Ao) #- 0 and "i � O. Since di(A) is divisible by di - 1 (A), we have 
"i � "i - 1 · Now (S1 .4 1 )  follows from (S1 .42), where 

F ;'0(..1) = F(A). 
It remains to show that "i coincide (after striking off zeros) with the 

degrees of elementary divisors of A(A) corresponding to ..10 . To this end we 
shall show that any factorization of A(A) of type (S1 .4 1 )  with " 1 :s;; • • . :s;; "n 
implies that "j is the multiplicity of ..10 as a zero of dj(A), j = 1 ,  . . . , n, where 
D(A) = diag(d 1 (A), . . . , diA» is the Smith form of A(A). Indeed, let 

A(A) = E(A)D(A)F(A), 
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where E(A) and F(A) are matrix polynomials with constant nonzero deter­
minants. Comparing with (S IAl ), write 

where B;'o(A) = (E(A)) - 1 E;'o(A), F;.aCA) (F(A)) - 1 are matrix polynomials 
invertible at ,10 ' Applying the Binet -Cauchy formula for minors of products of 
matrices, we obtain 

d 1 (A)d2(A) ' "  dio(A) = L mi , E;(A) ' mj, vi o(A) ' mU.(A), io = 1 , 2, . . .  , n 
i . j . k 

(S 1 .44) 

where mi, i1(A) (resp. mj, Vi o(A), mk,,}{A)) is a minor of order io of B(A) (resp. 
diag« A - AoY ' ,  . . . , (A - AoY"), F(A)), and the sum in (S 1 .44) is taken over 
certain set of triples (i, j, k). It follows from (S 1 .44) and the condition K 1 ::; . . . 
::; Kn , that ,10 is a zero of the product d 1 (A)d2(A) ' " dio(A) of multiplicity at 
least Kl + K2 + . .  , + Kia ' Rewrite (S 1 .43) in the form 

and apply the Binet-Cauchy formula again. Using the fact that (B;'o(A)) - 1 
and (F;.o(A)) - 1 are rational matrix functions which are defined and invertible 
at ,1 =  ,10 ,  and using the fact that di(A) is a divisor of di + 1 (A), we deduce that 
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where <l>io(A) is a rational function defined at A = ..1.0 (i .e. , ..1.0 is not a pole of 
<l>io(A» . It follows that ..1.0 is a zero of d 1 (A)dz{A) ' " dio(A) of multiplicity 
exactly " 1 + "2 + . . .  + "io ' i = 1, . . .  , n. Hence "i is exactly the multiplicity 
of ..1.0 as a zero of d;{A) for i = 1 ,  . . .  , n . D 

Note that according to the definition, the partial multiplicities are all zero 
for every ..1.0 which is not a zero of an invariant polynomial of A(A). For 
instance, in Example S 1 . 1 ,  the partial multiplicities for ..1.0 = ° and ..1.0 = 1 are 
° and 2 ;  for ..1.0 ¢: {O, 1 } , the partial multiplicities are zeros. 

S 1 .6. Equivalence of Matrix Polynomials 

Two matrix polynomials A(A) and B(A) of the same size are called 
equivalent if 

A(A) = E(A)B(A)F(A) 

for some matrix polynomials E(A) and F(A) with constant nonzero deter­
minants. For this equivalence relation we shall use the symbol ,..., : A(A) ,..., 
B(A) means A(A) and B(A) are equivalent. 

It is easy to see that ,..., is indeed an equivalence relation, i .e . , 

( 1 )  A(A) "'" A(A) for every matrix polynomial A(A) ; 
(2) A(A) � B(A) implies B(A) � A(A) ; 
(3) A(A) "'" B(A) and B(A) ,..., C(A) implies A(A) ,..., C(A). 
Let us check the last assertion, for example. We have 

A(A) = E 1 (A)B(A)F 1 (A), B(A) = Ez{A)C(A)F 2(..1.), 

where E 1 (A), Ez{A), F 1 (A), Fz{A) have constant nonzero determinants. Then 
A(A) = E(A)C(A)F(A) with E(A) = E 1 (A)Ez{A) and F(A) = F 1 (A)F 2(..1.). So 
A(A) ,..., C(A). 

The uniqueness of the Smith form allows us to give the following criterion 
for the equivalence relation between matrix polynomials. 

Theorem S1 . 1 1 .  A(A) "'" B(A) if and only if the invariant polynomials of 
A(A) and B(A) are the same. 

Proof Suppose the invariant polynomials of A(A) and B(A) are the 
same. Then their Smith forms are equal : 

where det Ei(A) == const -=f. 0, det Fi(A) == const -=f. 0, i = 1 , 2. Consequently, 

(E 1 (A» - 1 A(A) (F 1 (..1.» - 1 = (E2(A» - 1 B(A) (F 2(A» - 1 (  = D(A» 
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and 

A(A) = E(A)B(A)F(A), 
where E(A) = E1 (A) (E2(A» - 1 , F(A) = F1(A) (FzCA» - 1 . Since E2(A) and 
F 2(A) are matrix polynomials with constant nonzero determinants ,  the same 
is true for E - 1 (A) and F - 1 (A), and, consequently, for E(A) and F(A). So 
A(A) � B(A). 

Conversely, suppose A(A) = E(A)B(A)F(A), where det E(A) == const "# 0, 
det F(A) == const "# O. Let D(A) be the Smith form for B(A) : 

B(A) = E 1 (A)D(A)F 1 (A). 
Then D(A) is also the Smith form for A(A) : 

A(A) = E(A)E 1 (A)D(A)F 1 (A)F(A). 
By the uniqueness of the Smith form for A(A) (more exactly, by the uniqueness 
of the invariant polynomials of A(A» it follows that the invariant polynomials 
of A(A) are the same as those of B(A). 0 

Of special interest is the equivalence of n x n linear matrix polynomials of 
the form fA - A. It turns out that for linear polynomials the concept of 
equivalence is closely related to the concept of similarity between matrices. 
Recall, that matrices A and B are similar if A = SBS- 1 for some nonsingular 
matrix S. The following theorem clarifies this relationship. 

Theorem S1.12.  fA - A � fA - B if and only if A and B are similar. 
To prove this theorem, we have to introduce division of matrix poly­

nomials. 
We restrict ourselves to the case when the dividend is a general matrix 

polynomial A(A) = L}= o  A j Aj, and the divisor is a matrix polynomial of type 
fA + X, where X is a constant n x n matrix. In this case the following 
representation holds : 

A(A) = Qr(A) (fA + X) + R" (S 1 .45) 

where Qr(A) is a matrix polynomial, which is called the right quotient, and Rr 
is a constant matrix, which is called the right remainder, on division of 
A(A) by fA + X ;  

(S 1 .46) 

where Ql(A) is the left quotient, and Rl is the left remainder (Rl is a constant 
matrix). 

Let us check the existence of representation (S1 .45) « S 1 .46) can be 
checked analogously). If I = 0 (i.e., A(A) is constant), put Qr(A) == 0 and 
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R, = A(A.). So we can suppose 1 � 1 ;  write Q,(A.) = L�: 6 Qr)A.j• Comparing 
the coefficients of the same degree of A. in right and left hand sides of (S 1 .45), 
this relation can be rewritten as follows : 

AI - 1 = Q!� 2  + Q!'2 1x, . . .  A l = Qt) + Qt)X, 
Ao  = Qt)X + R, . 

Clearly, these equalities define Q!� 1 ,  . . . , Qt), Qt), and R" sequentially. 
It follows from this argument that the left and right quotient and remainder 

are uniquely defined. 

Proof of Theorem S1 . 12 .  In one direction this result is immediate : if 
A = SBS- l for somenonsingular S, then the equalityJA. - A = S(fA. - B)S - 1 

proves the equivalence of JA. - A and JA. - B. Conversely, suppose JA. - A '" 
JA. - B. Then for some matrix polynomials E(A.) and F(A.) with constant non­
zero determinant we have 

E(A.) (JA. - A)F(A.) = JA. - B. 

Suppose that division of (E(A.» - 1 on the left by JA. - A and of F(A.) on the 
right by I A. - B yield 

(E(A.» - 1 = (fA. - A)S(A.) + Eo , (S 1 .47) 

F(A.) = T(A.) (fA. - B) + Fo . 
Substituting in the equation 

(E(A.» - l (fA. - B) = (fA. - A)F(A.), 

we obtain 

{ (fA. - A)S(A.) + Eo} (JA. - B) = (fA. - A) { T(A.) (JA. - B) + F o } ,  

whence 

(JA. - A) (S(A.) - T(A.»(JA. - B) = (fA. - A)Fo - Eo(fA. - B). 

Since the degree of the matrix polynomial in the right-hand side here is 1 it 
follows that S(A.) = T(A.) ; otherwise the degree of the matrix polynomial on 
the left is at least 2. Hence, 

(JA. - A)F 0 = Eo(A.J - B), 

so that 

AFo = Eo B, and 

It remains only to prove that Eo is nonsingular. To this end divide E(A.) on 
the left by JA. - B :  

E(A.) = (fA. - B)U(A.) + Ro . (S1 .48) 
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Then using Eqs. (S 1 .47) and (S 1 .48) we have 

I = (E(A» - lE(A) = { (fA - A)S(A) + Eo } { (fA - B)U(A) + Ro}  
= (fA - A) {S(A) (IA - B)U(A)} + (IA - A)F 0 U(A) 

+ (IA - A)S(A)Ro + Eo Ro 
= (fA - A) [S(A) (IA - B)U(A) + Fo U(A) + S(A)RoJ + Eo Ro . 

Hence the matrix polynomial in the square brackets is zero, and Eo Ro = I, 
i .e. , Eo is nonsingular. D 

S 1 .7 .  Jordan Normal Form 

We prove here (as an application of the Smith form) the theorem on the 
existence of a Jordan form for every square matrix. 

Let us start with some definitions. A square matrix of type 

is called a Jordan block, and Ao is its eigenvalue. A matrix J is called Jordan, 
if it is a block diagonal matrix formed by Jordan blocks on the main diagonal : 

o 
o 

where Ji are Jordan blocks (their eigenvalues may be arbitrary). 
The theorem on existence and uniqueness of a Jordan form can now be 

stated as follows : 

Theorem S1 . 13. Every n x n matrix B is similar to a Jordan matrix. This 
Jordan matrix is unique up to permutation of some Jordan b locks. 

Before we start to prove this theorem, let us compute the elementary 
divisors of IA - J where J is a Jordan matrix. 

Consider first the matrix polynomial I A - J 0 ,  where J 0 is a Jordan block of 
size k and eigenvalue Ao · Clearly, det(IA - Jo) = (A - Aot. On the other hand, 
there exists a minor (namely, composed by rows 1, . . .  , k - 1 and columns 
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2, . . .  , k) of order k - 1 which is 1 .  So the greatest common divisor of the 
minors of order k - 1 is also 1, and by Theorem 1 .2 the Smith form of 
H - Jo is 

f :  : : :  (J AJ 
i .e. , with the single elementary divisor (A. - ,1.ol. 

Now let ,1. 1 ' . . .  , ,1.p be different complex numbers and let J be the Jordan 
matrix consisting of Jordan blocks of sizes ai l , . . .  , ai , k i and eigenvalue ,1.i , 
i = 1 ,  . . .  , p. Using Proposition S 1 . 5  and the assertion proved in the preceding 
paragraph, we see that the elementary divisors of H - J are just (A. - ,1.;)"'i i, 
j = 1, . . . , ki ' i = 1, . . .  , p. 

Proof of Theorem Sl . 13 .  The proof is based on reduction to the equi­
valence of matrix polynomials. Namely, B is similar to a Jordan matrix J if 
and only if H - B '" H - J, and the latter condition means that the invariant 
polynomials of H - B and H - J are the same. From the investigation of the 
Smith form of I A. - J, where J is a Jordan matrix, it is clear how to construct a 
Jordan matrix J such that H - J and H - B have the same elementary 
divisors. Namely, J contains exactly one Jordan block of size r with eigenvalue 
,1.0 for every elementary divisor (A. - ,1.oY of H - B. The size of J is then equal 
to the sum of degrees of all elementary divisors of I A. - B, which in turn is 
equal to the degree of det(J A. - B), i .e . , to the size n of B. Thus, the sizes of J 
and B are the same, and Theorem S 1 . 1 3  follows. 0 

S 1 .8.  Functions of Matrices 

Let T be an n x n matrix. We would like to give a meaning to f(T), as a 
matrix-valued function, where f(,1.) is some scalar function of a complex 
variable. We shall restrict our attention here to functions f which are analytic 
in a neighborhood of the spectrum a(T) of T (this case is sufficient for our 
purposes). 

So let f(,1.) be a scalar-valued function which is analytic in some open set 
U c € such that a(T) c U. Let r c U be a rectifiable contour (depending on 
f(,1.)) such that a(T) is inside r ;  the contour r may consist of several simple 
contours (i.e., without self-intersections). For example, let a(T) = {,1. 1 ' . . .  , ,1.r }  
and let r = U�= 1 {A. E € I I ,1. - ,1.; 1 = bJ,  where bi  > 0 are chosen small 
enough to ensure that r c U. Put, by definition 

f(T) = � r f(,1.) (J,1. - T) - 1 d,1.. 
2m J r 

(S 1 .49) 
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In view of the Cauchy integral formula, this definition does not depend on the 
choice of r (provided the above requirements on r are met). Note that 
according to (S 1 .49), f(S- 1 TS) = S- 1f(T)S for any nonsingular matrix S. 

The following proposition shows that the definition (S 1 .49) is consistent 
with the expected value of f(T) = Ti for the analytic functions f(A) = Ai, 
i = 0, 1 ,  . . . . 

Proposition 81 . 14 .  

� r Ai(U - T) - 1 dA = Ti, 
2m Jr j = 0 ,  1 ,  . . . . (S 1 . 50) 

Proof Suppose first that T is a Jordan block with eigenvalue A = 0 :  

T =  

Then 

o 1 
0 0 1 

o 0 

(recall that n is the size of T). So 

o 

place j + I 

o 1 

o 

o 
o 

1 
o 

o 

(S 1 . 5 1 )  

A - n 1 A - n + 1 

;,.- 1 
(S 1 . 52) 

o 

o 
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It is then easy to verify (S 1 . 50) for a Jordan block T with eigenvalue ,1,0 (not 
necessarily 0). Indeed, T - ,1,0 1 has an eigenvalue 0, so by the case already 
already considered, 

j = 0, 1 ,  . . .  , 

where r 0 = {A - ,1,0 I ,I. E  n. The change of variables J1 = A + ,1,0 in the 
left-hand side leads to 

Now 

so (S 1 . 50) holds. 

j = 0, 1, . . . .  (S 1 . 53) 

Applying (S 1 . 50) separately for each Jordan block, we can carry (S 1 . 50) 
further for arbitrary Jordan matrices T. Finally, for a given matrix T there 
exists a Jordan matrix J and an invertible matrix S such that T = S- l JS. 
Since (S 1 . 50) is already proved for J, we have 

o 
The definition of this function of T establishes the map cp : A -+ (j;n x n from 

the set A of all functions analytic in a neighborhood of a{T) (each function in 
its own neighborhood) to the set e x  n of all n x n matrices : 

cp(f) = f(T) = -2
1

. r f(A) (H - T)- 1 dA, 
m Jr 

f(A) E A. (S 1 . 54) 

Observe that the set A is a commutative algebra with the natural definitions : 
(f . g) (A) = f(A) . g(A) E A for every pair of functions f(A), g(A) E A, (DCf) (A) = 
DC · f(A) for f(A) E A and DC E fl. 

Proposition S 1 . 14 is a special case of the following theorem (where we use 
the notions introduced above) : 
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Theorem 81 .15 .  The map qJ : A -+ fln x n is a homomorphism of algebra A 
into the algebra of all n x n matrices. In other words, 

qJ(f . g) = qJ(f) . qJ(g), 

qJ(af + f3g) = aqJ(f) + f3qJ(g), 
where f().,), g().,) E A and a, f3 E fl. 

(S 1 .55) 

(S 1 .56) 

Proof As in the proof of Proposition S 1 . 14 the general case is reduced to 
the case when T is a single Jordan block with eigenvalue zero as in (S 1 . 5 1 ). 
Let f().,) = 'L1= 0 )"iJj, g().,) = 'L1= 0 ).,igi be the developments of f().,) and g().,) 
into power series in a neighborhood of zero. Then, using, (S 1 . 52) we find that [;,, - 1 ;.,- 2  . . .  ;.,- n 1 

1 00 0 )., - 1  . . .  )., - n + 1 
qJ(f) = -2 . 

r I )" iJj . .  . d)" 
m Jr i ; o : :  : 

Analogously, 

o 0 ;"- 1 [fO f1 . . .  fn - 11 
= 

0 fo " . : 
: :  f1 
o 0 fo 

(S 1 . 57) 

�0) � [l :f 71 �(f . g) 
� 

l � ! . h�J (S 15 8) 

where the coefficients hi are taken from the development f().,)g().,) = 
'L1= 0 ).,ihi · So hk = I'; o !jgk - i ' k = 0, 1 ,  . . .  , and direct computation of the 
product qJ(f) . qJ(g), using (S 1 . 57) and (S 1 .58), shows that qJ(fg) = qJ(f) . qJ(g), 
i .e . , (S 1 . 55) holds. Since the equality (S 1 . 56) is evident, Theorem S 1 . 1 5  
follows. 0 

We note the following formula, which was established in the proof of 
Theorem S 1 . 1 5 :  if J is the Jordan block of size k x k with eigenvalue ).,0 , then 

f(J) = o 

o o 

1 f(k - 1 )()., ) 
(k - I ) ! 0 

(S 1 . 59) 
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for any analytic function f(A) defined in a neighborhood of Ao (f(i)(Ao) means 
the ith derivative of f(A) evaluated at Ao). 

As an immediate consequence of Theorem S 1 . 1 5  we obtain the following 
corollary. 

Corollary S1 . 16. Let f(A) and g(A) be analytic functions in a neighborhood 
of 0-( T). Then 

f(T) . g(T) = g(T) . f(T), 
i .e. , the matrices f(T) and g(T) commute. 

Comments 

A good source for the theory of partial multiplicities and the local Smith 
form of operator valued analytic functions in infinite dimensional Banach 
space is [38] ; see also [2, 37d] . For further development of the notion of 
equivalence see [28, 70c] . 

A generalization of the global Smith form for operator-valued analytic 
functions is obtained in [57a, 57b] ; see also [37d] . 



Chapter S2 

The Matrix Equation AX - XB = C 

In this chapter we consider the equation 

AX - XB = C, (S2. 1 )  

where A,  B, C are given matrices and X i s a matrix t o  b e  found. We shall 
assume that A and B are square, but not necessarily of the same size : the 
size of A is r x r, and the size of B is s x s ; then C, as well as X, is of 
size r x s. In the particular case of Eq. (S2. 1 )  with A = B and C = 0, the 
solutions of (S2. 1 )  are exactly the matrices which commute with A. This case 
is considered in Section S2.2. 

S2. 1 .  Existence of Solutions of A X  - XB = C 

The main result on existence of solutions of (S2. 1 )  reads as follows. 

Theorem S2.1 .  Equation (S2. 1 )  has a solution X if and only if the matrices 

and [� �J 

are similar. 
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Proof If (S2. 1 )  has a solution X, then direct multiplication shows that 

but 

so 

[1 -XJ [A 0 J [1 XJ = 
[A CJ . 0 1 O B O l  O B ' 

[1 -XJ = 

[1 XJ - 1 o 1 0 1 ' 

d [A CJ an 0 B 
are similar with the similarity matrix 

[1 XJ 0 1 · 

Suppose now that the matrices 

and [� �J 
are similar : 

[� �J = S- 1 [� �Js (S2.2) 

for some nonsingular matrix S. Define the linear transformations 01 and O2 
on the set �� ! �  of all (r + s) x (r + s) complex matrices (considered as 
an (r + s)2-dimensional vector space) as follows : 

°1 (Z) = [� �Jz - z[� �J 
°iZ) = [� �Jz - z[� �J 

where Z E �� ! � .  Equality (S2.2) implies that 

In particular, 

Consequently, 
Ker O2 = {SZ j Z E �� ! �  and Z E Ker Od.  

dim Ker 01 = dim Ker O2 . (S2.3) 
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One checks easily that 

Ker Q1 = {[� �J I A T = TA, A V =  VB, B V =  VA, B W = WB} 
and 

Ker Q2 = {[� �J I A T  + C V  = TA, A V  + C W  = VB, B V  = VA, 

B W  = WB} 
It is sufficient to find a matrix in Ker Q2 of the form 

(S2.4) 

(indeed, in view of the equality A V + C( - J) = VB, the matrix V is a solu­
tion of (S2. 1 » . To this end introduce the set R consisting of all pairs of 
complex matrices ( V, W), where V is of size s x r and W is of size s x s such 
that BV = V A and BW = WB. Then R is a linear space with multiplication 
by a complex number and addition defined in a natural way : 

IX( V, W) = (IX V, IX W), IX E C, 
( V1 , W1 )  + ( V2 , W2) = ( V1 + V2 , W1 + W2)· 

Define linear transformations <l>i : Ker Qi -+ R, i = 1 , 2 by the formula <I>{� �J = ( V, W). 

Then 

Ker <l>l = Ker <l>2 = {[� �J I A T  = TA, A V  = VB} . (S2.5) 

In addition, we have 
(S2.6) 

To see this, observe that 1m <1>1 = R, because if BV = V A and BW = WB, 
then 

Therefore 

(S2.7) 
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On the other hand, by the well-known property of linear transformations, 

dim Ker <IIi + dim 1m <IIi = dim Ker ili ' i = 1 , 2. 

In view of (S2.3) and (S2. 5), dim 1m <11 1 = dim 1m <112 ; now (S2.6) follows 
from (S2.7). 

Consider the pair 

By (S2.6), there exists a matrix 

such that 

This means that Vo = 0, Wo = - I ;  so we have found a matrix in Ker il2 of 
the form (S2.4). 0 

S2.2. Commuting Matrices 

Matrices A and B (both of the same size n x n) are said to commute if 
AB = BA. We shall describe the set of all matrices which commute with a 
given matrix A. In other words, we wish to find all the solutions of the equa­
tion 

AX = XA, (S2.8) 

where X is an n x n matrix to be found. Recall that (S2.8) is a particular case 
of Eq . (S2. 1 )  (with B = A and C = 0). 

We can restrict ourselves to the case that A is in the Jordan form. Indeed, 
let J = S- 1 AS be a Jordan matrix for some nonsingular matrix S. Then X is a 
solution of (S2.8) if and only if Z = S - l XS is a solution of 

JZ = ZJ. (S2.9) 

So we shall assume that A = J is in the Jordan form. Write 



346 S2. THE MATRIX EQUATION AX - XB = C 

where Ja (IX = 1 ,  . . .  , u) is a Jordan block of size rna X rna , Ja = Aa fa + Ha , 
where fa is the unit matrix of size rna X rna , and 

H = a 

o 1 0 
o 

1 
o 0 

Let Z be a matrix which satisfies (S2.9). Write 

Z = (ZaP);, p =  1 , 

where ZaP is a rna X rnp matrix. Rewrite Eq. (S2.9) in the form 

(Aa - Ap)ZaP = Zap Hp - Ha Zap , 1 :s;; IX, 13 :s;; u .  

Two cases can occur : 

(S2. 1O) 

( 1 )  Aa i= Ap . We show that in this case ZaP = O. Indeed, multiply the 
left-hand side of (S2. 1 0) by Aa - Ap and in each term in the right-hand side 
replace (Aa - Ap)ZaP by Zap Hp - HaZap . We obtain 

(Aa - Ap)2ZaP = Zap H� - 2HaZap Hp + H;ZaP ' 

Repeating this process, we obtain for every p = 1 ,  2, . . .  , 
p 

(Aa - Ap)PZaP = L ( - 1 )q(�)H� Zap H�- q. 
q = O 

(S2. 1 1 ) 

Choose p large enough so that either H� = 0 or H�- q = 0 for every 
q = 0, . . .  , p. Then the right-hand side of (S2. 1 1 ) is zero, and since Aa i= Ap , 
we obtain that ZaP = O. 

(2) Aa = Ap . Then 

Zap Hp = HaZap . (S2. 12) 

From the structure of Ha and Hp it follows that the product HaZaP is ob­
tained from ZaP by shifting all the rows one place upwards and filling the 
last row with zeros ; similarly, Zap Hp is obtained from ZaP by shifting all the 
columns one place to the right and filling the first column with zeros. So 
Eq. (S2. 1 2) gives (where 'ik is the (i, k)th entry in ZaP ' which depends, of course, 
on IX and 13) : 

i = 1 , . . .  , rna , k = 1 , . . .  , rnp , 

where by definition 'iO = 'm� + 1 , k = O. These equalities mean that the matrix 
Zap has the structure 



S2.2 . COMMUTING MATRICES 

C(2 ) • • •  c (m«) 1 II.P II.P 
cW . . . C�'ii« - l ) 

· . 
· . 
· . 

o c( 1 ) II.P 

� 
(2) for m� < mp : ZII.P = [ 0  TmJ ; 

(3) for mil. > mp : ZII.P = [T�/IJ 
}m/X - mp 

(C( i) E (f;) . \ II.P , 
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(S2. 1 3) 

(S2. 14) 

(S2. 1 5) 

Matrices of types (S2. 1 3)-(S2. 1 5) will be referred to as upper triangular 
Toeplitz matrices. So we have proved the following result. 

Theorem S2.2. Let J = diag[ J l , . . •  , J k] be an n x n Jordan matrix with 
Jordan b locks J l , . . .  , Jk and eigenvalues A l , . . .  , Ak , respectively. Then an 
n x n matrix Z commutes with J if and only ifZlI.p = Of or All. #- Ap and ZII.P is an 
upper triangular Toeplitz matrix for All. = Ap , where Z = (ZlI.p)II. . P = l • . . . •  k is 
the partition of Z consistent with the partition of J into Jordan blocks. 

We repeat that Theorem S2.2 gives, after applying a suitable similarity 
transformation, a description of all matrices commuting with a fixed matrix A. 

Corollary S2.3. If O'(A) n O'(B) = 0, then for all C the equation 
AX - X B = C has a unique solution. 

Proof Since Eq. (S2. 1 ) is linear, it is sufficient to show that AX - XB = 0 
has only the zero solution. Indeed, let X be a solution of this equation ; then 
[b 7J commutes with [� n However, since O'(A) n O'(B) = 0, Theorem S2.2 
implies that X = O. 0 

Comments 
Theorem S2. 1 was proved in [72] . The proof presented here is from [ 1 8] .  

For a comprehensive treatment o f  commuting matrices see [22, Chapter 
VIII] . Formulas for the solution of Eq. (S2. 1 )  when O'(A) n O'(B) #- 0, as 
well as a treatment of more general equations in infinite dimensional spaces 
can be found in [ 1 6a] . 
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One-Sided and Generalized Inverses 

In the main text we use some well-known facts about one-sided and 
generalized inverses. These facts, in an appropriate form, are presented here 
with their proofs. 

Let A be an m x n matrix with complex entries. A is called left invertible 
(resp. right invertible) if there exists an n x m complex matrix AI such that 
AlA = J (resp. AAI = J). In this case AI is called a left (resp. right) inverse 
of A. 

The notion of  one-sided invertibility is a generalization of the notion of 
invertibility (nonsingularity) of square matrices. If A is a square matrix 
and det A =1= 0, then A -

1 is the unique left and right inverse of A. 
One-sided invertibility is easily characterized in other ways. Thus, in 

the case of left invertibility, the following statements are equivalent ; 

(i) the m x n matrix A is left invertible ; 
(ii) the columns of A are linearly independent in (r (in particular, m 2:: n) ; 

(iii) Ker A = {OJ , where A is considered as a linear transformation 
from (tn to ¢m. . 

Let us check this assertion. Assume A is left invertible, and assume that 
Ax = 0 for some x E fl.". Let AI be a left inverse of A. Then x = AIAx = 0 
i.e. , Ker A = {OJ , so (i) = (iii) follows. 

348 

On the other hand, if Ker A = {OJ ,  then the columns fl ' . . .  ' fn of A are 
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linearly independent. For equality :Ll= o ad ; = 0, for some complex numbers 
a 1 , ·  • •  , an ' yields 

= 0, so 

Finally, we shall construct a left inverse of A provided the columns of A are 
linearly independent. In this case rank A = n, so we can choose a set of n 
linearly independent rows of A, and let Ao be the square n x n submatrix 
of A formed by these rows. Since the rows of Ao are linearly independent, 
Ao is nonsingular, so there exists an inverse Ao 1 . Now construct a left 
inverse AI of A as follows : AI is of size n x m ; the columns of AI corresponding 
to the chosen linearly independent set of rows in A, form the matrix Ao 1 ; all 
other columns of AI are zeros. By a straightforward multiplication on checks 
that AlA = I, and (ii) = (i) is proved. 

The above construction of a left inverse for the left invertible matrix A 
can be employed further to obtain a general formula for the left inverse AI. 
Namely, assuming for simplicity that the nonsingular n x n submatrix 
Ao of A occupies the top n rows, write 

Then a straightforward calculation shows that 

(S3 . 1 )  

i s  a left inverse for A for every n x (m - n) matrix B .  Conversely, if A I  i s  a 
left inverse of A, it can be represented in the form (S3. 1 ). In particular, a left 
inverse is unique if and only if the left invertible matrix A is square (and then 
necessarily nonsingular). 

In the case of right invertibility, we have equivalence of the following : 

(iv) the m x n matrix A is right invertible ; 
(v) the rows of A are linearly independent in fln (in particular, m � n) ; 

(vi) 1m A = flm. 

This assertion can be obtained by arguments like those used above (or by 
using the equivalence of (i), (ii) , and (iii) for the transposed matrix AT). 

In an analogous way, the m x n matrix A is right invertible if and only 
if there exists a nonsingular m x m submatrix Ao of A (this can be seen 
from (v)). Assuming for simplicity of notation that Ao occupies the leftmost 
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columns of A, and writing A = [Ao ,  A l ] , we obtain the general formula for a 
right inverse AI (analogous to (S3 . 1 )) :  

AI = 0 0 1 [A - l - A - l A C] 
C 

where C is an arbitrary (n - m) x m matrix. 

(S3.2) 

Right invertibility of an m x n matrix A is closely related to the equation 

Ax = y, (S3 .3) 

where y E ([;m is given and x E ([;n is to be found. Assume A is right invertible ; 
then obviously 

x = Aly, (S3.4) 

where AI is any right inverse of A, is a solution of (S3 .3). It turns out that 
formula (S3 .4) gives the general solution of (S3 .3) provided y "# o. Indeed, 
write A = [Ao , A l] with nonsingular matrix Ao , and let x = G�] be a 
solution of (S3 .3), where the partition is consistent with that of A. Since 
y "# 0, there exists an (n - m) x m matrix C such that Cy = X2 . Then 
using (S3.3), 

(Ail l - Ail lA l C)y = Ail ly - Ail lA lX2 = Ail ly - Ail l (y - AO x l ) = X l . 
In other words, Aly = x, where AI is given by (S3.2). Thus, for y "# 0, every 
solution of (S3.3) is in the form (S3.4). 

We point out that one-sided invertibility is stable under small perturba­
tions. Namely, let A be a one-sided (left or right) invertible matrix. Then 
there exists e > 0 such that every matrix B with I I A - B I I < e is also one­
sided invertible, and from the same side as A. (Here and in what follows the 
norm I I M I I of the matrix M is understood as follows : I I M I I = sup I I  x I I  = 1 II M x I I , 
where the norms of  vectors x and Mx are euclidean.) This property follows 
from (ii) (in case of left invertibility) and from (v) (in case of right invertibility). 
Indeed, assume for example that A is left invertible (of size m x n) . Let Ao 
be a nonsingular n x n submatrix of A. The corresponding n x n submatrix 
Bo of B is as close as we wish to Ao , provided I I A - B I I is sufficiently small. 
Since nonsingularity of a matrix is preserved under small perturbations, Bo 
will be nonsingular as well if I I A - B I I is small enough. But this implies linear 
independence of the columns of B, and therefore B is left invertible. 

One can take t: = I I AI I I - l in the preceding paragraph, where AI is some 
right or left inverse of A. Indeed, suppose for definiteness that A is right 
invertible, AAI = I. Let B be such that I I A - B I I < I I AI I I - l . Then BAI = 
AAI + (B - A)AI = 1 + S, where S = (B - A)AI. By the conditions I I S I I < 1 ,  
I + S i s  invertible and 

(I + S) - 1 = I - S + S2 - S3 + . . .  , 
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where the series converges absolutely (because I I S I I  < 1). Thus, BAI(l + S) - 1 
= I, i .e . , B is right invertible. 

We conclude this chapter with the notion of generalized inverse. An n x m 
matrix AI is called a generalized inverse of the m x n matrix A if the following 
equalities hold : 

This notion incorporates as special cases the notions of one-sided (left or 
right) inverses. A generalized inverse of A exists always (in contrast with 
one-sided inverses which exist if and only if A has full rank). One of the 
easiest ways to verify the existence of a generalized inverse is by using the 
representation 

A = B{� �JB2 ' (S3 .5) 

where B1 and B2 are nonsingular matrices of sizes m x m and n x n, re­
spectively. Representation (S3 .5) may be achieved by performing elementary 
transformations of columns and rows of A. For A in the form (S3.5), a 
generalized inverse can be found easily : 

AI = B- 2 [I °JB- 1 2 0 0 1 · 

Using (S3. 5), one can easily verify that a generalized inverse is unique if 
and only if A is square and nonsingular. 

We shall also need the following fact : if .A c (f;m is a direct complement 
to 1m A, and .H c (f;n is a direct complement to Ker A, then there exists a 
generalized inverse AI of A such that Ker AI = .A and 1m AI = .H. (For the 
definition of direct complements see Section S4. 1 .) Indeed, let us check 
this assertion first for 

A = [Ir OJ o O · (S3 .6) 

The conditions on .A and .H imply that 

.A = Im[ X J Im - r 

for some r x (m - r) matrix X and (n - r) x r matrix Y. Then 
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is a generalized inverse of A with the properties that Ker Al = .;It and 
1m Al = .K. The general case is easily reduced to the case (S3 .6) by means 
of representation (S3. 5), using the relations 

Ker A = B2 1 (Ker D), 1m A = B1 (1m D), 

where 



Chapter S 4  

Stable Invariant Subspaces 

In Chapters 3 and 7 it is proved that the description of divisors of a matrix 
polynomial depends on the structure of invariant subspaces for its lineariza­
tion. So the properties of the invariant subspaces for a given matrix (or linear 
transformation) play an important role in the spectral analysis of matrix 
polynomials. Consequently, we consider in this chapter invariant subspaces 
of a linear transformation acting in a finite dimensional linear vector space 
fll". In the main, attention is focused on a certain class of invariant subspaces 
which will be called stable. Sections S4.3 ,  S4.4, and S4.5 are auxiliary, but the 
results presented there are also used in the main text. We shall often assume 
that f!( = fln, where fl" is considered as the linear space of n-dimensional 
column vectors together with the customary scalar product (x, y) defined in 
fln by 

n (x, y) = L Xi Yi , 
i =  1 

where x = (X l ' . . .  , Xn?, Y = (Y l , . . .  , Yn? E fln. We may also assume that 
linear transformations are represented by matrices in the standard ortho­
normal basis in fln. 

S4. 1 .  Projectors and Subspaces 

A linear transformation P : fll" ...... f!( is called a projector if p2 = P. It 
follows immediately from the definition that if P is a projector, so is S - l PS 
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for any invertible transformation S. The important feature of projectors is 
that there exists a one-to-one correspondence between the set of al l  projectors 
and the set of all pairs of complementary subspaces in fr. This correspondence 
is described in Theorem S4. 1 .  

Recall first that, i f  At ,  !/! are subspaces o f  fr ,  then ,� + !/! = {z E .of I z = 

x + y, X E At, y E !/!}.  This sum is said to be direct if At n !/! = {O} in which 
case we write At + !/! for the sum. The subspaces At, !/! are complementary 
(are direct complements of each other) if At n !/! = {O} and j{ + !/! = fr. 

Subspaces At, !/! are orthogonal if for each x E .� and y E !/! we have 
(x, y) = 0 and they are orthogonal complements if, in addition, they are 
complementary. In this case, we write At = !/!1., !/! = .J/1.. 

Theorem 84.1 .  Let P be a projector. Then (1m P, Ker P) is a pair of 
complementary subspaces in fr. Conversely, for every pair (!/! 1 ,  !/! 2) of com­
plementary subs paces in fr, there exists a unique projector P such that 1m 
P = !/! l ' Ker P = !/! 2 . 

Proof Let x E .0£. Then 

x = (x - Px) + Px. 

Clearly, Px E 1m P and x - Px E Ker P (because p2 
= P). So 1m P + Ker 

P = fr. Further, if x E 1m P n Ker P, then x = Py for some y E fr and 
Px = O. So 

x = Py = p2y = P(Py) = Px = 0, 

and 1m P n Ker P = {O} .  Hence 1m P and Ker P are indeed complementary 
subspaces. 

Conversely, let !/! 1 and !/!2 be a pair of complementary subspaces .  Let P 
be the unique linear transformation in fr such that Px = x for x E !/! 1 and 
Px = 0 for x E !/! 2 '  Then clearly p2 

= P, !/! 1 C 1m P, and !/! 2 C Ker P. 
But we already know from the first part of the proof that 1m P + Ker P = fr. 
By dimensional considerations, we have, consequently, !/! 1 = 1m P and 
!/! 2 = Ker P. So P is a projector with the desired properties. The uniqueness 
of P follows from the property that Px = x for every x E 1m P (which in turn 
is a consequence of the equality p2 

= P). 0 
We say that P is the projector on !/! 1 along !/!2 if 1m P = !/! i ,  Ker P = !/! 2 . 

A projector P is called orthogonal if Ker P = (1m P)1.. Orthogonal projectors 
are particularly important and can be characterized as follows : 

Proposition 84.2. A projector P is orthogonal if and only if P is self­
adjoint, i.e. , p* = P. 
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Recall that for a linear transformation T :  (In --+ (In the adjoint T* : 
fl" --+ (In is defined by the relation (Tx, y) = (x, T*y) for all x, y E (In. A 
transformation T is self-adjoint if T = T* ; in such a case it is represented by 
a hermitian matrix in the standard orthonormal basis. 

Proof Suppose p* = P, and let x E 1m P, y E Ker P. Then (x, y) = 

(Px, y) = (x, Py) = (x, 0) = 0, i .e . , Ker P is orthogonal to 1m P. Since by 
Theorem S4. 1 Ker P and 1m P are complementary, it follows that in fact 
Ker P = (1m P).l. 

Conversely, let Ker P = (1m P).l. In order to prove that P* = P, we have 
to check the equality 

(Px, y) = (x, Py) for all x, y E (In. (S4. 1 )  

Because o f  the sesquilinearity o f  the function (Px, y) i n  the arguments 
x, y E ?£, and in view of Theorem S4. 1 ,  it is sufficient to prove (S4. 1 )  for the 
following 4 cases : ( 1 )  x, y E 1m P ; (2) x E Ker P, y E lm P ; (3) x E 1m P, 
y E Ker P ;  (4) x, y E Ker P. In case (4), the equality (4. 1 )  is trivial because 
both sides are 0. In case ( 1 )  we have 

(Px, y) = (Px, Py) = (x, Py), 

and (S4. 1 )  follows. In case (2), the left-hand side of (S4. 1 )  is zero (since 
x E Ker P) and the right-hand side is also zero in view of the orthogonality 
Ker P = (1m P).l. In the same way, one checks (S4. 1 )  in case (3). 

So (S4. 1 )  holds, and p* = P. 0 

Note that if P is a projector, so is I - P. Indeed, (I - P)2 = I - 2P + p2 
= I - 2P + P = I - P. Moreover, Ker P = Im(I - P) and 1m P = 

Ker(I - P). It is natural to call the projectors P and I - P complementary 
projectors. 

We shall now give useful representations of a projector with respect to a 
decomposition of :!l into a sum of two complementary subspaces. Let 
T :  :!l --+ ?£ be a linear transformation and let 2 1 , 22 be a pair of complemen­
tary subspaces in ?£. Denote mi = dim 2i (i = 1, 2) ; then ml + m2 = n 
( = dim ?£). The transformation T may be written as a 2 x 2 block matrix 
with respect to the decomposition 2 1 + 22 = ?£ :  

(S4.2) 

Here 7;j (i, j = 1 , 2) is an mi x mj matrix which represents in some basis the 
linear transformation Pi TI.�j : 2j --+ 2i , where Pi is the projector on 2i 
along 23 - i (so Pl + P2 = I). 
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Suppose now that T = P is a projector on 21 = 1m P. Then representa­
tion (S4.2) takes the form 

(S4.3) 

for some matrix X. In general, X "# O. One can check easily that X = 0 if 
and only if 22 = Ker P. Analogously, if 21 = Ker P, then (S4.2) takes the 
form 

(S4.4) 

and Y = 0 if and only if 22 = 1m P. By the way, the direct multiplication 
p . P, where P is given by (S4.3) or (S4.4), shows that P is indeed a projector : 
p2 

= P. 

S4.2. Spectral Invariant Subspaces and Riesz Projectors 

Let A :  :J: -+ ?£ be a linear transformation on a linear vector space :J: with 
dim :J: = n. 

Recall that a subspace 2 is invariant for A (or A-invariant) if A2 c 2. 
The subspace consisting of the zero vector and :J: itself is invariant for every 
linear transformation. A less trivial example is a one-dimensional subspace 
spanned by an eigenvector. An A-invariant subspace 2 is called A-reducing 
if there exists a direct complement 2' to 2 in :J: which is also A-invariant. 
In this case we shall say also that the pair of subspaces (2, 2') is A-reducing. 
Not every A-invariant subspace is A-reducing : for example, if A is a Jordan 
block of size k, considered as a linear transformation of (/} to rz;\ then there 
exists a sequence of A-invariant subspaces rz;k ::::J 2k - 1 ::::J 2k - 2 ::::J • • •  ::::J 
21 ::::J {O} ,  where 2; is the subspace spanned by the first i unit coordinate 
vectors. It is easily seen that none of the invariant subspaces 2i 
(i = 1 ,  . . .  , k - 1 )  i s  A-reducing (because 2i i s  the single A-invariant sub­
space of dimension i) . 

From the definition it follows immediately that 2 is an A-invariant 
(resp. A-reducing) subspace if and only if S2 is an invariant (resp. reducing) 
subspace for the linear transformation SAS - 1 , where S :  PI -+ ?£ is invertible. 
This simple observation allows us to use the Jordan normal form of A in 
many questions concerning invariant and reducing subspaces, and we 
frequently take advantage of this in what follows. 

Invariant and reducing subspaces can be characterized in terms of 
projectors, as follows : let A : :J: -+ :J: be a linear transformation and let 
P : :J: -+ :J: be a projector. Then 
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(i) the subspace 1m P is A-invariant if and only if 
PAP = AP ; 

(ii) the pair of subspaces 1m P, Ker P is A-reducing if and only if 
AP = PA. 

357 

Indeed, write A as a 2 x 2 block matrix with respect to the decomposition 
1m P + Ker P = !![ :  

(so, for instance, A l l  = PA hmP : 1 m  P -+ 1 m  P). The projector P has the 
corresponding representation (see (S4.3)) 

p _ [I OJ - 0 O ·  
Now PAP = AP means that A 2 1 = O. But A 2 1 = 0 in turn means that 1m P 
is A-invariant, and (i) is proved. Further, AP = PA means that A2 1 = 0 and 
A 1 2 = O. But clearly, the condition that 1m P, Ker P is an A-reducing pair 
is the same. So (ii) holds as well. 

We consider now an important class of reducing subspaces, namely, 
spectral invariant subspaces. Let a(A) be the spectrum of A, i.e., the set of all 
eigenvalues. Among the A-invariant subspaces of special interest are spectral 
invariant subspaces. An A-invariant subspace fi' is called spectral with 
respect to a subset a c a(A), if fi' is a maximal A-invariant subspace with the 
property that a(A loP) c a. If a = {Ao } consists of only one point ,10 ' then a 
spectral subspace with respect to a is just the root subspace of A correspond­
ing to ,10 . 

To describe spectral invariant subspaces, it is convenient to use Riesz 
projectors. Consider the linear transformation 1 i - 1 P" = -2 . (H - A) dA, 

1tl fo 
(S4.5) 

where r" is a simple rectifiable contour such that a is inside r" and a(A)\a 
is outside r" . The matrix P" given by (S4.5) is called the Riesz projector of A 
corresponding to the subset a c a(A). 

We shall list now some simple properties of Riesz projectors. First, let 
us check that (S4. 5) is indeed a projector. To this end letf(A) be the function 
defined as follows : f(A) = 1 inside and on r" ,J(A) = 0 outside r" . Then we 
can rewrite (S4. 5) in the form 
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where r is some contour such that a(A) is inside r. Sincef(A) is analytic in a 
neighborhood of a(A), by Theorem S l . 1 5  we have 

P; = � r f(A)(H - A) - l dA · � r f(A)(lA - A) - l dA 2m Jr 2m Jr 

= � r (f(A» 2(H - A) - l dA 2m Jr 

and we have used the fact that (f(A» 2 
= f(A). So P" is a projector. By 

Corollary S l . 1 6, P"A = AP" , so Im P" is a reducing A-invariant subspace. 
Proposition S4.3 below shows that Im P" is in fact the spectral A-invariant 

subspace with respect to a. 
Another way to show that P" is a projector, is to consider the linear 

transformation A in a Jordan basis. By a Jordan basis we mean the basis in 
which A is represented by a matrix in a Jordan normal form. The existence 
of a Jordan basis follows from Theorem S l . 1 3, if we take into account the 
fact that similarity of two matrices means that they represent the same linear 
transformation, but in different bases. 

So, identifying A with its matrix representation in a Jordan basis, we can 
write 

A = [� �J (S4.6) 

where J" (resp. Jt;) is a Jordan matrix with spectrum a (resp. a = a(A)\a). 
From formula (S4.6) we deduce then that 

(in the matrix form with respect to the same basis as in (S4.6» . 
Using (S4.6) one can prove the following characterization of spectral 

invariant subspaces. 

Proposition S4.3. The subspace Im P" is the maximal A-invariant sub­
space such that 

Moreover, Im P" is characterized by this property, i.e. , if Ie is a maximal 
A-invariant subspace such that a(A 12') c a, then Ie = Im P " .  
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In particular, a spectral A-invariant subspace 2" (with respect to a given 
set a c a(A)) is unique and reduces A ;  namely, the spectral A-invariant 
subspace 2u (where ii = a(A)\a) is a direct complement to 2" in f!{. 

Let ill ' . . .  , ilk be all the different eigenvalues of A, and let 

i = 1, . . .  , k, 

where n = dim f!{. The subspace 1(Ii is the root subspace associated with 
eigenvalue ili ' Writing A as a Jordan matrix (in a Jordan basis) it is easily 
seen that 1(Ii coincides with the spectral subspace corresponding to a = {ilJ. 
Clearly, 

(S4.7) 

decomposes f!{ into the direct sum of root subspaces. Moreover, the follow­
ing proposition shows that an analogous decomposition holds for every A­
invariant subspace. 

Proposition S4.4. Let 2 c f![ be an A-invariant subspace. Then 

where 1(11 ' . . .  , 1(1 k are the root subspaces of A.  

(S4.8) 

Proof Let Pi be the Riesz projector corresponding to ili ; then 
1(Ii = 1m Pi ' i = 1, . . .  , k. On the other hand, P1 + P2 + . . .  + Pk = I, so 
any x E 2 can be written in the form 

(S4.9) 

From formula (S4.5) for Riesz projectors and the fact that 2 is A-invariant, 
it follows that Pi X E 2 for x = 1, . . .  , k . Indeed, let ri be a contour such that 
ili is inside ri and ili ' for j ¥- i, is outside ri o For every il E ri , the linear 
transformation Ii!. - A is invertible and (Iil - A)x E 2 for every x E 2. 
Therefore, 

(Iil - A)- lX E 2 
Now for fixed x E 2, the integral 

for every x E 2. 

(� f. (Iil - A) - l dil)X 
2m r, 

(S4. 1 0) 

is a limit of Riemannian sums, all of them belonging to 2 in view of (S4. 1 0). 
Hence the integral, as a limit, also belongs to 2, i.e., Pi X E 2. 

We have proved that Pi X  E 2 n 1fi for any x E 2. Now formula (S4.9) 
gives the inclusion 2 c (2 n 1(11) + . . .  + (2 n 1(Ik)' Since the opposite 
inclusion is obvious, and the sum in the right hand side of (S4.8) is direct 
(because (S4.7) is a direct sum), Proposition S4.4 follows. 0 
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Proposition S4. 4 often allows us to reduce consideration of invariant 
subspaces of A to the case when a(A) consists only of a single point (namely, 
by considering the restrictions A I'IV, to the root subspaces). 

S4.3. The Gap between Subspaces 

This section, and the next, are of an auxiliary character and are devoted 
to the basic properties of the set of all subs paces in f!l = fl". These properties 
will be needed in Section S4.5 to prove results on stable invariant subspaces. 

As usual, we assume that flo is endowed with the scalar product (x, y) = 

L�= I XiV; ;  X = (X l ' . . .  , X"?, Y = (Y I ' . . .  ' Yn)T E flO and the corresponding 
norm 

The norm for an n x n matrix A (or a linear transformation A : fln -+ (l'") 
is defined accordingly : 

I I A I I  = maxx € ¢n\ {ol I I Ax l l / l l x l l · 

The gap between subs paces 2 and At (in fln) is defined as 

0(2, At) = l i P At - P � I I , (S4. 1 1 ) 

where P �(P At) is the orthogonal projector on 2(At) (refer to Section S4. 1 ). 
It is clear from the definition that 0(2, At) is a metric in the set of all subspaces 
in flo, i.e., 0(2, At) enjoys the following properties : 

(i) 0(2, At) > 0 if 2 f= At, 0(2, 2) = 0 ;  
(ii) 0(2, At) = O(At, 2) ; 
(iii) 0(2, At) ::; 0(2, %) + 0(%, At). 

Note also that 0(2, At) ::; 1 (this property follows immediately from the 
characterization (S4. 1 2) below). 

In what follows we shall denote by S � the unit sphere in a subspace 
2 c flo, i .e. , S� = {x I X E 2, I l x l l  = 1 } . We shall also need the concept of the 
distance of d(x, Z) from X E fln to a set Z c flo. This is defined by d(x, Z) = 

inft e z  I l x - t i l · 

Theorem S4.S. Let At, 2 be subspaces in fln. Then 

0(2, At) = max{ sup d(x, 2), sup d(x, At)} . 
x e SAt x € s� 

(S4. 1 2) 
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If P 1 (P 
2
) are projectors with 1m P 1 = 2 (1m P 

2 

= A), not necessarily 
orthogonal, then 

Proof For every x E Sz we have 

therefore 

sup d(x, A) ::::.;; 1 1 P 1 - P
2
1 1 . 

Analogously, sUPx e SAt d(x, 2) ::::.;; l I P 1 - P 
2
1 1 ; so 

max{pz , PAt }  ::::.;; 1 1 P 1 - P
2
1 1 , 

where P z = sUPx e szd(x, A), PAt = sUPx e SAt d(x, 2). 

(S4. 1 3) 

(S4. 14) 

Observe that pz = sUPx e Sz 1 1 (1 - P At)x l l , P At = sUPx e SAt 1 1 (1 - P z)x l l · 

Consequently, for every x E re" we have 

1 1 (1 - P At)Pz x l l ::::.;; Pz l l Pz x l l · 
(S4. 1 5) 

Now 

l i P At(1 - P z)x 1 1 2 = «(1 - P z)p At(1 - P z)x, (1 - P z)x) 

::::.;; 1 1 (1 - P z)p At(1 - P z)x l l · 1 1 (1 - P z)x l l ; 

hence by (S4. 1 5) 

l i P At(1 - P z)x 1 1 2 ::::.;; PAt I I P At(1 - P z)x IH (1 - P z)x l l , 

l i P At (1 - Pz)x l l  ::::.;; P At I I (1 - Pz)x l l ·  

On the other hand, using the relation 

PAt - P z = P At(1 - P z) - (1 - P At)P z 

and the orthogonality of PAt , we obtain 

I I (P At - P z)x 1 1 2 = l i P At(1 - P z)x 1 1 2 + 1 1 (1 - P At)P zx 1 1 2 . 

Combining with (S4. 1 5) and (S4. 16) gives 

(S4. 1 6) 

I I (P At - P z)x 1 1 2 ::::.;; p� l l (1 - P z)x 1 1 2 + p1 1 1 P zx l 1 2 ::::.;; max{p� ,  p1} 1 1 x 1 1 2 . 

So 

l i P  At - P z l l  ::::.;; max{pz , PAt } ·  

Using (S4. 14) (with P1 = Pz , P
2 

= PAt) we obtain (S4. 1 2). The inequality 
(S4. 1 3) follows now from (S4. 14). D 
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An important property of the metric ()(2, Jt) is that in a neighborhood 
of every subspace 2 c q;n all the subspaces have the same dimension (equal 
to dim 2). This is a consequence of the following theorem. 

Theorem S4.6. If ()(2, Jt) < 1, then dim 2 = dim Jt. 

Proof Condition ()(2, Jt) < 1 implies that 2 (\ Jt.L = {O} and 
2.L (\ Jt = {O} .  Indeed, suppose the contrary, and assume, for instance, 
that 2 (\ Jt.L "# {O} .  Let x E S!l' (\ Jt.L. Then d(x, Jt) = 1, and by (S4. 12), 
()(2, Jt) ? 1, a contradiction. Now 2 (\ Jt.L = {O} implies that dim 2 ::; 
dim Jt and 2.L (\ Jt = {O} implies that dim 2 ? dim Jt. 0 

It also follows directly from this proof that the hypothesis ()(2, Jt) < 1 
implies q;n = 2 + Jt.L = 2.L + Jt. In addition, we have 

P At(2) = Jt, P !l'( Jt) = 2. 
To see the first of these, for example, observe that for any x E Jt there is the 
unique decomposition x = y + z, y E 2, z E Jt.L. Hence, x = P Atx = P At Y  
s o  that Jt c P At(2). But the reverse inclusion i s  obvious and s o  w e  must have 
equality. 

We conclude this section with the following result, which makes precise 
the idea that direct sum decompositions of q;n are stable under small per­
turbations of the subs paces in the gap metric. 

Theorem S4.7. Let Jt, Jt 1 C q;n be subspaces such that 

Jt + Jt1 = q;n. 

If % is a subspace in q;n such that ()(Jt, %) is sufficiently small, then 

and 

()(Jt, %) ::; l i P At - P .,v I I  ::; C()(Jt, %), 

(S4. 1 7) 

(S4. 1 8) 

where P At(P .,v) projects q;n onto Jt (onto %) along Jt 1 and C is a constant 
depending on Jt and Jt 1 but not on %. 

Proof Let us prove first that the sum % + Jt 1 is indeed direct. The 
condition that Jt + Jt 1 = q;n is a direct sum implies that I l x - y l l  � () > 0 
for every x E SAt! and every y E Jt. Here () is a fixed positive constant. Take 
% so close to Jt that ()(Jt, %) ::; {)/2. Then l i z - y l l  ::; ()/2 for every Z E S.,v , 
where y = y(z) is the orthogonal projection of z on Jt. Thus for x E SAt ! and 
z E S.,v we have 

I l x - z l l  � I l x - y l l  - l i z - y l l  � {)/2, 
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so % n .A 1 = {O} .  By Theorem S4.6 dim % = dim .A if ()(.A, %) < 1, so 
the dimensional consideration tells us that % + .A 1 = rcn for ()(.A, %) < 1 ,  
and (S4. 1 7) follows. 

To establish the right-hand inequality in (S4. 1 8) two preliminary remarks 
are needed. First note that for any x E .A, y E .A 1 , X = P At(x + y) so that 

I l x + y l l  � l i P At I l - 1 1 I x l l · 
It is claimed that, for ()(.A, %) small enough, 

l i z + y l l  � i l i P At I I - 1 1 I z l l  
for all z E % and y E .A 1 .  

(S4. 19) 

(S4.20) 

Without loss of generality assume I l z l l  = 1. Suppose ()(.A, %) < b and 
let x E .A. Then, using (S4. 1 9) we obtain 

l i z + y l l  � I l x + y l l  - l i z - x i i  � l i P At I I - 1 1 I x l l  - b. 

But then x = (x - z) + z implies I l x l l  � 1 - b and so 

l i z + y l l  � l i P At I I - 1 ( 1  - b) - b 

and, for b small enough, (S4.20) is established. 
The second remark is that, for any x E rcn 

I l x - P At x l l  � Co d(x, .A) (S4.2 1 )  

for some constant Co . To establish (S4.2 1 ), i t  is sufficient to consider the case 
that x E Ker P At and I l x l l  = 1. But then, obviously, we can take Co = 

maxx E KerP At. l l x l l  = 1 {d(x, .A) -
1 } .  

Now for any x E S."v , by use o f  (S4.21 )  and (S4. 1 2), 

I I (P At - P ."v)x l l  = I l x - P Atx l l  � Co d(x, .A) � Co ()(.A, .AI). 
Then, if W E  rcN, I l w l l  = 1 ,  and w = y + z, y E %, z E .A 1 , 

I I (P At - P ."v)w l l  = I I (P At - P ."v)y l l  � I l y I I Co ()(.A, %) � 2Co I IP  At II ()(.A, %) 

and the last inequality follows from (S4.20). This completes the proof of the 
theorem. 0 

S4.4. The Metric Space of Subspaces 

Consider the metric space (/In of all subspaces in rcn (considered in the gap 
metric ()(2, .A)). In this section we shall study some basic properties of (/In . 

We remark that the results of the preceding section can be extended to 
subspaces in infinite-dimensional Hilbert space (instead of rcn) and, with some 
modifications, to the case of infinite-dimensional Banach spaces. The 
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following fundamental theorem is, in contrast, essentially " finite dimensional " 
and cannot be extended to the framework of subspaces in infinite dimensional 
space. 

Theorem 84.8. The metric space (/In is compact and, therefore, complete 
(as a metric space). 

Recall that compactness of (/In means that for every sequence 2 1 22 , • • •  

of subspaces in (/In there exists a converging subsequence 2i" 2;" . . .  , i .e . , 
such that 

lim O(2ik ,  20) = 0 
k -+ 00 

for some 20 E (/In ' Completeness of (/;n means that every sequence of sub­
spaces 2i , i = 1 , 2, . . .  , for which limi. j -+ oo O(2i ,fij) = 0 is convergent. 

Proof In view of Theorem S4.6 the metric space (/In is decomposed into 
components (/;n, rn ,  m = 0, . . .  , n, where (/In, rn  is a closed and open set in (/In 
consisting of all m-dimensional subspaces in (tn. 

Obviously, it is sufficient to prove the compactness of each (/In , rn ' To this 
end consider the set $n , rn of all orthonormal systems U = {Uk}k'= 1 consisting 
of m vectors U l ' . . .  , Urn in (r. 

For U = {Udk'= I ' V = {Vk}k'= 1 E $n , m define 

It is easily seen that <5(u, v) is a metric in $n m ' so turning $n m into a metric , , 

space. For each U = {udk'= 1 E $n , m define Amu = Span {u 1 , . . .  , urn} E (/In, m ' 
In this way we obtain a map Am : $n , m -+ (/In, rn  of metric spaces $n, m and (/In, m ' 

We prove now that the map Am i s  continuous. Indeed, let 2 E (/In, m and 
let V I " ' " vm be an orthonormal basis in 2. Pick some U = {Uk}k'= 1 E $n , m 
(which is supposed to be in a neighborhood of v = {vdk'= 1 E $n, m)' For 
Vi ' i = 1, . . .  , m, we have (where .A = Arnu and P % stands for the orthogonal 
projector on the subspace .AI) : 

I I (P.Ai - P y)vi l l = l i P .Ai Vi - vd l ::; l i P .Ai(Vi - u;) 1 1 + I l u i  - vd l 
::; l i P .Ai I I I I V i  - udl + I l u i - vi i i ::; 2<5(u, v), 

and therefore for x = I;':: 1 rxi Vi E S Y 

m 
I I (P.Ai - Py)x l l ::; 2  I l rxi l <5(u, v). 

i = 1 
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Now, since I l x l l  = L:7'= 1 1 1X; ! 2 = 1, we obtain that I IX ; ! ::;; 1 and I7'= l l lX; !  ::;; m, 
and so 

I I (P At - P y) ly l l ::;; 2mb(u, v). (S4.22) 

Fix now some Y E Sy� .  We wish to evaluate P At Y. For every x E 2, write 

(x, P At Y) = (P At x, y) = «P At - P y)x, y) + (x, y) = «P At - P y)x, Y), 
and 

I (x, P Aty) 1 ::;; 2m l l x l l  b(u, v) 
by (S4.22). On the other hand, write 

m 
P At Y  = I lXi Ui ; i = 1 

then for every z E 21. 

and 
m 

I (z, P Aty) 1 ::;; I l z l l l l  L: lXi(Ui - vi) 1 1  ::;; I l z l l m max 1 1X; ! l l u i - vi i i · i = 1 l ::;; i ::;; m 

(S4.23) 

But I l y l l  = 1 implies that I7'= l I IX ; ! 2 ::;; 1 ,  so maxl :S i :s m  I IX; ! ::;; 1 .  Hence, 

I (z, P Aty) 1 ::;; I l z l l m b(u, v). 
Combining (S4.23) and (S4.24) we obtain that 

I (t, P Aty) 1 ::;; 3m b(u, v) 
for every t E (In with I l t l l  = 1 . Thus, 

l i P Aty l l  ::;; 3m b(u, v). 

(S4.24) 

(S4.25) 

Now we can easily prove the continuity of Am . Pick x E (In, I l x l l  = 1. Then, 
using (S4.22), (S4.25), we have 

I I (P At - P y)x l l  ::;; I I (P At - P y)P yx l l  + l i P At(x - P yx) 1 1  ::;; 5m · b(u, v), 

so 

fJ(JI, 2) = l i P At - P y l l ::;; 5mb(u, v), 

which obviously implies the continuity of Am . 
It is easily seen that $n m is compact. Since Am : $n m --+ 6n m is a continuous 

map onto (/Tn m '  the latter' is also compact. ' , 



366 S4. STABLE INVARIANT SUBSPACES 

Finally, let us prove the completeness of (/;", m ' Let ft\, !l' 
2

, . . .  be a 
Cauchy sequence in (/;", m ' i .e . , 8(!l'i ' !l') --+ 0 as i, j --+ O. By compactness, 
there exists a partial sequence !l'ik such that limk-+ oo  8(!l'ik '  !l') = 0 for some 
!l' E ¢", m ' But then it is easily seen that in fact !l' = limi-+ oo  !l'i ' D 

S4.5. Stable Invariant Subspaces : Definition and Main Result 

Let A :  fl" --+ fl" be a linear transformation. If ,10 is an eigenvalue of A, the 
corresponding root space Ker(A.o I - A)" will be denoted by %(,10)' 

An A-invariant subspace % is called stable if given a > 0 there exists 
b > 0 such that l i B - A l l  < b for a linear transformation B :  fl" --+ fl" implies 
that B has an invariant subspace .A with l I P At - P .v I I  < a. Here P At denotes 
the orthogonal projector with 1m P = .A. The same definition applies for 
matrices. 

This concept is particularly important from the point of view of numerical 
computation. It is generally true that the process of finding a matrix repre­
sentation for a linear transformation and then finding invariant subspaces 
can only be performed approximately. Consequently, the stable invariant 
subspaces will generally be the only ones amenable to numerical computation. 

Suppose % is a direct sum of root subspaces of A .  Then % is a stable 
invariant subspace for A. This follows from the fact that % appears as the 
image of a Riesz projector 

RA = -
2
1

. r (H - A) - l dA., m Jr 
where r is a suitable contour in fl (see Proposition S4.3). Indeed, this formula 
ensures that I I RB - RA i l is arbitrarily small if l i B - A l l  is small enough. Let 
.A = 1m RB ; since P.v and P At are orthogonal projectors with the same images 
as R A  and RB respectively, the following inequality holds (see Theorem 
S4.5) 

so I I P.v - P At I I  is small together with I I RB - RA i l · 

(S4.26) 

It will turn out, however, that in general not every stable invariant 
subspace is spectral. On the other hand, if dim Ker(A.j I - A) > 1 and % is 
a one-dimensional subspace of Ker(A.j I - A), it is intuitively clear that a 
small perturbation of A can result in a large change in the gap between 
invariant subspaces. The following simple example provides such a situation. 
Let A be the 2 x 2 zero matrix, and let % = Span { [U }  c fl2 . Clearly, % 
is A-invariant ; but % is unstable. Indeed, let B = diag[O, a] , where a =f 0 is 
close enough to zero. The only one-dimensional B-invariant subspaces are 
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.II 1 = Span { [�J } and .II 2 = Span { [�J } ,  and both are far from % :  computa­
tion shows that 

I I P"v - P At, I I  = 1 /j2, i = 1 , 2. 

The following theorem gives the description of all stable invariant 
subspaces. 

Theorem S4.9. Let A I ' . . .  , Ar be the different eigenvalues of the linear 
transformation A. A subspace % of fln is A-invariant and stable if and only if 
% = %1 + . . .  + %. , where for each j the space %j is an arbitrary A­
invariant subspace of %(A) whenever dim Ker(A/ - A) = 1 ,  while otherwise 
%j = {O} or %j = %(A). 

The proof of Theorem S4.9 will be based on a series of lemmas and an 
auxiliary theorem which is of some interest in itself. 

In the proof of Theorem S4.9 we will use the following observation which 
follows immediately from the definition of a stable subspace : the A -invariant 
subspace % is stable if and only ifthe SAS - I -invariant subspace S% is stable. 
Here S :  fln -+ fln i s  an arbitrary invertible linear transformation. 

S4.6. Case of a Single Eigenvalue 

The results presented in this subsection will lead to the proof of Theorem 
S4.9 for the case when A has one eigenvalue only. To state the next theorem 
we need the following notion : a chain .111 C .II 2 C . . .  c .II 

n 

_ 1 of A ­
invariant subspaces is said to be complete if dim Aj = j for j = 1 ,  . . .  , n - 1 .  

Theorem S4.10. Given e > 0, there exists c5 > ° such that the following 
holds true : If B is a linear transformation with l i B - A l l  < c5 and {Aj} is a 
complete chain of B-invariant subs paces, then there exists a complete chain 
{%;} of A-invariant subspaces such that I I P"vJ - P At) I < e for j = 1, . . .  , 
n - l .  

In  general the chain {%J for A will depend on  the choice o f  B.  To see 
this, consider 

, . [0 v] Bv = ° 0
' 

where v E fl. Observe that for v #- O  the only one dimensional invariant 
subspace of Bv is Span{(O, 1?}  and for B� , v #- 0, the only one-dimensional 
invariant subspace is Span { ( 1 ,  O?} .  

Proof. Assume that the conclusion of  the theorem is not correct. Then 
there exists e > ° with the property that for every positive integer m there 
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exists a linear transformation Bm satisfying I I Bm - A II < 11m and a complete 
chain { .A mJ of Bm-invariant subspaces such that for every complete chain 
{ .AI) of A-invariant subspaces : 

max I I P.Yj - P Atmj l l  � t: m = 1 , 2, . . .  . (S4.27) 
1 :5, j :5, k - l 

Denote for brevity P mj = P Atmj ' 
Since l I P mj l l  = 1 ,  there exists a subsequence {mJ of the sequence of 

positive integers and linear transformations P 1 , • • •  , Pn - 1 on ([n, such that 

lim P mi . j = Pi ' i -+- 00 
j = 1 ,  . . .  , n - 1 .  (S4.28) 

Observe that P i '  . . .  , P n - 1 are orthogonal projectors. Indeed, passing to the 
limit in the equalities P mi , j = (P m, , )

2 , we obtain that Pj = pJ. Further 
(S4.28) combined with P!" j = P m" j implies that Pj = Pj ; so Pj is an ortho­
gonal projector (Proposition S4.2). 

Further, the subspace Alj = 1m Pj has dimension j, j = 1, . . . , n - 1 .  
This i s  a consequence of Theorem S4.6. 

By passing to the limits it follows from Bm P mj = P mjBm P mj that APj = 

PjAPj . Hence Alj is A-invariant. Since P mj = P m, j + lP mj we have Pj = 

Pj+ 1Pj , and thus Alj c Alj + 1 • It follows that Alj is a complete chain of 
A-invariant subspaces. Finally, O(Alj , .Am, .) = I I Pj - P m,j l l  -+ O .  But this 
contradicts (S4.27), and the proof is complete. 0 

Coronary S4. 1 1 .  If A has only one eigenvalue, Ao say, and if 
dim Ker(Ao I - A) = 1 ,  then each invariant subspace of A is stable. 

Proof The conditions on A are equivalent to the requirement that for 
each 1 S j s k - 1 the operator A has only one j-dimensional invariant 
subspace and the nontrivial invariant subspaces form a complete chain. So 
we may apply the previous theorem to get the desired result. 0 

Lemma S4.12.  If A has only one eigenvalue, Ao say, and if 
dim Ker(Ao I - A) � 2, then the only stable A-invariant subspaces are {O} 
and ([n. 

Proof Let J = diag(J 1 , . .  , , Js) be a Jordan matrix for A. Here Ji is a 
simple Jordan block with Ao on the main diagonal and of size Ki ' say. As 
dim Ker(Ao I - A) � 2 we have s � 2. By similarity, it suffices to prove that 
J has no nontrivial stable invariant subspace. 

Let e l ' . . .  , ek be the standard basis for ([n. Define the linear transforma­
tion 1'. on ([n by setting 

T . 
= 
{t:ei - 1 e e, 0 

if i = Kl + . . .  + Kj + 1 ,  j = 1 ,  . . .  , s - 1 
otherwise, 
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and put B. = J + T.: .  Then l i B. - J I I  tends to O as B  ..... O. For B "# o the linear 
transformation B. has exactly one j-dimensional invariant subspace namely, 
%j = Span {e 1 , . • .  , ej} .  Here 1 � j � k - 1. It follows that %j is the only 
candidate for a stable J-invariant subspace of dimension j. 

Now consider 1 = diag(J. , . . .  , J 1 ). Repeating the argument of the 
previous paragraph for 1 instead of J, we see that %j is the only candidate 
for a stable l-invariant subspace of dimension j. But J = sls - 1 , where S is 
the similarity transformation that reverses the order of the blocks in J. It 
follows that S%j is the only candidate for a stable J-invariant subspace of 
dimension j. However, as s ;;::: 2, we have S%j "# %j for 1 � j � k - 1, and 
the proof is complete. D 

Corollary S4. 1 and Lemma S4. 1 2  together prove Theorem S4.9 for the 
case when A has one eigenvalue only. 

S4.7. General Case of Stable Invariant Subspaces 

The proof of Theorem S4.9 in the general case will be reduced to the case 
of one eigenvalue which was considered in Section S4.6. To carry out this 
reduction we will introduce some additional notions. 

We begin with the following notion of minimal opening. For two sub­
spaces .It and % of q;n the number 

'1(.It, %) = inf { l l x + y l l i x  E .It, y E %, max( l l x l l , I l y l l ) = 1 }  

is called the minimal opening between .It and %. Note that always 0 � 
'1(.It, %) � 1 ,  except when both .It and % are the zero subspace, in which 
case '1(.It, %) = 00. It is easily seen that '1(.It, %) > 0 if and only if 
.It n % = {O} .  

The following result shows that there exists a close connection between 
the minimal opening and gap ()(.It, %) between subspaces. 

Proposition S4.13. Let .lt m '  m = 1 , 2, . . . , be a sequence of subspaces in 
q;n. If limn_ oo ()(.It m '  2) = 0 for some suhspace 2, then 

(S4.29) 

for every subspace %. 

Proof Note that the set of pairs {(x, y) l x E .It, y E %, max( l l x l l , I l y l l ) = 

1 }  c q;n X q;n is compact for any pair of subspaces .lt, %. Since I l x + y l l  is 
a continuous function of x and y, in fact 

'1(.It, .AI") = I l x + y l l  
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for some vectors x E vIt, Y E % such that max( l l x l l , I l y l l ) = 1. So we can 
choose Xm E vltm , Ym E %, m = 1 , 2, . . .  , such that max( l l xm l l , I I Ym l l ) = 1 and 
1](vltm , %) = I l xm + Ym l l . Pick convergent subsequences xmk --+ Xo E r;;n, 
Ymk --+ Yo E %. Clearly, max( l l xo l l , I I Yo l 1 ) = 1 and 1](vltmk , %) --+ I l xo + Yo l l · 
It is easy to verify (for instance by reductio ad absurdum) that Xo E 2. Thus 

On the other hand 

limm-> 00 sup 1](vltm , %) ::;; 1](2, %). 
Indeed, let x E 2, Y E % be such that max( l l x l l , I l y l l ) = 1 and 

1](2, %) = I l x + Y I I · 

(S4.30) 

(S4. 3 1 )  

Assume first that x ¥= O .  For any given 8 > 0 there exists mo  such that 
d(x, vltm) < 8 for m 2:: mo . Let Xm E vltm be such that d(x, vltm) = I l x - xm l l . 
Then Zm eM ( 1 I x l l xm)/ l l xm l l  E vltm ' max( l l zm l l , I l y l l ) = 1 and for m 2:: mo we 
obtain 

I l zm + y l l ::;; I l x + y l l  + I I Zm - I I
I�� I

I I
· x i i + " x " 1 1 -

1 :1::1 1 1 1 
< I l x + I I  + N + I l l xm l l - l l x l l l 
- Y I I xm l 1

8 
I l xm l l · 

Taking 8 < I l x 1 1 /2, we obtain that I l zm + y l l  ::;; I l x + y l l + 28 + 58, so 

1](vltm , %) ::;; I l zm + y l l --+ I l x + y l l  = 1](2, %), 
and (S4. 3 1 )  follows. 

Combining (S4.30) and (S4. 3 1 )  we see that for some subsequence mk we 
have limk-> 00 1](vltmk , %) = 1](2, %). Now by a standard argument one 
proves (S4.29). Indeed, if (S4.29) were not true, then we could pick a sub­
sequence m� such that 

(S4.32) 
k -> oo 

But then we repeat the above argument replacing vIt m by vIt mk . So it is possible 
to pick a subsequence mJ: from m� such that limk -> 00 1](Jlm'k '  %) = 1](2, %), 
a contradiction with (S.4.32). D 

Let us introduce some terminology and notation which will be used in 
the next two lemmas and their proofs. We use the shorthand Am --+ A for 
limm-> oo I I Am - A II = 0, where Am ' m = 1 , 2, . . .  , and A are 1inear transforma­
tions on r;;n . Note that Am --+ A if and only if the entries of the matrix repre­
sentations of Am (in some fixed basis) converge to the corresponding entries 
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of A (represented as a matrix in the same basis). We say that a simple rectifiable 
contour r splits the spectrum of a linear transformation T if aCT) n r = 0. 
In that case we can associate with T and r the Riesz projector 

peT ;  r) = � r (IA - T) - l dA. 2m J r 
The following observation will be used subsequently. If T is a linear 

transformation for which r splits the spectrum, then r splits the spectrum 
for every linear transformation S which is sufficiently close to T (i.e., l i S - T i l 
is close enough to zero). Indeed, if it were not so, we have det(Am I - Sm) = 0 
for some sequence Am E r and Sm -+ T. Pick a subsequence Amk -+ Ao for some 
Ao E r ;  passing to the limit in the equality det(AmJ - SmJ = 0 (here we use 
the matrix representations of Smk and T in some fixed basis, as well as the 
continuous dependence of det A on the entries of A) we obtain 
det(Ao I - T) = 0, a contradiction with the splitting of aCT). 

We shall also use the notion of the angular operator. If P is a projector 
of en and A is a subspace of en with Ker P + A = en, then there exists a 
unique linear transformation R from 1m P into Ker P such that A = 
{Rx + x I x E 1m P} .  This transformation is called the angular operator of A 
with respect to the projector P. We leave to the reader the (easy) verification 
of existence and uniqueness of the angular operator (or else see [3c, Chapter 
5]) . 

Lemma S4. 14. Let r be a simple rectifiable contour that splits the 
spectrum of T, let To be the restriction of T to 1m P(T ;  r) and let % be a 
subspace of 1m P(T ;  r). Then Ai' is a stable invariant subspace for T if and 
only if % is a stable invariant subspace for To . 

Proof Suppose ,/1I' is a stable invariant subspace for To , but not for T. 
Then one can find c > 0 such that for every positive integer m there exists a 
linear transformation Sm such that 

I I Sm - T i l < 1 1m (S4.33) 

and 

8(%, A) � c, (S4.34) 

Here Qm denotes the collection of all invariant subspaces for Sm . From 
(S4.33) it is clear that Sm -+ T. By assumption r splits the spectrum of 
T. Thus, for m sufficiently large, the contour T will split the spectrum of Sm . 
Moreover, P(Sm ; r) -+ P(T ;  r) and hence 1m P(Sm ; r) tends to 1m P(T ;  r) 
in the gap topology. But then, for m sufficiently large, 

1m peT ;  r) + 1m P(Sm ; r) = en 
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(cf. Theorem S4.7). 
Let Rm be the angular operator of 1m P(Sm ; T) with respect to P(T ;  r). 

Here, as in what follows, m is supposed to be sufficiently large. As P(Sm ; r) -.. 
P(T ;  r), we have Rm -.. O. Put 

E = 

[1 RmJ m 
0 1 

where the matrix representation corresponds to the decomposition 

fln = Ker P(T ;  r) + 1m P(T ;  r). 

Then Em is invertible with inverse 

E - 1 
= 

[1 - RmJ m 
0 1 ' 

Em lm P(T ;  r) = 1m P(Sm ; r), and Em -.. 1. 

(S4.35) 

Put Tm = E;;; 1 Sm Em . Then Tm lm P(T ;  r) c 1m P(T ;  r) and Tm -.. T. Let 
Tmo be the restriction of Tm to 1m P(T ;  r). Then Tmo -.. To . As ..IV is a stable 
invariant subspace for To there exists a sequence { ..IV m} of subspaces of 
1m P(T ;  r) such that ..IV m is Tmo -invariant and O(..IV m ' ..IV) -.. O. Note that 
..IV m is also Tm-invariant. 

Now put vIIm = Em ..IV m '  Then vIIm is an invariant subspace for Sm . Thus 
vii m E Om . From Em -.. 1 one can easily deduce that O(vII m ' ..IV m) -.. O. Together 
with O(..IV m ' ..IV) -.. 0 this gives O(vII m ' ..IV) -.. 0, which contradicts (S4.34). 

Next assume that ..IV c 1m P(T ;  r) is a stable invariant subspace for T, 
but not for To . Then one can find e > 0 such that for every positive integer 
m there exists a linear transformation Smo on 1m P(T ;  r) satisfying 

I I Smo - To l l  < 11m (S4.36) 

and 
O(..IV, vii) ;;::: e, (S4.37) 

Here Omo denotes the collection of all invariant subspaces of Smo ' Let To 
be the restriction of T to Ker P(T; r) and write 

[T1 0 ] 
Sm = 

0 Smo 

where the matrix representation corresponds to the decomposition (S4.35) . 
From (S4.36) it is clear that Sm -.. T. Hence, as ..IV is a stable invariant sub­
space for T, there exists a sequence {..IV m} of subspaces of fln such that ..IV m is 
Sm-invariant and O(..IVm , ..IV) -.. O. Put vIIm = P(T ;  r)..IVm . Since P(T ;  r) 
commutes with Sm , then vIIm is an invariant subspace for Smo .  We shall now 
prove that O(vII m ' AI') -.. 0, thus obtaining a contradiction to (S4.37). 



S4.7 .  GENERAL CASE OF STABLE INVARIANT SUBSPACES 373 

Take Y E Arn with I l y l l  � 1 .  Then y = peT ;  Ox for some x E Am . As 

I l y l l  = I I P(T ;  Ox l l  � inf { l l x - u i l i u  E Ker peT ;  r)} 

� 1/(% m '  Ker peT ;  0) · l l x l l , (S4.38) 

where 1/( . , . ) is the minimal opening. By Proposition S4. 1 3, 0(% m ' %) -+ 0 
implies that 1/(% m '  Ker peT ;  0) -+ 1/0 ' where 1/0 = 1/(%, Ker peT ;  0). So, 
for m sufficiently large, 1/(% m ' Ker peT ;  0) � 11/0 . Together with (S4.38), 
this gives 

I l y l l  � 11/0 1 I x l l , 

for m sufficiently large. Using this it is not difficult to deduce that 

O(Am , %) � ( 1  + 21110) I I P(T ;  0 1 1 0(% m ' %) 

for m sufficiently large. We conclude that O(Am , %) -+ 0, and the proof is 
complete. 0 

Lemma S4.1S. Let % be an invariant subspacefor T, and assume that the 
contour r splits the spectrum of T If % is stable for T, then P(T ;  0% is a 
stable invariant subspace for the restriction To of T to 1m P( T ;  0. 

Proof It is clear that A = P(T ;  0% is To-invariant. 
Assume that A is not stable for To . Then A is not stable for T either, by 

Lemma S4. 14. Hence there exist e > 0 and a sequence {Sm} such that Sm --+ T 
and 

0(2, A) � e, 2 E Qm , m = 1 , 2, . . .  , (S4.39) 

where Qm denotes the set of all invariant subspaces of Sm . 
As % is stable for T, one can find a sequence of subspaces {% m} such that 

Sm % m c: % m and 0(% m ' %) --+ O. Further, since r splits the spectrum of T 
and Sm -+ T, the contour r will split the spectrum of Sm for m sufficiently 
large. But then, without loss of generality, we may assume that r splits the 
spectrum of each Sm . Again using Sm --+ T, it follows that P(Sm ; 0 --+ P(T ;  0· 

Let � be a direct complement of % in ([;n. As 0(% m ' %) --+ 0, we have 
([;n = � + % m for m sufficiently large (Theorem S4.7). So, without loss of 
generality, we may assume that ([;n = � + % m for each m. Let Rm be the 
angular operator of % m with respect to the projector of ([;n along � onto 
%, and put 

Em = [� �mJ 
where the matrix corresponds to the decomposition ([;n = � + %. Note 
that Tm = E;;; 1 SmEm leaves % invariant. Because Rm --+ 0 we have Em --+ I, 
and so Tm --+ T 
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Clearly, r splits the spectrum of Tlx . As Tm -+ T and AI' is invariant for 
Tm , the contour r will split the spectrum of Tm Ix too, provided m is sufficiently 
large. But then we may assume that this happens for all m. Also, we have 

lim P(Tm Ix ; n -+ P(T lx ; n· 

Hence Am = 1m P(Tm I.,t' ; n -+ 1m P(T lx ;  n = A in the gap topology. 
Now consider !/! m = Em jf m '  Then !/! m is an Sm-invariant subspace. 

From Em -+ I it follows that B(!/! m ' Am) -+ 0. This together with 
B(A m ' A) -+ 0, gives B(!/! m ' jt) -+ 0. So we arrive at a contradiction to 
(S4.39), and the proof is complete. D 

After this long preparation we are now able to give a short proof for 
Theorem S4.9. 

Proof of Theorem S 4. 9. Suppose % is a stable invariant subspace for A. 
Put %j = Pj% . Then % = % 1 + . . .  + %r . By Lemma S4. 1 5  the space 
%j is a stable invariant subspace for the restriction A j of A to u1l(A). But A j 
has one eigenvalue only, namely, Aj . So we may apply Lemma S4. 1 2  to prove 
that %j has the desired form. 

Conversely, assume that each ,Xj has the desired form, and let us prove 
that % = % 1 + . . .  + % r is a stable invariant subspace for A. By Corollary 
S4. 1 1  the space %j is a stable invariant subspace for the restriction Aj of A 
to 1m Pj ' Hence we may apply Lemma S4. 14 to show that each %j is a stable 
invariant subspace for A. But then the same is true for the direct sum % = 

%1 + . . .  + %r · D 

Comments 
Sections S4.3 and S4.4 provide basic notions and results concerning the 

set of subspaces (in finite dimensional space) ; these topics are covered in 
[32c, 48J in the infinite-dimensional case. The proof of Theorem S4.5 is from 
[33, Chapter IVJ and Theorem S4.7 appears in [34e] . 

The results of Sections 4.5-4.7 are proved in [3b, 3c J ;  see also [ 1 2] .  The 
book [3cJ also contains additional information on stable invariant sub­
spaces, as well as applications to factorization of matrix polynomials and 
rational functions, and to the stability of solutions of the algebraic Riccati 
equation. See also [3c, 4J for additional information concerning the notions 
of minimal opening and angular operator. 

We mention that there is a close relationship between solutions of matrix 
Riccati equations and invariant subs paces with special properties of a certain 
linear transformation. See [3c, 1 2, I 5b, 1 6, 53J for detailed information. 



Chapter S 5  

Indefinite Scalar Product Spaces 

This chapter is devoted to some basic properties of finite-dimensional 
spaces with an indefinite scalar product. The results presented here are used 
in Part III. Attention is focused on the problem of description of all indefinite 
scalar products in which a given linear transformation is self-adjoint. A 
special canonical form is used for this description. First, we introduce the 
basic definitions and conventions. 

Let f!l be a finite-dimensional vector space with scalar product (x, Y), 
x, Y E f![, and let H be a self-adjoint linear transformation in f!l ;  i.e., (Hx, y) = 

(x, Hy) for all x, y E f!l. This property allows us to define a new scalar product 
[x, y] , x, y E f!l by the formula 

[x, y] = (Hx, y) 

The scalar product [ ,  ] has all the properties of the usual scalar product, 
except that [x, x] may be positive, negative, or zero. More exactly, [x, y] 
has the following properties : 

( 1 )  [OC lX l + OC2 X2 , y] = OCl [X l , y] + OC2 [X2 , y] ; 
(2) [x, OC lY l + OC2 Y2] = iil [x, Y l ] + ii2 [x, Y2] ; 
(3) [x, y] = [y, x] ; 
(4) [x, x] is real for every x E f!l. 

375 
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Because of the lack of positiveness (in general) of the form [x, x] , the scalar 
product [ , ] is called indefinite, and fl£ endowed with the indefinite scalar 
product [ , ] will be called an indefinite scalar product space. 

We are particularly interested in the case when the scalar product 
[ , ] is nondegenerate, i .e . , [x, y] = 0 for all y E q; implies x = O. This 
happens if and only if the underlying self-adjoint linear transformation H 
is invertible. This condition will be assumed throughout this chapter. 

Often we shall identify q; with en. In this case the standard scalar product 
is given by (x, y) = L�= 1 Xi Yi , X = (X l ' . . .  ' xn)T E en, y = (Y l , . . .  , Yn)T E en, 
and an indefinite scalar product is determined by an n x n nonsingular 
hermitian (or self-adjoint) matrix H :  [x, y] = (Hx, y) for all x, Y E en. 

Finally, a linear transformation A :  q; ---> q; is called self-adjoint with 
respect to H (or H-self-adjoint) if [Ax, y] = [x, Ay] for all x, y E q;, where 
[x, y] = (Hx, y). This means HA = A*H. 

S5.1 .  Canonical Form of a Self-Adjoint Matrix and the Indefinite Scalar 
Product 

Consider the following problem : given a fixed n x n matrix A, describe 
all the self-adjoint and nonsingular matrices H such that A is self-adjoint 
in the indefinite scalar product [x, y] = (Hx, y), i.e., [Ax, y] = [x, Ay] ,  or, 
what is the same, HA = A*H. Clearly, in order that such an H exist, it is 
necessary that A is similar to A*. We shall see later (Theorem SS. 1 below) 
that this condition is also sufficient. For the spectral properties of A this 
condition means that the elementary divisors of I A - A are symmetric 
relative to the real line ; i.e., if Ao( '" Ao) is an eigenvalue of H - A with the 
corresponding elementary divisors (A - AoY', i = 1, . . .  , k, then Ao is also 
an eigenvalue of H - A with the elementary divisor (A - AoY', i = 1, . . .  , k. 
Now the problem posed above can be reformulated as follows : given a 
matrix A similar to A * ,  describe and classify all the self-adjoint nonsingular 
matrices which carry out this similarity. 

Consider first the case that A = I. Then any self-adjoint nonsingular 
matrix H is such that I is H-self-adjoint. Thus, the problem of description 
and classification of such matrices H is equivalent to the classical problem 
of reduction of H to the form S* PS for some nonsingular matrix S and 
diagonal matrix P such that p2 = I. Then the equation H = S* PS is nothing 
more than the reduction of the quadratic form (H x, x) to a sum of squares. 

To formulate results for any A we need a special construction connected 
with a Jordan matrix J which is similar to J* .  Similarity between J and J* 
means that the number and the sizes of Jordan blocks in J corresponding to 
some eigenvalue Ao( '" Ao) and those corresponding to Ao are the same. We 
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now fix the structure of J in the following way : select a maximal set {A I , . . .  , Aa} 
of eigenvalues of J containing no conjugate pair, and let {Aa + b • . •  , Aa + b} 
be the distinct real eigenvalues of J. Put Aa + b +  j = Xj ' for j = 1 ,  . . .  , a, and let 

(S5 . 1 )  

where J i = diag[JijJ�;; 1 is a Jordan form with eigenvalue Ai and Jordan 
blocks, Ji , 1 , . . •  , J i , k ; of sizes lXi , 1 ;;::: • . .  ;;::: lXi , k ; ,  respectively. 

An IX x IX mmrix whose (p, q) entry is 1 or 0 according as p + q = IX + 1 or 
p + q #- IX + 1 will be called a sip matrix (standard involuntary permutation). 

An important role will be played in the sequel by the matrix p., } con­
nected with J as follows : 

(S 5 . 2) 

where 

and 

Pr = diag[diag[sijPijJ�;; I Jf::+ 1 
with sip matrices Pst of sizes IXst X IXst (s = 1 ,  . . .  , a + b, t = 1 ,  . . .  , ks) and 
the ordered set of signs S = (Si), i = a + 1, . . .  , a + b,j = 1, . . .  , ki ' sij = ± 1 .  

Using these notations the main result, which solves the problem stated 
at the beginning of this section, can bow be formulated. 

Theorem 85.1 .  The matrix A is self-adjoint relative to the scalar product 
(Hx, y) (where H = H* is nonsingular) if and only if 

T*HT = p., } ,  T - 1A T =  J (S5 .3) 

for some invertible T, a matrix J in Jordanform, and a set of signs s. 
The matrix p •. } of (S5.3) will be called an A-canonical form of H with 

reducing transformation S = T - 1 • It will be shown later (Theorem S5.6) 
that the set of signs S is uniquely defined by A and H, up to certain permuta­
tions. The proof of Theorem S5 . 1 is quite long and needs some auxiliary 
results. This will be the subject matter of the next section. 

Recall that the signature (denoted sig H) of a self-adjoint matrix H 
is the difference between the number of positive eigenvalues and the number 
of negative eigenvalues of H (in both cases counting with multiplicities). 
It coincides with the difference between the number of positive squares and 
the number of negative squares in the canonical quadratic form determined 
by H. 
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The following corollary connects the signature of H with the structure 
of real eigenvalues of H -self-adjoint matrices. 

Corollary S5.2. Let A be an H-self-adjoint matrix, and let s be the 
signature of H. Then the real eigenvalues of A have at least I s I associated 
elementary divisors of odd degree. 

Proof It follows from the relation (S5.3) that s is also the signature of 
p., J '  It is readily verified that each conjugate pair of nonreal eigenvalues 
makes no contribution to the signature ; neither do sip matrices associated 
with even degree elementary divisors and real eigenvalues. A sip matrix 
associated with an odd degree elementary divisor of a real eigenvalue 
contributes " + 1" or " - 1" to s depending on the corresponding sign in the 
sequence B.  The conclusion then follows. 0 

Another corollary of Theorem S5. 1 is connected with the simultaneous 
reduction of a pair of hermitian matrices A and B to a canonical form, 
where at least one of them is nonsingular. 

Corollary S5.3. Let A, B be n x n hermitian matrices, and suppose that B 
is invertible. Then there exists a nonsingular matrix X such that 

X*AX = Pe , JJ , X*BX = Pe , J > 

where J is the Jordan normalform of B- 1 A ,  and Pe , J is defined as above. 
Proof Observe that the matrix B - 1 A is B-self-adjoint. By Theorem 

S5. 1 ,  we have 

X*BX = Pe , J ' 

for some nonsingular matrix X. So A = BXJX - 1 and 

X*AX = X*BXJ = Pe , JJ . 0 
In the case when B is positive definite (or negative definite) and A is 

hermitian one can prove that the Jordan form of B - 1 A is actually a diagonal 
matrix with real eigenvalues. In this case Corollary S5 .3 reduces to the well­
known result on simultaneous reduction of a pair of quadratic forms, when 
one of them is supposed to be definite (positive or negative), to the sum of 
squares. See, for instance, [22, Chapter X] for details. 

S5.2. Proof of Theorem S5.1 

The line of argument used to prove Theorem S5. 1 is the successive 
reduction of the problem to the study of restrictions of A and H to certain 
invariant subspaces of A . This approach is justified by the results of the 
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next two lemmas. A subspace A of q;n is said to be nondegenerate (with 
respect to H) if, for every x E A\{O} there is a y E  A such that (Hx, y) =1= O. 
For any subspace A the orthogonal companion of A with respect to H is 

AA = {x E q;n l (Hx, y) = 0, Y E A} .  

The first lemma says that, for a nondegenerate subspace, the orthogonal 
companion is also complementary, together with a converse statement. 

Lemma S5�4. If A is a nondegenerate subspace of q;n, then q;n = A + 
AA and conversely, if A is a subspace and q;n = A + AA, then A is non­
degenerate. 

Proof Note first that AA is the image under H- 1 of the usual orthogonal 
complement (in the sense of the usual scalar product ( , )) to A. So 

dim AA + dim A = n. 
Hence it is sufficient to prove that A (\ AA = {O} if and only if A is non­
degenerate. But this follows directly from the definition of a nondegenerate 
subspace. 0 

In the next lemma a matrix A is considered as a linear transformation 
with respect to the standard basis in r;;n. 

Lemma S5.5. Let A be self-adjoint with respect to H and let A be a 
non-degenerate invariant subspace of A. Then 

(a) AA is an invariant subspace of A. 
(b) If Q is the orthogonal projector onto A (i.e. , Q2 

= Q, Q* = Q, 
1m Q = A), then A lA{ defines a linear transformation on A which is self­
adjoint with respect to the invertible self-adjoint linear transformation 
QH I A{ :  A -+ A. 

Proof Part (a) is straightforward and is left to the reader. For part (b) 
note first that QH IA{ is self-adjoint since H = H*, Q = Q*, and QHIA{ = 

QHQ IA{ ' Further, QH IA{ is invertible in view of the invertibility of H and-non­
degeneracy of A. Then HA = A*H implies Q(HA)Q = Q(A*H)Q and, since 
AQ = QAQ, 

(QHQ) (QAQ) = (QA*Q) (QHQ), 
from which the result follows. 0 

Now we can start with the proof of Theorem S5. l .  
I f  (S5.3) holds, then one can easily check that A i s  self-adjoint relative to 

H. Indeed, the equalities Pe . JJ = J* p • . J are verified directly. Then 
HA = T* - lp T - 1 • TJT - 1 

= T* - lp JT - 1 
= T* - lJ*p* T - 1 

e , ) e , ] E , J  
= T* - lJ* T* T* - lP • . J T - 1 

= A*H, 
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i .e . , A is self-adjoint relative to H. 
Now let A be self-adjoint relative to the scalar product [x, y] = (Hx, y). 

Decompose fln into a direct sum 
fln = [!( 1 + . . .  + [!(a + [!(a + 1 + . . . + [!(a+ b , (S5.4) 

where [!(i is the sum of the root subspaces of A corresponding to the eigen­
values Ai and Ai ' i = 1, . . .  , a. For i = a + 1, . . .  , a + b, [!(i is the root sub­
space of A corresponding to the eigenvalue A, . 

We show first that [!(i and [!(j (i #- j, i, j = 1 ,  . . .  , a + b) are orthogonal 
with respect to H, i.e., [x, y] = 0 for every x E [!(i and y E [!(j . Indeed, let 
x E [!(i ' Y E [!(j and assume first that (A - IlJ)"X = (A - lli)'Y = 0, where 
Ili (resp. Il) is equal to either Ai or Ai (resp. Aj or A), for some nonnegative 
integers s and t. We have to show that [x, y] = 0. 1t is easily verified that this 
is so when s = t = 1. Now assume inductively that [x', y'] = 0 for all pairs 
x' E [!(i and y' E [!(j for which 

(A - lli I)" X' = (A - lliY'Y' = 0, with s' + t ' < s + t. 
Consider x' = (A - IlJ)X, y' = (A - lli)Y. Then, by the induction hypoth­
esis, 

[x', y] = [x, y'] = 0 
or 

lli[X, y] = [Ax, y] , jlJx, y] = [x, Ay] . 
But [Ax, y] = [x, Ay] (since A is self-adjoint with respect to H) ; so 
(Ili - }1) [x, y] = O. By the choice of[!(i and [!(j we have lli #- }1j ; so [x, y] = O. 
As 

[!(i = {X l + xz l (A - IlJ)' IX l = (A - jiJ)'2XZ = 0 for some S l and s z } ,  
with an analogous representation for [!(j ' i t  follows from the above that 
[x, y] = 0 for all x E [!(; , y E [!(j ' where i #- j. It then follows from (S5.4) and 
Lemma S5.4 that each [!(i is nondegenerate. 

Consider fixed [!(i ' where i = 1, . . .  , a (i .e. , Ai #- A;). Then [!(i = [!(; + [!(;', 
where [!(; (resp. [!(i') is the root subspace of A corresponding to Ai (resp. Ai) ' 
As above, it follows that the subspaces [!(; and [!(;' are isotropic with respect 
to H, i .e. , [x, y] = 0 for either x, y E [!(; or for x, y E [!(;'. 

There exists an integer m with the properties that (A - AJr l�r = 0, but 
(A - AJr - l al #- 0 for some a l E [!(; . Since [!(i is nondegenerate and [!(; 
is isotropic, there exists a b l E [!(;' such that [(A - AJ)m - la l , b l ] = 1 .  
Define sequences a I ' . . .  , am E [!(; and b l , . . .  , bm E [!(i' by 

aj = (A - AJy - la l ' bj = (A - AJy- lb l >  j = 1 ,  . . .  , m. 
Observe that [a I ' bm] = [a I ' (A - AJr - l b l ] = [(A - AJr - la l ' b l ] = 1 ,  
i n  particular, bm  #- O .  Further, for every x E [!(i we  have 

[x, (A - Ai I)bm] = [x, (A - AJrb l] = [(A - AJrX, b l ] = 0 ;  
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so the vector (A - A; I)bm is H-orthogonal to �i . In view of (SS.4) we deduce 
that (A - Ai I)bm is H-orthogonal to ([;n, and hence 

(A - Ai I)bm = O. 

Then clearly am ,  . . .  , a l (resp. bm ,  . . .  , b l ) is a Jordan chain of A corresponding 
to Ai (resp. Ai), i.e., for j = 1, 2, . . .  , m  - 1 ,  

with analogous relations for the bj (replacing Ai by  A;). For j + k = m + 1 
we have 

[aj ' bk] = [(A - A; I)j - l a l ' (A - A; I)k - l b l ] = [(A - A; I)j + k - 2a l , b l ] = 1 ; 
(SS .S) 

and analogously 

Now put 
m 

C l = a l + L IY.j aj , 
j = 2 

for j + k > m + 1 .  

Cj +  1 = (A - A; I)cj , j = 1 ,  . . .  , m - 1 ,  

where 1Y.2 , • • •  , IY.m are chosen s o  that 

[C l ' bm - l ] = [C l ' bm - 2] = . . .  = [C l ' b l ] = O. 

(SS .6) 

Such a choice is possible, as can be checked easily using (SS .S) and (SS.6). 
Now for j + k � m 
[cj , bk] = [(A - A;!)j - 1 C l , bk] = [C l ' (A - A;!)j - l bk] = [C l ' bk + j - l ] = 0, 

and forj + k � m + 1 we obtain, using (A - A; Ira l = O together with (SS .S), 
(SS .6) : 

[Cj ' bk] = [(A - A; I)j - l c l , (A - A; I)k - l b l ] 
= [(A - A; I)j + k - 2C l , b l ] = [(A - A; I)j + k - 2a l , b l ] 

= 
{I , 
0, 

for j + k = m + 1 
for j + k > m + 1 .  

Let JV 1 = Span {C 1 , . . .  , Cm ,  b 1 , . . .  , bm} .  The relations above show that 
AI.¥1 = J 1 EB ]l in the basis C l , ·  . .  , Cm ' b l , • • •  , bm ,  where J 1 is the Jordan 
block of size m with eigenvalue Ai ; 

[ ] - * [ 0 P1J x
, y 

- Y Pl 0 x
, 



382 S5 . INDEFINITE SCALAR PRODUCT SPACES 

in the same basis, and Pt is the sip matrix of size m. We see from this represen­
tation that % t is nondegenerate. By Lemma S5.4, (z;n = % t + %t, and 
by Lemma S5.5 , Nt is an invariant subspace for A. If AI .¥� has nonreal eigen­
values, apply the same procedure to construct a subspace %2 c %t with 
basis C't , . . .  , c� , b't , . . .  , b� . such that in this basis A I.¥2 = J 2 EEl J2 , where J 2 
is the Jordan block of size m' with nonreal eigenvalue, and 

[ 
* [ 0 P2] 

X, y] = y P 2 0 x
, 

with the sip matrix P2 of size m'. Continue this procedure until the nonreal 
eigenvalues of A are exhausted. 

Consider now a fixed fll'; ,  where i = a + 1, . . .  , a + b, so that A; is real. 
Again, let m be such that (A - AJr I�i = 0 but (A - AJ)m - t

l�i #- O. Let 
Q; be the orthogonal projector on fll'; and define F :  fll'; --+ fll'; by 

Since A; is real, it is easily seen that F is self-adjoint. Moreover, F #- 0 ;  
so there is a nonzero eigenvalue of F (necessarily real) with an eigenvector 
a t . Normalize a t so that 

8 = ± l . 

In other words, 

[(A - AJr - ta t , a t ] = 8. (S5.7) 

Let aj = (A - AJ)j- ta t , j  = 1, . . .  , m. It follows from (S5.7) that for j  + k = 
m + 1 

[aj ' ak] = [(A - A; Iy- ta t , (A - AJl- ta t] = [(A - AJr - ta t , a t ] = 8. 
(S5 .8) 

Moreover, for j + k > m + 1 we have : 

[aj ' ak] = [(A - AJ)j + k - 2at , a t ] = 0 

in view of the choice of m. Now put 

and choose IY.; so that 
[b t , b t ] = [b t , b2] = . . .  = [b t , bm- t ] = O. 

(S5 .9) 

Such a choice oflY.; is possible. Indeed, equality [b t , bj] = O U  = 1 ,  . . .  , m  - 1 )  
gives, i n  view o f  (S5 .8) and (S5.9), 

0 =  [a t + 1Y.2 a2 + . . .  + IY.m am , aj + 1Y.2 aj + t + . . .  + IY.m - j + t lY.m] 
= [a t , aJ + 281Y.m _ j+ t + (terms in 1Y.2 ' ' ' · ' IY.m - j)' 
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Evidently, these equalities determine unique numbers 0(2 ' 0(3 " ' "  O(m in 
succession. 

Let % = Span{b 1 , . . .  , bm } .  In the basis b 1 , • • •  , bm the linear trans­
formation A Lv is represented by the single Jordan block with eigenvalue A.i , 
and 

[x, y] = Y*BPO X, X, Y E %, 

where Po is the sip matrix of size m. 
Continue the procedure on the orthogonal companion to %, and so on. 
Applying this construction, we find a basis fl , . . .  ,fn in en such that A is 

represented by the Jordan matrix J of (S . 1 )  in this basis and, with p,. } as 
defined in (SS.2), 

[x, y] = y*P, , } x, 

where x and y are represented by their coordinates in the basis fl ' . . .  , fn . 
Let T be the n x n invertible matrix whose ith column is formed by the co­
ordinates oft; (in the standard orthonormal basis), i = 1, . . . , n. For such a T, 
the relation T - 1 A T = J holds because fl ' . . .  ,f" is a Jordan basis for A, 
and equality T* HT = Pe, }  follows from (SS. S), (SS.6), and (SS.8). So (SS.3) 
holds. Theorem SS. 1 is proved completely. 0 

S5.3. Uniqueness of the Sign Characteristic 

Let H be an n x n hermitian nonsingular matrix, and let A be some H­
self-adjoint matrix. If J is a normal form of A, then in view of Theorem SS. 1 
H admits an A-canonical form p" } ' We suppose that the order of Jordan 
blocks in J is fixed as explained in the first section. The set of signs B in 
p,, } will be called the A-sign characteristic of H. The problem considered in 
this section is that of uniqueness of B. 

Recall that B = {Ba + j, ; } ,  i = 1, 2, . . .  , kj , and j = 1, 2, . . .  , b . in the nota­
tion of Section SS. 1 .  Two sets of signs B(r) = {Bt� j, i } ,  r = 1, 2, will be said to 
be equivalent if one can be obtained from the other by permutation of signs 
within subsets corresponding to Jordan blocks of J having the same size 
and the same real eigenvalue. 

Theorem S5.6. Let A be an H-self-adjoint matrix. Then the A-sign 
characteristic of H is defined uniquely up to equivalence. 

Note that in the special case A = I, this theorem states that in any 
reduction of the quadratic form (Hx, x) to a sum of squares, the number of 
positive coefficients, and of negative coefficients is invariant, i .e . , the classical 
inertia law. 
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Proof Without loss of generality a Jordan form for A can be fixed, with 
the conventions of Eq. (S5. 1 ) .  It is then to be proved that if PE, J o Pb, J are 
A-canonical forms for H, then the sets of signs e and b are equivalent. It is 
evident from the definition of an A-canonical form (Eqs. (S5. 1 )  and (S5.2)) 
that the conclusion of the theorem follows if it can be established for an A 
having just one real eigenvalue, say IX. 

Thus, the Jordan form J for A is assumed to have ki blocks of size mi , 
i = 1 , 2, . . .  , t, where m 1 > m2 > . . .  > mt . Thus, we may write 

and 

PE, J = diag[diag[ej, i Pj]�� 1 ]j =  1 

with a similar expression for Pb, J o replacing ej, i by signs bj, i ' 
It is proved in Theorem S5 . 1 that, for some nonsingular S, H = S*PE, J S 

and A = S - 1 JS. It follows that for any nonnegative integer k, 

(S5. 10) 

and is a relation between hermitian matrices. 
Observe that (IIX - Jir, - 1 

= 0 for i = 2, 3, . . .  , t, and (IIX - J 1r , - 1 

has all entries zeros except for the entry in the right upper corner, which is 1 .  
Consequently, 

PEjIIX - Jr, - 1 

= diag[e 1 , 1P 1 (I1X - J 1r, - 1 , . . .  , e 1 , k ,P 1 (I1X - J 1r
' - 1 , 0, . . .  , 0] .  

Using this representation in  (S5. 10) with k = m1 - 1 ,  we  conclude that 
L�!' 1 e 1 , i coincides with the signature of H(IIX - Ar, - 1 . 

But precisely the same argument applies using the A -canonical form 
Pb, J for H and it is concluded that 

k , k , 
L e 1 , i = L b 1 , i ' 
i = 1 i = 1 

(S5. 1 1 ) 

Consequently, the subsets {e 1 , 1 , . . .  , e 1 , k ' }  and {b 1 , 1 , . . .  , b 1 , k ' }  of e, b are 
equivalent. 

Now examine the hermitian matrix PEjIIX - J)m2 - 1 . This is found to 
be block diagonal with nonzero blocks of the form 

i = 1 , 2, . . .  , k 1 
and 

j = 1, 2, . . . , k2 . 
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Consequently, using (S5. 10) with k = m2 - 1 ,  the signature of H(Ioc - Ar2 - 1 
is given by 

(�
l
e l , i ) (Sig[P1 (IOC - J 1r2 - 1 ] ) + 

j�l
e2 , j ' 

But again this must be equal to the corresponding expression formulated 
using b instead of e. Hence, using (S5. 1 1) it is found that 

and the subsets {e2 . 1 , . • •  , 1'2 . k, } and {b2 . 1 , . . .  , b2 , k' } of e and b are equivalent. 
Now it is clear that the argument can be continued for t steps after which 

the equivalence of e and b is established. 0 

It follows from Theorem S5 .6 that the A-sign characteristic of H is 
uniquely defined if we apply the following normalization rule : in every 
subset of signs corresponding to the Jordan blocks of the same size and the 
same eigenvalue, + 1s (if any) precede - 1s (if any). 

We give a simple example for illustration. 

EXAMPLE S5. 1 Let 

Then 

J = diag{[� �l [� �]}-
P = dia {[O 8 1] [0 82]} 

., J g
o ' 0 8 1  82 

According to Theorem S5. 1 and Theorem S5.6, the set il = ilJ of all invertible and self­
adjoint matrices H such that J is H -self-adjoint, splits into 4 disjoint sets ill ' il2 , il3 , il4 
corresponding to the sets of signs ( +  1 ,  + 1 ), ( +  1 ,  - 1 ), ( - 1 , + 1 ), and ( - 1 , - 1 ), re­
spectively : 

An easy computation shows that each set ili consists of all matrices H of the form 

where a i '  a2 are positive and b l , b2 are real parameters ; 8 1 , 82 are ± 1 depending on the 
set ili ' Note also that each set ili (i = 1 , 2, 3, 4) is connected. 0 
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S5.4. Second Description of the Sign Characteristic 

Let H be an n x n hermitian nonsingular matrix, and let A be H -self­
adjoint. In the main text we make use of another description of the A-sign 
characteristic of H, which is given below. In view of Theorem SS. l ,  H admits 
an A-canonical form Pe, J in some orthonormal basis, where J is the Jordan 
form of A :  

(SS. 1 2) 

Here S is a nonsingular matrix such that SA = JS and 8 is the A-sign character­
istic of H. We can suppose that the basis is the standard orthonormal basis 
in (tn. 

Let Ao be a fixed real eigenvalue of A, and let qt 1 C fln be the subspace 
spanned by the eigenvectors of H - A corresponding to Ao . For x E qt 1 \ {O} 
denote by v(x) the maximal length of a Jordan chain beginning with the 
eigenvector x. Let qti ' i = 1, 2, . . .  , y, (y = max{v(x) I x  E qtl\ {O} } )  be the 
subspace of qt 1 spanned by all x E qt 1 with v(x) � i . Then 

Ker(l Ao - A) = qt 1 � qt 2 � • . • � qt y ' 

The following result describes the A-sign characteristic of H in terms of 
certain bilinear forms defined on qti ' 

Theorem S5.7. For i = 1, . . .  , y, let 
I' _ ( i» } ;(x, y) - (x, Hy , x, Y E qt; , 

where y = y( 1 ), y(2 ), . . .  , y( i) , is a Jordan chain of H - A corresponding to 
real Ao with the eigenvector y. Then 

(i) /;(x, y) does not depend on the choice of y(2 ), . . .  , y(k) ; 
(ii) for some self-adjoint linear traniformation Gi : qti --+ qti ' 

/;(x, y) = (x, Gi y), 

(iii) for Gi of(ii), qti +  1 = Ker Gi (by definition qty + 1 = {O} ) ; 
(vi) the number of positive (negative) eigenvalues of Gi , counting multi­

plicities, coincides with the number of positive (negative) signs in the A-sign 
characteristic of H corresponding to the Jordan b locks of J with eigenvalue Ao 
and size i . 

• 1' ( ') I Proo} .  By (SS. 1 2) we  have /;(x, y )  = (Sx, Pe, J Sy I ), x, Y E qti ' Clear y, 
Sx and Sy( l ) , . . .  , Sy(i) are eigenvector and Jordan chain, respectively, of 
H - J corresponding to Ao . Thus, the proof is reduced to the case A = J 
and H = Pe, J ' But in this case the assertions (i)-(iv) can be checked without 
difficulties. D 
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Comments 

The presentation in this chapter follows a part of the authors' paper [34f] . 
Indefinite scalar products in infinite-dimensional spaces have been studied 
extensively ; see [8, 43, 5 1 ]  for the theory of indefinite scalar product spaces 
and some of its applications. Results close to Theorem S5. 1 appear in [59, 
Chapter 7], and [77] . 

Applications of the theory of indefinite scalar product spaces to solutions 
of algebraic Riccati equations and related problems in linear control theory 
are found in [53, 70d, 70f] . 



Chapter S 6  

Analytic Matrix Functions 

The main result in this chapter is the perturbation theorem for self­
adjoint matrices (Theorem S6.3). The proof is based on auxiliary results 
on analytic matrix functions from Section S6. 1 ,  which is also used in the main 
text. 

S6. 1 .  General Results 

Here we consider problems concerning existence of analytic bases in 
the image and in the kernel of an analytic matrix-valued function. The 
following theorem provides basic results in this direction. 

Theorem S6.1 .  Let A(e), e E Q, be an n x n complex matrix-valued 
function which is analytic in a domain Q c fl. Let r = maxt e !! rank A(e). Then 
there exist n-dimensional analytic (in Q) vector-valued functions Y 1 (e), . . .  , Yn(e) 
with the following properties : 

and 

388 

(i) Y 1 (e), . . .  , Yr(e) are linearly independent for every e E Q ; 
(ii) Yr + 1 (e), . . .  , Yn(e) are linearly independentfor every e E Q ; 
(iii) Span {Y 1 (e), . . .  , Yr(e)} = 1m A(e) 

Span {Yr + 1 (e), . . .  , Yn(e)} = Ker A(e) 

(S6. 1 )  

(S6.2) 
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for every e E n, except for a set of isolated points which consists exactly of 
those eo E n for which rank A(eo) < r. For such exceptional eo E n, the in­
clusions 

(S6.3) 

and 

(S6.4) 

hold. 

We remark that Theorem S6. 1 includes the case in which A(e) is an 
analytic function of the real variable e, i .e. , in a neighborhood of every real 
point eo the entries of A(e) = (a ik(e» i, k � 1 can be expressed as power series 
In e - eo : 

co 
a ik(e) = I !Y.ie - eo)i 

i � O 
(S6.5) 

where !Y.j are complex numbers depending on i, k, and e, and the power series 
converge in some real neighborhood of eo . (Indeed, the power series (S6.5) 
converges also in some complex neighborhood of eo , so in fact A(e) is analytic 
in some complex neighborhood n of the real line.) Theorem S6. 1 will be used 
in this form in the next section. 

The proof of Theorem S6. 1 is based on the following lemma. 

Lemma S6.2. Let X l (e), . . .  , x.( e), e E n be n-dimensional vector-valued 
functions which are analytic in a domain n in the complex plane. Assume that 
for some eo E n, the vectors X 1 (eO), " " Xr(eO) are linearly independent. Then 
there exist n-dimensional vector functions Y l (e), . . .  , Yr(e), e E n, with the 
following propert ies : 

(i) Y l (e), . . .  , Yr(e) are analytic on n ; 
(ii) Yl (e), . . .  , Yr(e) are linearly independent for every e E n ; 

(iii) Span{Yl (e), . . .  , Yr(e)} = Span {x 1 (e), . . .  , Xr(e) } ( c C'n) 

for every e E n\no , where no = {e E n l x 1 (e), . . .  , X.(e) are linearly de­
pendent} . 

Proof We shall proceed by induction on r. Consider first the case r = 1 .  
Let gee) be a n  analytic scalar function i n  n with the property that every 
zero of gee) is also a zero of X 1 (e) having the same multiplicity, and vice 
versa. The existence of such a gee) is ensured by the Weierstrass theorem 
(concerning construction of an analytic function given its zeros with cor­
responding multiplicities) ; see, for instance, [63, Vol. III, Chapter 3] .  
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Put Y1 (B) = (g(B» - IX 1 (B) to prove Lemma S6.2 in the case r = 1 .  We 
pass now to the general case. Using the induction assumption, we can 
suppose that X 1 (B), . . .  , Xr - 1 (B) are linearly independent for every B E n. 
Let Xo(B) be an r x r submatrix ofthe n x r matrix [X I (B), . . .  , Xr(B)] such that 
det Xo(Bo) i= O. It is well known in the theory of analytic functions that the 
set of zeros of the not identically zero analytic function det X o(B) is discrete, 
i .e . , it is either empty or consists of isolated points. Since det X o(B) i= ° 
implies that the vectors X 1 (B), . . .  , Xr(B) are linearly independent, it follows 
that the set 

no = {B E n I X 1 (B), . . .  , Xr(B) are linearly dependent} 

is also discrete. Disregarding the trivial case when no is empty, we can write 
no = {' I , '2 , . . . }, where 'i E n, i = 1 , 2, . . .  , is a finite or countable sequence 
with no limit points inside n. 

Let us show that for every j = 1, 2, . . .  , there exist a positive integer Sj 
and scalar functions a Ii B), . . .  , ar _ I , i B) which are analytic in a neighborhood 
of (j such that the system of n-dimensional analytic vector functions in n [ r - l J X l (B), . . .  , Xr - 1 (B), (B - 'j) - Sj X,(B) + 

i�1 aiiB)xi(B) (S6.6) 

has the following properties : for B i= 'j it is linearly equivalent to the system 
X 1 (B), . . .  , Xr(B) (i.e., both systems span the same subspace in (l'") ; for B = 'j 
it is linearly independent. Indeed, consider the n x r matrix B(B) whose 
columns are formed by X 1 (B), . . .  , Xr(B). By the induction hypothesis, there 
exists an (r - 1) x (r - 1) submatrix Bo(B) in the first r - 1 columns of 
B(B) such that det Bo(') i= 0. For simplicity of notation suppose that Bo(B) 
is formed by the first r - 1 columns and rows in B(,1.) ; so 

B(B) = 
[Bo(B) B1 (B)J BiB) B3(B) 

where B1 (B), BiB), and B3(B) are of sizes (r - 1) x 1, (n - r + 1) x (r - 1), 
and (n - r + 1 )  x 1 ,  respectively. Since Bo(B) is invertible in a neighborhood 
of C we can write 

B(B) = 
[ 1 OJ [Bo(B) 0 J [1 B0 1 (B)B 1 (B)J , (S6.7) BiB)Bo I (B) 1 0 Z(B) 0 1 

where Z(B) = B3(B) - BiB)Bo I (B)B1 (B) is an (n - r + 1) x 1 matrix. Let 
Sj be the mUltiplicity of C as a zero of the vector function Z(B). Consider the 
matrix function 
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Clearly, the columns b 1 {s), . . .  , b.(s) of B{s) are analytic and linearly inde­
pendent vector functions in a neighborhood V{O of (j . From formula 
(S6.7) it is clear that Span{x l {s), . . .  , x.(s)} = Span{b 1 {s), . . .  , b,{s)} for 
s E U{()\(j ' Further, from (S6.7) we obtain 

and 

B{s) = 
[Bo{S) 0 ] 
Bz{s) {s - ()- SjZ{s) 

[ 0 ] 
= ( _ O-SjB{ )[-B0

1{S)B 1 {S)] 
(s - C - SjZ{s) s 

J 
s 

I 
. 

So the columns b 1 {s), . . .  , b.(s) of B{s) have the form (S6.6), where aij{s) 
are analytic scalar functions in a neighborhood of (j . 

Now choose Y l {S), . . .  , Y,{s) in the form 
, 

Y,{s) = L gi{S)Xi{S), 

where the scalar functions gi{S) are constructed as follows : 

(a) g.(s) is analytic and different from zero in Q except for the set of 
poles ( 1 , (2 , · . . , with corresponding multiplicities S l , S2 "  • •  ; 

(b) the functions g;(s) (for i = 1 ,  . . .  , r - 1 )  are analytic in Q except for 
the poles ( 1 ' (2 "  . .  , and the singular part of gi{S) at (j (for j = 1 ,  2, . . .  ) is 
equal to the singular part of aij(s)g,(s) at (j . 

Let us check the existence of such functions g;(s). Let g,(s) be the inverse 
of an analytic function with zeros at ( 1 ,  (2 , . . .  , with corresponding multi­
plicities S 1 , S2 " ' " (such an analytic function exists by the Weierstrass 
theorem mentioned above). The functions g l (S), . . .  , g, - l (S) are constructed 
using the Mittag-Leffler theorem (see [63, Vol. III, Chapter 3] .  

Property (a) ensures that Y 1 (s), . . .  , Y,(s) are linearly independent for 
every s E Q\{( l , (2 , . . .  }. In a neighborhood of each (j we have 

, - 1 , - 1 
y.(s) = L (gi(S) - aij(s)g,(s» xi{s) + g,(s)(x.(s) + L aiis)xi{S» i = 1 i = 1 

= (s - ()- s{x.(S) + :t�aij(s)x;(S)] 
+ {linear combination of x 1 «(), . · · ,  X, - l «(j) } + " ' , 

(S6.8) 

where the final ellipsis denotes an analytic (in a neighborhood of () vector 
function which assumes the value zero at C. Formula (S6.8) and the linear 
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independence of vectors (S6.6) for c: = (j ensures that Y l «(), . . .  , y,(() are 
linearly independent. 0 

The proof of Lemma S6.2 shows that if for some s ( � r) the vector func­
tions x 1 (C:), . . .  , Xs(e) are linearly independent for all e E 0, then y/c:), 
i = 1, . . .  , r, can be chosen in such a way that (i)-(iii) hold, and moreover, 
Y l (e) = x 1 (c:), . .  · ,  Ys(c) = xic) for all 10 E O. We shall use this observation in 
the proof of Theorem S6. 1 .  

Proof of Theorem S6. 1 .  Let Ao(c) b e  an r x r submatrix o f  A(c), which 
is nonsingular for some e E 0, i.e., det Ao(e) "# O. So the set 00 of zeros of the 
analytic function det Ao(c) is either empty or consists of isolated points. 
In what follows we assume for simplicity that Ao(l» is located in the top left 
corner of size r x r or A(I» . 

Let x 1 (1)), . . .  , xr(c) be the first r columns of A(I» , and let Y l (C), . . .  , y,(c) 
be the vector functions constructed in Lemma S6.2. Then for each 10 E 0\00 
we have 

Span{Y l (I» , . . .  , Yr(c)} = Span {x 1 (c), . . .  , x,(c)} = 1m A(I» (S6.9) 

(the last equality follows from the linear independence of x 1 (c), . . .  , x,(l» for 
I> E 0\00). We shall prove now that 

Span{Yl (C), . . .  , Yr(c) } :::l 1m A(I» , e E O. (S6. 1 0) 

Equality (S6.9) means that for every 10 E 0\00 there exists an r x r matrix 
B(c:) such that 

Y(c)B(c) = A(e), (S6. 1 1 ) 

where Y(I» = [Y l (C), . . .  , Yr(8)] . Note that B(e) is necessarily unique (indeed, 
if B'(e) also satisfies (S6. 1 1 ), we have Y(c:)(B(8) - B'(e)) = 0, and, in view 
of the linear independence of the columns of Y(c), B(e) = B'(c)). Further, 
B(e) is analytic in 0\00 . To check this, pick an arbitrary 10' E 0\00 ,and let 
Yo(e) be an r x r submatrix of Y (e) such that det(Yo(c')) "# 0 (for simplicity 
of notation assume that Yo(8) occupies the top r rows of Y(c)). Then 
det( Yo(8)) "# 0 in some neighborhood V of 10', and ( YO(c)) - l is analytic on 
10 E V. Now Y(c)' � [( Yo(8)) - 1 , 0] is a left inverse of Y(8) ; premultiplying 
(S6. 1 1 ) by Y(8)' we obtain 

B(8) = Y(c)'A(8), 10 E V. (S6. 1 2) 

So B(8) is analytic on 8 E V ;  since 8' E 0\00 was arbitrary, B(8) is analytic 
in 0\00 • 

Moreover, B(c) admits analytic continuation to the whole of 0, as follows. 
Let Co E 00 , and let Y(c)' be a left inverse of Y(8), which is analytic in a 
neighborhood Vo of Co (the existence of such Y(c) is proved as above). 
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Define B(8) as Y(e)'A(8) for 8 E Yo . Clearly, B(E:) is analytic in Yo ,  and for 
e E Vo \ {eo } , this definition coincides with (S6. 1 2) in view of the uniqueness 
of B(8). So B(E:) is analytic in n. 

Now it is clear that (S6. l 1 ) holds also for B E  Qo , which proves (S6. 1O) . 
Consideration of dimensions shows that in fact we have an equality in 
(S6. l0), unless rank A(8) < r.  Thus (S6. 1 )  and (S6.3) are proved. 

We pass now to the proof of existence of Yr + l (e), . . .  , Yn(8) such that 
(ii), (S6.2), and (S6.4) hold. Let a l (B), . . .  , ar(B) be the first r rows of A(B). 
By assumption a l (e), . . .  , arC£) are linearly independent for some B E  Q. Apply 
Lemma S6.2 to construct n-dimensional analytic row functions b l (B), . . .  , br(E:) 
such that for all 8 E Q the rows b l (E:), . . .  , br(E:) are independent, and 

8 E Q\Qo . (S6. 1 3) 

Fix £0 E Q, and let br + I '  . . .  , br be n-dimensional rows such that the vectors 
b l (eO?, . . .  , br(80)T, b;+ l , . . .  , bJ form a basis in ([n. Applying Lemma S6.2 
again (for X 1 (B) = b l (B?, . . .  , XrCB) = br(8?, Xr + l (8) = b;+ 1 , . . .  , Xn(8) = bJ) 
and the remark after the proof of Lemma S6.2, we construct n-dimensional 
analytic row functions br + 1 (8), . . .  , bn(8) such that the n x n matrix 

is nonsingular for all 8 E Q. Then the inverse B(8) - 1 is analytic on 8 E Q. 
Let Yr + l (E:), . . .  , Yn(B) be the last (n - r) columns of B(8) - 1 . We claim that 
(ii), (S6.2), and (S6.4) are satisfied with this choice. 

Indeed, (ii) is evident. Take £ E Q\Qo ;  from (S6. 1 3) and the construction 
of Y/£), i = r + 1, . . .  , n, it follows that 

But since c: ¢ Qo , every row of A(e) is a linear combination of the first r 
rows ; so in fact 

Ker A(8) :::l Span {yr + 1 (8), . . .  , ynCE:) } . 

Now (S6. 14) implies 

A(e)[Yr + l (e), . .  · , Yn(e)] = 0 ,  e E Q\Qo · 

(S6. 14) 

(S6. 1 5) 
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Passing to the limit when e approaches a point from no , we obtain that 
(S6. 1 5), as well as the inclusion (S6. 14), holds for every e E n. Consideration 
of dimensions shows that the equality holds in (S6. 14) if and only if 
rank A(e) = r, e E n. 0 

S6.2. Analytic Perturbations of Self-Adjoint Matrices 

In this section we shall consider eigenvalues and eigenvectors of a self­
adjoint matrix which is an analytic function of a parameter. It turns out that 
the eigenvalues and eigenvectors are also analytic. This result is used in 
Chapter 1 1 . 

Consider an n x n complex matrix function A(e) which depends on the 
real parameter e. We impose the following conditions : 

(i) A(e) is self-adjoint for every e E IR ;  i .e. , A(e) = (A(e))* , where star 
denotes the conjugate transpose matrix ; 

(ii) A(e) is an analytic function of the real variable e. 
Such a matrix function A(e) can be diagonalized simultaneously for all 

real e. More exactly, the following result holds. 

Theorem S6.3. Let A(e) be a matrix function satisfying conditions (i) 
and (ii). Then there exist scalar functions /l1 (e), . . .  , /In(e) and a matrix-valued 
function U(e), which are analytic for real e and possess the following properties 
for every e E IR :  

A(e) = (U(e)) - l diag[/l l (e), . . .  , /lie)] U(e), U(e)(U(e))* = I. 

Proof Consider the equation 

det(lA - A(e)) = An + a 1 (e)n - 1 + . . .  + an - 1 (e)A + an(e) = 0, (S6. 1 6) 

which ai(e) are scalar analytic functions of the real variable e. In general, 
the solutions /l(e) of (S6. 1 6) can be chosen (when properly ordered) as power 
series in (e - eo) l /p in a real neighborhood of every eo E IR (Puiseux series) : 

/l(e) = /lo + b 1 (e - eo) l /p + bie - eo)2/p + . . .  , (S6. 1 7) 

(see, for instance, [S2c] ; also [63, Vol. III, Section 45]). But since A(e) is 
self-adjoint, all its eigenvalues (which are exactly the solution of (S6. 1 )) are 
real. This implies that in (S6. 1 7) only terms with integral powers of e - eo can 
appear. Indeed, let bm be the first nonzero coefficient in (S6. 1 7) :  b1 = . . .  = 

bm - 1 = 0, bm =F O. (If bi = 0 for all i = 1 , 2, . . .  , then our assertion is trivial.) 
Letting e - eo -+ 0 through real positive values, we see that 

b - 1 · /l(e) - /lo m - 1m 
( )m/p ,- it e - eO 
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is real, because p(E) is real for E real. On the other hand, letting E - EO 
approach 0 through negative real numbers, we note that 

( _ l)mIPb = lim peG) - Po 
m 

t � to (Eo - £)mIP 
is also real. Hence ( - 1  )mlP is a real number, and therefore m must be a multiple 
of p. We can continue this argument to show that only integral powers of 
E - eo can appear in (S6. 1 7). In other words, the eigenvalues of A(E), when 
properly enumerated, are analytic functions of the real variable £. 

Let P 1 (8) be one such analytic eigenvalue of A(8). We turn our attention 
to the eigenvectors corresponding to P 1 (8). Put B(E) = A(8) - P 1 (8)1. 
Then B(8) is self-adjoint and analytic for real E, and det B(8) == O. By Theorem 
S6.2 there is an analytic (for real 8) nonzero vector X l (8) such that B(8)x 1 (8) == O. 
In other words, X 1 (8) is an eigenvector of A(8) corresponding to P 1 (E). 

Since A(8) = (A(£))* ,  the orthogonal complement {X 1 (8) } -L  to X 1 (E) in 
fln is A(8)-invariant. We claim that there is an analytic (for real 8) orthogonal 
basis in {X 1 (8) }-L .  Indeed, let 

X l (8) = [X I I  (e), . . .  , X  I n(8)]T. 

By Theorem S6.2, there exists an analytic basis Y 1 (8), . . .  , Yn - l (e) in 
Ker[x I I  (E), . . .  , X I n(8)] . Then Y l (8), . . .  , Yn - 1 (8) is a basis in {X l (E) } -L  (the bar 
denotes complex conjugation). Since 8 is assumed to be real, the basis 
Y 1 (8), . . .  , Yn - l (8) is also analytic. Applying to this basis the Gram-Schmidt 
orthogonalization process, we obtain an analytic orthogonal basis Z I (8), . . .  , 
Zn - l (8) in {X 1 (8) } -L. 

In this basis the restriction A(8) I {x ! CE)} "  is represented by an (n - 1 )  x 
(n - 1)  self-adjoint matrix A(8), which is also analytic (for real 8). Indeed, 
,,1(8) is determined (uniquely) by the equality 

A(8)Z(8) = Z(8)A(8), (S6. 1 S) 

where Z(8) = [Z I (E), . . .  , zn _ I (8)] is an n x (n - 1)  analytic matrix function 
with linearly independent columns, for every real £. Fix 80 E �, and let Zo(8) 
be an (n - 1) x (n - 1) submatrix in Z(8) such that Zo(80) is nonsingular 
(we shall assume for simplicity of notation that Zo(8) occupies the top n - 1 
rows of Z(8)). Then Zo(8) will be nonsingular in some real neighborhood of 
80 , and in this neighborhood (Zo(8)) - 1 will be analytic. Now (S6. 1 S) gives 

A(8) = [(Zo(8)) - I , O]A(8)Z(8) ; 

so ,4(8) is analytic in a neighborhood of 80 , Since 80 E � is arbitrary, A(8) is 
analytic for real 8. 

Now apply the above argument to find an analytic eigenvalue P2(8) and 
corresponding analytic eigenvector Xz(8) for A(8), and so on. Eventually 
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we obtain a set of n analytic eigenvalues II I (e), . . .  , l1ie) of A(e), with cor­
responding analytic eigenvectors X 1 (e), . . .  , xn(e) and, moreover, these 
eigenvectors are orthogonal to each other. Normalizing them (this does not 
destroy analyticity because e is real) we can assume that X 1 (e), . . .  , xn(e) 
form an orthonormal basis in q;n for every e E IR. Now the requirements 
of Theorem S6.3 are satisfied with U(e) = [X l (e), . . .  , Xie)] - l . 0 

Comments 

The proofs in the first section originated in [37d] . They are based on the 
approach suggested in [74] . For a comprehensive treatment of perturbation 
problems in finite and infinite dimensional spaces see [48] . 

Theorem S6. 1 can be obtained as a corollary from general results on 
analytic vector bundles ; see [39] . 
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List of Notations and Conventions 

Vectors, matrices and functions are assumed to be complex-valued if not stated otherwise. 

Linear spaces are assumed to be over the field q; of complex numbers if not stated otherwise. 

q;n linear space of all n-dimensional vectors written as columns 

IJ;l the field of real numbers 

l or 1m identity linear transformation or identity matrix of size m x m 
o or Om zero linear transformation or zero matrix of size m x m 

For a constant matrix A, 
a(A) = {A I IA. - A is singular} 

For a nonconstant matrix polynomial L(A), 
a(L) = {A I L(A) is singular} 

M atrices will often be interpreted as linear transformations (written in a fixed basis, which in 

q;n is generally assumed to be standard, i.e., formed by unit coordinate vectors), and vice versa. 

Vi)(A) ith derivative with respect to A of matrix-valued function L(A) 
Ker T = {x E q;n l Tx = O} for m x n matrix T 
1m T = {y E q;m l y = Tx for some x E q;n } ,  for m x n matrix T 
AJI 
A lA{ 
JI + % 
Jl EB % 
Span{x " . . .  , xm } 

image of a subspace JI under linear transformation A 
The restriction of linear transformation A to the domain JI . 
direct sum of subspaces 

orthogonal sum of subs paces 

subspace spanned by vectors x " . . . , Xm 
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{O}  

AT 

A* 

zero subspace 

transposed matrix 

LIST OF NOTATIONS AND CONVENTIONS 

the conjugate transpose of matrix A, or the adjoint linear transformation 

of A 

I l x l l  = (Li'= 1  I xd2)
1 /2 euclidean norm of x = (X l " ' " Xn? E ren

. 
(x, y) = L£'= 1 Xi J'i scalar product of vectors x = (X 1 o . . .  , xn)T and y = (Y l , " " Yn)T 

I I A I I  norm of a matrix or linear transformation, generally given by 

I I A I I  = max { I I Ax l l  I I l x l l  = l } 
roW(Zi)i'= l = roW(Z l " " , Zm) = [Z l Z2 . . .  Zm] 

block row matrix with blocks Z l , " " Zm 

ool(Z,),� ,  � r :J block 001_ =<ci, .iih blocb Z "  . . . , Z  • .  [ Z l  0 
diag[Z;]i= l  = diag[Z 1 o " "  Zm] = Zl EEl · · ·  EEl Zm = � �2 

o 0 

ind(X, T) 
sig H 

sgn(x, A) 
.fm A, �e A 
X {l , i = j (5 . .  = 'J 0, i #- j 
GL(ren) 

I X I 

X\Jt 
o �f 

block diagonal matrix with blocks Z 1 0 • • •  , Zm 

index of stabilization of admissible pair (X, T) 
signature of hermitian matrix H 

a sign ( +  or - )  associated with eigenvalue A and eigenvector x 
imaginary and real parts of A E re 

complex conjugate of A E re 

Kronecker index 

group of all nonsingular n x n matrices 

number of elements in a finite set X 

The complement of set j( in set X .  
end o f  proof o r  example 

equals by definition 



Index 
A 

Adjoint matrix polynomial , 55 ,  1 1 1 , 253 

Adjoint operator, 253 

Admissible pair ,  1 68 

associated matrix polynomial, 1 69 ,  232 

common extension, 233 

common restriction, 235 

extension of, 232-235 

greatest common restriction, 235-238 

kernel of,  204, 232 

least common extension, 233 

I-independent, 1 68 

order of, 1 88 ,  203 

restriction of, 204, 235-238 

similar, 204, 232 

special associated matrix polynomial, 1 76 

Admissible splitting ofJordan form, 7 1 ,  74, 78 

Analytic bases,  388-394 

Analytic matrix functions, 83, 289, 34 1 ,  388-

396 

Jordan chains for, 294-295 

self-adjoint, 294 
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Remainder theorem, 9 1  

INDEX 

Representation of matrix polynomials, 3 ,  50-

69, 82, 1 97-200, 206-2 1 7  

Resolvent form, 1 5, 58 ,  6 1 ,  65,  66-69, 82, 

1 95- 1 97 

for self-adjoint matrix polynomials, 256, 

262-263, 273 

Resolvent triple, 2 1 9  

Restriction o f  admissible pairs, see Admissible 

pair 

Resultant determinant of two scalar poly­

nomials, 1 59 

Resultant matrix for matrix polynomials, 247, 

25 1 

kernel of, 247 

Resultant matrix of two scalar polynomials, 

1 59 , 246 

Riccati equation, 1 65 , 374, 387 

Riesz projector, 1 1 7,  1 5 1 , 357, 3 7 1  

Root polynomials, 29-3 1 

order of, 29 

Root subspace, 357,  359, 366-267 

s 
Scalar product, 404, see also Indefinite scalar 

product 

Self-adjoint matrix polynomial, 6, 1 29, 253-

3 1 0  

monic, 255-3 1 0  

quadratic, 288,  304-3 1 0  

real, 266-273 

Self-adjoint transformation, 355 

Self-adjoint triples, 260-273 

Sgn (X,Ao), 274, 404 

Shift operator, 326 

Signature, 258,  300, 377-378 

Sign characteristic, 383-387 

connection with partial multiplicities, 299-

30 1 

localization, 290-293 

of overdamped system, 305 

of a self-adjoint analytic matrix function, 

294-298 

of self-adjoint matrix polynomials, 6 ,  258,  

262, 273-275, 290-293 , 298-303 



INDEX 

stability, 293 

uniqueness, 383 

Similar matrices, 334 

s-indices of admissible pair, 209, 2 1 7  

Sip matrix, 26 1 ,  377 

Smith form, 3 1 3-3 1 8 , 33 1 ,  341 

local, 33 ,  38 ,  330,  34 1 

Solvent of a matrix polynomial, 1 26 

dominant, 1 26 

Special associated polynomial, see Admissible 

pair 

Special left inverse, 1 74, 208, 239 

Special matrix polynomial, 1 76 

Spectral data, 1 83 

badly organized, 2 1 3  

Spectral divisor, 1 1 6- 145 

continuous and analytic dependence, 1 50-

1 52 

r-spectral divisor, 1 1 7- 1 24, 1 50- 1 52, 1 63 

Spectral theory, 2, 6 

Spectrum of matrix polynomial, 24 

at infinity, 5 

localization of, 5 

Splitting the spectrum with a contour, 3 7 1  

Square roots, 1 64 

Standard pair, 4, 46-49, 60, 1 88 

degree of, 1 67 

left, 53-54, 60 

similarity of, 48 

Standard triples, 4, 50-57 

for self-adjoint matrix polynomials, 256  

similarity of, 5 1  

State variable, 66 

Subspaces, see also Invariant subspaces ; 

Metric space of subspaces 
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